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ABSTRACT 

In this work, the magnetic properties of a mixed spin-3/2 and spin-5/2 Blume-Capel Ising 

system are investigated for a series of molecular based magnets, which is numerically solved 

by using the Oguchi approximation (OA) of a simple cubic lattice (sc) and face centered cubic 

one (fcc), respectively. Oguchi method deals with a single pair of neighboring atoms and 

assuming that the pair is coupled to the rest of the lattice through an effective field, which is 

more realistic comparing to the Mean-Field approximation. The magnetic anisotropies have 

carefully been changed so that one can examine interesting phenomena such as compensation 

behaviors and free energy of the system, where these phenomena find that the mixed-spin 

Blume-Capel Ising system considered has one compensation temperature when (𝐷𝐵/|𝐽| =

−2.8) with various values of 𝐷𝐴/|𝐽| for a simple cubic lattice (z=6). Whereas the concerned 

system has three compensation points for a simple cubic lattice in the range of (−1.99 ≤

𝐷𝐵/|𝐽| ≤ −1.85) and for face centered cubic one (z=12) in the range of (−5.2 ≤ 𝐷𝐵/|𝐽| ≤

−4.8), respectively. The appearance of compensation points has been noticed to be of 𝐷𝐴/|𝐽|; 

however 𝐷𝐴/|𝐽|  influences the magnitude of these points in the temperature space. It is worth 

to note that this phenomenon does not appear in the case of positive values of magnetic 

anisotropies. It is concluded that the considered system maintains its phase whether the system 

is in first order or second order phase transition. On the other hand, the obtained results indicate 

that the considered system has experienced the second order phase transition. A series of 

behaviors’ types has been obtained for both structural lattices, which are Q, P, S, N, L, M, type 

for (sc) lattice and Q, S, N, R, L, M, type for (fcc) lattice. Besides, it has been studied the 

contribution of free energy to the thermodynamic phase stability of our system. The free energy 

as a function of temperature has been established using the partition function Z. 

Experimental studies have been performed for compounds with elements contains a spin-

3 2⁄  and spin-5 2⁄  such as ])([ 62 CNVMnCs IIII
 , OHCNCrCsMn IIIII

26 ].)([  and

OHxCNMnMn IVII

26 .].)([ which are all crystallized in fcc structure. It remains to mention that 

the occurrence of a compensation point is of great technological importance since at this 

particular point a small driven field is required to change the sign of the resultant magnetization; 

this property is useful in reducing the area of the hysteresis loop (less energy losses) in the 

ferrimagnetic compounds mentioned earlier. 
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1.1 Introduction 

The magnetic material, longest known to man, is lodestone or magnetite, which has, 

basically, the chemical constitution Fe3O4 or FeO.Fe2O3, i. e. ferrite. It was known to the 

ancients that this mysterious substance had attracted other bodies of same nature [1]. 

All materials are magnetic, this means that every material responds to an external 

magnetic field in a specific manner. The origin of magnetism lies in a very basic principle, 

i.e. a moving charge (namely, current) produces a magnetic field. Thus, it has been found 

that a current carrying coil behaves similar to a bar magnet and produces a magnetic moment 

(m), which is found to be equal to the product of the current (I) and the area (A) of the loop 

[2]. 

                                    𝑚 =  𝐼𝐴                                                                              (1.1) 

 Magnetic solids have numerous and important technological applications: the 

researchers have found a wide use of information storage devices, microwave 

communication systems, electric power transformers, dynamos and high-fidelity speakers. 

By far the largest application of magnetic materials is in information storage media, and the 

annual sales of computer diskettes, compact disks, optical disks, recording tape, and related 

items exceed those of the celebrated semiconductor industry. The demand for higher bit-

density information storage media and the emergences of new technologies such as 

magneto-optic devices makes it crucial to expand the search for entirely new classes of 

magnetic materials [3]. 

The magnetism originates from the atomic subshells of a cloud of polarized electrons in 

a number of atoms, then it results from the individual electrons in the energy levels and the 

electronic charge will flow. In the case of atoms, the total angular momentum for an 

electronic cloud will originate a magnetic field perpendicular to the spin of the electrons [4]. 
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In the presence of external magnetic field, the magnetic moments within a material tend 

to become aligned with the field and reinforced it by virtue of their magnetic fields. As a 

result of this alignment, a new quantity will appear namely the magnetization (M) of the 

solids [5]. There are types of magnetic materials that have a non-zero net magnetization in 

the absence of magnetic field, such as ferromagnetic and ferrimagnetic materials i. e. the 

magnetic moments are already aligned. This unique property depends on the temperature; 

with increasing temperature, the net magnetization will decrease until it reaches zero at a 

certain point called the Curie temperature TC [6].  

1.2 Magnetic Domains 

Weiss made one of the most important advances in understanding ferromagnetism in two 

papers published in 1906 and 1907, respectively [7]. In these papers, Wiess suggested the 

existence of magnetic domains in ferromagnets. These domains have a large number of 

atomic moments that are aligned together, typically 1012 to 1015, so that the magnetization 

inside a domain has a non-zero value at the absence of any external field. However, the 

direction of alignment varies from domain to domain in a random manner, although certain 

crystallographic axes are preferred by the magnetic moments, which will become parallel 

with one of these equivalent magnetic easy axes [8].        

These regions are separated by thin walls called the domain walls, inside these walls the 

magnetization must change direction from one easy crystallographic direction to another. 

This change in direction does not occur abruptly, but in such a way that it changes gradually 

over many atoms inside the walls which means that the walls in general have a non-zero 

width about (10-100) nm and a definite structure. These walls are often called Bloch walls 

since F. Bloch made the first theoretical examination of domain walls in 1932 [9]. Figure 

1.1 shows how the magnetic moments change their direction gradually within the domain 

wall. 
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Figure 1.1: The gradual change of magnetic moment directions across the domain walls 

[9]. 

 

As an external magnetic field is applied, the domains change shape and size by the 

movement of domain walls. Schematic domain structures are represented in the insets 

(labeled U through Z) at several points along the B-H curve in Figure 1.2. Initially, the 

moments of the constituent domains are oriented randomly such that there is no net 

magnetization (M) or B field. As the external field is applied, the domains, that are oriented 

in direction of the applied field (or nearly aligned with the field), will grow at the expense 

of those which are unfavorably oriented. This growth will continue with the increasing field 

strength until the whole sample becomes a single domain, which is nearly aligned with the 

field. Saturation will occur (at Z) when this domain becomes aligned with the field [5]. 
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Figure 1.2: B-H behavior for an un-magnetized ferromagnetic or ferrimagnetic material 

[5]. 

 

At the point of saturation (S) in Figure 1.3, an external magnetic field is applied in the 

opposite direction, the field does not retrace its original path and a hysteresis loop will result, 

in which the B field lags behind the applied H field, or decreases at a lower rate. When the 

H field reaches zero point, the curve will have a certain value (point R on the curve). There 

exists a residual B field called remanence Br indicates that the material remains at the 

magnetized state in the absence of an external magnetic field. To reduce the B field in the 

sample to zero, an H field of magnitude –Hc must be applied in the opposite direction of the 

original field. This value of Hc is called the coercivity. By increasing the reversed magnetic 

field as shown in Figure 1.3, then saturation will be achieved in the opposite sense 

corresponds (point S'). A second reversal of the field to the point of the first saturation (point 
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S) completes the symmetrical hysteresis loop and yield a negative remanence and positive 

coercivity [5,8]. 

Magnetic flux density versus the magnetic field strength for a Ferromagnetic material 

that is subjected to forward and reverse saturations (Points S and S') Figure 1.3. The 

hysteresis loop is represented by the solid curve, while the dashed curve indicates the initial 

magnetization. 

 

Figure 1.3: Hysteresis loop [5].  

 

On increasing the temperature of the ferromagnetic specimen, the spontaneous 

magnetization starts decreasing smoothly until it vanishes at (T=Tc), see Figure 1.4, Tc is a 

specific point known as Curie temperature, indicating that the specimen undergoes a second 

order phase transition from ferromagnetic phase to paramagnetic phase. This transition 

occurs because of the thermal agitation due to the increasing in the thermal energy resulting 

in a random orientation of the spins [10]. 
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Figure 1.4: Variation of spontaneous magnetization with temperature in ferromagnetic 

materials [10]. 

 

1.3 Classification of Magnetic Materials 

Based on the extent and nature of the interaction between electrons in the solid and an 

external magnetic field, it is possible to classify materials into five classes. Three of these 

classes are paramagnetic, diamagnetic, and antiferromagnetic solids that show almost no 

response to external magnetic fields [7]. In contrast, ferromagnetic and ferrimagnetic 

materials interact strongly with external magnetic fields and can be used in a variety of 

magnetic applications, including electrical transformers and information storage devices. 

The property that quantitatively describes the material's response to an external field is 

its magnetic susceptibility (χ). If |𝜒| << 1, The materials has a poor response to the external 

field; |𝜒| >> 1, the material has a strong magnetic response.  

Paramagnetic and diamagnetic characteristics appear in most common elements in the 

periodic table while ferromagnetism appears in the transition metal elements (TM) and rare 
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earth elements (RE) as shown in Figure 1.5, at room temperature [11]. In the next sections, 

the characteristics of these materials will be discussed in thorough details.  

 

Figure 1.5: Periodic table shows the types of magnetic materials of all elements at room 

temperature [11]. 

 

1.3.1 Diamagnetic Materials 

A diamagnetic is a substance that exhibits, a negative susceptibility (negative 

magnetization). Despite the fact that it is composed of atoms that has zero net magnetic 

moment, it reacts in a certain way to the applied field.  

According to Ampere, the molecular currents are responsible for the magnetism in the 

solid materials. He compared the molecular currents to an electric current in a loop-shaped 

piece of wire, which gives rise to magnetic moment [5]. In order to understand the 

diamagnetism, an electric current has to be considered rather than molecular current. It was 

found by Lenz that a current is induced in a wire loop whenever a bar magnet is moved 

toward (or from) this loop. Thus The induced current causes a magnetic moment which is 

opposite to the applied magnetic field direction [9,12]. This effect is summed over all the 

electrons in the atom and each atom is considered to act independently of the others. All 

TM 

RE 



INTRODUCTION GENERAL                                       CHAPTER ONE    

9 

 

materials have diamagnetic properties, but most of these materials have other magnetic 

behavior, which is more dominant than diamagnetism. 

1.3.2 Paramagnetic Materials  

Paramagnetism occurs when the atomic, ionic or molecular constituents have a non-zero 

magnetic moment. When an internal magnetic field is applied to the specimen, the magnetic 

moments will be aligned with the direction of the field as shown in Figure 1.7. Hence 

paramagnetic materials have a positive susceptibility. The diamagnetic moments are still 

present, but the aligned atomic moments have a greater magnitude than the induced 

diamagnetic moments [11]. 

 

Figure 1.6: the atomic dipole for a diamagnetic material, (a) in absence of external field, 

and no dipoles exist. (b) In the presence of a field, dipoles induced and are aligned 

opposite to the field direction [5]. 

 

Figure 1.7: Atomic dipoles for a paramagnetic material, (a) with no applied magnetic field 

(b) with magnetic field [5]. 
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The spin paramagnetism is slightly temperature dependent. It is a very weak type of 

magnetic behavior, which occurs in some metals, salts of the transition metals as well as 

rare earth metals and their salts and oxides. Curie- Weiss Law, which describes the magnetic 

susceptibility, in the paramagnetic region above the Curie point, can explain the temperature 

dependence of many paramagnetic materials that [6]: 

𝜒 =
𝐶

𝑇−𝑇𝐶
                                                                                                     (1.2) 

here, C is Curie constant depends on the material’s type; T is absolute temperature, and 

Tc is the Curie temperature. This formula is a general of Curie's Law and it is valid only 

above the Curie temperature. Below Tc, the atomic magnetic moments tend to align in the 

same direction, which will induce a spontaneous magnetization and the material will be in 

ferromagnetic phase [13]. The spontaneous magnetization below the Curie temperature 

arises from an internal magnetic field called the Weiss molecular field, this field is 

proportional to the magnetizations of small domains in the material. 

The main properties of paramagnetic materials may be summarized as follows [12] 

1- When paramagnetic materials are placed in a magnetic field they obtain a slight value of 

magnetization in the direction of the applied magnetic field. 

2- Paramagnetic materials show a positive, but small magnetic susceptibility about   10-6. 

3- In non-uniform magnetic field, the paramagnetic materials are attracted towards the 

strong region of magnetic field. 

4- According to Curie’s Law, The paramagnetic susceptibility is strongly dependent on 

temperature. 
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1.3.3 Ferromagnetic Materials 

The characteristic feature of ferromagnetism is represented by the spontaneous 

magnetization property M, which is due to the alignment of the magnetic moment located 

on an atomic lattice. Weiss investigated ferromagnetism in term of a huge internal 

“molecular field” proportional to the magnetization [6].  

It is well known that many paramagnetic materials, below a critical temperature, present 

alignment even in the absence of applied magnetic fields. These materials can also be 

considered as ferromagnetic materials. When an external magnetic field is applied to a 

ferromagnetic material, the material gets strongly magnetized and retains the magnetization 

in the material even when the external field is removed. Saturation magnetization can also 

be achieved by applying a small magnitude of external field 10 A/m. There are many 

materials that show a ferromagnetic property such as transition or irosn group element (e.g. 

Fe, Ni, Co), and rare earth group elements (e.g. Gd or Dy), shown in the periodic table in 

Figure 1.5 besides many other compounds and alloys [5,12,14]. 

Figure 1.8, shows the mutual alignment of magnetic dipoles for a ferromagnetic material, 

which does not exhibit any applied magnetic field [5].  

When a ferromagnetic material is heated up to its critical temperature (Curie point), the 

magnetic dipoles will obtain thermal energy, which will increase the thermal agitation of 

these dipoles and hence, rotating them in a random way. This disorder of the magnetic 

moments is the paramagnetic phase. Different ferromagnetic materials have different values 

of Curie temperature, few of them are shown in table 1.1 [8]. 
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Figure 1.8: Ferromagnetic ordering in the absence of external field [5]. 

 

Table 1.1: Curie's Temperature for different ferromagnetic materials [8]. 

 

1.3.4 Antiferromagnetic Materials 

Antiferromagnetism is a mysterious magnetic order, in which a crystal lattice is 

subdivided into two or more atomic sublattices, which order in such a way that their net 

magnetization is equal to zero [6]. 

When investigating the antiferromagnetic behavior of the magnetic moments, it has been 

found that the neighboring spins are aligned antiparallel to each other so that their magnetic 

spins cancel each other, therefore it shows a very small positive susceptibility that is ranged 

from 10-5 to 10-2. The theory of antiferromagnetism is mainly developed by Neel in which 

he applied molecular field to the problem [9,15]. 
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Manganese oxide (MnO), Figure 1.9, is one of the materials that reveal an 

antiferromagnetic behavior. O-2 ions have no magnetic moment, since there is a total 

cancellation of both spin and orbital moment. However, the Mn+2 ions have a magnetic 

moment which mostly originates from the spin moment. These Mn+2 ions are arranged in 

the crystal structure in order for the adjacent ions to be antiparallel [5].  

 

 

Antiferromagnetic susceptibility varies with temperature as shown in Figure 1.10. As the 

temperature decreases, χ increases that it goes through a maximum point which is a critical 

temperature called Neel temperature TN and usually it is less than room temperature, which 

indicates that with the appropriate measurement, a given paramagnetic material could be 

antiferromagnetic at low temperatures [9,15]. 

Weiss’s theory explains the temperature dependence of the susceptibility by 

understanding the magnetic ordering. Before the publication of Neel’s classic paper, it was 

known experimentally that the susceptibility of antiferromagnets depends on the 

temperature, as shown in Figure 1.10 [6]. For temperatures greater than a critical one, the 

Figure 1.9: Schematic representation of antiparallel alignment of magnetic 

moments for antiferromagnetic manganese oxide [5]. 
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susceptibility follows the paramagnetic Weiss’s law but with a negative value of θ as shown 

in Eq. (1.3). Therefore, ferromagnets and antiferromagnets are akin at high temperatures, 

that: 

 
Figure 1.10: Temperature dependence of susceptibility for antiferromagnetic materials 

[10]. 

𝜒 =
𝐶

𝑇−(−𝜃)
                                                                                                 (1.3) 

Below the critical temperature, Neel temperature, the system becomes ordered. 

Therefore, the susceptibility decreases with decreasing temperature because of the tendency 

for the antiparallel alignment increases. A microscopic view is shown in Figure 1.11, for 

antiferromagnetic atomic moments, two different sublattices are noticed A-site and B-site. 

A molecular field theory takes accounts of only the antiparallel interaction between the A-

site and B-site predicts that, 𝜃/𝑇𝑁  = 1. Table 1.2 shows that this is rarely the case because 

of the interactions within each sublattice [10,11]. 
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Table 1.2: Some antiferromagnetic materials [11] 

  

1.3.5 Ferrimagnetic Materials  

In a ferrimagnet, the magnetic moment for one type of ion in lattice site aligned antiparallel 

to those of ions on another lattice site. Because the magnetic moments are not at the same 

magnitude, they only partially cancel each other, which means that the material has a net 

magnetization. Ferrimagnetism has several similarities to ferromagnetism in that the mutual 

alignments between magnetic dipoles produce a net magnetic moment even in the absence 

of an applied field [16]. The difference between magnetic dipoles alignment of the 

ferromagnetism, antiferromagnetism, and ferrimagnetism is demonstrated (see Figure 1.11). 
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Figure 1.11: Magnetic moments spin arrangements for a ferromagnet, an antiferromagnet 

and a ferrimagnet [10]. 

    

A necessary condition for the appearance of ferrimagnetic arrangement is the presence 

of negative exchange interaction among the magnetic ions (atoms) associated with the 

different sublattices. Ferrimagnetism appears not only in crystalline magnetic materials but 

also in amorphous ones e.g. in alloys, in the temperature range from 0 to Neel point TN [17].  

 A large number of ferrimagnets are known; the main class is the ferrites. There are three 

types of ferrites: cubic (spinal), hexagonal and garnet. Cubic ferrites have a general formula 

MO.Fe2O3, where M is a divalent metal like Mn, Ni, Fe, etc. Hexagonal ferrites have the 

formula MO.6Fe2O3 such as barium ferrite, BaO6Fe2O3. Garnets are oxides with rare earth 

metals having general formula 5Fe2O3.3M2O3. Here M stands for a trivalent element such 

as gadolinium, yttrium, terbium etc. table 1.3 shows some common ferrimagnetic materials 

[1,11].  It is already mentioned that ferrimagnets are similar to ferromagnets, which have a 

non-zero net magnetization below Curie’s point (critical temperature) and does not show 

any magnetic ordering of the spins above this point and then it reveals a paramagnetic 

properties. 
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Table 1.3: Some common ferrimagnets with their critical and compensation temperatures 

[6] 

 

Nevertheless sometimes, there is a temperature below the critical temperature, at which the 

sublattice magnetizations are equal in magnitude having antiparallel arrangements produces 

zero net magnetization. This temperature is known as compensation point. Figure 1.12 

illustrates the difference in magnetization and susceptibility between ferromagnets and 

ferrimagnet with respect to temperature [6,18]. 

 

Figure 1.12: Comparison of magnetization and inverse susceptibility in typical 

ferromagnetic and ferrimagnetic materials [10]. 
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1.4 Literature Review 

In recent decades, the phenomenon of ferrimagnetism has been one of the intensively 

studied subjects in statistical mechanics and condensed matter physics, due to their wide range 

of applications in technologically important materials, unlike ferromagnets and 

antiferromagnets. Ferrimagnets have an important possibility of the existence, under certain 

conditions, of a compensation temperature where the total magnetization vanishes below the 

critical temperature. The existence of a compensation temperature is of great technological 

importance, since at this point only a small driven field is required to change the sign of the 

total magnetization in hysteresis loop. This property is very useful in thermomagnetic 

recording, electronic, and computer technologies [19]. 

The most simple and important model that deals with phase transitions for the 

ferromagnetic materials is the Ising model, which has been proposed by Ernest Ising in 

1925. He studied only the one dimensional case and showed that his model does not behave 

as a ferromagnetic body [20,21]. 

Mixed Ising systems provide simple models, which can show ferrimagnetic ordering, 

and they may have compensation temperatures. The magnetic properties of these models 

have been studied by several methods such as Mean-Field, and an Effective Field theory, a 

Cluster Variational theory , Monte Carlo simulations, and so on [22]. 

T. Oguchi presented, in 1953 and 1955, an antiferromagnetic theory that based on 

Heisenberg model, which is a more efficient method than Weiss-Li's because the 

calculations can be taken out over all temperatures. In addition, he developed a simple and 

tractable theory, which includes short-range order effects. The perpendicular susceptibility 

of antiferromagnets below the Neel point was obtained [23,24]. 

B.R. Cooper in 1960 investigated the effect of large anisotropy on the thermal behavior 

of the sublattice magnetization and antiferromagnetic resonance frequency. By using 
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Oguchi method, he made some modifications to correct the molecular field approximation 

arising from pair correlation. The results were related to the experiments on FeF2 where the 

anisotropy was comparable to the exchange energy [25]. 

In 1971 T. Ishikawa and T. Oguchi studied the phase transition for the spin systems 

described by a certain Hamiltonian at high-temperature series expansion method of the 

susceptibility in the absence of external field. The critical temperature TC and the 

susceptibility were obtained for a 2-dimensinal square lattice, as a function of spin (S) and 

the anisotropy parameter (D) [26]. 

F. Y. Wu (1978) has determined the phase diagram of the spin one Ising system. He 

determined exactly the interaction of the ferromagnetic materials and schematic for 

antiferromagnetic intractions [27]. 

 T. Kaneyoshi et al. in 1988 studied the magnetization curves for a mixed spin-1/2 and 

spin-1 Ising ferrimagnetic system with different transverse fields. They found the usual 

temperature dependence of magnetization and a compensation point is induced by the 

difference in transverse fields [28]. 

In 1991, by using the exact spin identities and the differential operator technique, T. 

Kaneyoshi et al. [29] developed a new effective field theory for the Blume-Capel model with 

a high spin S value. The phase diagrams for S=3/2 and S=2 were examined. Their predicted 

results show that their spin-3/2 model did not have a tricritical behavior, but spin-2 model did 

have a tricritical point. 

M. Jascur and T. Kaneyoshi in 1995 studied the transition temperatures of a periodic 

bilayer system consist of two layer of spin-1/2 A atoms, two layers of spin-3/2 B atoms by 

using effective field theory. The effects of different crystal fields in the B layers and 

disordered interfaces on the transition temperature were revealed. They had obtained some 
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interesting phenomena depending on the different values of crystal fields and exchange 

interactions [30]. 

The effective field theory with correlations has been carried out by A. Bobak and M. 

Jurcisin in 1996, to examine the magnetic properties of a diluted mixed spin-1/2 and spin-

3/2 Ising ferrimagnetic systems with coordination numbers, z=3 and 4. The results have 

showed that the presence of the compensation temperatures does not depend only on the 

magnitude of spins, but also on the crystal structure [31]. 

In 1997, researchers also investigated the phase diagrams and magnetization curves of 

the site-diluted mixed spin-1 and spin-3/2 Ising ferrimagnet on the honeycomb lattice by 

the use of effective-field theory with correlations. The considered system appears to have 

the possibility of three compensation points and some characteristic behaviors in the thermal 

variation of total magnetization not predicted by the Neel theory of ferrimagnetism [32]. 

M. Jascur in 1998 obtained exact solutions for the phase diagrams, compensation 

temperatures and magnetization curves of a decorated ferrimagnetic Ising model on the 

square lattice and discussed the results [33]. 

A. Bakchich and M. El. Bouziani in 1999 used both of mean field approximation and 

renormalization-group techniques, as a function of the ratio R of bulk and surface 

interactions and the ratio D of bulk and surface crystal fields. Various types of phase 

diagrams have been determined for the three dimensional semi-infinite ferromagnetic spin-

3/2 Blume-Capel model [34]. 

A. Dakhama and N. Benayad in 2000 suggested an exactly solvable mixed spin-1/2 and 

any arbitrary spin-S (S>1/2) Ising ferrimagnetic model. Although the system with only an 

antiferromagnetic interactions J between pairs of nearest-neighbor spins and crystal fields 

does not undergo a compensation point. However the system with additional interactions 
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between spins does. At last, they have discussed the origin of compensation phenomenon 

[35]. 

In the same year Y. Nakamura et al. studied the magnetic characteristics of a diluted 

mixed spin-2 and spin-5/2 ferrimagnetic Ising model by using the effective-field theory 

taking the correlation between spins into account. The effects of transverse fields and 

concentration of magnetic atoms on the magnetic properties have been investigated 

numerically [36]. 

O.F. Abubrig et al. in 2001 have studied the mixed spin-1 and spin-3/2 Ising ferrimagnetic 

system with different anisotropies by using MFA based on Bogoliubov inequality for Gibbs 

free energy. The main phase diagrams have been obtained in the temperature-anisotropy 

plane. Besides, the presence and dependence of the compensation points on the crystal field 

have been investigated [37]. 

In 2003, Wei Jiang et al. introduced an effective field theory for a mixed spin-1 and spin-

3/2 with different anisotropies in a transverse field of a honeycomb lattice. The calculation of 

the temperature dependence of total magnetization have been examined to determine the 

phase diagram of the transition temperatures. Some interesting phenomena occurred, such as 

the presence of two tricritical points and the existence of the two compensation points [38]. 

Guang-Shan and Hai-Qing (2004) examined the quantum phase transitions in the mixed 

spin Heisenberg model with single-ion anisotropy on a bipartite lattice. The model has a 

unique ground state when the total spin-z component Sz=0 and the single-ion anisotropy 

energy is positive, but when the single ion anisotropy energy is negative and favors the 

longitudinal spin direction, the general ground state becomes doubly degenerate [39]. 

E. Albayrak and Ali Yigit (2006) used the exact recursion relations on Bethe lattice in 

order to study the critical behavior of the mixed spin-3/2 and spin-5/2 Blume-Capel Ising 

ferrimagnetic system. The phase diagram with equal strength of single-ion anisotropy has 
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been examined. The system experiences first- and second-order phase transitions. For a 

certain values of crystal fields, the system showed a compensation behavior [40]. 

J. Oitmaa and I.G. Enting (2006) used high- and low- temperature expansions to study 

the phase diagram of a ferrimagnetic mixed-spin S=(1/2,1) Ising model on the square lattice. 

The results showed a first order phase transition for large negative anisotropy values. The 

model with nearest neighbor interactions only, does not appear to have a ferrimagnetic 

compensation point [41]. 

A. Benyoussef et al. (2007) examined the magnetic properties of a decorated ferrimagnetic 

mixed spin-1/2 and spin-1 Ising model consisting of two sublattices A and B by the use of 

mean field approach. For the decorated ferrimagnetic square lattice, the transition and 

compensation temperatures have been investigated [42]. 

A. Bobák et al. (2010) analyzed the effects of the exchange interactions and crystal fields 

on the magnetic susceptibility of the mixed spin-1 and spin-1/2 Heisenberg model by using 

the Oguchi approximation on simple cubic lattice with coordination number z= 6. It was 

also discussed the difference between the behaviors of the magnetic susceptibility of the 

Heisenberg and Ising model [43]. 

Deviren and Keskin in 2010 studied the dynamic phase transitions and the dynamic 

compensation temperatures, by using MFA, in the mixed spin-3/2 and spin-5/2 Ising system 

with single-ion anisotropy under the effect of magnetic field as a function of time on a 

hexagonal lattice. The thermal behavior of the dynamic sublattice and total magnetizations 

have been tested to obtain the dynamic phase transition and compensation temperatures as 

well as characterizing the nature of the transitions [44]. 

Espriella and Buendia in 2011 have performed Monte Carlo simulations to examine the 

magnetic characteristics of a mixed spin-3/2 and spin-5/2 Ising model. When the 

antiferromagnetic interactions are included in the Hamiltonian, with crystal field 
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interactions, the system presents compensation points in a certain range of values. The finite 

temperature phase diagram of the system have been calculated and it is found that the 

presence of compensation points depends on the strength of the ferromagnetic interactions 

between 3/2-spins [45]. 

J.S. da Cruz et al. (2013) studied the effect of two different values of crystal fields in the 

phase diagram and in the compensation temperature of a mixed spin-2 and spin-5/2 Ising 

ferrimagnetic system. The mean field theory has been used based on Bogoliubov inequality 

for gibbs free energy. By graphing the temperature versus crystal field plane, the phase 

diagram exhibit a tricritical behavior. The critical and compensation temperature is 

proportional to the single-ion anisotropy [46]. 

Gulistan Mert (2015) used the Oguchi’s method to examine the thermodynamic 

characteristics of spin-1/2 Heisenberg ferromagnetic system on the simple cubic lattice. The 

influences of the exchange of the second-nearest-neighbor interactions on the 

magnetization, internal energy, heat capacity, entropy and free energy of the Heisenberg 

ferromagnet were considered. The ordinary ferromagnetic magnetization curves have been 

obtained and it is predicted that the critical temperature is proportional to the second-

nearest-neighbor exchange interaction [47]. 

Xiaoling Shi et al. (2016) investigated the compensation behavior in molecular-based 

ferrimagnet AFeII FeIII (C2 O4)3 described by a mixed spin-2 and spin-5/2 ferrimagnetic 

Ising model within the effective field theory on a honeycomb lattice. By comparing their 

results with previous data obtained by the MFA, their results show a good improvement 

over the MFA results [48]. 

J. D. Alzate-Cardona et al. (2017) Studied the magnetic characteristics of a mixed spin 

μ=3/2 and spin σ=5/2 Ising ferrimagnetic system in a graphene layer by Monte Carlo 

simulations. The effects of the exchange next-nearest neighbors interactions and single-ion 
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anisotropy on the critical and compensation behavior of the system have been examined. For 

a system with given values of ion anisotropy and constant exchange interaction, a 

compensation point only exists if the values of the spins |σ|>|μ| and Js is higher than a certain 

value [49].  

M. Ertas and A. Yilmaz have investigated the dynamic magnetic hysteresis properties of 

mixed spin ferrimagnetic Ising system that contains spin-3/2 and spin-5/2 in 2018. They have 

studied the effect of temperature, crystal-field and frequency on the hysteresis behavior of the 

considered system by using dynamic effective-field theory on square lattice. A single 

hysteresis loop, remanent magnetization and coercive field have been obtained [50]. 

The mixed spin-1 and spin-3/2 Ising ferrimagnetic model under the effect of different 

single-ion anisotropies has been studied by J. R. V. Pereira et al. Monte Carlo simulation has 

been applied to the considered system for square lattice. The system revealed only second-

order phase transition unlike the results obtained by MFA. Their system also showed 

multicompensation temperatures for appropriate values of anisotropy [51]. 

1.5 Aims of the study 

1. Investigation of the mixed spin-3/2 and spin-5/2 Blume-Capel Ising system within a 

developed Oguchi Approximation (OA). 

2. Studying the magnetic properties of the Blume-Capel Ising system for sc and fcc 

lattices. 

3. Examining the effects of the magnetic anisotropies (i.e. crystal field) on the induction 

and location of spin compensation temperatures. 

4. Investigation of the free energy of the system at low temperatures. 
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1.6 Thesis Outline 

The outline of this thesis was arranged as follows; Chapter one presents an introduction 

and literature review including classification of magnetic materials. Chapter two contains 

the fundamentals of magnetism. The utilized model that has been solved by a developed 

Oguchi Approximation is included in chapter three. Chapter four is organized for results 

and discussion. Finally, the conclusions and future works are included in chapter five.     
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2.1 Introduction 

This chapter explores the origin of magnetic moment and theories of magnetic behavior 

of materials. It is namely the arrangement of magnetic moments within the material. These 

theories provide the useful mathematical models of the magnetic characteristics including 

order-disorder transitions such as Curie temperature and the compensation point [8]. 

 These models are important to give a reasonable explanation of some phenomena like 

the appearance of spontaneous magnetization because of the parallel arrangement of all 

spins in the specimen. There could be an antiparallel arrangement of the spin, which also 

could result a spontaneous magnetization [15]. Both of these cases will be discussed in 

addition to the models that influence the rotation of the magnetic spins in different 

conditions. 

2.2 Magnetic Moments of Electrons  

Electrons have orbital motion around the nucleus which could be similar to the current 

in a loop of wire having no resistance; both are resembles a circulation of charge. Because 

of this motion, magnetic moment of an electron may be calculated by [9]: 

𝑚 = (𝑎𝑟𝑒𝑎 𝑜𝑓 𝑙𝑜𝑜𝑝)(𝑐𝑢𝑟𝑟𝑒𝑛𝑡) = 𝐴𝐼                                                        (2.1) 

where 𝑚 is the magnetic moment, the size and shape of the orbit and the electron velocity 

must be known to be able to evaluate m. In Bohr Theory of the atom, the electron velocity 

υ and the circular orbit is 𝑟. in cgs units, e is the charge on the electron in esu and c is the 

velocity of light, so e/c is the charge in emu. However, in SI units the electronic charge is 

measured in coulombs. The current or charge passing through a given point per unit time, 

is then (𝑒/𝑐)( 𝜐/2𝜋𝑟) (𝑐𝑔𝑠) or   (𝑒𝜐/2𝜋𝑟)  (𝑆𝐼), that is to say [9]: 

𝑚(𝑜𝑟𝑏𝑖𝑡) = 𝜋𝑟2 (
𝑒𝑣

2𝜋𝑟𝑐
) =

𝑒𝑣𝑟

2𝑐
(𝑐𝑔𝑠)      𝑜𝑟    = 𝜋𝑟2 (

𝑒𝑣

2𝜋𝑟
) =

𝑒𝑣𝑟

2
               (2.2) 
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an additional assumption of the theory is that the angular momentum of the electron must 

be an integral multiple of ℎ 2𝜋⁄ , where h is Planck’s constant. Therefore, 

𝑚𝑣𝑟 = 𝑛
ℎ

2𝜋
                                                                                                   (2.3) 

where 𝑚 is the mass of the electron. Combining these relations (2.2) and (2.3), magnetic 

moment of the electron in the first orbit can be obtained (n=1) [9], 

𝑚(𝑜𝑟𝑏𝑖𝑡) =
𝑒ℎ

4𝜋𝑚𝑐
(𝑐𝑔𝑠)     𝑜𝑟   =

𝑒ℎ

4𝜋𝑚
(𝑆𝐼)                                                (2.4) 

The spin of the electron is a universal property of electrons in all states of matter at all 

temperatures. The electron behaves as if it is spinning about its own axis, and there is a 

definite amount of magnetic moment and angular moment associated with spin. It is found 

experimentally and theoretically that the magnetic moment, due to electron spin is 9.27 ×

10−24 𝐴. 𝑚2 [9]. 

 

Figure 2.1: Visualization of electron spin [9]. 

 

Due to the motion in the first Bohr orbit, and the spin motion, the magnetic moment are 

exactly equal. Since it is a fundamental quantity, this amount of magnetic moment has a 

special name the Bohr magneton 𝜇𝐵. So, it is considered as a natural unit of magnetic 

moment [9]. 



CHAPTER TWO                                           THEORY OF MAGNETISM 

   29 

 

2.3 Magnetic Moment of Atoms 

 Atoms contain many electrons; each electron has its own orbit and spinning about its 

own axis. Both kinds of motion are a vector quantity that is associated with the magnetic 

moment, parallel to the axis of spin and normal to the orbit of motion, respectively. The 

magnetic moment of the atom is a vector sum of all its electronic moments, and two 

possibilities arise [9]: 

1. The magnetic moments of all electrons are in opposite direction so that they cancel one 

another; hence, the atom has zero net magnetic moment and the result is a diamagnetic 

material. 

2. The cancelation of electronic moments is only partial and the atom is left with a net magnetic 

moment. Such an atom is often referred to as a magnetic atom, that substances composed of 

atoms are para-, ferro-, antiferro, and ferromagnetic.   

2.4 Weiss Theory of Magnetism 

 In 1907, Weiss introduced the first theory of an interacting magnetic system. He 

discussed that the cooperative ordering could be mimicked by assuming that each spin is 

subjected to an effective field called the molecular field and it is proportional to 

magnetization [52]. It is given by [15]:  

𝐻𝑚  =  𝑤𝑀                                                                                                             (2.5) 

where 𝑤 is the molecular field coefficient. The average magnetization under the effect of 

an external field H and a molecular field 𝐻𝑚  is given by [15]: 

            0

0

( )
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Nm d
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                                     (2.6) 

𝑘𝐵is Maxwell Boltzmann constant, suppose that the parameter α is given by: 
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                                                                                   (2.7) 

and  𝑐𝑜𝑠 𝜃 =  𝑥, then Eq. (2.6) becomes: 
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                                                                      (2.8) 

Using integration by part to solve (2.8), the solution for the numerator is: 
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and the integral in the denominator is calculated to be:                                
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 xdxx                          (2.10) 

By substituting Eqs. (2.9) and (2.10) in Eq. (2.8): 
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 NmM                                                        (2.11) 

The last equation can be reduced: 

            )
1

(coth


  NmM                                                                             (2.12) 

The function between the parentheses is known as the Langevin function and denoted by L 

(α). So, Eq. (2.12) is put into the form as:  

            )(NmLM                                                                                         (2.13) 

 when α<<1, the langevin function can be expanded as Tylor series: 

             ....
453

)(
3




L                                                                             (2.14)    

 The terms of 𝐿(𝛼) other than the first one will be neglected so that Eq. (2.12) will be: 
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3

Nm
M                                                                                           (2.15) 

Since Eq. (2.7) includes M, we can solve it with respect to M, and one has: 

               Bk T H
M

mw w
                                                                                (2.16) 

The solution of (2.13) can be obtained graphically. Figure 2.2 shows the curves of 

Eq.(2.13) and Eq.(2.16) with respect to α. Eq. (2.13) represents the langevin function as 

shown by curve (a) in Figure 2.2. Let us assume that H=0, such that H is an external field, 

and the spontaneous magnetization can be produced even at the absence of the external field. 

In this case, Eq. (2.16) becomes a straight line (b) through the origin. The solutions can be 

obtained by observing the intersection points O and S of curves (a) and (b). However, the 

point O produces an unstable solution, because if the magnetization has a non-zero value, 

such as S', near the origin, the state S' must rise along curve (b) (due to the definition of α, 

which entails that the state S' must always stay on the line (b)). The state of thermal 

equilibrium represented by curve (a) is above point S' until S' reaches S. Physically point O 

represents a completely random orientation of the spins. When there is some arrangement 

of spins by random processes, the alignment releases a non-zero molecular field, which 

leads to alignment that is more efficient. In contrast, point S represents a reasonable solution, 

because if the state changes from S to S'', the equilibrium state is always near S. 

Now let us speculate the dependence of spontaneous magnetization on temperature using 

the graphical solution mentioned earlier. At 𝑇 = 0, the slope of the line (b) is zero, which 

indicates that the point S goes far to the right side, where 𝐿(𝛼) =  1 and 𝑀 = 𝑁𝑚. This 

state is known as the saturation magnetization and denoted by MS that [15]: 

                𝑀𝑆 =  𝑁𝑚                                                                                                    (2.17) 

The derivative of the Langevin function with respect to (α) is given by:         
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Eq. (2.14) must be equal to the gradient of the line (b) in Eq. (2.16) at 𝑇 = 𝑇𝑐, that: 
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                                                                         (2.19) 

 
Figure 2.2: Graphical solution for spontaneous magnetization: 

(a) Langevin function (b) Equation (2.16) [15].  

Equating Eq. (2.18) with Eq. (2.19), we have: 

                   𝑇𝐶 =
𝑁𝑚2𝑤

3𝑘𝐵
                                                                               (2.20) 

     So far the effect of the external field has been neglected, because the external field is 

usually very weak compared to the exchange field i.e. very small influence on the magnitude 

of spontaneous magnetization. The second term in Eq. (2.16) gives the effect of the external 

field, which causes a shift of line (b) in Figure 2.2 downwards and hence a shift of the point 

S upwards, thus the magnetization 𝑀 increases slightly. In this case, the susceptibility can 

be obtained [15]: 

                  
( )dM L

Nm
dH H

 




 
 

 
                                                         (2.21) 
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Moreover, from the definition of α in Eq. (2.7), one has: 

                    .
B B

m mw dM

H k T k T dH


 


                                                           (2.22) 

 Substituting 𝜕𝛼/𝜕𝐻 from Eq. (2.21) and Eq. (2.22), results: 

                   

2 '( )

( 3 '( ))B C

Nm L

k T T L








                                                                (2.23) 

where 𝐿′(𝛼) is the differential function of 𝐿(𝛼) with respect to α. 

At very low values of temperature 𝑇 << 𝑇𝐶, 𝐿′(𝛼) is very small that it gives a small 

value for the susceptibility Eq. (2.23). The susceptibility cannot be calculated without using 

high magnetic field. Hence, it is known as the high field susceptibility. However, when 𝑇 

reaches 𝑇𝐶, 𝐿′(𝛼)  = 1/3, so that the denominator of Eq. (2.23) tends to vanish and the 

susceptibility approaches infinity. At 𝑇 > 𝑇𝐶, the point 𝑆′ remains near the origin in Fig. 

(2.2), where 𝐿′(𝛼)  = 1/3, so that Eq. (2.23) becomes: 

                   

2

3 ( )B C

Nm

k T T
 


                                                                       (2.24) 

That is, the susceptibility is inversely proportional to the deviation of 𝑇 from 𝑇𝐶, which is 

called the Curie-Weiss law. The susceptibility dependence on the temperature has been 

obtained as shown in Figure 2.3 [15]. 
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2.5 Magnetic Anisotropy 

Experimentally, it has been found that the magnetization 𝑀 prefers to situate along one or 

several axes in the magnetic solid. It takes an amount of energy to rotate to any other 

direction. This particular axis is called the easy axis. Therefore, the magnetic anisotropy can 

be defined as the energy needed to orientate the direction of magnetization from the easy to 

the hard direction [53]. 

Anisotropy has a great importance in the engineering of most commercial magnetic 

materials. A comprehensive knowledge of anisotropy is thus necessary for understanding 

these materials [9].  

There are distinct types of anisotropies: 

1- Crystal anisotropy (or magnetocrystalline anisotropy). 

2- Shape anisotropy. 

3- Stress anisotropy. 

4- Anisotropy induced by  

     a. Magnetic annealing. 

     b. Plastic deformation. 

Figure 2.3: Magnetic susceptibility near the Curie temperature [15]. 
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     c. Irradiation 

5- Exchange anisotropy. 

In this section, we will study the crystal anisotropy only because it is a substantial property 

to the materials, whilst all the others are extrinsic or “induced”. 

2.5.1 Magnetocrystalline anisotropy  

The magnetocrystalline anisotropy is the tendency of magnetization to align itself with a 

preferred crystallographic direction. The crystalline anisotropy can be observed by cutting 

a disk [110] from a single crystal of material as shown in Figure 2.4, and measuring the 

magnetization versus external field curves along the three high-symmetry crystallographic 

directions, ([110], [111], and [001]) included in the disk. A body center cubic Fe has the 

< 100 > directions as its easy axis. In Ni, which is a face centered cubic; the easy axis is 

< 111 >. Note that the final value of the saturation magnetization is the same no matter 

which axis it is applied along, if the field is large enough, but the field required to reach the 

saturation value is clearly different in each case [10]. 

 

 

 

 

Figure 2.4 Preparation of a sample for measuring the magnetocrystalline anisotropy 

energy [10]. 
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2.5.2 Physical Origin of Magnetocrysatlline anisotropy 

Crystal anisotropy is mainly due to spin-orbit coupling which is some kind of interaction. 

Thus, the exchange interaction parameter between two neighboring spins could be 

considered as a spin-spin coupling. This coupling can be very strong, and acts to preserve 

the alignment or antialignment of the spins. However, the associated exchange energy is 

isotropic; it depends only on the angle between adjacent spins, and not on the direction of 

the spin axis associated to the spin lattice. The spin-spin coupling cannot therefore 

participate in crystal anisotropy. 

The orbit-lattice coupling is also strong. This follows the fact that orbital magnetic 

moments are roughly entirely quenched. This means, in effect, that the orientations of the 

orbits are fixed very strongly to the lattice, because even large fields cannot change them. 

There is also the coupling between the spin and the orbital motion of the electron. When 

an applied field attempts to change the spin of an electron, the orbit of that electron tends to 

be reoriented. Nevertheless, the orbit is strongly coupled to the lattice and therefore resists 

the attempt to orientate the spin axis. Now the anisotropy energy represents the energy that 

needed to rotate the spin system of a domain away from the easy axis and can be considered, 

as the energy required overcoming the spin-orbit coupling. These several relationships of 

the anisotropy are briefed in Figure 2.5 [9].  

In most materials, the spin–orbit coupling is relatively weak, and so the 

magnetocrystalline anisotropy is not particularly strong. In rare-earth materials, however, 

the spin–orbit coupling is strong because rare-earth elements are heavy. Once magnetized, 

a large external field should be applied in the direction opposite to the magnetization to 

overcome the anisotropy and reverse the magnetization. Therefore, rare earth materials are 

often used in applications such as permanent magnets, where a large coercive field is 

required [10]. 
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The magnitude of the crystal anisotropy mainly decreases with temperature more quickly 

than the magnetization, and it disappears at the Curie temperature. Due to the anisotropy 

strong effect on coercive field, the coercive field vanishes together with anisotropy. The 

combination of vanishing anisotropy and coercive field and nonvanshing magnetization 

leads to a maximum in permeability, especially the low field or initial permeability, which 

appears near the Curie point. This maximum point can be used as a simple method to find 

an approximate value of the Curie point [9]. 

 

 

The single-ion anisotropy is essentially resulted from the electrostatic interactions of the 

orbitals containing the magnetic electrons with the potential in the atomic site that is created 

by the remaining of the crystal. This crystal-field interaction tends to stabilize a particular 

orbital, and by spin-orbit interaction, the magnetic moment is aligned in a particular 

crystallographic direction. In a ferromagnetic crystal, the contributions of all ions are 

summed to produce a set of macroscopic energy terms with appropriate symmetry. The sum 

is normal when the anisotropy axes of all sites localized in the unit cell. For example, a 

uniaxial crystal having 𝑛 = 2 × 1028 ions, described by a spin Hamiltonian 𝐷𝑆𝑧
2 with 

𝐷 𝐾𝐵⁄ = 1𝐾 and 𝑆 = 2 will have anisotropy constant equals to 𝑛𝐷𝑆2 = 1.1 ×

106 𝐽. 𝑚−3[6].   

Figure 2.5 Strength of anisotropic energy between spin-lattice-orbit interactions 
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3.1 Introduction 

The Ising model and its various variants are of the most extensively studied many-body 

problem. The reason is due to the fact that they can describe fairly well numerous physical 

systems, such as magnetic spin systems, binary alloys, lattice gas, and so on [54]. It is worth 

to note that the model is invented for the phase transition of ferromagnets at the Curie 

temperature. However, in the course of time it was realized that with only slight changes 

the model could also be applied to other phase transitions, like order-disorder transitions in 

binary alloys. Furthermore, the model may be applied to several modern problems of many-

particle physics, for instance the description of so-called spin glasses. 

3.2 Ising Model 

Ising model is the simplest model that deals with the interaction among spins and it can 

show a phase transition such as the transition from ferromagnetism to paramagnetism. With 

Ising model, the system is considered as an array of N fixed points called lattice sites that 

form an n-dimensional periodic lattice (n=1,2,3). The geometric structure of the lattice may 

be square, cubic or hexagonal. A spin variable Si (i=1, ….,N), which is a number that is 

either +1 or -1, is Associated with each lattice site. If 𝑆𝑖 = +1, the ith site is said to have 

spin up, and if 𝑆𝑖 = −1, it is said to have spin down. A set of numbers {Si} specifies a 

configuration of the whole system and the energy of the configuration is defined to be [55] 

1

{ }
N

i i j O i

ij i

H S J S S H S
  

                                                                        (3.1) 

where <ij> denotes a nearest-neighbor pair of spins. 𝐻𝑂 is the external magnetic field. 

The first term indicates the cooperative behavior and the possibility of a phase transition. J 

is the exchange energy where J>0 favors parallel and J<0 favors antiparallel alignment of 
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spins for ferro-and antiferromagnetic behavior, respectively. For J=0 Eq.3.1 stands for the 

Hamiltonian of a paramagnet [56]. 

In 1925, Ising introduced simplest form of the Ising model that appears in one-

dimensional lattice consisting of spin-1/2 atoms, with nearest-neighbor interaction in the 

absence of external field. However, he did not obtain a long-range order at any finite 

temperature. Yet, one may say that the Ising chain undergoes a phase transition at zero 

temperature [57]. 

The two dimensional Ising models in the absence of an external field has been solved 

exactly by Onsager in 1944 when he obtained a phase transition at a finite temperature [58]. 

After onsager’s solution, the Ising model has been one of the most actively studied problems 

in statistical mechanics. 

3.3 Blume-Capel-Model 

The simplest spin model displays tricritical phase diagram in the absence of randomness 

is the Blume-Capel model. This model is used to simulate the thermodynamics of a variety 

of systems such as 𝑈𝑂2 [59], and it has been studied extensively with many mechanisms 

such as mean field approximation, position-sapce renormalization group, Monte Carlo 

simulations and other methods [60]. The Blume-Capel (BC) model includes two 

thermodynamic fields: the temperature T and the magnetic anisotropy (i.e., crystal field) D 

conjugates to –S2, where S is the spin, which originally takes three values ±1 and zero [60]. 

3.4 Blume-Capel Ising Model 

In principle, BC model is a spin-one Ising system, but it could be generalized to cover 

other combinations such as half-integer spin or mixed spin systems. Now let us examine 
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how a two undistinguishable spin-one BC Ising model can be formulated. The Hamiltonian 

of the BC Ising model is given by T. Kaneyoshi [61]: 

     
2( )z z z

i j i

ij i

H J S S D S
 

                                                                    (3.2)  

where 𝑆𝑖
𝑧 takes the values ±1 and 0, and the first summation runs over all nearest-

neighbor spins. J, (J>0; for ferromagnet J<0; for ferrimagnet, or antiferromagnet), is the 

exchange interaction and D is the crystal-field constant.  

By using Maxwell Boltzmann statistics, one can obtain the thermal average of 𝑆𝑖
𝑧 i.e. 

m=<𝑆𝑖
𝑧> as follows 

< 𝑆𝑖
𝑧 >=

∑ 𝑆𝑖
𝑧𝑒−𝛽𝐻

𝑖

∑ 𝑒−𝛽𝐻
𝑖

                                                                                                (3.3) 

Substituting H in Eq. (3.3), we get:  

< 𝑆𝑖
𝑧 >=

∑ 𝑆𝑖
𝑧𝑒

−𝛽[−𝐽 ∑ 𝑆𝑖
𝑧𝑆𝑗

𝑧−𝐷 ∑(𝑆𝑖
𝑧)2]

𝑖

∑ 𝑒
−𝛽[−𝐽 ∑ 𝑆𝑖

𝑧𝑆𝑗
𝑧−𝐷 ∑(𝑆𝑖

𝑧)2]
𝑖

                                                                    (3.4) 

By putting βJ=t, and ∑ 𝑆𝑗
𝑧

𝑖 = 𝑧 < 𝑆𝑖
𝑧 > = 𝑧𝑚, one obtains: 

< 𝑆𝑖
𝑧 >=

∑ 𝑆𝑖
𝑧𝑒𝑡𝑧𝑚𝑆𝑖

𝑧+𝛽𝐷(𝑆𝑖
𝑧)2

𝑖

∑ 𝑒𝑡𝑧𝑚𝑆𝑖
𝑧+𝛽𝐷(𝑆𝑖

𝑧)2
𝑖

                                                                             (3.5) 

since i takes the values (±1, 0 ), then:  

< 𝑆𝑖
𝑧 >=

𝑒𝑡𝑧𝑚+𝛽𝐷−𝑒−𝑡𝑧𝑚+𝛽𝐷

𝑒𝑡𝑧𝑚+𝛽𝐷+𝑒−𝑡𝑧𝑚+𝛽𝐷+1
                                                                        (3.6) 

By using the identity 𝑒𝑥 + 𝑒−𝑥 = 2𝑐𝑜𝑠ℎ(𝑥) and 𝑒𝑥 − 𝑒−𝑥 = 2𝑠𝑖𝑛ℎ(𝑥) Eq. (3.6) becomes 

< 𝑆𝑖
𝑧 >=

2 sinh(𝑡𝑧𝑚)𝑒𝛽𝐷

2 cosh(𝑡𝑧𝑚)𝑒𝛽𝐷+1
                                                                               (3.7) 
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< 𝑆𝑖
𝑧 >=

2 sinh(𝑡𝑧𝑚)

2 cosh(𝑡𝑧𝑚)+𝑒−𝛽𝐷
                                                                                (3.8) 

when D→∞, < 𝑆𝑖
𝑧 > become equals to tanh(𝑡𝑧𝑚). In other words, when D takes a large 

positive value, the BC Ising model is reduced to the standard spin-1/2 Ising model [61]. 

3.5 Oguchi Approximation 

Oguchi approximation (OA) is one of the effective field theories which is produced by 

Oguchi in 1955 to make a development upon the simple Mean-Field approximation [24]. In 

the Oguchi method, the interaction of a pair of nearest-neighbor spins say 𝑆𝑖  and 𝑆𝑗, is 

treated exactly and the interactions of 𝑆𝑖 and 𝑆𝑗  with their neighboring spins are replaced by 

effective-field terms [62, 63], the Hamiltonian of the OA is given by.  

𝐻𝑂𝐴 = −𝐽𝑆𝑖𝑆𝑗 − 𝐽𝑆𝑖 ∑ 𝑆𝑙 − 𝐽𝑆𝑗 ∑ 𝑆𝑘𝑘 − 𝐻𝑜(𝑆𝑖 + 𝑆𝑗)𝑙                       (3.9) 

3.6 Identical particles 

Let us take the simplest configuration, which is the spin-1 Ising system. Identical 

particles have  ∑ 𝑆𝑙 = ∑ 𝑆𝑘 = (𝑧 − 1) < 𝑆𝑙 >= (𝑧 − 1)𝑚𝑘𝑙  where, < 𝑆𝑘 >=< 𝑆𝑙 >= 𝑚, 

𝑚 is the total magnetization of the crystal lattice, that: 

𝐻𝑂𝐴 = −𝐽𝑆𝑖𝑆𝑗 − 𝐽(𝑧 − 1)𝑚𝑆𝑖 − 𝐽(𝑧 − 1)𝑚𝑆𝑗 − g𝜇𝐵𝐻𝑜(𝑆𝑖 + 𝑆𝑗)       (3.10) 

or 

𝐻𝑂𝐴 = −𝐽𝑆𝑖𝑆𝑗 − 𝐽(𝑧 − 1)𝑚(𝑆𝑖 + 𝑆𝑗) − g𝜇𝐵𝐻𝑜(𝑆𝑖 + 𝑆𝑗)             (3.11) 

So, 

𝐻𝑂𝐴 = −𝐽𝑆𝑖𝑆𝑗 − (𝐽(𝑧 − 1)𝑚 + g𝜇𝐵𝐻𝑜)(𝑆𝑖 + 𝑆𝑗)                             (3.12) 

where, g is Landé g-factor , 𝜇𝐵 is Bohr magneton = 9.274 × 10−24 𝐽/𝑇. Now, to find 𝑚 

we use Maxwell-Boltzmann statistics as follows 
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2

i jS S
m
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i j H

H

S S
e

m
e















                                                    (3.13) 
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                                          (3.14) 

The numerator of Eq. (3.14),  

 ( )1 ( )
( )

2

i j B o i j

i j

J z mtS S g H S Si j

S S

S S
e

   
                                   

can be found as, 

   ( )(1 ) ( )( 1 )1 11 1
( ) ( )

2 2

j B o j j B o j

j

tS g H S tS g H Szj jJ m J

S

z mS S
e e

             
  (3.15) 

   2 ( ) 2 ( )1 1B o B ot g H tJ z m J z gm H
e e

      
                                    (3.16) 

Putting ℎ = 𝐽(𝑧 − 1)𝑚 is the effective field assumed by Oguchi. Where t=βJ , the 

denominator of Eq (3.14) 

( )( )i j B o i j

i j

tS S h g H S S

S S

e
   

                                         

is evaluated as, 

 
2 ( ) 2 ( )B o B ot h g H t h g Ht te e e e
                                                   (3.17) 

By substituting Eqs. (3.16) and (3.17) in (3.14) the total magnetization for the spin-1 Ising 

system in Oguchi approximation is obtained. 

2 ( ) 2 ( )

2 ( ) 2 ( )
2

B o B o

B o B o

t h g H t h g H

t h g H t h g H t

e e
m

e e e

   

   

   

    




 
                                     (3.18) 

or 
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2 ( ) 2 ( )

2 ( ) 2 ( ) 2

( )

( 2 )

B o B o

B o B o

h g H h g Ht

h g H h g Ht t

e e e
m

e e e e

   

   

  

   




 
                                   (3.19) 

Then, 

2

sinh(2( 1) )

cosh(2( 1) )

B o

t

B o

z tm g H
m

z tm g H e

 

  

 


  
                                                   (3.20) 

where t=βJ and 𝛽 = 1 𝐾𝐵𝑇⁄ . T is the absolute temperature. To find the susceptibility of the 

system for identical particles we use the following relations [52]  

,
o

M

H






     
o

M
m

M
                                                                                      (3.21) 

where 𝑀  is the total magnetic moment, and M𝑜 = 𝑁g𝜇𝐵 is the saturation magnetization at 

T=0, 

Then,            ,o

o

M m

H






                                                                                         (3.22) 
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o

m
Ng

H
 





                                                                                        (3.23) 

taking the derivative of Eq. (3.20), one has: 

2 2

2 2

[cosh( ) ]cosh( )[2( 1) ] sinh ( )[2( 1) ]

[cosh( ) ]

t

B B

o o

t

o

m m
x e x z t g x z t g

H Hm

H x e

   



 
     

 


 
     

(3.24) 

where 2( 1) B ox z tm g H    .  

2 2 2

2 2

cosh ( )[2( 1) ] cosh( )[2( 1) ] sinh ( )[2( 1) ]

[cosh( ) ]

t

B B B

o o o

t

o

m m m
x z t g e x z t g x z t g

H H Hm

H x e

     



  
       

  


 
 (3.25) 

or, 

 

2

2 2

[2( 1) ] cosh( )[2( 1) ]

[cosh( ) ]

t

B B

o o

t

o

m m
z t g e x z t g

H Hm

H x e

   



 
    

 


 
                  (3.26)  



CHAPTER THREE                                            THEORETICAL MODEL 

45 
    

when 𝑥 ≪ 1 then, cosh(𝑥) = 1 and sinh(𝑥) = 𝑥 then Eq. (3.26) becomes: 

2

2 2

[2( 1) ][1 ]

[1 ]

t

B

o

t

o

m
z t g e

Hm

H e

  




  




 
                                                                 (3.27) 

2

[2( 1) ]

[1 ]

B

o

t

o

m
z t g

Hm

H e

 




 




 
                                                                               (3.28) 

or, 

2 2( 1)t

B

o o o o

m m m m
e z t g

H H H H
     

     
    

                                               (3.29) 

Then, 

 21 2( 1)

B

t

o

gm

H e z t

 





   
                                                                                    (3.30) 

Taking the Taylor series expansion of 𝑒−2𝑡 and substituting in Eq. (3.30) 

3 4
2 2 4 2

1 2 2 .....
3 3

t t t
e t t                                                                             (3.31) 

So, Eq. (3.30) becomes: 

1 1 2 2 2

B

o

gm

H t tz t

 
 
    

                                                                             (3.32) 

2 2

B

o

gm

H zt

 


 
                                                                                                  (3.33) 

Thus, 

2( ) 1

2 1

B

B

N g

K T zt


 


                                                                                       (3.34) 

Since, 

B

J
t J

K T
  ,     

2( )

2

B

B

N g
C

K


                                                                 (3.35) 

Eq. (3.34) becomes: 
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1

1
B

C C

zJT T

K T

 


  



                                                                         (3.36) 

where 𝜃 = 𝑧𝐽 𝐾𝐵⁄ .  

3.7 Distinguishable particles  

The distinguishable particles system is considered here, where Oguchi method can be 

developed in the absence of the external field and the single-ion anisotropy is included. The 

mixed-spin ferrimagnetic Ising model, consists of three-dimensional sublattices 𝑆𝑖
𝐴 and 𝑆𝑗

𝐵 

with spins 𝑆𝑖
𝐴 = ± 1 2⁄ , ± 3 2⁄  and 𝑆𝑗

𝐵 = ± 1 2⁄ , ± 3 2⁄ , ± 5 2⁄  respectively. Here, the 

Oguchi method deals with central pair of neighboring atoms, and one can assume that the 

pair is coupled to the rest of the lattice through an effective field [24]. These assumptions 

are shown in Figure 3.1, which reveals only the atoms that contribute to an effective 

magnetic effect. The Hamiltonian of the system is given by Bobak et al. [64] Eq. (3.37).  

Figure 3.1: Scheme of a ferrimagnetic Ising system with two types of spins (𝑆𝑖
𝐴 =

3 2⁄ , 𝑆𝑗
𝐵 = 5 2⁄ ) for atoms A and B, respectively with coordination number 𝑧 = 6 in the 

Oguchi representation. 
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2 2( ) ( ) ( )A B A B A B

i j A i B j i i j jH JS S D s D s h S h S                               (3.37) 

where the first term accounted for the spin-spin interaction and the second and third terms 

are the interaction of magnetic spins of atoms A and B with ion-anisotropies 𝐷𝐴 and 𝐷𝐵 , 

respectively. The last term is the effective field of Oguchi’s assumption with ℎ𝑖 = 𝐽(𝑧 −

1)𝑚𝐵 and ℎ𝑗 = 𝐽(𝑧 − 1)𝑚𝐴. 𝐽 is the exchange interaction among spins at sites i and j and 

for ferrimagnetic materials 𝐽 < 0. z is the number of nearest neighboring spins and the 

sublattice magnetizations 𝑚𝐴 and 𝑚𝐵 are the thermal averages of 𝑆𝑖
𝐴 and 𝑆𝑗

𝐵, respectively, 

i.e. 𝑚𝐴 =< 𝑆𝑖
𝐴 > and 𝑚𝐵 =< 𝑆𝑗

𝐵 >. Calculating the Eigen values of the Hamiltonian Eq. 

(3.37), one can obtain the sublattice magnetization per site. 𝐷𝐴, 𝐷𝐵 are the anisotropies, i.e., 

the crystal fields, acting on the spin-3/2 and spin-5/2 respectively.  

       The knowledge of the partition function (Z) allows us to identify the relations of 

thermodynamic quantities. Then, the free energy of the model is defined as [65], 

𝐹 = −𝐾𝐵𝑇𝑙𝑛𝑍 ;              𝑍 = ∑ 𝑒−𝛽𝐻   ,                                                         (3.38) 

where 𝐹 is the free energy of the system given by Eq. (3.38).  𝐹 determines the stability of 

the sublattice  magnetization per site which is obtained by minimizing the free energy Eq. 

(3.38). It is worth noting that the ferrimagnetic case shows that the signs of sublattice 

magnetizations are different, and there may be a compensation point at which the sublattice 

magnetizations will cancel each other, hence, the total longitudinal magnetization vanishes 

[66],  

1
( ) 0

2
A Bm m m                                                                                        (3.39) 

The sublattice magnetization of A atoms with spin-3/2 can be calculated by [67],  
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𝑚𝐴 =
∑ 𝑆𝑖𝑒−𝛽𝐻𝐴 

𝑍𝐴
, 𝑍𝐴 = ∑ 𝑒−𝛽𝐻𝐴

                                                                        (3.40) 

With,              𝐻𝐴 = −𝐽𝑆𝑖𝑆𝑗 − ℎ𝑖 (𝑆𝑖 +
3

5
𝑆𝑗) − 𝐷𝐴𝑆𝑖

2
                                      (3.41)          

and for atoms B with spin-5/2, the sublattice magnetization is evaluated such that: 

𝑚𝐵 =
∑ 𝑆𝑗𝑒−𝛽𝐻𝐵 

𝑍𝐵
, 𝑍𝐵 = ∑ 𝑒−𝛽𝐻𝐵

                                                                         (3.42) 

with,             𝐻𝐵 = −𝐽𝑆𝑖𝑆𝑗 − ℎ𝑗 (𝑆𝑗 +
5

3
𝑆𝑖) − 𝐷𝐵𝑆𝑗

2
                                        (3.43) 

The compensation points, which are due to the different behaviors of sublattice 

magnetizations under the temperature changes, can be calculated by obtaining the crossing 

points between the absolute values of sublattice magnetizations |𝑚𝐴| = |𝑚𝐵|, at 𝑇𝐾 or 𝑚 =

|𝑚𝐴| − |𝑚𝐵| = 0, where, sign 𝑚𝐴=-sign 𝑚𝐵, at 𝑇𝐾 and 𝑇𝐾 < 𝑇𝐶, by using Eqs. (3.41) and 

(3.40), so, we obtain the sublattice magnetization for atoms A:  

1 1 1 2 2 3 3 4

2

4 5 2 1 3 2 3 3

4 4 1 5 2 6

3[ sinh( ) sinh( ) sinh( ) sinh( )
1

sinh( )] [ sinh( ) sinh( ) sinh( ) /
2

sinh( ) sinh( ) sinh( )]

AD

A

a g b g b g b g

m b g e a h a h b h

b h c h c h



    
 

    
    

 

               

15

4
1 1 1 2 2 3 3 4

2

4 5 2 1 3 2 3 3

4 4 1 5 2 6

cosh( ) cosh( ) cosh( ) cosh( )

cosh( ) [ cosh( ) cosh( ) cosh( )

cosh( ) cosh( ) cosh( )]

A

t

D

a g e b g b g b g

b g e a h a h b h

b h c h c h







 
     

 
    

  
 
 

        (3.44) 



CHAPTER THREE                                            THEORETICAL MODEL 

49 
    

where,      ihg 31  ,        ihg 4.22  ,       ihg 6.03  , 

                ihg 8.14  ,      ihg 2.15  ,     ihh 21  , 

                ihh 2 ,           ihh 4.13  ,        ihh 4.04  ,                                                                    .                 (3.45)                                               

                ihh 8.05  ,      ihh 2.06  ,  
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and t=𝛽𝐽, similarly, by using Eqs. (3.42) and (3.43) we obtain the sublattice magnetization 

for atoms B: 
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     (3.47) 

 where,  

      jhx 51  ,     jhx 3.32  ,    jhx 6.13  ,      jhy 41  , 

      jhy 2 ,      jhy 3.23  ,   jhy 6.04  ,       jhz 31  ,                                   (3.48) 

      jhz 22  ,     jhz 3.13  ,    jhz 3.04   

(3.46)                                             
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It is already indicated that the evaluation of the free energy is necessary to ensure that 

the system is in equilibrium. Hence, the contribution of the free energy to the 

thermodynamic phase stability has been calculated using Eq. (3.38). Depending on the 

Hamiltonian of the system mentioned in Eq. (3.37), the partition function written as follows: 

 

1 1 2 2 3 3 4 4 5 5cosh( ) cosh( ) cosh( ) cosh( ) cosh( )Z K F K F K F K F K F        

      6 6 7 7 8 8 9 9 10 10cosh( ) cosh( ) cosh( ) cosh( ) cosh( )K F K F K F K F K F                                                                     

     11 11 12 12cosh( ) cosh( ).K F K F                                                                                (3.49)                                                                                                    

where,  
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 In this chapter, the considered magnetic properties of the mixed-spin Ising systems, were 

investigated numerically by using the developed Oguchi approximation, in order to clarify 

the physical background for the characteristic phenomena that observed in the mixed 

ferrimagnetic models. The effect of a single-ion anisotropy on the compensation 

phenomenon was taken into consideration. Besides, the effect of the structural lattice on the 

magnetization curves and the phase diagrams of these systems were shown. 

4.1 The Distinction between MFA and OA  

First, let us discuss the obtained results by Oguchi method and comparing them with the 

results obtained by mean-field theory [63]. From Figure 4.1 the magnetization curve of the 

considered system can be seen at 𝐷𝐴 |𝐽|⁄ = 2.0 and 𝐷𝐵 |𝐽|⁄ = −0.5, for z=6, goes more  

Figure 4.1: The temperature dependences of the total magnetization m for the mixed–

spin Ising ferrimagnetic system with z=6 (sc), when the values of 𝐷𝐴 |𝐽|⁄ = 2.0 , 

and𝐷𝐵 |𝐽|⁄ = −0.5 

rapidly to zero than that of the MFA. This is because of the coupled effect of Oguchi’s pair 

that is correlated to the rest of the lattice with an effective field [65]. One can observe, Figure 

4.2, the distinction between the areas of the two curves of the sublattice magnetizations and  
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the same values of single-Ion anisotropies. The values of Anisotropies were taken depending 

on the Phase Diagram Shown in Figure 4.3 obtained by Hadey et al.[63]. 

Figure 4.2: The temperature dependences of the sublattice magnetizations 𝑚𝐴, 𝑚𝐵 for the 

mixed–spin Ising ferrimagnetic system with z=6 (sc) when the values of 𝐷𝐴 |𝐽|⁄ = 2.0 , 

and 𝐷𝐵 |𝐽|⁄ = −0.5. 

Figure 4.3: Phase Diagram of the mixed spin-3/2 and spin-5/2 Blume-Capel Ising Model 

for simple cubic lattice [63]. 
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4.2 Critical Behavior of Magnetization 

In this section, the critical behavior or Curie temperature (𝑇𝐶) will be investigated. At 

this particular temperature, the material undergoes a second order phase transition from the 

ferrimagnetic phase to the paramagnetic one. The effect of different single-ion anisotropies 

𝐷𝐴 |𝐽|⁄  and 𝐷𝐵 |𝐽|⁄  is shown in Figure 4.4 which studies the total magnetization versus 

𝐾𝐵𝑇 |𝐽|⁄  for simple cubic lattice at a fixed value of 𝐷𝐴 |𝐽|⁄ = −2.0 and different values of 

𝐷𝐵 |𝐽|⁄ , whereas for face-centered cubic lattice, the system is at 𝐷𝐴 |𝐽|⁄ = −0.5 and different 

values of 𝐷𝐵 |𝐽|⁄ , respectively. 

It is clear that the critical temperature depends substantially on the crystal field where the 

area under the curve is the ordered phase while above the curve is the disordered phase or 

paramagnetic phase. Figure 4.5 shows the sublattice magnetizations for the same value of 

𝐷𝐴 |𝐽|⁄  and different values of  𝐷𝐵 |𝐽|⁄  for (z=6) and (z=12). It reveals that the spontaneous 

magnetization does not vanish directly to zero (as in MFA) instead it decreases gradually. 

It is similar to the effect as if there is an external field, but since the investigated system is 

at h=0, so one can conclude that this kind of behavior is due to the effective field [52]. 

Figure 4.6 and Figure 4.7 show the total and sublattice magnetizations for fixed values of 

𝐷𝐵 |𝐽|⁄  and different values of  𝐷𝐴 |𝐽|⁄  for both lattices. Since 𝑆𝑗 > 𝑆𝑖, it obvious that the 

magnetization changes with 𝐷𝐵 |𝐽|⁄  more rapidly than with 𝐷𝐴 |𝐽|⁄ . 
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Figure 4.4: Thermal dependence of total magnetization at constant values of 𝐷𝐴 |𝐽|⁄ and 

different values of 𝐷𝐵 |𝐽|⁄  (a) for z=6 lattice at constant 𝐷𝐴 |𝐽|⁄ = −2.0 (b) for z=12 lattice 

at 𝐷𝐴 |𝐽|⁄ = −0.5. 

 

(a) 

(b) 
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Figure 4.5: Thermal dependence of sublattice magnetizations at constant values of 

𝐷𝐴 |𝐽|⁄ and different values of 𝐷𝐵 |𝐽|⁄  (a) for z=6 lattice at constant 𝐷𝐴 |𝐽|⁄ = −2.0 (b) for 

z=12 lattice at 𝐷𝐴 |𝐽|⁄ = −0.5. 

(a) 

(b) 
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Figure 4.6: Thermal dependence of total magnetization at constant values of 𝐷𝐵 |𝐽|⁄ and 

different values of 𝐷𝐴 |𝐽|⁄  (a) for z=6 lattice at constant 𝐷𝐵 |𝐽|⁄ = −1.0 (b) for z=12 lattice 

at 𝐷𝐵 |𝐽|⁄ = −2.0.  

 

(a) 

(b) 
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Figure 4.7: Thermal dependence of sublattice magnetization at constant values of 

𝐷𝐵 |𝐽|⁄ and different values of 𝐷𝐴 |𝐽|⁄  (a) for z=6 lattice at constant 𝐷𝐵 |𝐽|⁄ = −1.0 (b) for 

z=12 lattice at 𝐷𝐵 |𝐽|⁄ = −2.0 

 

 

(a) 

(b) 
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Figure 4.8: Thermal dependence of sublattice magnetizations for different values of 

anisotropies showing the new phases (1, -5/2) and (3/2, -2) for z=6. 

Figure 4.8 stands for the interesting features of the considered system under the influence 

of certain values for the magnetic anisotropies 𝐷𝐴/|𝐽|, 𝐷𝐵/|𝐽| acting on the sublattice 

magnetizations of A and B sites, respectively. That is to say, the system experienced new 

phases for sc lattice which are (1,-5/2) and (3/2,-2) for the values of 𝐷𝐴/|𝐽|=-5.0, 𝐷𝐵/|𝐽|=0 

and 𝐷𝐴/|𝐽|=0, 𝐷𝐵/|𝐽|=-1.5, respectively. 

4.3 The Compensation Behavior 

In this section, some compensation behaviors for both structural lattices sc (z=6) and fcc 

(z=12), are presented respectively. Then the influence of ion-anisotropy parameters on the 

appearance and magnitude of compensation temperatures(𝑇𝐾) is discussed. On observing 
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Figure 4.9, it reveal interesting phenomena regards compensation temperatures for both 

lattices at 𝐷𝐵 |𝐽|⁄ = −1.92 for (z=6) and 𝐷𝐵 |𝐽|⁄ = −5.0 for (z=12). 

Figures 4.9 (a) and (b) show a multicompensation behavior for different values of 

𝐷𝐴 |𝐽|⁄ = 0, 1.0, 2.0 for (z=6) and 𝐷𝐴 |𝐽|⁄ = −2.0, −2.5, −3.0 for (z=12) while Figures 4.9 

(c) and (d) depicts the act of absolute values of sublattice magnetizations 𝑚𝐴 and 𝑚𝐵 at 

𝐷𝐴 |𝐽|⁄ = 1.0 and 𝐷𝐴 |𝐽|⁄ = −3.0 for sc and fcc structures, respectively. It is worth to note 

that the compensation points are induced by the presence of magnetic anisotropy for the 

atom B, which is possible only in the ferromagnetic phase. These sublattice magnetizations 

undergo a cancelation but it is still incomplete so there a residual spontaneous magnetization 

in the system (M≠0). This is evidence to the antiferromagnetic nearest neighbor interactions 

[35]. This interaction tends to align neighboring spins in opposite directions as the system’s 

temperature is increased, so the direction of this residual magnetization can switch due to 

the thermal agitation. 

It is noticeable to see that the magnitude of spontaneous magnetization between 𝑇𝐾 − 𝑇𝐾 

is larger than that between 𝑇𝐾 − 𝑇𝐶 since as 𝑇 approaches 𝑇𝐶 more and more magnetic spins 

will be oriented randomly giving smaller spontaneous magnetization [37]. The circles are 
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shown in Figure 4.9 (c) and (d) indicate the crossing points between the absolute magnitudes 

of |𝑚𝐴| and |𝑚𝐵|, which prove the eligibility of Eqs. (3.45) and (3.48). 

Figure 4.9: (a) Temperature dependence of the total magnetization of z=6 for 𝐷𝐵 |𝐽|⁄ =

−1.92and different values of 𝐷𝐴 |𝐽|⁄ . (b) Temperature dependence of the total 

magnetization of z=12 for 𝐷𝐵 |𝐽|⁄ = −5.0 and several values of 𝐷𝐴 |𝐽|⁄ . (c) Temperature 

dependence of |𝑚𝐴| and |𝑚𝐵| at z=6 for 𝐷𝐴 |𝐽|⁄ = 1.0  and 𝐷𝐵 |𝐽|⁄ = −1.92. (d) |𝑚𝐴| and 

|𝑚𝐵|  at z=12 for 𝐷𝐴 |𝐽|⁄ = −3.0 and 𝐷𝐵 |𝐽|⁄ = −5.0. 

From the previous results, it is clear that the appearance of compensation points is 

independent of 𝐷𝐴 |𝐽|⁄ , and this prediction is similar to that obtained by Reyes at al. [68] i.e. 

𝐷𝐵 |𝐽|⁄  plays a relevant role in the appearance of the compensation phenomena, while 

𝐷𝐴 |𝐽|⁄ induces the location of the compensation points. In other words, our results are in a 

good agreement with ones obtained by Reyes et al. [68]. However, the system revealed three 

compensation points, whilst Reyes et al. study shows two compensation temperatures only 
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i.e. the developed model has given a clear impression about the investigated system 

compared to the method that has been used by Reyes et al. [68]. Therefore, the relation 

between 𝑇𝐾  and 𝐷𝐴 |𝐽|⁄  can be represented in the plane (𝐷𝐴 |𝐽|⁄ , 𝐾𝐵𝑇 𝐽⁄ ) as shown in Figure 

4.10, for a fixed value of 𝐷𝐵 |𝐽|⁄ = −2.8. At negative values of 𝐷𝐴 |𝐽|⁄ , 𝑇𝐾  has taken the 

value (1.6124 k) at 𝐷𝐴 |𝐽|⁄ ≥ 0, 𝑎𝑛𝑑 𝑇𝐾 starts to increase linearly which is in a good 

agreement with the results obtained by Reyes et al. [68] for the same system considered but 

the authors have used Monte Carlo simulation under the influence of different values of  

𝐷𝐵 |𝐽|⁄ . 

Figure 4.10: Magnetic anisotropy dependence of the compensation temperature for the 

mixed-spin Ising ferrimagnet with the coordination number z=6, when the value of 𝐷𝐴 |𝐽|⁄  

is changed, with a constant value of 𝐷𝐵 |𝐽|⁄ = −2.8. 
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4.4 Free Energy of the System 

The free energy of the system under study was calculated numerically by using Eq. (3.38) 

for sc and fcc lattices, respectively. Figure 4.11 shows the free energy of the system with a 

fixed value of 𝐷𝐴 |𝐽|⁄  and various values of 𝐷𝐵 |𝐽|⁄ . Figure 4.12 illustrates the free energy 

for constant value of 𝐷𝐵 |𝐽|⁄  and different values of 𝐷𝐴 |𝐽|⁄ , respectively. 

It can be seen that it shows an inflexion that corresponds a discontinuous behavior and 

at a critical temperature, the free energy of the system is continuous. Results shown in 

Figures. 4.11b and 4.12b are consistence with those derived from Figures 4.5b and 4.7b. On 

the other hand it can be seen that the system which is considered to behave as second order 

phase transition, one can compare the sublattice magnetization curves shown in Figures 4.5a 

and 4.7a with those depicted in Figures 4.11a and 4.12a [69]. 
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Figure 4.11: Free energy of the system for (a) Simple-Cubic lattice at 𝐷𝐴 |𝐽|⁄ = −2.0 and 

different values of 𝐷𝐵 |𝐽|⁄ . (b) Face-Centered Cubic lattice at 𝐷𝐴 |𝐽|⁄ = −0.5 and various 

values of 𝐷𝐵 |𝐽|⁄ . 
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Figure 4.12: Free energy of the system for (a) Simple-Cubic lattice at 𝐷𝐵 |𝐽|⁄ = −1.0 

and different values of 𝐷𝐴 |𝐽|⁄ . (b) Face-Centered Cubic lattice at 𝐷𝐵 |𝐽|⁄ = −2.0 and 

various values of 𝐷𝐴 |𝐽|⁄ . 
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4.5 Types of Behaviors 

Certain types of behaviors were obtained for magnetization of particular values of  

𝐷𝐴 |𝐽|⁄  and 𝐷𝐵 |𝐽|⁄ , which were first introduced by Neél in 1948 [70].  

Figure 4.13: Different types of thermal dependence of magnetizations for z=6. (a) Q-type 

for 𝐷𝐴 |𝐽|⁄ =-0.5 and 𝐷𝐵 |𝐽|⁄ =0.5 (b) P-type for 𝐷𝐴 |𝐽|⁄ = -3.0 and 𝐷𝐵 |𝐽|⁄ = 2.5 (c) S-type for 

𝐷𝐴 |𝐽|⁄ =-2.0 and 𝐷𝐵 |𝐽|⁄ =-1.1 (d) N-type for 𝐷𝐴 |𝐽|⁄ =-1.7 and 𝐷𝐵 |𝐽|⁄ =-1.5 (e) L-type for 

𝐷𝐴 |𝐽|⁄ =2.25 and 𝐷𝐵 |𝐽|⁄ =-2.25 (f) M-type for 𝐷𝐴 |𝐽|⁄ =1.0 and 𝐷𝐵 |𝐽|⁄ =-1.92.  

(a) 

(e) 

(d) (c) 

(b) 

(f) 
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Figure 4.14: Different types of thermal dependence of magnetizations for z=12. (a) S-type 

for 𝐷𝐴 |𝐽|⁄ =-3.0 and 𝐷𝐵 |𝐽|⁄ = -3.0 (b) N-type for 𝐷𝐴 |𝐽|⁄ = -2.5 and 𝐷𝐵 |𝐽|⁄ = -7.0 (c) Q-type 

for 𝐷𝐴 |𝐽|⁄ = 2 and 𝐷𝐵 |𝐽|⁄ = -16 (d) R-type for 𝐷𝐴 |𝐽|⁄ = -1.0 and 𝐷𝐵 |𝐽|⁄ = -1.0 (e) L-type for 

𝐷𝐴 |𝐽|⁄ =-2.0 and 𝐷𝐵 |𝐽|⁄ = -5.5 (f) M-type for 𝐷𝐴 |𝐽|⁄ = -1.5 and 𝐷𝐵 |𝐽|⁄ = -5.0. 

 

 

(e) 

(d) (c) 

(a) (b) 

(f) 
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The considered system can reveal many types of typical thermal dependence of 

magnetization and for both lattices usually present in the crystallized ferrimagnetic alloys 

[28]. Six of the results for the sc and fcc lattices are depicted in Figure 4.13 and Figure 4.14 

where the thermal behavior of magnetizations are shown for different values of anisotropies. 

As seen from the figures, the system exhibit Q-type behavior at 𝐷𝐴/|𝐽| = −0.5, 𝐷𝐵/|𝐽| =

0.5 and 𝐷𝐴/|𝐽| = 2.0,  𝐷𝐵/|𝐽| = −16.0 for sc and fcc lattices, respectively. On the other 

hand the N curves exhibit a compensation point at 𝐷𝐴/|𝐽| = −1.5, 𝐷𝐵/|𝐽| = −1.7 and 

𝐷𝐴/|𝐽| = −2.5, 𝐷𝐵/|𝐽| = −7.0 for sc and fcc lattices, respectively, which is classified after 

Neél as the N-type. It can be seen for both lattice structures, that they have almost the same 

behavior types at different values of anisotropies, which are S-, P-, L-, M-, for sc lattice and 

S-, R-, L-, M-type for fcc lattice. 
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5.1 Conclusions 

It can be seen that within reviewing the results of the mixed spin 3/2 and spin 5/2 

ferrimagnetic Ising system by using the developed Oguchi approximation: 

1- The considered system shows multicompensation points in the low range of temperatures. 

However, the system; at the same time shows transition temperatures (Curie Temperatures) 

in the moderate ranges of (14-25)k for fcc lattice and of (6-11)k for sc lattice, respectively. 

2- Curie temperatures are slightly effected when changing the magnetic anisotropy for 

sublattice of atoms A in the ranges 2.5 ≥ 𝐷𝐴 |𝐽|⁄ ≥ −2.2 for sc lattice and −1.0 ≥ 𝐷𝐵 |𝐽|⁄ ≥

−7.0 for fcc lattice. However, Curie temperature are clearly effected by increasing the 

coordination number (z) that it can reach about (25𝑘) for the fcc lattice. 

3- Single compensation temperatures were noticed when the magnetic anisotropy is 

𝐷𝐵 |𝐽|⁄ = −2.8 for the simple cubic lattice only. 

4- Three compensation temperatures were noticed when the magnetic anisotropy is in the 

ranges −1.99 ≤ 𝐷𝐵 |𝐽|⁄ ≤ −1.85 and −5.2 ≤ 𝐷𝐵 |𝐽|⁄ ≤ −4.8 for sc and fcc lattices, 

respectively, with various values of magnetic anisotropy for sublattices of atoms A. 

5- It was found that the system experiences the first and second order phase transitions, 

however the second order phase transition is the dominant one in revealing the properties 

of the system in the planes (𝑚𝐴, 𝐾𝐵𝑇 |𝐽|⁄ ) (𝑚𝐵, 𝐾𝐵𝑇 |𝐽|⁄  ),  as shown in Figure 4.5 and 

Figure 4.7, respectively.  These phases can be recognized, which appear in our system 

within studying the behaviors in the plane  (𝐹, 𝐾𝐵𝑇 |𝐽|⁄ ) for both structural lattices depicted 

in Figure 4.11 and Figure 4.12, respectively. 
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6- New phases for the considered system have been obtained, namely (3/2, -2), and (1, -5/2) 

for appropriate values of anisotropies (𝐷𝐴/|𝐽|=0, 𝐷𝐵/|𝐽|=-1.5) and (𝐷𝐴/|𝐽|=-5.0, 𝐷𝐵/|𝐽|=0), 

respectively as shown in Figure 4.8. 

7- The system responded for induction of multicompensation temperatures at certain values 

of magnetic anisotropies (i.e. Crystal Fields) in a range of (𝐷𝐴/|𝐽|)at fixed values of 𝐷𝐵/|𝐽|, 

but out of these ranges, one can observe that the system has no response. 

8- It is noted that the results concerning the multiplicity of compensation temperatures are 

better than the results obtained by Hadey K. using Mean field approximation (MFA) [63]. 

9- The importance of compensation points resembled by the fact that at this particular point, 

only a small driven field is required to reverse the direction of magnetization in the 

hysteresis loop hence giving a material with small hysteresis loop and less energy losses 

[45].    

5.2 Future Studies 

1- A theoretical study of the magnetic hysteresis loop of the mixed spin-3/2 and spin-5/2 

Blume-Capel Ising model in the presence of an oscillating magnetic field. 

2- A study of Blume-Capel Ising model with different single-ion anisotropies by using the 

effective filed theory. 

3- A study of the Thermodynamic functions of the considered system such as internal 

energy, heat capacity, entropy and magnetic susceptibility. 

4. The study of a decorated mixed spin-3/2 and spin-5/2 Ferrimagnetic Blume-Capel Ising 

models, with different single-ion anisotropies. 
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 الملخص

 هعزومط خلي فيريمغناطيسي نظام ثنائيلالخواص المغناطيسية  في هذا العمل البحثي تم دراسة

𝑆𝑖  المغناطيسية
𝐴 = 3 𝑆𝑗و  ⁄2

𝐵 = 5 و  نك حال عدديا  موديل بلوم كبل ايز من خالل حل  ⁄2

 ي.للتواامتمركز األوجه على  المكعب بسيط و المكعب للشبائك البلورية ستخدام طريقة اوكوتشياب

يث حالمذكور من خالل صياغة هاملتوني النظام قيد الدراسة  انه تم تطوير النموذج من الجدير بالذكر

تلخص ت للشبائك البلورية المشار اليها أعاله.وعلى أساسه بنيت النتائج إضافة حد المجال الفعال  تضمن

ذا ه ان كوحدة واحدة وبأفتراضالذرات المتجاورة  كوتشي بأنها تتعامل مع زوج منفرد منوطريقة ا

 الزوج من الذرات يتفاعل مع باقي الشبيكة عن طريقة المجال الفعال.

تم تغيير التباينات البلورية المغناطيسية بدقة لغرض تفحص ظواهر جديرة باالهتمام و هي ظاهرة  

وء ضم المعني حيث وجدنا ان النظام المغناطيسي في لمغناطيسي ودالة الطاقة الحرة للنظاالتعادل ا

|𝐷𝐵/|𝐽) مادرجة حرارة تعادل واحدة عند نك يمتلكموديل بلوم كبل ايز = لشبيكة مكعب  (2.8−

𝑧) بسيط  = عند المدى   (sc)حرارية تعادلية لشبيكة مكعب بسيط درجاتبينما يمتلك النظام ثالث (6

(−1.99 ≤ 𝐷𝐵/|𝐽| ≤  عند المدى  (fcc)عب متمركز األوجهلشبيكة مكو  (1.85−

(−5.2 ≤ 𝐷𝐵/|𝐽| ≤  على وانما 𝐷𝐴/𝐽. وقد الحظنا بأن ظهور نقاط التعادل ال يعتمد على(4.8−

𝐷𝐵/|𝐽| .تؤثربينما  فقط |𝐷𝐴/|𝐽  الظاهرة عند  هذه جات الحرارية وال تحدثفقط على قيمة هذه الدر

 ومن ناحية اخرى تم الحصول على مجموعة من االشكال المختلفة .للتباينات البلوريةموجبة القيم ال

 Q, S, N, R, L, M Typeو   (sc)لشبيكة المكعب البسيط Q, P, S, N, L, M Typeوهي 

 . (fcc) لشبيكة المكعب المتمركز األوجه

ثل م البحوث والدراسات للمركبات ذات العزوم المغناطيسية قيد الدراسة قد تم تناولها تجريبيآ

])([ 62 CNVMnCs IIII ,OHCNCrCsMn IIIII

26 OHxCNMnMnو  ])(.[ IVII

26 علما ان  ])(.[.

ن حدوث ا. جميع المركبات المذكورة عبارة عن مغانيط جزيئية تتبلور بهيئة شبيكة متمركزة األوجه

 الى اقلبالذات نحتاج بيرة حيث عند هذه النقاط الحرجة ك ةظاهرة التعادل هو ذا أهمية تكنولولجي

 لقة الهسترة المغناطيسية وهكذاممكن من المجال المعاكس لتغيير اتجاه التمغنط عند اكمال ح ارمقد

 بالتالي اقل خسارة بالطاقة. ل على حلقة هسترة ذات مساحة اقليمكن الحصو
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