Preface

The importance of Electromagnetic Field Theory is well known in various
engineering fields. Overwhelming response to our books on various subjects inspired us to
write this book. The book is structured to cover the key aspects of the subject
Electromagnetic Field Theory.

The book uses plain, lucid longuage to explain fundamentals of this subject. The bock
provides logical method of explaining various complicated concepls and stepwise methods
to explain the important topics. Each chapter is well supported with necessary illustrations,
practical examples and solved problems. All chapters in this bock are arranged in a proper
sequence that permits each topic to build upon ecrlier studies. All care has been taken to
make students comfortable in understanding the basic concepts of the subject.

The book not only covers the entire scope of the subject but explains the philosophy of
the subject. This makes the understanding of this subject more clear and makes it more
interesting. The book will be very useful not only fo the students but also to the subject
teachers. The students have to omit nothing and possibly have to cover nothing more.

We wish to express our profound thanks to all those who helped in making this book a
reality. Much needed moral support and encouragement is provided on numerous
occasions by our whole family. We wish to thank the Publisher and the entire team of
family Technical Publications who. have taken immense pain to get this book in time with
quality printing.

Any suggestion for the improvement of the book will be acknowledged and well
appreciated.
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Vector Analysis

R RIENA i

1.1 Introduction

Electromagnetics is a branch of physics or electrical enginecring which is used to study
the electric and magnetic phenomena. The electric and magnetic fields are closely related
to each other.

Let us see, what is a field ? Consider a magnet. It has its own effect in a region
surrounding it. The effect can be experienced by placing another magnet near the first
magnet. Such an cffect can be defined by a particular physical function. In the region
surrounding the magnet, there exists a particular value for that physical function, at every
point, describing the effect of magnet. So field can be defined as the region in which, at
each point there exists a corresponding value of some physical function.

Thus field is a function that specifies a quantity everywhere in a region or a space. If
at cach point of a region or space, there is a corresponding value of some physical
function then the region is called a field. If the field produced is due to magnetic effects, it
is called magnetic field. There are two types of electric charges, positive and negative.
Such an electric charge produces a field around it which is called an electric field. Moving
charges produce a current and current carrying conductor produces a magnetic field. In
such a case, electric and magnetic fields are related to each other. Such a field is called
electromagnetic field. The comprehensive study of characteristics of electric, magnetic and
combined fields, is nothing but the engineering electromagnetics. Such fields may be time
varying or time independent.

It is seen that distribution of a quantity in a space is defined by a field. Hence to
quantify the ficld, three dimensional representation plays an important role. Such a three
dimensional representation can be made easy by the use of vector analysis. The problems
involving various mathematical operations related to the fields distributed in three
dimensional space can be conveniently handled with the help of vector analysis. A
complete pictorial representation and clear understanding of the fields and the laws
governing such fields, is possible with the help of vector analysis. Thus a good knowledge
of vector analysis is an essential prerequisite for the understanding of engineering
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electromagnetics. The vector analysis is a mathematical shorthand tool with which
electromagnetic concepts can be most conveniently expressed.

This chapter gives the basic vector analysis required to understand engincering
electromagnetics. The notations used in this chapter are followed throughout this book, to
explain the subject.

1.2 Scalars and Vectors

The various quantities involved in the study of enginecring electromagnetics can be
classified as,

1. Scalars and 2. Vectors

1.2.1 Scalar

The scalar is a quantity whose value may be represented by a single real number,
which may be positive or negative. The direction is not at all required in describing a
scalar. Thus,

A scalar is a quantity which is wholly characterized by its magnitude.

The various examples of scalar quantity are temperature, mass, volume, density, speed,
electric charge etc.

1.2.2 Vector

A quantity which has both, a magnitude and a specific direction in space is called a
vector. In electromagnetics vectors defined in two and three dimensional spaces are
required but vectors may be defined in n-dimensional space. Thus,

A vector is a quantity which is characterized by both, a magnitude and a direction.

The various examples of vector quantity are force, velocity, displacement, electric field
intensity, magnetic field intensity, acceleration etc.

1.2.3 Scalar Field

A field is a region in which a particular physical function has a value at each and
every point in that region. The distribution of a scalar quantity with a definite position in
a space is called scalar field. For example the temperature of atmosphere. It has a definite
value in the atmosphere but no need of direction to specify it hence it is a scalar field. The
height of surface of earth above sea icvel is a scalar field. Few other examples of scalar
field are sound intensity in an auditorium. light intensity in a room, atmospheric pressure
in a given region etc.

1.2.4 Vector Field

If a quantity which is specified in a region to define a field is a vector then the
corresponding field is called a vector field. For example the gravitational force on a mass
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in a space is a vector field. This force has a value at various points in a space and always
has a specific direction.

The other examples of vector field are the velocity of particles in a moving fluid, wind
velocity of atmosphere, voltage gradient in a cable, displacement of a flying bird in a
space, magnetic field existing from north to south field etc.

1.3 Representation of a Vector

In two dimensions, a vector can be

A represented by a straight line with an arrow in a

R El‘(;ai;rtr]unatmg plane. This is shown in the Fig. 1.1. The length of
/ the segment is the magnitude of a vector while
o the arrow indicates the direction of the vector in a
[Starting given co-ordinate system. The vector shown in the

i —
point Fig. 1.1 is symbolically denoted as OA. The point

O is its starting point while A is its terminating
point. Its length is called its magnitude, which is
R for the vector OA shown. It is represented as
I—O—A—xl =R It is the distance between the starting point and terminating point of a vector.

Fig. 1.1 Representation of a vector

Key Point: The vector hereafter will be indicated by bold letter with a bar over it.

1.3.1 Unit Vector

A unit vector has a function to indicate the direction.
Its magnitude is always unity, irrespective of the

Unit vector direction which it indicates and the co-ordinate system
a0}/' under consideration. Thus for any vector, to indicate its
/ direction a unit vector can be used. Consider a unit

IR] vector g, in the direction of OA as shown in the

o¥ ~ Fig. 1.2. This vector indicates the direction of OA but its

magnitude is unity.
So vector OA can be represented completely as its

Fig. 1.2 Unit vector magnitude R and the direction as indicated by unit

vector along its direction.

where 3, = Unit vector along the direction OA and [ag4|=1

Key Point: Hereafter, letter a 1s used to indicate the unit vector and its suffix indicates
the direction of the unit vector. Thus a, indicates the unit vector along x axis direction.

In case if a vector is known then the unit vector along that vector can be obtained by
dividing the vector by its magnitude. Thus unit vector can be expressed as,
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OA

oA

The idea and use of unit vector will be more clear at the time of discussion of various
co-ordinate systems, later in the chapter.

Unit vector ag, =

1.4 Vector Algebra

The various mathematical operations such as addition, subtraction, multiplication etc.
can be performed with the vectors. In this section the following mathematical operations
with the vectors are discussed.

1. Scaling 2. Addition 3. Subtraction

1.4.1 Scaling of Vector

This is nothing but, multiplication by a scalar to a .vector. Such a multiplication
changes the magnitude (length) of a vector but not its direction, when the scalar is
positive.

Let @ = Scalar with which vector is to be multiplied

Then if a>1 then the magnitude of a vector increases but direction remains same,
when multiplied. This is shown in the Fig. 1.3 (a). If a <1 then the magnitude of a vector
decreases but direction remains same, when multiplied. This is shown in the Fig. 1.3 (b).

If o =-1 then the magnitude remains same but direction of the vector reverses, when
multiplied. This is shown in the Fig. 1.3 (c).

>l
-]

A
| ey ® \ oad
o — - _ ~g — -8
oA aA -A
*
(a)a>1 {(b)x<1 (c)a=-1

Fig. 1.3 Multiplication by a scalar

Key Point: Thus if o is negative, the magnitude of vector changes by o. times while the
direction becomes exactly opposite to the original vector, after multiplication.

1.4.2 Addition of Vectors

Consider two coplanar vectors as shown in the Fig. 1.4. The vectors which lie in the
same plane are called coplanar vectors. '
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Lei us find the sum of these two vectors A
A and B, shown in the Fig. 14.

The procedure is to move one of the two
vectors parallel to itself at the tip of the other

A vector. Thus move A , parallel to itself at the tip
of B.
o _ -5 Then join tip of A moved, to the origin. This
B vector represents resultant which is the addition
of the two vectors A and B. This is shown in the
Fig. 1.4 Coplanar vectors Fig. 1.5.

Let us denote this resultant as C then
C=A+B
It must be remembered that the direction of
Cis from origin O to the tip of the vector moved.

Another point which can be noticed that if B
is moved parallel to itsclf at the tip of A, we get
the same resultant C. Thus, the order of the
Fig. 1.5 Addition of vectors addition is not important. The addition of vectors
obeys the commutative law i.e. A+B =B +A.

Another method of performing the addition of vectors is the parallelogram rule.
Complete the parallelogram as shown in the Fig. 1.6. Then the diagonal of the
parallelogram represents the addition of the two vectors.

Resultant

Fig. 1.6 Parallelogram rule for addition

By using any of these two methods not only two but any number of vectors can be
added to obtain the resultant. For example, consider four vectors as shown in the
Fig. 1.7(a). These can be added by shifting these vectors one by one to the tip of other
vectors to complete the polygon. The vector joining origin O to the tip of the last shifted
vector represents the sum, as shown in the Fig. 1.7 (b). This method is called head to tail
rule of addition of vectors.

Once the co-ordinate systems are defined, then the vectors can be expressed in terms
of the components along the axes of the co-ordinate system. Then by adding the
corresponding components of the vectors, the components of the resultant vector which is
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A
Gummmrmnamm——

Ol

A _ Resultant
B C R

AN

{a) Four vectors

o A
{b) Sum of the four vectors

Fig. 1.7

R=A+B+C+D

the addition of the vectors, can be obtained. This method is explained after the co-ordinate

systems are discussed.

The following basic laws of algcbra are obeyed by the vectors A, B and C:

Law Addition Multiplication by scalar
Commutative A+B=B+A cA=Aa
Associative A+(B+O=A+8B)+C B(aA)=(Px)A
Distributive o(A+B)=aA+aB (o +B)A =aA +BA

Table 1.1
In this table o and f are the scalars i.e. constants.

41.4.3 Subtraction of Vectors

The subtraction of vectors can be obtained from the rules of addition. If B is to be
subtracted from A then based on addition it can be represented as,

C = A+(-B)

Thus reverse the sign of B i.e. reverse its direction by multiplying it with -1 and then
add it to A to obtain the subtraction. This is shown in the Fig. 1.8 (a) and (b).

|

ol
1]
B
|
wl

I
b

{a) Vectors

Fig. 1.8

- o 5

(b) Subtraction of vectors
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1.4.3.1 Identical Vectors

Two vectors are said to be identical if there difference is zero. Thus A and B are
identical if A ~B =0 i.e. A =B. Such two vectors are also called equal vectors.

1.5 The Co-ordinate Systems

To describe a vector accurately and to express a vector in terms of its components, it is
necessary to have some reference directions. Such directions are represented in terms of
various co-ordinate systems. There are various coordinate systems available in
mathematics, out of which three co-ordinate systems are used in this book, which are

1. Cartesian or rectangular co-ordinate system
2. Cylindrical co-ordinate system

3. Spherical co-ordinate system

Let us discuss these systems in detail.

1.6 Cartesian Co-ordinate System

This is also called rectangular co-ordinate system. This system has three co-ordinate
axes represented as x, y and z which are mutually at right angles to each other. These
three axes intersect at a common point called origin of the system. There are two types of
such system called

1. Right handed system and 2. Left handed system.

The right handed system means if x axis is rotated towards y axis through a smaller
angle, then this rotation causes the upward movement of right handed screw in the z axis
direction. This is shown in the Fig. 1.9 (a). In this system, if right hand is used then thumb
indicates x axis, the forefinger indicates y axis and middle finger indicates z axis, when
three fingers are held mutually perpendicular to each other.

z, z
”x-:‘ﬁi - AI i
e b
Origin iz { Origin ~ =__- ; :
X Rotatxon of Uoward y Rotauon of
xintoy f pwa xintoy ‘ Downward
—>
Right handed
screw
(a) Right handed system (b) Left handed system

Fig. 1.9
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In left handed system x and y axes are interchanged compared to right handed system.
This means the rotation of x axis into y axis through smaller angle causes the downward
movement of right handed screw in the z axis direction. This is shown in the Fig. 1.9 (b).

Key Point: The right handed system is very commonly used and followed in this book.

In cartesian co-ordinate system x = 0 plane indicates two dimensional y-z plane, y = 0
plane indicates two dimensional x-z planc and z = 0 plane indicates two dimensional x-y
plane.

1.6.1 Representing a Point in Rectangular Co-ordinate System

A point in rectangular co-ordinate system is located by three co-ordinates namely x, y
and z co-ordinates. The point can be reached by moving from origin, the distance x in x
direction then the distance y in y direction and finally the distance z in z direction.
Consider a point P having co-ordinates x,, y; and z,. It is represented as P(x,,y,,z;,). It
can be shown as in the Fig.1.10 (a). The co-ordinates x,,y, and z, can be positive or
negative. The point Q(3,-1, 2) can be shown in this system as in the Fig. 1.10 (b).

q
™

N
AN
R
N
N
AN

Y1 X

(a) (b)

Fig. 1.10 Representing a point in cartesian system

Another method to define a point is to consider three surfaces namely x = constant,
y = constant and z = constant planes. The common intersection point of these three
surfaces is the point to be defined and the constants indicate the coordinates of that point.
For example, consider point Q which is intersection of three planes namely x = 3 plane,
y =-1 plane and z=2 plane. The planes x = constant, y = constant and z = constant are
shown in the Fig. 1.11. The constants may be positive or negative.
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z z z
z = Constant
rallel to xy plane

| T : / « [

T a y -y
4
x  x = Constant X y = Constant

paraliel to yz plane parallel to xz plane

(a) (b} {c)

{ z =2 plane
yd
t /
8] — -y
N
y =—1 plane x = 3 plane
Intersection

of x=3 and y =—1 planes
(d)
Fig. 1.11

1.6.2 Base Vectors

The base vectors are the unit vectors which are strictly oriented along the directions of
the co-ordinate axes of the given co-ordinate
z system.

Thus for cartesian co-ordinate system, the three
base vectors are the unit vectors oriented in x, y
and z axis of the system. So a,,a, and &, are the
base vectors of cartesian co-ordinate system. These

are shown in the Fig. 1.12.

_’uﬂil

&) >
—>3 ! So any point on x-axis having co-ordinates
/ (x;.0,0) can be represented by a vector joining
3, origin to this point and denoted as x; a, .

X The base vectors are very important in

Fig. 1.12 Unit vectors in cartesian Tepresenting a vector in terms of its components,
system along the three co-ordinate axes.
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1.6.3 Position and Distance Vectors
Consider a point P(x;,y,,7,) in

z cartesian co-ordinate system as shown
in the Fig. 1.13. Then the position

e vector of point P is represented by the
P N distance of point P from the origin,
E ey P‘iﬁ ¥1:Z1) directed from origin to point P. This is

also called radius vector. This is also
shown in the Fig. 1.13.

Now the three components of this
position vector fop are three vectors
y Position Top oriented along the three co-ordinate

vector axes with the magnitudes x,, y, and z,.
Thus the position vector of point P can
be represented as,

Sol N

Fig. 1.13 Position vector

Top = X 3,+y,a, +2,3, . (1)

The magnitude of this vector interms of three mutually perpendicular components is
given by,

lFor | = {(xu)* +(y1)* +(z: ) e
Thus if point P has co-ordinates (1, 2, 3) then its position vector is,

and |Top | = Y(1)? +(2)2 +(3)? =14 = 3.7416

2 Many a times the position vector is denoted
! Plxyy1.21) by the vector representing that point itself i.e. for
point P the position vector is P, for point Q it is
Q and so on. The same method is used hereafter
Q02¥222)  in this book. Note the difference between a point

S } -y and a position vector.

Distance Now consider the two points in a cartesian

vector PQ coordinate system, P and Q with the co-ordinates

X (x1,¥1.2;) and (x,,y;,z,) respectively. The
points are shown in the Fig. 1.14. The individual

Fig. 1.14 Distance vector position vectors of the points are,
P

Xja, +y, ay +z,a,



Electromagnetic Field Theory 1-11 Vector Analysis

Then the distance or the displacement from P to Q is represented by a distance vector
PQ and is given by,

P—Q— = ﬁ_r,=[x2 _xl] a, +[Y2 _YI]Ey +[ZZ _ZI] a, - (3)
This is also called separation vector.

The magnitude of this vector is given by,

Im, = \[("2 =X )2 +(y2 _YI)Z +(z2 -2, )2 . (4)

This is nothing but the length of the vector PQ. The equation (4) is called distance
formula which gives the distance between the two points representing tips of the vectors.
Using the basic concept of unit vector, we can find unit vector along the direction PQ as,

PQ .. (5)

apg = Unit vector along PQ = —
M |7Q|

Once the position vectors are known then various mathematical operations can be
easily performed interms of the components of the various vectors.

Let us summarize procedure to obtain distance vector and unit vector.

Step 1 : Identify the direction of distance vector i.e. starting point (x;,y;,z,) and
terminating point (x,y,, z;).

Step 2 : Subtract the respective co-ordinates of starting point from terminating
point. These are three components of distance vector ie. (x;-x;)a,,
(y2-y1) a, and (z;-z,) a,

Step 3: Adding the three components distance vector can be obtained.

Step 4 : Calculate the magnitude of the distance vector using equation (4).

Step 5: Unit vector along the distance vector can be obtained by using equation (5).

1mp Example 1.1 : Obtain the unit vector in the direction from the origin towards the point
P(3,-3,-2).

Solution : The origin O (0, 0, 0) while P (3, — 3, — 2) hence the distance vector OP is,
OF = (3-0)a, +(-3-0)a, +(-2-0)3, =33, -3, -24,

|OP| = {(3)*+(-3)" +(-2)° = 4.6904

Hence the unit vector along the direction OP is,
_ OP 3a,-3a,-23a,

aop = X
| OP| 46904 .

0.6396 7, - 0.6396a, — 0.4264 3,
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mmp Example 1.2 : Two points A(2,2,1) and B(3,-4,2) are given in the cartesian system.
Obtain the vector from A to B and a unit vector directed from A to B.

Solution : The starting point is A and terminating point is B.
Now A = 2a,+2a, +a, and B=3a, -4a, +2a,
AB = B-A=(3-2)a, +(—4-2)d, +(2-1)a,

AB = -63

ol

x +ta,

y
This is the vector directed from A to B.

Now |AB|=(1)2+(-6)" +(1)* = 6.1644

Thus unit vector directed from A to B is,

. RB _1i,-6a +a,

daB = |x§|= 6.1644

= 016223, - 097333, + 016223,
It can be cross checked that magnitude of this unit vector is unity i.e.
J(0.1622)? +(-0.9733)% +(0.1622)% = 1.

1.6.4 Differential Elements in Cartesian Co-ordinate System

Consider a point P(x, y, z) in the rectangular co-ordinate system. Let us increase each
co-ordinate by a differential amount. A new point P’ will be obtained having co-ordinates
(x+dx, y +dy, z+dz).

Thus, dx
dy

Differential length in x direction

Differential length in y direction
dz = Differential length in z direction

Hence differential vector length also called elementary vector length can be
represented as,

dl =dxa, +dy a,+dza, ... (6)

This is the vector joining original point P to new point P’

Now point P is the intersection of three planes while point P’ is the intersection of
three new planes which are slightly displaced from original three planes. These six planes
together define a differential volume which is a rectangular parallelepiped as shown in the
Fig. 1.15. The diagonal of this parallelepiped is the differential vector length.
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X

Fig. 1.15 Differential elements and different length in cartesian system

The distance of P’ from P is given by magnitude of the differential vector length,

|| = ()’ +(dy)” +(dz)’ - )

Hence the differential volume of the rectangular parallelepiped is given by,

dv = dx dy dz

Note that dl is a vector but dv is a scalar.

Let us define differential surface areas. The differential surface element dS is
represented as,

dS = dSa, .-(9)
where dS = Differential surface area of the element

a, = Unit vector normal to ; a,

the surface dS dy dx._ dz
-

Thus various differential surface _ < ay dy &
elements in cartesian co-ordinate 24 } } —y
system are shown in the Fig. 1.16. I | I

The vector representation of dS, ds, dS,

y
these clements is given as, x

Fig. 1.16 Differential surface elements
in cartesian system
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dS. = Differential vector surface area normal to x direction

= dydz a, ... (10)
d§y = Differential vector surface area normal to y direction
= dxds a, .. (11)

dS, = Differential vector surface area normal to z direction
= dxdy a, - (12)
The differential elements play very important role in the study of engineering

electromagnetics.

nmmp Example 1.3 : Given three points in carfesian co-ordinate system as A(3,-2,1),
B(-3,-3,5), C(2.6,-4).

Find : i) The vector from A to C.
ii) The unit vector from B to A.
iti) The distance from B to C.
iv) The vector from A to the midpoint of the straight line joining B to C.
Solution : The position vectors for the given points are,

A=3a,-2a,+a,, B=-3a,-3a,+53,, C=2a, +6a, -4a,
i) The vector from A to C is,
AC = C-A=[2-3]a, +[6-(-2)]a, +[- 4-1]7,
= -a,+83,-53,

i) For unit vector from B to A, obtain distance vector BA first.

BA = A-B ... as starting is B and terminating is A
= [3~(3)]a, +(-2)-(3)]a, +[1-5]a,
= 6a, +a, -4a,
|BA| = |J(6)° +(1)* +(~4)* = 7.2801

.- _ BA 6a,+a —4a, _ _ -
Agpa = Iﬁl = 5801 =0.8241 a, + 0.1373 a, - 05494 a,

iii) For distance between B and C, obtain BC
BC = C-B=[2-(-3)]a, +[6-(-3)], +[(4)-(5)]a, =53, +97,-93

z

Distance BC = {(5)% +(9)2 +(-9)” = 13.6747

iv) Let B(x),y,.2,) and C(x,,y,,z,) then the co-ordinates of midpoint of BC are
X1¥X2 Y1ty: z,+2,
2 7 2 72
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-3+2 -3+6 5-4
2 "2 "2
Hence the vector from A to this midpoint is

. Midpoint of BC = ( ]=(— 0.5, 1.5, 0.5)

= [-05-3]a, + [15-(-2)]a, +[05-1] a,= -35 &, + 3.5 &, -05 7,

1.7 Cylindrical Co-ordinate System

The circular cylindrical co-ordinate system is the three dimensional version of polar
co-ordinate system. The surfaces used to define the cylindrical co-ordinate system are,

1. Plane of constant z which is parallel to xy plane.

2. A cylinder of radius r with z axis as the axis of the cylinder.

3. A half plane perpendicular to xy plane and at an angle ¢ with respect to xz plane.
The angle ¢is called azimuthal angle.

The ranges of the variables are,

0<r € e (D)
0<¢ <2m .- (2)
—e0o <z £ oo ... (3)

The point P in cylindrical co-ordinate system has three co-ordinates r, ¢ and z whose
values lie in the respective ranges given by the equations (1), (2) and (3).

The point P(r,¢,. ;) can be shown as in the Fig. 1.17(b).

\\
Ay
AT
Xz . \\1
plane IR R . ) ‘,\ o
\s‘ ’:\ -
~~~~ r\ P(r;, ¢5.2¢)
1
1
1
1
0] : \ -y
< 1 z,
y s 4/
~ )
. H
¢4 N
r1 \\‘ ]
1} 3} {\
~
~
X ; .~
x - I.‘—n-—-
(a) Cylindrical co-ordinate system " (b) Point P {rqy: 04, 24)
Fig. 1.17

Key Point: Note that angle ¢ is expressed in radians and for ¢, anticlockwise
measurement is treated positive while clockwise measurement is treated negative.
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The point P can be defined as the intersection of three surfaces in cylindrical
co-ordinate system. These three surfaces are,

r = Constant which is a circular cylinder with z axis as its axis.

¢ = Constant plane which is a vertical plane perpendicular to xy plane making angle ¢
with respect to xz plane.

z = Constant plane is a plane parallel to xy plane.

These surfaces are shown in the Fig. 1.18.

™
N

4

b4 f

. ™ ¢ = Constant
Radius r N plane
constant D
Cylinder ™"} °
k
Lo y
3 ’ - dhatiadiad O
~ 7
@« 1
4 i
. i
L
/ e
X ]
]
]
{a) r = Constant (b) ¢ = Constant {c) z= Constant

Fig. 1.18

The intersection of any two surfaces out of the above three surfaces is either a line or a
circle and intersection of three surfaces defines a point P.

The intersection of z = constant and r = constant is a circle. The intersection of
¢ = constant and r = constant is a line. The point P which is intersection of all three
surfaces is shown in the Fig. 1.19.

Intersection 2
of r = Constant /

and z = Constant r = Constant cylinder
is a circle — P(r, ¢, 2)
— z = Constant plane
Intersection of

I D
pL/} ’
r = Constant and

¢ =Constant is g
a straight line

e

y

¢ = Constant plane

Fig. 1.19 Representing point P in cylindrical system
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1.7.1 Base Vectors

Similar to cartesian coordinate system, there are three unit vectors in the r, ¢ and 2
directions denoted as a,,a, and a,.

These unit vectors are shown in the Fig. 1.20.

These are mutually perpendicular to each
other.

The a, lies in a plane parallel to the xy
plane and is perpendicular to the surface of
the cylinder at a given point, coming radially
outward.

The unit vector a, lics also in a plane

parallel to the xy plane but it is tangent to
the cylinder and pointing in a direction of

o increasing ¢ at the given point.
\_ |/ The unit vector a, is parallel to z axis
XNMM and directed towards increasing z.
Fig. 1.20 Unit vectors in cylindrical Hence vector of point P can be
system represented as,
P = P,a, +P,a, +P, 3, - (4)

where P, is radius r, P, is angle ¢ and P, is z co-ordinate of point P.

Key Point: In cartesian co-ordinate system, the unit vectors are not dependent on the
co-ordinates. But in cylindrical co-ordinate system a_ and a, are functions of ¢ co-ordinate as
their directions change as ¢ changes. Hence in integration or differentiation with respect to ¢
components in a_ and a,, should not be treated constants.

1.7.2 Differential Elements in Cylindrical Co-ordinate System

Consider a point P(r, ¢, z) in a cylindrical co-ordinate system. Let cach co-ordinate is
increased by the differential amount. The differential increments in r,¢, 2 are dr, d¢ and dz
respectively.

Now therc are two cylinders of radius r and r+dr. There are two radial planes at the

angles ¢ and 0+d¢. And there are two horizontal planes at the heights z and z+dz. All
these surfaces enclose a small volume as shown in the Fig. 1.21.

The differential lengths in r and z directions are dr and dz respectively. In ¢ direction,
d¢ is the change in angle ¢ and is not the differential length. Due to this change d¢, there
exists a differential arc length in ¢ direction. This differential length, duc to d¢, in ¢
direction is r d$ as shown in the Fig. 1.21.

Thus the differential lengths are,
dr = Differential length in r direction . (5)
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zZ+dz

r+dr

Fig. 1.21 Differential volume in cylindrical co-ordinate system
rd¢ = Differential length in ¢ direction ... (6)

dz

Differential length in z direction - (7)

Hence the differential vector length in cylindrical co-ordinate system is given by,

dl=dra, +rdoa, +dza, . (8)

The magnitude of the differential length vector is given by,

|dl] = {J(dr)® +(r d¢)? +(dz)? . (9)

Hence the differential volume of the differential element formed is given by,

dv = rdr dédz .. (10)

The differential surface areas in the three directions are shown in the Fig. 1.22.

.i a,
rdé r_
,’ a¢
Iy FE A
dr
3 {
I

i
-y
| |

x dS, dS, dS,

Flg. 1.22 Differential surface elements in cylindrical system
The vector representation of these differential surface areas are given by,

dS, = Differential vector surface area normal to r direction

= rd¢dza, - (11)
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dS, = Differential vector surface area normal to ¢ direction
= drdz a, .. (12)
dS, = Differential vector surface area normal to z direction

= rdrdéa, - (13)

1.7.3 Relationship between Cartesian and Cylindrical Systems

Consider a point P whose cartesian
co-ordinates are x, y and z while the
P(x. y. 7+)= P(r. ¢. 2) cylindrical co-ordinates are r, ¢ and z, as

4 shown in the Fig. 1.23.
ol ~ . - — Looking at the xy plane we can write,
/ Xx=rcos ¢ and y=rsin¢

i
o N ) .
\\ : The 2z remains same in both the
Ny 1 systems.

’ Hence transformation from cylindrical
to cartesian can be obtained from the

X

Fig. 1.23 Relationship between cartesian X
and cylindrical systems equations,

Xx=rcos ¢, y=rsin ¢ and z==z .. (14)

It can be seen that, r can be expressed interms of x and y as,

r = fx?ty

While tan ¢

y
X

Thus the transformation from cartesian to cylindrical can be obtained from the
equations,

r = x2+y?, ¢=tan"¥£ and z=z ... (15)

Note : While using the equations (15) note that r is positive or zero, hence positive
sign of square root must be considered. While calculating ¢ make sure the signs of x and
y- If both are positive, ¢ is positive in the first quadrant. If x is negative and y is positive
then the point is in the second quadrant hence ¢ must be within +90° and +180° i.e. within

-180° and -270°. Thus for x=-2 and y =1 we get ¢=tan “[-1—]=—26.56° but it should be

-2
taken as —26.56°+180° i.e. 154.43°. Hence when x is negative, it is necessary to add 180° to
the ¢ calculated using tan~! function, to obtain accurate ¢ corresponding to the point.
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When y is negative and x is positive then ¢ is in fourth quadrant i.e. within 0° and -90° i.e.
270° and 360° Similarly when x is negative and y is also negative the point is in third
quadrant and accordingly ¢ must be between -90° to —180° i.e. +180° and +270°. So 180°
must be subtracted from the ¢ calculated by tan ! function, to get accurate ¢ when both x

and y are negative. Thus if x=y=-3 then ¢ = tan™! [E%]=+45° but actually it is
45°-180°=-135° i.e. ~135°+360° =+225°.
mmdp Example 1.4 : Consider a cylinder of length L and radius R. Obtain its volume by

integration.
Solution : The cylinder is shown in the Fig. 1.24.

Consider a differential volume in the
cylindrical co-ordinate system as,

dv = rdrdeods S3
For the given cylinder r varies from 0 to R, z
varies from 0 to L while ¢ varies from 0 to 2n _
radians. These are the limits of integration. 3
L -y

. Volume of cylinder =I j j rdrdédz
0

00
I. 2x 2 82
= | j[ ] dodz X
0 0
Fig. 1.24
RZ

I
1
i
5 Loy
pr—
=
oON
E]
o,
N

R2 L 2

nmp Example 1.5 : Calculate the total surface area of the cylinder having length L and radius
R by the method of integration.

Solution : Consider the upper surface area, the normal to which is a,. So the differential
surface area normal to z direction is r d¢dr. Consider the Fig. 1.24.
2r R

S j J rdédr
00

2r 2R 2
J I:%] d¢ = RT_X [q)] (2)1" =1 RZ
0 0

The bottom surface area S, is same as S, i.e. tR?. For remaining surface area consider
the differential surface area normal to r direction which is r ddz .
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Sa

S D C—

rddédz but r=Ris constant

oY

Rd¢dz =R[¢] 2" [z)5=2n RL

(%]
Q&=

Total surface area = S; +S, +S; =nR? +nR? +2xnRL

2n R(R+L)

1.8 Spherical Co-ordinate System

The surfaces which are used to define the spherical co-ordinate system on the three
cartesian axes are,

1. Sphere of radius r, origin as the centre of the sphere.

2. A right circular cone with its apex at the origin and its axis as z axis. Its half angle
is 0. It rotates about z axis and 0 varies from 0 to 180°.

3. A half plane perpendicular to xy plane containing z axis, making an angle ¢ with
the xz plane.

Thus the three co-ordinates of a point P in the spherical co-ordinate system are (r, 6, ¢).
These surfaces are shown in the Fig. 1.25.

4
3 i 4

L .

gty R
. R o

R

i
3 .
| B
M ' 0
'y
oy
v
/

Y

<

o
\5

y
X
(a) Sphere of radius r (b) Ri
: . ght circular cone
with centre as origin with apex at orlgin {c) l::l:yp:)a'gﬁeperpendicular
Fig. 1.25

The ranges of the variables are,
0<r < oo .. (@)
0<¢ < 2n e @)

0 <6 < r as half angle ... (3)
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The point P(r, 6, ¢) can be represented in
the spherical co-ordinate system as shown in
the Fig. 1.26. The angles 6 and ¢ are
measured in radians.

The point P can be defined as the
intersection of three surfaces in spherical
co-ordinate system. These three surfaces are,

r = Constant which is a sphere with
centre as origin.

6 = Constant which is right circular cone
=y with apex as origin and axis as z axis.

‘ ¢ = Constant is a planc perpendicular to
- ¢ xy plane.

The surfaces are already shown in the
Fig. 1.25. The intersection of the sphere
ie. r = Constant surface and right circular

Fig. 1.26 Representing point P in spherical cone . 6 = Constant surface is a horizontal
co-ordinate system

X

circle as shown in the Fig. 1.27. As seen
from the Fig. 1.27, the radius of this circle is rsin 6

-+——¢@ = Constant surface
rsin@
Intersection
of two surfaces
is ho_nzontal -«——r = Constant surface
circle

Fig. 1.27
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Now consider intersection of ¢ = constant plane with the intersection of r= constant
and 0 = constant planes as shown in the Fig. 1.28. This defines a point P.

2

¢ = Constant
/

0 = Constan

r = Constant

ey ALY
- v ek s o imiail e A
P L gt O

-
-~

a0e oot asp ore aoff 02s 10 amn 0o W1 P 4 e o W

X
Fig. 1.28 Representing point P in spherical co-ordinate system

1.8.1 Base Vectors z

Similar  to other two
co-ordinate systems, there are
three unit vectors in the r, 6 and ¢
directions denoted as a,, a, and
a,. These unit vectors are
mutually perpendicular to each
other and are shown in the
Fig.1.29. The unit vector a, is
directed from the centre of the
sphere ie. origin to the given
point P. It is directed radially
outward, normal to the sphere. It
lies in the cone O=constant and
plane ¢ = constant.

[
1

f

]

t

t

f

i .

f

1

t

i

t

i

'

AN ¢

f

[ .
:

Fig. 1.29 Unit vectors in spherical co-ordinate
systems

r
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The unit vector @y is tangent to the sphere and oriented in the direction of increasing
0. It is normal to the conical surface.

The third unit vector i, is tangent to the sphere and also tangent to the' conical
surface. It is oriented in the direction of increasing ¢. It is same as defined in the
cylindrical co-ordinate system.

Hence vector of point P can be represented as,

P = P,a,+Pyay+P,a, . (@)
where P, is the radius r and Py, P, are the two angle components of point P.

1.8.2 Differential Elements in Spherical Co-ordinate System

Consider a point P(r,6,¢) in a spherical co-ordinate system. Let each co-ordinate is
increased by the differential amount. The differential increments in r, 0, ¢ are dr, d® and
dé.

Now there are two spheres of radius r and r+dr. There are two cones with half angles

0 and 6+d6. There are two planes at the angles ¢ and ¢+ d ¢ measured from xz plane. All
these surfaces enclose a small volume as shown in the Fig. 1.30.

r sind d¢

X

Fig. 1.30 Differential volume in spherical co-ordinate system

The differential length in r direction is dr. The differential length in ¢ direction is
rsin® d¢. The differential length in 0 direction is r d 0. Thus,

dr = Differential length in r direction ... (5)
rd@® = Differential length in 0 direction .. (6)
rsin@d¢ = Differential length in ¢ direction - (7)
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Hence the differential vector length in spherical coordinate system is given by,

dl = dr a, +rdbag+rsinfdoa, - (8)

The magnitude of the differential length vector is given by,

|| = J(dr)? +(r d6)* +(rsin 0d¢)’ -~ 9)

Hence the differential volume of the differential element formed, in spherical
co-ordinate system is given by,

dv = r” sin 8dr dod¢ ... (10)

The differential surface areas in the three directions are shown in the Fig. 1.31.

1 r Sino dé
_ r sinG d¢ 'a'¢
2 dr
rdo dr
- rde
dS, dS, dS,

Fig. 1.31 Differential surface elements in spherical co-ordinate system

The vector representation of these differential surface areas are given by,

dS, = Differential vector surface area normal to r direction

= r?sin 0d0d¢ .- (11)
dS, = Differential vector surface area normal to  direction

= rsin 0drd¢ .. (12)
dS, = Differential vector surface area normal to ¢ direction

= rdrdo .. (13)

1.8.3 Relationship between Cartesian and Spherical Systems

Consider a point P whose cartesian coordinates are x, y and z while the spherical
co-ordinates are r,  and ¢ as shown in the Fig. 1.32.



Electromagnetic Field Theory 1-26 Vector Analysis

rsin®
z P(x.y.2) = P(5.6.9)
]
0 r :
i >z
ok - -
X : {3in0 f /
- B ' X

X

Fig. 1.32 Relationship between cartesian and spherical systems
Looking at the xy plane we can write,
x = rsinbcos¢ and y=rsinOsin¢
While Z = rcos@

Hence the transformation from spherical to cartesian can be obtained from the
equations,

x =rsin 6cos ¢, y=rsinOsing and z=rcos0 .. (14)

Now r can be expressed as,

2 . . -
x?+y2 +2z? = r%sin20cos? ¢+r?sin? Osin? 0+r? cos? 0

r? sin? 8[sin? ¢+cos? ¢]+r? cos? 6

r?[sin? 0+cos? O] =r?
r = .sz +yl+2z?

While tan¢=—§ and cos 6=§

As r is known, 0 can be obtained.

Thus the transformation from cartesian to spherical coordinate system can be obtain$d
from the equations,

z .- '(15)

,fxz +y? 422

Remember that r is positive and varies from 0 to =, 0 varies from 0 to = radians i.e. 0°
to 180° and ¢ varies from 0 to 2 & radians i.e. 0° to 360°

Key Point: While using above formulae, care must be taken to place the angles © and ¢ in
the correct quadrants according to the signs of x, y and z.

x|\

r = x*+y?+z?, (~)=cos"[ ] and ¢ =tan~!
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imp Example 1.6 : Calculate the volume of a sphere of radius R using integration.

Solution : The differential volume of a sphere is,
dv = r?sin6drd6 d¢
The limits for r are 0 to R, as sphere is of radius R.

The 0 varies from 0 to nt while ¢ varies from 0 to 27.
Znr R

I I I r? sin 0drd 6 d¢
000

v

o x 3 R R 2n
-] [_,%.] sin 60 dg="o" [ [~cos oI do
00 0 0

B R3 2n _R3 P
= _3_[—cosn—(—cosO)]I dé=—2-[(-1)-(-1)ll¢h
0

3

_ R _4 3
— T><2x21r--31rR

i) Example 1.7 : Calculate the surface area of a sphere of radius R, by integration.

Solution : Consider the differential surface area normal to the r direction which is,
dS, = r?sin6de d¢

Now the limits of ¢ are 0 to 2n while 6 varies from 0 to =«.
nn
S, = [ [ r*sin6dode
00

But note that radius of sphere is constant, given as r=R.
2n n

S, = RZJ J' sin @ d6 d¢=R?[-cos 6] [¢]3"
00

= RZx[-cosn—(—cosO)x2n=R?[(-1)—(-1)]2n = 4n R?

imp Example 1.8 : Use spherical co-ordinates and integrate to find the area of the region
0 <¢<a on the spherical shell of radius a. What is the area if a.=2n ?

Solution : Consider the spherical shell of radius a hence r=a is constant.

Consider differential surface area normal to r direction which is radially outward.
dS, = r?sin0d0dé=a?sin 6d0d ..asr=a
But ¢ is varying between 0 to o while for spherical shell 0 varies from 0 to .

r

S, = azjj sin 0 d0d¢=a’[-cos 0]}, [¢],
00

= a?-[-cosn—(~cos0)la=2a%a

So area of the region is 2 a%c
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If a =2, the area of the region becomes 4na?, as the shell becomes complete sphere
of radius a when ¢ varies from 0 to 2x.

1.9 Vector Multiplication

Uptill now the addition, subtraction and multiplication by scalar to a vector is
discussed. Let us discuss the multiplication of two or more vectors. The knowledge of
vector multiplication allows us to transform the vectors from one coordinate system to
other.

Consider two vectors A and B. There are two types of products existing depending
upon the result of the multiplication. These two types of products are,

1. Scalar or Dot product

2. Vector or Cross product

Let us discuss the characteristics of these two products.

1.10 Scalar or Dot Product of Vectors

The scalar or dot of the two vectors A
and B is denoted as A +B and defined as
the product of the magnitude of A, the
magnitude of B and the cosine of the
smaller angle between them.

It also can be defined as the product
of magnitude of B and the projection of A
B onto B or vice versa.

Fig. 1.33 Mathematically it is expressed as,

A

A-B =| A I lﬁ I COos GAB - (1)

The result of such a dot product is scalar hence it is also called scalar product.

1.10.1 Properties of Dot Product
The various properties of the dot product are,

1. If the two vectors are parallel to each other i.e. §=0° then cos 0,5 =1 thus !
A-B = |A| |B] for parallel vectors -2
2. If the two vectors are perpendicular to each other i.e. 6 =90° then cos 0,5 =0 thus

A-B = 0 for perpendicular vectors - (3)

In other words, if dot product of the two vectors is zero, the two vectors are
~ perpendicular to each other.

3. The dot product obeys commutative law,
A*B = B-A - (4)
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4. The dot product obeys distributive law,
A+(B+C) = A-B+A-T . )
5. If the dot product of vector with itself is performed, the result is square of the
magnitude of that vector.
A*A = |A| |A]cos0° =|A}? ... (6)
6. Consider the unit vectors a,, a, and a, in cartesian co-ordinate system. All these

vectors are mutually perpendicular to each other. Hence the dot product of different unit
vectors is zero.

a,+a, = 3,3, =3,-a,=3,.3,=3,-3,=3,+3,=0 o ()
7. Any unit vector dotted with itself is unity,
,-3, = 3, -3, =3,+3, =1 e (8)

8. Consider two vectors in cartesian co-ordinate system,

A=A,a, +A, 3 +A,a, and B=B,3a, +B, 3, +B, 3,

NowA-B=(A,a,+A,a,+A,3,)-(B,a, +B,a, +B,3,)

This product has nine scalar terms as dot product obeys distributive law. But from the
equation (7), six terms out of nine will be zero involving the dot products of different unit
vectors. While the remaining three terms involve the unit vector dotted with itself, the
result of which is unity.

A-B = A, B,(@&,-3a,)+A B (a, -3 )+A, B, (@3, -3,)

A°B = A, B, +A B, +A,B, .. (9)
1.10.2 Applications of Dot Product

The applications of dot product are,

1. To determine the angle between the two vectors.

The angle can be determined as,

9=C08_1{:K—.—§-_—}
|A] |B]

2. To find the component of a vector in a given direction.

Consider a vector P and a unit vector 3 as shown in the Fig. 1.34. The component of
vector P in the direction of unit vector a is P-a. This is a scalar quantity. This is shown in
the Fig. 1.34 (a).

o —t .
-— a_ -—
je——(Pea)a——]
(b)

Fig. 1.34
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P-a =|P| |a| cos 0=|P| cos 8

The sign of this component is positive if 0 <0 <90° while the sign of this component is
negative if 90°<0<180° If the component vector of A in the direction of unit vector 7 is
required then multiply the component obtained by that unit vector, as shown in the
Fig. 1.34(b). Thus (P+3) a is the component vector of P in the direction of a.

Thus component of P in the direction of
a, is Pea, ie P, while the component
vector of P in the direction of a, is P, 3, .

_ This is the geometrical meaning of dot
o f————————aQ product, to find projection of P in the
g direction of unit vector a.

ProjeEi?on of _ .
PonQ If the projection of P on other vector Q is
Fig. 1.34 (c) to be obtained then it is necessary to find

unit vector in the direction of Q first i.e. d.
Then the projection of P on Q is given by P+a,,.

Asag = —9—_- then the projection of P on Q can be expressed as,

]
7. Q _P0
o1 19l .

3. Physically, work done by a constant force can be expressed as a dot product of
two vectors.

Consider a constant force F acting on a body and it causes the displacement d of thai
body. Then the work done W is the product of the force and the component of the
displacement in the direction of force which can be expressed as,

W = |F]dcos 6=F+d

But if the force applied varies along the path then the total work done is to be
calculated by the integration of a dot product as,

W = [Fedl
ymp Example 1.9 : Given the two vectors,
A =23, -53,-4a, and B=33, +53 +2a,
Find the dot product and the angle between the two vectors.

Solution : The dot product is,

A-B = A, B, +A B, +A, B,
(2% 3) +(=5) (5) +(-4)(2) = 6-25-8
= -27
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As A - B is negative, it is expected that the angle between the two is greater than 90°
1A] = () +(-5)* +(~4)’

V35

V(3Y +(5)° +(2)°

| B]

é]

0 = COS_] {—__K—.-ﬁ_—}

|A] |B]
= cos_1 _—2_7__
J45./38

= 130.762°

mmp Example 1.10 : Given vector field G=(y-1)a, +2xa,. Find this vector field at
P(2,3,1) and its projection on B =53, -a, +2a,.

Solution : The field G at point P is,

G at P = 2a, +4a .. Substituting co-ordinates of P in G

y
To find its projection on B, first find dg, the unit vector in the direction of B.

53, -3, +23,
aB =

| Jor ) + 2

= 09128 a, - 0.1825a, + 0.3651 a,

oIl ol

Hence projection of G at P on the vector B is,
(G at P) .ag

(2% 0.9128) +(4x —0.1825) + (0x 0.3651) =1.0956

1.11 Vector or Cross Product of Vectors

Consider the two vectors A and B then the cross product is denoted as AXB and
defined as the product of the magnitudes of A and B and the sine of the smaller angle
between A and B. But this product is a vector quantity and has a direction perpendicular
to the plane containing the two vectors A and B. But for any plane there are two
perpendicular directions, upwards and downwards. To avoid the confusion, the direction
of the cross product is along the perpendicular direction to the plane which is in the
direction of advancement of a right handed screw when A is turned into B. Thus right
hand screw rule decides the direction of the cross product.
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Mathematically the cross product is expressed as,

AXB=|A| |B|sin@gap - ()

where a5 = Unit vector perpendicular to the plane of A and B in the direction
decided by the right hand screw rule.
The concept of ay, is shown in the Fig. 1.35.

ay
Advancement f '
of screw Advancement .
(Upward) of screw

(Downward) ’
- B ¢ N

Move A into B

~—
o Move ™\
n’rA' AintoB B »
© Mg gy S Il
Planeof Aand B

(a) (b)
Fig. 1.35 Direction of cross product

1.11.1 Properties of Cross Product

The various p@ies of cross product are,

1. The commutative law is not applicable to the cross product. Thus,

AXB # BXA -

Consider the two vectors as shown in the Fig. 1.36 (a). Then AXB gives unit vector
iy in the upward direction. But if BXA is obtained then direction of ) must be
determined by rotating B into A which results into downward direction. This is shown in
the Fig. 1.36 (b).

Hence cross product is not commutative.
2. Reversing the order of the vectors A and B, a unit vector a, reverses its direction
hence we can write,

BXA = -[AXH] - ()

It is anticommutative in nature.

If order of cross product is changed, the magnitude remains same, but direchon gets
reversed.

3. The cross product is not associative. Thus,
AX(BXC) = (AXB)XC - (4)
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-]

o]
>|

>

(a)AxB (b)BxA
Fig. 1.36

4. With respect to addition the cross product is distributive. Thus,
AX(B+C) = AXB+AXC . (5)
5. If the two vectors are parallel to each other i.e. they are in the same direction then
0=0° and hence cross product of such two vectors is zero.

Thus if cross product of the two vectors is zero then those two vectors are parallel i.e.
are in the same direction, assuming none of the two vectors itself is zero.

6. If the cross product of a vector A with itself is calculated, it is zero as 6=0°
. AXA = 0 ... (6)

7. Cross product of unit vectors : Consider the unit vectors a,a
mutually perpendicular to each other, as
shown in the Fig. 1.37.

Then,

a, X3, = |3,]]a,l sin(90°)ay

y and a, which are

F4

z

In this case, ay =a
and |a, |=|a |=sin(90°) =1

a,xa, = a, ) %
a,xa, = a, .. (8) 3 E -y
a,xa, = a, e (9) Y
But if the order of unit vectors is .
reversed, the result is negative of the Fig. 1.37
remaining third unit vector. Thus, T
i xa, = -3, a,Xi,=-i,, 3,Xa,=-1a, ... (10)

This can be remembered by a circle indicating cyclic permutations of cross products of
unit vectors as shown in the Fig. 1.38.
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> ™
a, Ey a, 5y
Clockwise
5" Anticlockwise 3,
{a) Positive result {b) Negative resuit
Fig. 1.38
While as cross product of vector with itself is zero we can write,
a,Xa, = a Xa,=a,xa, =0 .. (11)

The result is applicable for the unit vectors in the remaining two co-ordinate systems.

Anticlockwise
positive

Anticlockwise
positive

{a) Cylindrical system {b) Spherical system

Fig. 1.39

From the Fig. 1.39 we can write,
a, Xa, =a,, agXa, =a, and soon.
Key Point: The clockwise direction gives negative result.

8. Cross product in determinant form : Consider the two vectors in the cartesian
system as,

A=A a +A 3, +A,3, and B=B,a, +B,a, +B, 3,
Then the cross product of the two vectors is,
AxXB = A, B, (a,xa,)+A, B, (3a,xa, )+A, B, (a, xa,)
+A, B, (3, xa, )+A, B, (3, X7, )+A, B, (3, xa,)
+A, B, (3, Xa,)+A, B, (3, xa, )+A, B, (a, x3,)
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a,-A,B,a, +0+A B, 3,

= 0+A, B a,-A, B,
+A, B,a,-A; B ,a, +0
=(A,B,-A,B,)a, +(A, B,-A,B,)a, +(A, B, -A, B))a,

This result can be expressed in determinant form as,

z

. - (12(2)

x y z

a, a
AXB = [A, A
B, B

o B> m

If A and B are in cylindrical system then

a, a, a,
AXB = |A, A, A, .. (12(b))
B, B, B,

If A and B are in spherical system then

a, ag a,
AXB = [A, Ay A, - (12())
Br BO B¢

1.11.2 Applications of Cross Product

The different applications of cross product are,

1. The cross product is the replacement to -the right hand rule used in electrical
engineering to determine the direction of force experienced by current carrying conductor
placed in a magnetic field.

Thus if I is the current flowing through conductor while L is the vector length
considered to indicate the direction of current through the conductor. The uniform
magnetic flux density is denoted by vector B. Then the force experienced by conductor is
given by,

F = ILxB

2. Another physical quantity which can be represented by cross product is moment of
a force. The moment of a force (or torque) acting on a rigid body, which can rotate about
an axis perpendicular to a plane containing the force is defined to be the magnitude of the
force multiplied by the perpendicular distance from the force to the axis. This is shown in

the Fig. 1.40.

The moment of force F about a point O is M.
Its magnitude is |F| || sin @ where | F| sin 9 is
the perpendicular distance of F from O i.e. OQ.

F

~M = tXF = | ¥| |F| sin® ay where a is
the unit vector indicating direction of M which is
perpendicular to the plane i.e. paper and coming
out of paper according to right hand screw rule.
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sy Example 1.11 : Given the two coplanar vectors

A=3a, +4a,-53, and B=-63, +23,+43,

Obtain the unit vector normal to the plane containing the vectors A and B.
Solution : Note that the unit vector normal to the plane containing the vectors A and B is
the unit vector in the direction of cross product of A and B.

a, a, a

_ _ b 3 y z
Now AXB =3 4 -5
-6 2 4
e I A R
= A0y 4|76 4|6 2
= 26a, +18a, +30a,
_ AXB 26a,-18a, +303,
aN = =

|AXB| f(26)% +(18)% +(30)°

= 0.5964 a, + 0.4129 5’, + 0.6882 a,
This is the unit vector normal to the plane containing A and B.

1.12 Products of Three Vectors

Let A, B and C are the three given vectors. Then the product of these three vectors is
classified in two ways called,

1. Scalar triple product 2. Vector triple product.

1.12.1 Scalar Triple Product
The scalar triple product of the three vectors A, B and C is mathematically defined as,

A-(BxC)=B:(CxA) = C-(AxB) o (1)
Thus if, A = A3, +A 3, +A, 7,
B

= B,a, +B,a, +B,a,

C = C,a3,+C,a,+C,a,
Then the scalar triple product is obtained by the determinant,
A, A, A,
A.(BxC) = B, B, B, - (2)
¢ ¢ C

The result of this product is a scalar and hence the product is called scalar triple
product. The cyclic order a b ¢ is important.
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1.12.1.1 Characteristics of Scalar Triple Product

----- 1. The scalar triple product represents

.\io!ur::e _ the volume of the parallelepiped with

A+ BXC) edges A, B and C, drawn from the same
' 7 origin, as shown in the Fig. 1.41.

2. The scalar triple product depends
only on the cyclic order 'a b ¢’ and not on
the position of the « and Xin the product.
If the cyclic order is broken by permuting
Fig. 1.41 two of the vectors, the sign is reversed.

A-(BxC) = -B-(AxC)
3. If two of the three vectors are equal then the result of the scalar triple product is
zero.

A-(AxT) = 0
4. The scalar triple product is distributive.

1.12.2 Vector Triple Product
The vector triple product of the three vectors A, B and C is mathematically defined as,
AX(BxC)=B(A-C)-C(A+B) . (3)

The rule can be remembered as ‘bac-cab’ rule. The above rule can be easily proved by
writing the cartensian components of each term in the equation. The. position of the
brackets is very important.

1.12.21 Characteristics of Vector Triple Product
1. It must be noted that in the vector triple product,
(A-5)T = A(B-C)
bt  (A-B)T = C(A-B)
This is because A+B is a scalar and multiplication by scalar to a vector is
commutative.
2. From the basic definition we can write,
Bx(TxA) = ¢(B-A)-A(B-T) . @)
Cx(AxB) = A(C-B)-B(C-A) .. (5)
But dot product is commutative hence C+A = A« C and so on. Hence addition of (3),
(4) and (5) is zero.
- AX(BXC)+BX(CxA)+Cx(AXB) =0 .. (6)

The result of the vector triple product is a vector.
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mmp Example 1.12 : The three fields are given by,

A=2a,-a,, B=2a,-a,+2a,, C=2a,-3a,+3,

Find the scalar and vector triple product.

Solution : The scalar triple product is,

2 0 -1
A-(BXO = |2 -1 2|=14
2 -3 1

The vector triple product is,
AX(BXC) = B(A-Q-C(A+B)
A-C = @+HO(-3I+(-D() =3
A-B = (QQ+(0)(-D)+(-1)(2) =2
AX(BXC) = 3B-2C=3[23, -3, +234,]-2[23, -33, +3,]
= 24, +33,+43,

1.13 Transformation of Vectors

Getting familiar with the dot product and cross product, it is possible now to
transform the vectors from one cordinate system to other coordinate system.

1.13.1 Transformation of Vectors from Cartesian to Cylindrical

Consider a vector A in cartesian coordinate system as,

A = A 3 +A 3 +A,3, . (1)
While the same vector in cylindrical coordinate system can be represented as,
A = A3 +A a3, +A, 3, - (2)

From the dot product it is known that the component of vector in the direction of any
unit vector is its dot product with that unit vector. Hence the component of A in the
direction a, is the dot product of A with a,. This component is nothing but A ,.

A, = [A.a,] . (3)
A, = [A 3, +A a3, +A, 1a,].3,
A, = A 3, .3, +A 3 .3, +A, 1T, . (4)

The magnitudes of all unit vectors is unity hence it is necessary to find angle between
the unit vectors to obtain the various dot products.

The Fig. 1.42 (a) shows three dimensional view of various unit vectors.

Consider a xy plane in which the angles between the unit vectors are shown, as in the
Fig. 1.42 (b).
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z P{x.y.z)= P(r..2)

-y
Fig. 1.42 Transformation of vectors
The angle between a, and a, is ¢.
The ang'e between a, and a, is 90-¢.
The angle between a, and a, is 90+¢.
The angle between a, and a, is ¢.
y a,*a, = (1)(1)cos(¢)=cosd .. (5)
a,~a, = (1)(1)cos(90+¢)=-sind ... (6)
ag-a, = (1)(1)cos(90-¢)=sind w (7)
a -a, = (1)(1)cos(¢)=cosd .- (8)
and a, .a, = a, -a, = 0 as a, is perpendicular to a, and a, )]
and aj.a, =1 ... (10)
Substituting in equation (4) we get,
A, = A cosdp+A sing .. (11)
Similarly finding A, as[A«3d,]and A, as[A «a,] we get,
A, = —-A sin ¢+Ay cos o ... (12)
and A, = A, .. (13)
The results of dot product are summarized in the tabular form as,
Dot operator a, a, a,
a, cos¢ -sind 0
a, sing cos¢ 0
i, 0 0 1

Table 1.2
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The results of transformations can be expressed in the matrix form as,

A, cos¢ sing O||A,
Ayl = |-sing cosd 0 Ay
A 0 0 1f||A

z Z

1.13.2 Transformation of Vectors from Cylindrical to Cartesian
Now it is necessary to find the transformation from cylindrical to cartesian hence
assume A is known in cylindrical system. Thus component of A in a, direction is given
by,
A

[A.3,]=[A 3, +A,3,+A, 3,]-3,

x

A, = A3, 3, +A, 5,3, +A, 7, -3, . (14)

As dot product is commutative a, -2, = a, «a, =cos¢ and so on. Hence referring
Table 1.2 we can write the results directly as,

A, = A, cos¢p-A,sin¢ .. (15)
Ay = A sing+A, cosd ... (16)
A, = A, .. (17)

The result can be summarized in the matrix form as,
A,‘-l cos¢ —sing O|[A,
Ayl = |sind cosd Of]A,
A 0 0 1{1A,

7

wmp Example 1.13 : Transform the vector field W =104, -84, + 64, to cylindrical co-ordinate
system, at point P (10,-8, 6).
Solution : From the given field W,
W, =10, W, =-8 and W, =6
Now W, = W.a, =[10a, -83, +63,] -3,
= 103, - &, -8a,
_ = 10 (cos¢) - 8(sin ¢) +6(0) ... Refer Table 1.2
For point P, x =10 and y=-8

«a,+6a,+a,

¢ = tan™! % ... Relation between cartesian and cylindrical

= tan™! [%:I =—38.6598°

As y is negative and x is positive, ¢ is in fourth quadrant. Hence ¢ calculated is correct.
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cosd = 07808 and sind= - 0.6246
W, = 10x(0.7808)—8x (- 0.6246)=12.804
Now W, = We.3a,=10a, -3,-83,3,+63,-13,
= 10(-sin ¢)-8cosp+0 =0

And W, = W.3, =103, -a, 83, -3, +63, -,
= 10x0-8x0+6%x1=6
W = 12804 a, +63, in cylindrical system.
mmp Example 1.14 : Give the cartesian co-ordinates of the vector field H =20a, -10a, +3a,,
at point P(x=5,y=2,z=-1).
Solution : The given vector is in cylindrical system.
H, = H.a, =203, - a, -103, - 3, +33, « 3,

= 20cos¢-10(~sin ¢)+0 ... Refer Table 1.2
Atpoint P, x=5, y=2 and z=-1
Now ¢ = tan’! ¥=tan‘1 %=21.8014°

cos ¢ = 09284 and sin ¢ = 0.3714
H, = 20x(0.9284)+10%0.3714 =22.282

Then H, = H.a, =203, .3, -103,.3a,+33, -2

20 sin ¢—~10coso+0
20%(0.3714)-10x(0.9284) =—1.856

And H, = H.a, =20a,.3,-10a,.a, +33, .3,

20x0-10x0+3%x1=3

b 4

Il

H

22.282a, -1856a, +3 a, in cartesian system.

1.13.3 Transformation of Vectors from Cartesian to Spherical
Let the vector A expressed in the cartesian system as,
A = A3, +A 3, +A, 3,
It is required to transform it into spherical system. The component of A in a, direction
is given by,
A, = A.a,=[A 2

r

5 05 +A 5 -5 +A 5 -5, ave (18)
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Note : Though the radius representation r used in cylindrical and spherical systems is
same, the directions a, in both the systems are different. Infact many times r is
represented as p in cylindrical system. But p is used to represent other quantity in this
book hence r is used in cylindrical system. Hence a, -a, will be different when a, is of
spherical system than the a, of cylindrical system and SO on.

While Ay = A-ag=[A, a, +A,a, +A a,].3,

= A,a, -a9+Ay ay -ag+A,a, -2y - (19)
And A, = A-a,=[A, 3, +A a3, +A,3,]-3a,

= A,a,.a,+A a3, .3,+A, 3, 3, ... (20)

The dot products can be obtained by first taking the projection of spherical unit vector

on the xy plane and then taking the projection onto the desired axis. Thus for a, -a,,

project a, on the xy plane which is sin 6 and then project on the x axis which is sin @cos ¢
a ,.a, = a,.a, = sinBcosd

In the similar fashion the other dot products can be obtained. The results of the dot
products are summarized in the Table 1.3.

Dot operator . a, ag a,
a, sinBcos¢ cos 6 cos ¢ — 8in ¢
a, sin@sing cos 0 sin ¢ cos ¢
a, cos 6 —sin 6 0

Table 1.3
Using the results of Table 1.3, the results of vector transformation from cartesian to ~
spherical can be summarized in the matrix form as,

A, sinB@cos¢ sinBsind cosO ||A,
Agl = |cosBcosd cosOsing —sin6 Ay
A, -sin ¢ cos ¢ 0 A,

1.13.4 Transformation of Vectors from Spherical to Cartesian
To find the reverse transformation, assume that the A is known in spherical system as,

Hence component of A in a,,3, and a, are given by A-i,, A-3, and A-a,
respectively.
Thus we get the results as,
Ax = Arir ‘EX+A959¢ix+A.5° -5,‘ .o (21)
A, = A3, <3, +Agdg-a,+A, 3,3, (22
A, = A,3,-a,+Aya4-2,+A,3,-a, .. (23)

Using the Table 1.3, the results can be expressed in the matrix form as,
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A, sinOcos¢ cosOcosd -sind|| A,
Ay| = [sin@sin¢ cos@sind cosd || A,
A, cos 6 —sin 6 0 A,

1.13.5 Distances in all Co-ordinate Systems
Consider two points A and B with the position vectors as,

A=xa,+y,a,+z,a, and B=x,3, +y, a +z,a,

then the distance d between the two points in all the three co-ordinate systems are
given by,

d= J("z -x, ) +(y. ‘Yl)z +(22 -2, )2 .. Cartesian
d= Jrzz +12 -2 1y 1, cos(, —& )+ (2, -2, )2 ... Cylindrical
d =2 +12 -21 r,cos0, cos8, -2, r,sin B, sin §; cos(¢, —¢,) .. Spherical

These results may be used directly in electromagnetics wherever required.

mmp Example 1.15 : Obtain the spherical coordinates of 10 a, at the point
P(x=-3,y=2,z=4).

Solution : Given vector is in cartesian system say F=103,.

Then F. = F.a_=10a, -3,

r

= 10 sin O cos ¢ ... Refer Table 1.3
Atpoint P, x=-3, y=2, z=4
Using the relationship between cartesian and spherical,

x=rsinBcos¢ y=rsinOsing z=rcosH

= _1X= _‘£=— °
¢ = tan - tan 3 33.69

But x is negative and y is positive hence ¢ must be between +90° and +180°. So add
180° to the ¢ to get correct ¢.

¢ = —33.69°+180°=+ 146.31°
cos ¢ = —0832 and sin ¢ = 0.5547

And 0 = cos' Z=cos! ——2%
r ,xz+yz+zz
= cos 4 = 42.0311°

V(-3 +(2)2 +(4)
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cos O 0.7428 and sin 6 = 0.6695
F, = 10x0.6695x(—0.832) =—-5.5702

F, = Feay=10a, -ay =10cos0cos ¢
= 10x0.7428x(~0.832)=— 6.18
F, = Fe.a, =103, »a, =10(-sin ¢)
= 10x(-0.5547)=—5.547
F = -55702a, - 6.18 a, ~ 5.547 3, in spherical system.
mmp Example 1.16 : Express B=r?a, +sin0a, in the cartesian co-ordinates. Hence obtain B
at P(1,2,3).

Solution : Given B is in spherical system as there is sin@® in it and its cartesian
co-ordinates are to be obtained, Referring Table 1.3,

B, = B-a, =r’d, .a, +sin0a, -3,
= r? sin Ocos ¢+ sin O(—sin ¢) . (1)

Then B, = B.a, =r’a,-a, +sin03,-a,
= r? sin Osin ¢+sin Ocos ¢ - (2)

And B, = B.a, =r2a, .a, +sin0a,.a,
= r2 cos6+sin 6(0) = ¥ cos 0 .. 3)

Now it is known that,

r="x2+y2+zz, ¢=tan'l¥ and 9=cos'l§

Nonw y , =
=Pey?
6
z
Fig. 1.43
From Fig. 1.43,

sing = —F—, cosp= 2

X2 +y? X2 +y?

[xZ+y?
sin 0 = —)f—r—y and cos © =§
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Using in equation (1), (2) and (3) we get,

r r

x 2

y
,fx2+y2
= (rx)—z=1f)c2+y2+z2 (x)————y———

r ,x2+y2+zz

2, .2 2. .2
X“+y X° +y?
B, = r?

Y X
, +
¥ r fx2+y2 r fx2+y2
= (ry)+——,’x +y? +22 (y) + ——————— —=
1/x y? 422
B, = rzx—f—=(rz)=,’x2+y2+zz(z)

B - B,a,+B,a,+B,3

x

X2+y

Thus B at P (1, 2, 3) is, B = 3.207 a3, +7.7504 a4, + 11.2248 3,
1.13.6 Transformation of Vectors from Spherical to Cylindrical
Let the vector A is known in the spherical co-ordinates.
A = A a, +Agag+A,a,

The components of A in cylindrical system are given by,

A, = Aja, a8, +Agay°a,+A, 3,3,

A, = A a ~a,+Agageca,+A,a,-a,

A, = Aa,~a,+Agagra,+A, a2,
Now a,~a, = sinf, ag-a, =cosh aj,-a,=0
a,*a, =0 agea, =0, a,~a, =1

a ,«a, = cosh, ay+a, =-sinfh a,*a, =0

A,
A, | = 0 0 11]Ae ... (24)
A cos® -—-sind O A,,
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1.13.7 Transformation of Vectors from Cylindrical to Spherical
Let the vector A is known in the cylindrical co-ordinates.

A = Aja,+A,a,+A,a,

The components of A in the spherical system are given by,

A, = A 3,3, +A,3,°3, +A, 7, a,

Ag = Ajayrag+Aza,rag+A,a,-a

A, = A 3,3, +A, 3,3, +A,3,3,

A, sin@ 0 cosO [[A,

Ag| = |[cos® 0 —sin@||A, .. (25)
A 0 1 0 A

Z

Key Point: To avoid the confusion between a, in cylindrical and spherical in the
cylindrical system &, is used.

Using equations (24) and (25), any vector can be converted from cylindrical to
spherical or spherical to cylindrical system.

map Example 1.17 : Express vector B in cartesian and cylindrical systems.

. o= 10_ -
Given, B = —a, +rcos0ag +a,
r

Then find B at (- 3, 4, 0) and (5, /2, - 2)

Solution : B = Es,+rcoseae+a¢

r
10 . .

B, = < By =rcos6, B, =1 ... in spherical
. . 10

B, sin@cos¢ cosOcosd —sind —

By | = |sin@sing cosOsing cos ||rcosH

B, cos 0 —sin® 0 1
10 . 2 .

B, = Tsmecos¢+ r cos“0 cos ¢—sin .. (1)
10 . . 20

B, = —r—sm95m¢+ r cos“0 sind+ cos .- (2)
10 .

B, = Tcose—rsmecose .. (3)

But r = ,’x2+y2+zz, cos0 = z tan¢=%

F 4
sz +y2+2?
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JE+y? y x
sinf® = , sSinp= ———, COsp=—
fiyiia iyt iyt
Using equations (1), (2) and (3), B in cartesian system is :
B = B,a,+B,a,+B,a, where,
B - 10 x xz? y 4
X T 2 py24 g2 2o (eZaolao?y [eZiu? - @
Xty +z J(x +y?) (x* +y*+2%) Jx +y
10y yz?2 X
B, = + + .- {5
y x2+y2+zz J(x2+y2) (x2+y2+22) Jx2+y2
B - 10z - Z‘sz +y2 (6)
* Ty Jaaytea -
At(-3,4,0), x=-3, y=4 z=0
B = -2a,+a, .- In cartesian

For transforming spherical to cylindrical use,

B, sin®@ cos® O]|B,
B, cos@ -sin® 0f|B,
B, = sin®B, +cos8By = 219 ;0?9
By, = By, =1
B, = cos@ B, -sin0Bg = 1Ocose—rsinecose
Now p = rsin z =rcosb, O0=¢ r= p2+22’ 9=tan"1-g
And tan@ = P hence sin9=—P——, cosf):#
z ,p2+zz ,pz+zz
B = B,a, +B, a, +B,a, where,
10p z> 10z pz
B, = + , By =1, B
P p2+22 Jp2+zz ¢ “ plaz? ,pz +z2
. . n n
Atngenpomt(s,i,—Z),p=5,q>=5 and z=-2
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_ 2
10x 5 N (-2)

B, = = 2467, B, =1
P 524(-22 524 (-2)? ¥
10x (-2) 5% (-2)
B, = = 1.167
5+ (-2)* 24 (-2)?
B = 24673, +3a, +1.1673, ... In cylindrical

1.14 Types of Integral Related to Electromagnetic Theory

In electromagnetic theory a charge can exist in point form, line form, surface form or
volume form. Hence while dealing with the analysis of such charge distributions, the
various types of integrals are required. These types are,

1. Line integral

2. Surface integral

3. Volume integral.

1.14.1 Line Integral

A line can exist as a straight line or it can be a
distance travelled along a curve. Thus in general,
from mathematical point of view, a line is a curved

F
S
- path in a space.

Consider a vector field F shown in the Fig. 1.44.
The curved path shown in the field is p- r. This is
called a path of integration and corresponding
\ integral can be defined as,

ol Curved J’ Fedl =

Dath L |F| d! cos © ...(1)
L

% Smmm— =

Fig. 1.44 Line integral ... Using definition of dot product

where dl = Elementary length

This is called line integral of F around the curved path L. It represents an integral of
the tangential component of F along the path L.

The curved path can be of two types,
i) Open path as p - r shown in the Fig. 1.44.
ii) Closed path as p - q - r - s - p shown in the Fig. 1.44.

The closed path is also called a contour. The corresponding integral is called contour
integral, closed integral or circular integral and mathematically defined as,
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$F+dl = Circular integral (2)

This integral represents circulation of the vector
field F around the closed path L.

If there exists a charge along a line as shown in the
Fig. 1.45, then the total charge is obtained by calculating
a line integral.

Q-=p, dl .(3)
L

where p, = Line charge density i.e. charge per unit
length (C/m)

Key Point: In evaluating line integration, the dl direction
is assumed to be always positive and limits of integration

Fig. 1.45 Line charge decide the sign of the integral.

1.14.2 Surface Integral

In electromagnetic theory a charge may exist in a distributed form. It may be spreaded
over a surface as shown in the Fig. 1.46(a). Similarly a flux ¢ may pass through a surface
as shown in the Fig. 1.46(b). While doing analysis of such cases an integral is required
called surface integral, to be carried out over a surface related to a vector field.

For a charge distribution shown in the Fig. 1.46(a), we can write for the total charge
existing on the surface as,

Q

[pgas .-(4)

Surface charge density in C/ m?

where Py

dS = Elementary surface

Surface S a, Flux ¢ of vector

field F
av
Surface
S
ds
(a) Surface charge b) Flux crossing a surface

Fig. 1.46
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Similarly for the Fig. 1.46(b), the total flux crossing the surface S can be expressed as,

¢

[F+dS = [|F| dScos 6= [F-a, dS ... (5)
S S S

where a;, = Unit vector normal to the surface S
Both the equations (4) and (5) represent the surface integrals and mathematically it
becomes a double integration while solving the problems.

If the surface is closed, then it defines a volume and corresponding surface integral is
given by,

¢ = $F-dS ...(6)
S

This represents the net outward flux of vector field F from surface S.
Key Point: 1. The closed surface defines a volume.

2. The surface integral involves the double integration procedure mathematically.

1.14.3 Volume Integral
If the charge distribution exists in a three

dimensional volume form as shown in the Fig.1.47
then a volume integral is required to calculate the
* + + total charge
’ —-— Charge
. Thus if p, is the volume charge density over a
dv ___-J-o% volume v then the volume integral is defined as,
. Q= fpy dv A7)

L s ) where dv = Elementary volume

Fig. 1.47 Volume charge

mmp Example 1.18 : Calculate the circulation of vector field,

F = r2 cos QE, + z sin ¢Ez
around the path L defined by 0 < r < 3, 0 < ¢ < 45° and z = 0 as shown in the
Fig. 1.48(a).
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X, 0=0°

Fig. 1.48

Solution : Divide the given path L into three sections.
Section I : r varies from 0 to 3, ¢=0°and z =0

dl

ji-di
1

dr;r
J' (r2 cos ¢ ;r+zsin ¢;,)-dr;r

r=0

3
I r2 cos ¢ dr

=0

[r:]scos 0° = [%Z] ]1=9
= do

Section Il : r is constant 3, ¢ varies from 0 to 45°, z = 0

— - 45“ — — —
JF-dl = j (rzcostp a  +zsin ¢a,) -doa,
Il =0

=0

Section III : r varies from 3 to 0, ¢=45°and z = 0

di

dr a,

.. Along radial direction

... Along ¢ direction

Note that di is always positive, limits of integration from r = 3 to 0 taking care of

direction.

j?-di
I

0
j ? cos ¢ a +zsinéda,) -dra
r=3
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0
= Irzcostp dr ...;r-;r=l,;z- :1-,=0
=3
r? 0 27
= CO0Ss 450 [—3‘] = 0.7071 [—5—] = - 6.3639
3

§—F-di 9 + 0 - 6.3639 = 2.636
L

1.15 Divergence

It is seen that §T’-d§ gives the flux flowing across the surface S. Then mathematically
s

divergence is defined as the net outward flow of the flux per urut volume over a closed
incremental surface. It is denoted as div F and given by,

§3T:.d‘s~

divF = ™, —5'——A—V— = Divergence of F (1)

Differential volume element

where Av

Key Point: Divergence of vector field F at a point P is the outward flux per unit volume
as the volume shrinks about point P i.e. lim Av — O representing differential volume element at
point P.

Symbolically it is denoted as,

V.F = Divergence of F (2)
o_  d_  J_
where V = Vector operator = 3x Ax +Wa_‘, t5;23z
But F = F.a, +Fa, +F,a,
= 0F dF 9F . -
V-F = ax+ay+az = div F .--(3)

This is divergence of F in Cartesian system.

Similarly divergence in other co-ordinate systems are,

= 19 1 9F, JF, L
VeF = ?ﬁ(rﬁ)+; a—¢'+—a-; CYhndrlcal ...(4)
= _19,, 1 9, 1 OF .

Physically divergence at a point indicate how much that vector ficld diverges from that
point.
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Consider a solenoid i.c. electromagnet obtained by winding a coil around the core.
When current passes through it, flux is produced around it. Such a flux completes a closed
path through the solenoid hence solenoidal field does not diverge. Thus mathematically,
the vector field having its divergence zero is called solenoidal field.

VA = 0 for A to be solenoidal

Key Point: The concept and physical significance of divergence is elaborated in great detail
in the section 3.10 of chapter 3.

1.16 Divergence Theorem
It is known that,
$F-dS
V-F = A:’i','[‘, ST ... Definition of divergence

From this definition it can be written that,

ﬁ.d"s = j(v.i) dv (1)
S v

This eqution (1) is known as divergence theorem or Gauss-Ostrogradsky theorem.
The Divergence theorem states that,

The integral of the normal component of any vector field over a closed surface is equal
to the integral of the divergence of this vector field throughout the volume enclosed by
that closed surface.

The theorem can be applied to any vector field but partial derivatives of that vector
field must exist. The divergence theorem as applied to the flux density. Both sides of the
divergence theorem give the net charge enclosed by the closed surface i.c. net flux crossing
the closed surface.

Key Point: The divergence theorem converts the surface integral into a volume integral,
provided that the closed surface encloses certain volume.

This is advantageous in electromagnetic
Closed surface S theory as volume integrals are more easy to
evaluate than the surface integrals.

The Fig. 149 shows how closed
Volume v surface S encloses a volume v for which

enclosed by divergence theorem is applicable.
closed surface S

Key Point: The divergence theorem as applied
with Gauss's law is included in the section 3.12
of chapter 3.

Fig. 1.49
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nmp Example 1.19 : A particular vector field F = r 2 cos? & a, +zsin ¢ ;¢ is in cylindrical
system. Find the flux emanating due to this field from the closed surface of the cylinder
0<z <1, r = 4. Verify the divergence theorem.

Solution : The outward flux is given by,

$ = §T:- dS over a closed surface S
S

The cylindrical surface is shown in the Fig. 1.50.

’ Surface
] S1
r=4 oo ————- z=1
; i
1
1
: 1
1
N 1
- : Surface
. S
: ' 2
_é :
< 1
1
U
z-0___ .. -y
x . Surface
S;
Fig. 1.50

The total surface is made up of,

1. Top surface S; for which z = 1, r varies from 0 to 4 and ¢ varies from 0 to 2r.

2. Lateral surface for which z varies from0to 1, ¢from 0 to 2rand r = 4.

3. Bottom surface S3 for which z = 0, r varies from 0 to 4 and ¢ varies from 0 to 2r.

For 5;, ds
For S,, ds
For S,, ds
$F.dS
$
$F.dS
S3
F.dS
S

rdrdoa,

r dz dQ;r

r dr do (- a,)

§(r2 cos? ¢a, +zsin ¢a,)-(rdrd¢a,)

S

0 B, 0B, =By ed, =0

§(r2 cos? ¢a, +zsinoa,)«[rdr do (-a,)]

53
0 A ea,=a,a, =0

§(r2 cos? ¢a, +zsin ¢a,)-(rdzd¢a,)
S2
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Let us verify divergence theorem which states that,

Now

Hﬂ

grea®

ﬁ.c@
S

dv

V.F =

§(V .F) dv

1 2
J Jrz cos? ¢ordzd¢

z=06¢=0

1 2x 1 2x
@ [ [dzcos?e do= 64 [dz ligsﬂcw
z=09=0 0 ¢=0
. 2n
64 x [z]},xlx{[q)] 02‘+[+ S 2¢] }
) 7|,

64 x 1 x %% X 271 = 64r

0+64n+ 0 = 64t

§(V.T~‘) dv

rdr dodz

1 0 1 i)f% E)F

;x(’ AR = a¢

10 2

;g(rxr cos” §)+=

cos? ¢ 2, Z 2
T><3r +—(+COS¢)=3"C°5 o+

I [t
17

z=0 ¢=0

[ {4

sin 26

3 3
[ cos? o+7 cos ¢r]

a—¢(z sing) + 0

Zcos §

s°] r dr do dz

4
dodz
0

1
J I{ [1+c°52¢]+4zcos¢}d¢dz

2n
] +4z[sin ¢102n } dz
0

1 1
j {32%[21+0]+4.0]} dz = J‘ 641 dz

2=0

64 n[z]} = 64n

2=0

J”Fo ds = §(V +F) dv and divergence thcorem is verified.
S v
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1.17 Gradient of a Scalar

Consider that in space let W be the unique function of x, y and z co-ordinates in the
cartesian system. This is the scalar function and denoted as W (x, y, z). Consider the
vector operator in cartesian system denoted as V called del. It is defined as,

EXRE I
x * oy Y oz *

V (del) =

Key Point: The operation of the vector operator del (V) on a scalar function is called
gradient of a scalar.

0 _ Jd _ 0 _

GradW = VW—(;;ax+?'—y-ay+§;a‘)W
oW _ IW _ oW _
GradW——E—};ax+—ay—ay+$az

Key Point: Gradient of a scalar is a vector.

The gradient of a scalar W in various co-ordinate systems are given by,

Sr. No | Co-ordinate system Grad W=VW

1. Cartesian VW:%?E*‘%E&%? 3,

2. Cylindrical VW= %\:y_ 3+ % %\g 3, + %\%v a,

3. Spherical vw:_a¥§r+%§a_\gse+m‘ln_e%%ao
Table 1.4

1.17.1 Properties of Gradient of a Scalar

The various properties of a gradient of a scalar field W are,
1. The gradtent V W gives the maximum rate of change of W per unit distance.

2. The gradient V W always indicates the direction of the maximum rate of change of
W.

3. The gradient V W at any point is perpendicular to the constant W surface, which
passes through the point.

4. The directional derivative of W along the unit vector a is V W-a (dot product),
which is projection of V W in the direction of unit vector a.

If U is the another scalar function then,
5. V(U+ W)
6. V(U W)

VU+V W
UVW+WVU
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G(UY) . WVU-Uuvw
W)— w2

mmp Example 1.20 : A particular scalar field o is given by,

a) o = 20 e " sin (%]

b) a = 25rsind
40cos ©

c) a =

rZ

Find its gradient at P(0,1,1) for cartesian, P(ﬁ, g ,

P(3,60°,30°) for the spherical.

Solution: a) ovu=20e* sm( ) in cartesian
49
6

... In cartesian

... In cylindrical

... In spherical

5) for cylindrical and

Va = %(—:- a y -‘.}g a,

-aa—% = -a?; _20 e ™ sin(Ty}— =-20¢ " bin(f-g-]
_gi;_ = % TZO e X sin[%!]: =20 e * cos[zg- g
%%‘ = 3% :20e"‘ sm(-T—t()—yI=0

Vo = -20 e sin("—éy}s, +20 e * I cos

6

At P, 1,1) the Va =-10a, +9.0689 a,
b) o =25rsin ¢ in cylindrical.

Va—ggi +18_a5 +a—a5

T or f rop°® oz°*
oot . oo do. _
3;-255111@ 56—25rcos¢, 3

Vo = 25 sin ¢a, +25cosd a,

. At P(JE, ’5‘5) the Vo =253,

)
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c o= 10 C;) 59 in spherical.
r
Voo g ldg 1 du
r " r o0 % rsin® J9p "¢
oo -a] _ _gn COsO
3 - 40c050[ 2r ]— 80 3
do. 40 . oo
36 = —'r—z smB , -é$—0
Vo = —20—‘:?9-5, —ﬂs sin@®
r r

- AtP(3,60°,30° the Vo = - 1.4814 &, —0.9362 7,

1.18 Curl of a Vector

The circulation of a vector field around a closed path is given by curl of a vector.
Mathematically it is defined as,

_ L §Fed
Curl Of F = AS;‘_,() TS-N— cee (1)

where ASy = Area enclosed by the line integral in normal direction

Thus maximum circulation of F per unit area as area tends to zero whose direction is
normal to the surface is called curl of F.

Symbolically it is expressed as,
VXF = curl of F e (2)

Key Point: Curl indicates the rotational property of vector field. If curl of vector is zero,
the vector field is irrotational.

In various co-ordinate sysems, the curl of Fis given by,

VxE - [0F, 0K ] [9F, 9E]_ [9F oF]-
Ty T e T [k Ty |
a, a, a,
: = _19 9 2 :
Le. VXF = & ?a;,' —a'; Cartesian ...(3)
F, F F
= _[19F, OF7]_ [oF 0F]_ [19(rF) 19dE]_
VXE = 7% “a—zfr*[ﬁ‘ Br]a’ *[? o r o |
a, ra, a,
. = _1]la 2 9 o
1.e. VXF = ; X 3—6 a—z‘ Cylmdncal ...(4)
F F, FE
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I(rF,
Key Point: In L—’—), r cannot be taken outside as differentiation is with respect to

or
r.
= 1 [0Fsin® 9K ]_ 1[ 1 9F o&rF)]_
VXF = rsine[ 00 ) At rlsine % o |2°
1 a(rF(')) aFr .
* ?[T‘W %
a, rayg rsinba,
. = 1 d 9 0 .
ie. VXF = 25 |or % Spherical
. rk rsinOF,

Key Point: The physical significance and concept of curl is discussed in detail in
section 7.10 of chapter 7.

1.19 Stoke's Theorem

The Stoke's theorem relates the line integral to a surface integral. It states that,

The line integral of F around a closed path L is equal to the integral of curl of F over
the open surface S enclosed by the closed path L.

Mathematically it is expressed as,

ﬁ.dt = j(fo).d§ .. (1)
I S
where dL. = Perimeter of total surface S
das

Open surface S Key Point: Stoke’s theorem is applicable
bounded by L only when F and V XF are continuous on
the surface S. The path L and open surface S
enclosed by path L for which Stoke's theorem

is applicable are shown in the Fig. 1.51.

v

Key Point: The proof of Stoke’s theorem is

\ included in the section 7.11 of chapter 7.
di Closed pathL
Fig. 1.51

nmdp Example 1.21 : Verify Stoke's theorem for a vector field

F = coso ;r+zsin¢ ;z

around the path L defined by 0 < r < 3, 0 £ ¢ < 45° and z = 0 as shown in the
Fig. 1.52.
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00
X ¢ = 45°

L=
1]

Fig. 1.52
Solution : From Stoke's theorem,
$F-dL = [(VxF)-dS
L s
The L.H.S. of Stoke's theorem is already evaluated in Ex. 1.18, which is 2.636. (Refer

Page 1-50).
To evaluate RH.S,, find V X F

- [19F OdF|_ [0F oF . [10(F) 19E]_
VXF = [‘_ Ja'+[—a?‘7§r_]a° *[? or  t 0o |°®

r 00 Oz

F, = Pcos ¢ Fo=0, F,=zsin¢

<
X
"
|

F = [.}xo—o] a +[0-0]3, +[%(0)—%(r)2(—sin ¢)] a,

L
= rsin da,

dS = r dr do ;z as surface is in x-y plane i.e. z = 0 plane for which normal direction is

az.
_ _ 45° 3 3 3
j(v XF).dS = j(rsin od,)s(rdrd®)a, = j jrz sin ¢drdo = [T] [—cos &1
S S 0=0 r=0 0

= [9]1[- 0707 - (- 1)} = 9 x 0.2928 = 2.636

Thus Stoke's theorem is verified.
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1.20 Laplacian of a Scalar

The divergence of a vector and gradient of a scalar are discussed earlier. The
composite operator of these two is called Laplacian of a scalar.

If V is a scalar field, then the Laplacian of scalar V is denoted as V2V and
mathematically defined as the divergence of the gradient of V.

Key Point: The operator V? is called laplacian operator.

In cartesian co-ordinate system,

2y 3. 3. .9a_1[av. .av.  av_
VvV = V VV—[Xax+Way +$az] ['3;'3,( +-3?ay +-§);az]

2 02V 9tv 2%V

Vv = P +ay2 52 ...In cartesian system

Key Point: The Laplacian cf a scalar is always a scalar.
In cylindrical co-ordinate system it is given by,

vay =1 2( VY 1(2%V) %V -
=T S e [P ...In cylindrical system
In spherical co-ordinate system it is given by,
2 1 o 0V 1 9 oV 1 2’V .In spherical
VvV = — —— 0— . %
2 or ( ar) r2sin® ae[sm E)BJ r2sin2@ o¢® system

Harmonic Field : A scalar field is said to be harmonic in a given region, if its
Laplacian vanishes in that region.

Mathematically for a scalar field V to be harmonic,

-~

Vv =0

This equation is called Laplace's equation. Its solution and applications are discussed
throughly in the chapter 6.

mmp Example 1.22 : Find the Laplacian of the scalar fields and comment on, which fields are
harmonic.

DW=x?y+xyz—yz? i) U=rzsin¢+22cos?¢+r?
iii) V = 2r cos 0 cos¢
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Solution : i) W = x’y +xyz—yz?
*W 9w W
+ +

Viw =
ox?  ay?  9z?

9 9 2 ¢ xz—22) 42 (xy—
E(ny+yz)+g(x +XZ-2 )+az(xy 2yz)

2y+0+0+0+0-2y=0

As V2W = (, the scalar field W is harmonic.
ii) U = rz sin q;+z2 cos? ¢+ r?

wg o 12(,20),12°0 2y
ViU = rar( T a¢2+622

-}%[r (z sin ¢+ 2r)]+:12——a%[rz cos ¢—2z%sin  cos ¢}

o, . 2
+§—Z-[r sin ¢+2 z cos“¢]

.. 2 sin $ cos ¢ = sin 29

= %[ z sin ¢+4r]+l,,[—rz sin ¢—z22cos 2¢] +[0+2 cos?¢@j
2

42
= Zsin ¢+4—-z— sin ¢—-2i2—c052¢+2c062 o
r r r

2

= 4+2 coszd)—sz cos2¢
r

As V2U # 0, the scalar field U is not harmonic.

iil) V = 2r cos Ocos ¢

V2V=_1?_8_[ av] 1 a[smaav]+ 13

) or | r2 sin@ 00 00 r2sin20 ¢
= l -?-[ (2 cos 0cos¢]+——1——~a—[sin O(-2r cos$ sin 6)]
2 or r2 sin 6 90
1
+r—m a¢ (—2rc0898m¢)

= —,[4rcosecos¢]+ > 1 e[—21'(:05;(1,»<2sin6.:039]
re r-

+ —1-—[—2r cos Ocos ¢]

r-sm-9o
4 cos 8 cos 4cosecos0 2 3] —
= ¢_ cosBcosd _ —2 cot 6 cosec O cos ¢
r r rsinZ @

As V2V # 0, the scalar field V is not harmonic.
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Examples with Solutions

mmp Example 1.23 : Given A=5a, and B=4a,+B,a, then find B, such that angle
between A and B is 45°. If B also has a term B, @,, what relationship must exist between B,

and B, ?
Solution : A =53, and B=43a, +B a,, 0,5=45°
Now A-B = A,B,+A B, +A B,

= (5%4)+(0)+(0)=20

But A*B = |A] |B|cosf,s
2 2
20 = 1’(5)2x1’(4)‘+(8y) X c0s45°
J16+B2 = 5.6568
2 _
B2 = 16
B, = +4
Now B = 4a,+B 3 +B,a,
Still AB =2

20 = (5 ><\f(4)2 +(B,)" +(B,)? xcos45°

1f16+13§+13§ = 5.6568

B2 +B2 = 16
This is the required relation between B, and B,.

mmp Example 1.24 : Find the unit vector directed towards the point (x,,y,,2,) from an
arbitrary point in the plane y=-5 .

Solution : The plane y = — 5 is parallel to xz plane z
as shown in the Fig. 1.53. 1
The coordinates of point P are (x, — 5, z) as o
y =-5 is constant. While Q is arbitrary point having, 1
co-ordinates (x,,y;.2,) To find unit vector along

the direction PQ.
PQ
|PQ]
where PQ=Q-P y=-5 X
PQ =(x -x)a, +(y, —(-5))a, +(z; -2)a, Fig. 1.53




Electromagnetic Field Theory 1-64 Vector Analysis

VOxi =x) 4y, +5)° +(7 -2)?
__ (xy-x)a, +(y; +5)3, +(z, -2) 3,

o \/("1 "‘)2 +(y1 +5)* +(z, _z)z

|PQ|

mmp Example 1.25 : Use spherical co-ordinates to write the differential surface areas dS, and
dS, as shown and integrate to obtain the surfaces areas A and B as shown in the Fig. 1.54.

r4

[ s

Fig. 1.54

Solution : Consider differential surface area dS,. The unit vector perpendicular to it is in
the direction of increasing ¢i.e. 3,. Hence d S, is dS,.

dS, = rdrde a,
A = [[rdrde
Now r is changing from 0 to 1 while 6 is changing from 0 to 90°. (Note that 0 is
measured from z axis.).
90° 1 r2 1
A = j J rdrd9=[—2—-] [9]0
00 0
But for areas angles must be taken in radians.
1

= 909 =1xE=T 2
A = 2><[90]—2x2--4m
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The differential surface area dS, is on the curved surface of sphere, the direction
normal to it is from origin radially going outward ie. a,.

dS, = r?sin0dedoa,
Now r is constant as 1m. The 0 varies from 0 to 90° i.e.

0 to n/ 2 rad while ¢ is varying from 30° to 90° i.e. it/ 6 rad to /2 rad.

n/2r/2 n/2

B= [ [(1)sin0dedo= [ [-cos6]5” do
ni6 0 nié
= [0~(-DI ¢ =5-F =3 m*

mmp Example 1.26 : Given points P(r=5,0=60°z=2) and Q(r=2,¢=110%z=-1) in
cylindrical co-ordinate system. Find
i) Unit vector in cartesian co-ordinates at P directed towards Q
ii) Unit vector in cylindrical co-ordinates at P directed towards Q.

Solution : Let us obtain the cartesian co-ordinates of P and Q.

Itisknownthatx=rcos¢4 y=rsin¢ and z=2

~ P(25,433,2) and Q (-0.684, 1.8793, - 1)

i) The unit vector from P to Q is,

apg = PQ _Q-P here Pand Q are position vectors
IPQ| |
(-0.684-25)a, +(1.8793-4.33)a, +(-1-2)a,
|PQ|
31847, - 245073, 33,

J(-3.184)% +(-2.4507)% +(~3)

w

apg - 0.6349 a, - 04887 a, — 0.5983 a,

ii) The vector PQ = - 3.184 3, — 24507 a, - 33, ‘ ... As obtained earlier.
Let us transform this into cylindrical coordinates.
(PQ), = PQ.a, =-3.184a, -3,-24507a, .3, -3a, -3,
= —3.184 cos ¢— 2.4507 (-sin ¢)+0 ... Refer Table 1.2
At point P, ¢=60°
(PQ),

—-3.184x 0.5 -2.4507 (- 0.866) = 0.5303
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(PQ), = PQ.a, =-3.1843, .a, — 245073, .3, -33, *a,
= —3.184 (~sin ¢) ~ 24507 cos ¢
DN (PQ), = - 3.184 (- 0.866) ~ 24507 x 0.5 = 1.5319
and (PQ), = PQ.a, =-3 '
PQ = 053033, + 153193, -33a,
_ PQ _ 053033, +1.53193, -33,
IPQl  f(0.5303)% +(1.5319)% +(-3)°

|
L ]
td]
Il
fod|
L ]
)
i
(=

= 0.155a, + 04493, - 088 a,

ymp Example 1.27 : Find the area of the curved surface using the cylindrical co-ordinates

which lies on the right circular cylinder of radius 2 m, height 8 m and 40°<¢$<90°.
[UPTU : 2002-03]

Solution : The surface is shown in the Fig. 1.55.

- -

~ -
- - -

The differential area normal to a, is,
dS = rdodza,
The surface is constant r surface and normal to it is unit vector a, .

S = [dS=[[rdodz

8 90°
= Jl er¢dz .r=2m
z=0 $=45°
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rdl, [2];

= 2x{90°-45°]x '1—8%3X[8‘0] ...Use ¢ in radians
_ 2x45°xnx 8"_ 2
=~ - 12.5663 m

mmp Example 1.28 : Convert point P (1,3,5) from Cartesian to cylindrical and spherical
co-ordinates. [UPTU : 2003-04]

Solution : P(1, 3, 5) ieex=1 y=3 z=5
In cylindrical system

r

X2 +y? =1+3% =3.1622

43

- 'llz —_ = d
¢ = tan ” tan 1 71.56

z =2z=5
- P(3.1622, 71.56° 5) in cylindrical

In spherical system :

r = Jfx2+y?+2? =412432+52 = 5916

a4 O

5916 3231

1 Z
0 = tan 1F:cos

o = tan"—ii= tan1 2 = 71.56°

~. P(5.916, 32.31°, 71.56% in spherical.
mmp  Example 1.29 : Given a vector function
A =(3x+cp2) @, +(c;x—52) 8, +(dx—c3y +42) @,
Calculate ¢, ,c, ,c3 and ¢, if A is irrotational and solenoidal. [UPTU : 2003-04]
Solution : For A to be irrotational, VXA = 0

— 9A, A1  [oA, 2A,7_ [9A, oA, ]_
VXA = [‘a_}r”"i)"{]a*+[_é‘z_"'a',<—]ay+["37' 3y |**

A,=3x+qz, Ay =cx-5z A,=dx-c3y+¢z

VXA =[~c3 +5]a, +[c; 4], +[c; -0]a, =0

c; =5, ¢ =4, c,=0 ... For A to be irrotational
For A to be solenoidal, V« A = 0
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—_ dA
ver oAy 0y A,
dx Jdy 07
cg=-3 ... For A to be irrotational

mmp Example 1.30 : Verify that vector field A=yza, +zx@,+xya, is irrotational and
solenoidal. (UPTU : 2005-06, 5 Marks)

Solution : For A to be irrotational, VXA = 0

— oA, OA,]_ ToA, 0A_7_ [9Ay oA ]| _
VXA = [‘a}"“a?}ax [’&"W]av*[—ax‘"sy_ =
A,=yz, Ay =zx and A, = xy ...Given
OA, __9A,  9A, 0A, 3A, Q3A,
- TE T T YTy T

y ¥ oz V' T
VXA = [x—x]ix+[y—y]a—_v+[z—z]i,=0
Thus A is irrotational.
For A to be solenoidal, V+A =0
A, YA, A,

veA = ox +_ay *z =0
0A

08, _ o Ay A,

ox oy oz

V<A = 0 hence A is solenoidal

mmp Example 131 : IfA=ca, +2a,+10 a, and

B=4aa, +8d, —20.a,, find out the value of o for which the two vectors become
perpendicular. (UPTU : 2006-07, 5 Marks)

Solution : A = 03, +2a,+103,, B= 40a, +83,-2a43,
For perpendicular vectors, A*B =0
L) 4+ (B +10(-20)=0
402 -200+16 = 0
o = 4or1l

wmp Example 1.32 : Given points A(x =2, y=3,z=-1)and B((p=4, 6=—-50°z = 2)
find the distance A to B. (UPTU : 2006-07, 5 Marks)
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Solution : A (x=2,y=3,z=-1), Bp =4, ¢6=-50°z=2)

Converting point B to cartesian system,

X p cos ¢ = 4 cos (- 50°) = 2.57115
y = p sin ¢ =4 sin (- 50°) = - 3.0641

zZ =2z=2

= \{(XB —xp )2 +(yp~ya) +(zp—24)>

(oW
»
=™

|

\ (257115-2)2 +(-3.0641 - 3)2 +[2—(~1)]?

J 0.326212+ 36.77331 +9 = 6.7896

msp Example 1.33 : Show that the vector fields

A =a, 5_111_’_29 +2d, (su:e) and
r? r?

B =r cosOa, +rag are every where parallel to each other. (UPTU : 2007-08, 5 Marks)
Solution : For parallel vectors, AXB = 0

Given A and B are in spherical co-ordinates.

a, a,; a,
_A—X§ = Al‘ Ag A@
B, Bg B,
sin 20 2sin 0
Ar = 2 I Ae'— 2 ’ A°=O
r r
B =rcos6 Bg=r, B,=0

>
X
]
I

sr[AeBo —B9A°]—59[ArB¢ —BIA.]+5°[AI'B9 _BI'AQ]

— — sin 26 rcosOx2sin @] _
= 0a,-0ay+|—5—xr—- 3 o
r* r

2sinBcos@ 2sinBcosO]_
r r % =0

As A XB = 0, the two vector fields are parallel to each other.
msp Example 1.34 : Express the field E = A;E, in (i) rectangular components, ii) cylindrical
r
components. (UPTU : 2007-08, 5 Marks)
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Solution :

el
[
>
|

: ...In spherical co-ordinates

i) Spherical to rectangular

E, sin@cosd cosBcos¢ —sino][A /r?
E,| = |sinOsin¢ cosBsind cos¢ 0
E, cos O —-sin 6 0 0
A . A A cos©
E, = ;Esmecosq’, Ey=—r—i—smesm¢, E, = %
- A cos®
E = f;—sin Ocosd a, +£‘2—sin Osinga, + C‘:S a,
r- r r

: 2, .2
—_— - Jx + _
But r= [xX¥+yi+z2, 6=taany, ¢=tan1—i-
sin 6 = i!z_ Cos 9___.2—
Dy 422 1fx2+y2+z2
. Yy X
sin ¢ = —2——, €08 0= ———r
X2 +y? ’x2+y2
7.2
- x? +
E= — 'A; T X = Y =X X a,
x“+y“+z Jx"+y2+2' \/x2+y2
2 1v2
+ — A2 —~X y =K y a
x“4yt+zt 2 ay?z? Jx2+y?
+ A X z__ a
x2 +y? +2? Jx2+y2+z2 *
E Ax — Ay — Az =

= a, + a, + a
(x2+y2+22)312 x (x2+y2+22)3lz y (xz +y2+z2)3/2 z

ii) Spherical to cylindrical

Ep sin® cos® O]]A /r?
E, | = 0 0 1 0
E, cos® -sin@ 0 0
Asin® A cosB
Ep = —;-2_-' E° = 0, Ez = r2



Electromagnetic Field Theory . 1-M Vector Analysis

) 2

Soluti

r = p?+z?, 6=tan-1§

sin @ = —p——, cose=———z———
,’pz +z2 ,/pz +22
E - Ap _ Az —

(pz +z2)3]2 .aP +(p2+22)312 a

Example 1.35 : Find the divergence and curl of the following function :

A=2xya,+x%za, +z°

y ¥2°4;

(UPTU : 2007-08, 5 Marks)
3

on:A =2xya, +x’z23, +2%,

= _ an aAy aAz 2 2
VA = ax+ay+az =2y +0+3z" =2y + 3z

i, a, 3,| |3, 3, 4,

< Jd 0 0 o9 d

A% = e = === = =

A ox dy o0z ox dy oz

Ax Ay Az 2Xy xzz Z3

- 3 Qz_s_axzz _z gﬁ_Bny +5 axzz_any
T "X 9y oz Y[ ox oz 2| 9x  dy

a,[0-x?]-3,[0]+3,[2x2~2x]

~x%a, +2x(z-1a,

© %N O ;oA

10.

Review Questions

1. What is a scalar and scalar field ? Give two examples.
2. What is a vector and vector field ? Give two examples.
3. What is a unit vector 7 What is its significance in the vector representation ? How to find unit

vector along a particular vector ?

Explain cartesian co-ordinate system and differential elements in cartesian co-ordinate system.
Explain cylindrical co-ordinate system and differential elements in cylindrical co-ordinate system.
Explain spherical co-ordinate system and differential elements in spherical co-ordinate system.

What is a dot product ? Explain its significance and applications.

What is a cross product ? Explain its properties and applications.

Explain the relationship between cartesian and cylindrical as well as cartesian and spherical
systems.

How to transform the vectors from one coordinate system to other ?

S oawr !
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Given two points A (5, 4, 3) and B (2, 3, 4).
Find: i) A+B ii) AsB i) 0,; iv) AXB
v) Unit vector normal to the plane containing A and B.
vi) Area of parallelogram of which A and B are adjacent sides.
[Ans.:73, + 73, +73,, 34, 26.762°, 0.41 3, - 0.82 3, + 0.413,, 17.1464]
[Hint. : For area| A| | B| sin 6,5 =[A XB]]

If two positions vectors given are, A =-2a,-5a,-4a_ and B=2a,+ 3a,+5 @, then find,
i) AB i) a, iii) ag iv) d,g v) Unit vector in the direction from C to A where C is (3, 5, 8).

[Ans.:43, +83,+93,,-0.2983, —0.7453, —0.596 3,,— 0.324 3, + 04863, ~0.8113,,
03153, +0.633, + 0.712,, - 0.304 2, - 0.613, - 0.7323,]

Find the value of B, such that the angle between the vectors A =2a,+ a,+4a. and
B=-2a,-a,+B,a, is 45°. [Ans.:7.9]
For the vectors, A =28,~2@,+a, and B=37,+5%,-24, find A+B , AXB and show that
AXB=~(BX7), Ay -3, £ 73, 4165,
Show that A = 4&,-2a,-a and B =i, + 48, - 4@, are mutually perpendicular vectors.

[Hint. : Show A * B =0]
Find the angle between the vectors, A =2a, + 4a,-a_ and B=3a,+6 a,-4a, using dot

product and cross product. [Ans. : 18.21°]
Consider two vectors P = 4a, + 107, and Q =2+ 34,. Find the projection of P and Q.

[Ans. : 3.328]
Given the points A (x =2, y =3,z =-1) and B(r =4,® =-50°.2=2) , find the distance of A
and B from the origin. Also find distance A to B. [Ans. : 3.74, 4.47, 6.78]

Given the two points A (x = 2, y = 3, z = ~ 1) and B(r =4,0=25°¢=120°). Find the spherical
coordinates of A, cartesian coordinates of B and distance AB.
[Ans.: A (3.74, 105.5%, 56.31%), B (- 0.845, 1.46, 3.627, 5.64) 1
Transform the vector 5@, at Q (x = 3, y = 4, z = — 2) to the cylindrical co-ordinates.
[Ans.:33,-43,]

21. What is Laplacian of a scalar field 7 What is its significance.
22. Find the Laplacian of the following scalar fields :

i) W = e"*sin2x coshy [Ans.:—2¢ “gin 2x cosh y]
i) V = 10 r sin” 6 cos [Ans.: 195950 1 L2 coe0]
r
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1

w

1

2,
3.

4.

5.
6. Verify that vector field A = yza, +2x@, + xya_ is irrotational and solenoidal.

7.

10.

11.

12.

14.

University Questions

What do you mean by Scalar and Vector Fields ? Show the difference between the two.
[UPTU : 2002-03, 5 Marks]

Give the physical interpretation of gradiant and curl of a vector. [UPTU : 2003-04(A), 5 Marks]

Represent the dot product of V with vector field in spheircal co-ordinate system.
[UPTU : 2003-04(B), 5 Marks]

Give the physical interpretation of gradient, divergence and curl of a vector field.
[UPTU : 2003-04(B), 5 Marks]

Discuss the Stokes’ theorem and its application. [UPTU : 2003-04(B), 5 Marks]

[UPTU : 2005-06, 5 Marks]

Write down gradient of any scalar and divergence and curl of any vector. A in different
co-ordiante system. > [UPTU : 2006-07, 5 Marks]

IfA=aa,+2a,+107, and
B=407a.+8 @, —-20d, find out the value of o for which the two vectors become perpendicular.

[UPTU : 2006-07, 5 Marks]
Given ponts A(x =2, y=3,z=-1) and B(p = 4, ¢ = - 50°, z = 2) find the distance A to B.
[UPTU : 2006-07, 5 Marks])
Show that the vector fields
A =a, sm226 + 24, (sxr;O) and
r r
B =r cosOa, + rai, are every where parallel to each other. [UPTU : 2007-08, 5 Marks]

Express the field E = —Ai-ii, in (i) rectangular components, ii) cylindrical components.
r [UPTU : 2007-08, 5 Marks]
Write down the word statement of divergence theorem and Stokes theorem. Find out the divergence
and curl of the following function.
A = 2xy @, +x%za, +2°a, [UPTU : 2007-08, 5 Marks]

. Establish the following vector identities :

i) A(BxC) = (A0 B-(A-B)C

i) V-(VxA) = 0 [UPTU : 2008-09, 10 Marks}
Discuss the following terms as applied to vector fields :

i) Gradient

ii) Divergence £

iii) Curl and its physical interpretation [UPTU : 2008-09, 10 Marks]

QQd
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Electric Field Intensity

2.1 Introduction

Electrostatics is a very important step in the study of engineering electromagnetics.
Electrostatics is a science related to the electric charges which are static i.e. are at rest. An
electric charge has its effect in a region or a space around it. This region is called an
electric field of that charge. Such an electric field produced due to stationary electric
charge does not vary with time. It is time invariant and called static electric field. The
study of such time invariant electric fields in a space or vacuum, produced by various
types of static charge distributions is called electrostatics. A very common example of such
a field is a field used in cathode ray tube for focusing and deflecting a beam. Electrostatics
plays a very important role in our day to day life. Most of the. computer peripheral
devices like keyboards, touch pads, liquid crystal displays etc. work on the principle of
electrostatics. A variety of machines such as X-ray machine and medical instruments used
for electrocardiograms, scanning etc. use the principle of electrostatics. Many industrial
processes like spray painting, electrodeposition etc. also use the principle of electrostatics.
Electrostatics is also used in the agricultural activities like sorting seeds, spraying to plants
etc. Many components such as resistors, capacitors etc. and the devices such as bipolar
transistors, field effect transistors function based on electrostatics. Hence this chapter
introduces the basic concepts of electrostatics.

2.2 Coulomb's Law

The study of electrostatics starts with the study of the results of the experiements
performed by an engineer from the French Army Engineers, Colonel Charles Coulomb.
The experiments are related to the force exerted between the two point charges, which are
placed near each other. The force exerted is due to the electric fields produced by the
point charges.

A point charge means that electric charge which is spreaded on a surface or space
whose geometrical dimensions are very very small compared to the other dimensions, in
which the effect of its electric field is to be studied. Thus a point charge has a location but
not the dimensions. A charge can be a positive or negative. A charge is actually the
deficiency or excess of electrons in the atoms of a particle. An electron possesses a

2-1)
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negative charge. So the deficiency of an electron produces positive charge while excess of
an electron produces negative charge. The charge is measured in Coulombs (C). The
smellest possible charge is that corresponding to the charge on one electron which is
1.602x 107" C. Hence one Coulomb of charge is defined as the charge possessed by
(1/1.602x107"") ie. 6x10' number of electrons. There can be an isolated positive or
negative charge which exerts force on other charge placed in its vicinity. It is well known
that the like charges repel while unlike charges attract each other. The Coulomb's law
formulated in 1785 is related to such a force exerted by one charge on the other.

221 Statement of Coulomb’s Law
The Coulomb's law states that force between the two point charges Q; and Q,,
1. Acts along the line joining the two point charges.
2. Is directly proportional to the product (Q;Q,) of the two charges.
3. Is inversely proportional to the square of the distance between them.

Consider the two point charges Q; and Q, as
shown in the Fig. 2.1, separated by the distance R. The

PR - charge Q, exerts a force on Q, while Q, also exerts a
je——R——+} force on Q,. The force acts along the line joining Q,
and Q,. The force exerted between them is repulsive

Fig. 2.1 if the charges are of same polarity while it is attractive

if the charges are of different polarity.
Mathematically the force F between the charges can be expressed as,

F o Ql‘gz e (1)
where Q:Q2 = Product of the two charges

R = Distance between the two charges

The Coulomb's iaw also states that this force depends on the medium in which the
point charges are located. The effect of medium is introduced in the equation of force as a
constant of proportionality denoted as k.

F = k——QI‘{?Z )
where k = Constant of proportionality

22.1.1 Constant of Proportionality (k)

The constant of proportionality takes into account the effect of medium, in which
charges are located. In the International System of Units (SI), the charges Q, and Q, are
expressed in Coulombs (C), the distance R in metres (m) and the force F in newtons (N).
Then to satisfy Coulomb'’s law, the constant of proportionality is defined as,
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k = ﬁ - )
where € = Permittivity of the medium in which charges are located
The units of € are farads/metre (F/m).
In general € is expressed as,
€ = E(E, ... (4)
where €, = Permittivity of the free space or vacuum
€, = Relative permittivity or dielectric constant of the
medium with respect to free space
€ = Absolute permittivity
For the free space or vacuum, the relative permittivity €, =1, hence
€ = g
F = 41:80 Q}'{?Z . )
The value of permittivity of free space g, is,
£, = 3_:,”_t><10-9 ~8.854x10"2 F/m - (6)
kK = L = 1 =8.98x10° =9x10° m/F -
dney  4mx8.854x1071
Hence the Coulomb’s law can be expressed as,
- QQ; .. (8)

4me, R?
This is the force between the two point charges located in free space or vacuum.
Key Point: As Q is measured in Coulomb, R in metre and F in newton, the units of €,

are,
2 2
(N) (m*) N-m? N-m m
C2
But Nom = Farad which is practical unit of capacitance

Unit of ¢, = F/m

2.2.2 Vector Form of Coulomb’s Law

The force exerted between the two point charges has a fixed direction which is a
straight line joining the two charges. Hence the force exerted between the two charges can
be expressed in a vector form.
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Consider the two point charges Q, and Q, located at the points having position
vectors T; and T, as shown in the Fig. 2.2.

Fig. 2.2 Vector form of Coulomb's law

Then the force exerted by Q, on Q, acts along the direction Riz where a,, is unit
vector along Ri2. Hence the force in the vector form can be expressed as,

% Q,Q,
= e————a vee 9

FZ 4EEOR122 12 ()
where a;, = Unit vector along R;, = Vector

12 2~ Magnitude of vector

g, = —r-Rh_foh . (10)

IRlzl IRIZI Il‘z —h |

where ]I_l,zl = R = distance between the two charges

The following observations are important :

1. As shown in the Fig. 2.3, the force F is the force exerted on Q,; due to Q,. It can be
expressed as,

F = Qlez ay = Q'Qi X172 .. (11)
4neoRy; dnegR3 | § -5
ay, = -a,

Hence substituting in (11),

Bo= 2%

—a,,)=-F .. (12
4MUR%1( 21) 2 ( )

Hence force exerted by the two charges on each other is equal but opposite in
direction.

2. The like charges repel each other while the unlike charges attract each other. This is
. shown in the Fig. 2.3. These are experiement conclusions though not reflected in the
mathematical expression.
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Q Q, Q, Q,
------ -----
F1 (a) F2 F1 (b) F2

Q Q, Q, Q,

1 2
{c) (d)
Fig. 2.3

3. It is necessary that the two charges are the point charges and stationary in nature.
-

4. The two point charges may be positive or negative. Hence their signs“must be
considered while using equation (9) to calculate the force exerted.

5. The Coulomb's law is linear which shows that if any one charge is increased 'n’

times then the force exerted also increass by n times.

where n = Scalar

2.2.3 Principle of Superposition

F2 = —-F1 then nF2=-nF

If there are more than two point charges, then each will exert force on the other, then
the net force on any charge can be obtained by the principle of superposition.

QI
pa
// / 1a
- ”, /
Q - Ty ,” ll
2’\_32‘2 ’ 4
B 1’ I’
! pac DU ’
) I s Q
l'2'l i - .
’ Pl ~
I pid = ~
' Pt ~
[ 27 7 N =
: 1:4' \330
£
e R e LD b Pt Q
Origin T3 3
)
Fig. 2.4
. QQ .
QQ ~ 1Q
4neoRiq
— r—T
where A =
|T-% |

Similarly force exerted due to Q, on Q is,

Consider a point charge Q
surrounded by three other point
charges Q;, Q; and Q,, as shown in
the Fig. 2.4.

The total force on Q in such a
case is vector sum of all the forces
exerted on Q due to each of the other
point charges Q,, Q, and Q.

Consider force exerted on Q due
to Q;. At this time, according to
principle of superposition effects of
Q, and Q; are to be suppressed.

. (13)
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= Q,Q _
T = —22 3 .. (14)
%20 4neoR3o 20
where i = |;-?|
-r

And force exerted due to Q, on Q is,

= Q.Q _
Eppo = —23< 3 .. (15)
0@ 7 4ne Ry, °
where ay = |;:;3|
3

Hence the total force on Q is,
?Q = FQ] Q +F020 + FQ3Q ses (16)
In general if there are n other charges then force exerted on Q due to all other n

charges is,

FQ = FQI Q + FQZQ +...... + FQn Q .o (17)

T Q < Qr -T;

K = . .. (18
© " Ty X Ry fror] @

2.2.4 Steps to Solve Problems on Coulomb’s Law
Step 1: Obtain the position vectors of the points where the charges are located.

Step 2: Obtain the unit vector along the straight line joining the charges. The
direction is towards the charge on which the force exerted is to be
calculated.

Step 3: Using Coulomb's law, express the force exerted in the vector form.

Step 4 : If there are more charges, repeat steps 1 to 3 for each charge exerting a
force on the charge under consideration.

P4
Step 5: Using the principle of superposition, the vector sum of all the forces
calculated earlier is the resultant force, exerted on the charge under
consideration.

ymdp Example 2.1 : A charge Q; =—20 uC is located at P (— 6, 4, 6) and a charge Q, =50 pC
is located at R (5, 8, — 2) in a free space. Find the force exerted on Q, by Q, in vector form.
The distances given are in metres.

Solution : From the co-ordinates of P and R , the respective position vectors are —

P = -6a, +4a, +63,
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and R = 5a, +8a,-23,
The force on Q, is given by,
Fz = &Q%’a'_u
dnegRy,
Rz = Rer =R-P=[5-(-6)]3, +(8-9) a, +[-2-(6)3, ]

=113, +43, -84,

|Ryy| = JAD2+(#? +(-8)2 =14.1774

Yy
i, = 077583, +02821 3, -05642 3,
= —-20% 1074 x50x10°6
F2 = - a
2 = I8 8sAx10 (1 177a)E o)
= —0.0447[0.7758 &, +0.2821 &, —0.5642 &,] (D
= —0.0346 &, —0.01261 7, +0.02522 3, N )

This is the required force exerted on Q, by Q;.
The magnitude of the force is,

|F2| = (0.0346)" +(0.01261)" +(-0.02522)* =44.634 mN
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Key Point: Note that as the two charges are of opposite polarity, the force F2 is attractive
in nature. As shown in the Fig. 2.5, it acts in opposite direction to ay,, which is indicated by
negative sign in the equation (A).

imp Example 2.2 : Four point charges each of 10 puC are placed in free space at the points
(1,0, 0), (-1, 0, 0), (0, 1, 0) and (0, — 1, 0) m respectively. Determine the force on a point
charge of 30 pC located at a point (0, 0, 1) m.

Solution : Use the principle of superposition as there are four charges exerting a force on
the fifth charge. The locations of charges are shown in the Fig. 2.6.

p lQ(0.0J)

7l
i o~ Q

i NN 0 2
- // / \\ ~ (-1,0.0)
Rsa Ve / N\ B

7/ / N\ L '
7/ / 1 N7
7 ] /K
7/ , N\
/ / i N -
/ , ,l 1 \ R3Q
/ / i \Q !
/ -~ 3
D 17 7 L o
Q(0-1.0) R,/ 0 C(0,1.0)

10

1

Q
‘A
(1.0,0)
Fig. 2.6

The position vectors of four points at which the charges Q; to Q, are located can be
obtained as,

A=a,, B=-3,, C=3, and D=-3,

while position vector of point P where charge of 30 uC is situated is,

P = a,
Consider force on Q due to Q, alone,
. _ QQ| = _ QQ1 ﬁlQ
Fi = ———a,= 2 1w
41’[80R1Q 41T£0R1Q I R‘IQ I
where Rig = P-A=3,-3, and |Rio |=\/12 +1%2 =2
B o= 30x107%x10x107% [a‘, —a‘,]
47x 8.854x 10712 x(ﬁ)z V2

0.9533 [3, -a, ] w (1)



Electromagnetic Field Theory 2-9 Electric Field Intensity

It can be seen from the Fig. 2.6 that due to symmetry,

|Rie| = |Rzo| = |Rae]| = |Re| = V2
_ — — R 4
Now Rio = P-B =a,+3,, a,,=17,+3,/V2
R = P-C =3a,-3a,, da,5=3,-3,/+2
Rig = P-D =13,+3,, a4 =3,+3,/V2
F2 = Force on Q due to Q, = Qsz a0
negR3q
F3 = Force on Q due to Q5 = QQ32 330
nEgR30
Fs = Force on Q due to Q, = Q?;z 340
0*4Q
QQ2 _ QQ3 _ QQ4 _ 30)(10_6)(10)(10_6 - 1.3481
4megR3g amegRyy  4megRig 4nx8.854x10“2x(«/5)2
- (2, +2a, ]
F2 = 13481 [=—*[=0.9533 (7, +a, - (2
—75 ( ) @
- 3, -3, ] o
Fs = 13481 =5 |=09533 (a.-3,) - (3)
_ '5,+5Y'_ _ 4
Fs = 1.3481 5 =0.9533 (7, +3,) . (@)

Hence the total force F, exerted on Q due to all four charges is vector sum of the
individual forces exerted on Q, by the charges.

F, = F+E+EK+F

= 09533 [a, -3, +3, +3, +3, -2
2.3 Electric Field Intensity

Consider a point charge Q, as shown in Fig. 2.7 (a).

y+a, +a,| =3813a, N

*
oA

(b)
Fig. 2.7 Electric field
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If any other similar charge Q, is brought near it, Q, experiences a force. Infact if Q,
is moved around Q;, still Q, experiences a force as shown in the Fig. 2.7 (a).

Thus there exists a region around a charge in which it exerts a force on any other
charge. This region where a particular charge exerts a force on any other charge located in
that region is called electric field of that charge. The electric field of Q; is shown in the

Fig. 2.7 (b).
The force experienced by the charge Q, due to Q, is given by Coulomb's law as,
F Q,Q;

Fz = a
dmg RL,

Thus force per unit charge can be written as,

FZ Q] —
- 3 . (1
Q2  4me,REL @

This force exerted per unit charge is called electric field intensity or electric field
strength. It is a vector quantity and is directed along a segment from the charge Q, to the
position of any other charge. It is denoted as E.

- Q .
E = —— een 2
47(8()R12P 1p . ()

where p = Position of any other charge around Q,

The equation (2) is the electric field intensity due to a single point charge Q, in a free
space or vacuum.

Another definition of electric field intensity is the force experienced by a unit positive
test charge i.e. Q, = 1C.

Consider a charge Q; as shown in the Fig. 2.8. The unit positive charge Q, = 1C is
placed at a distance R from Q,. Then the force acting on Q, due to Q, is along the unit
vector ag. As the charge Q, is unit charge, the force exerted on Q, is nothing but electric
field intensity E of Q, at the point where unit charge is placed.

Fig. 2.8 Concept of electric field intensity
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Q

= a
4ne,R2 R

ol

. (3)

If a charge Q, is located at the center of the spherical coordinate system then unit
vector ap in the equation (3) becomes the radial unit vector a, coming radially outwards
from Q,. And the distance R is the radius of the sphere r.

E-_2

dme, 1

5 @, in spherical system . (4)

2.3.1 Units of E
The definition of electric field intensity is,

= _ Force _(N)Newtons
~ Unit charge (C) Coulomb

Hence units of E is N/C. But the electric potential has units J/C i.e. Nm/C and hence

E is also measured in units V/m (volts per metre). This unit is used practically to express
E

2.3.2 Method of Obtaining E in Cartesian System

Consider a charge Q, located at point A(x,,y;,z;) as shown in the Fig. 29. It is

required to obtain E at any point
z B(x,y, 2) in the cartesian system. Then E
at point B can be obtained using
following steps :

(xy.2) _»E ) »
- B Step 1 : Obtain the position vectors
Ag |2 - B f points A and B
(X4.¥1.24) 8( < of points A an 'B. -
B 8 s Ty =A while T5=B from
A 0 their co-ordinates

B = x3, +yd, +23,.
Fig. 2.9 E In cartesian system Step 2 : Find the distance vector R
directed from A to B.

R = B-A =(x-x)3, +(y-v,)a, +(z-2,)3,
Step 3 : Find the unit vector ay along the direction from A to B.

5R=

R
IR

=il ol
Lk
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Step 4 : Obtain the E at the point B as,

“idme, R 4ney R? |R|
where R? = |R|? = Distance between the points A and B

Step 5 : Magnitude of E is given by,
|E| = ~ 9  v/m

4mey R?

Substituting R and | R| interms of the cartesian co-ordinates of A and B, the required
electric field intensity E at the point B can be obtained.

2.3.3 Electric Field due to Discrete Charges

Similar to a force exe_rteél on a charge due to n number of charges is the vector sum of
the individual force exerted by each charge, the electric field at a point due to n number of
charges is to be obtained using law of superposition.

Consider n charges Q,, Q, ... Q,, as shown in the Fig. 2.10. The combined electric field
intensity is to be obtained at point P. The distances of point P from Q;,Q, ...Q, are
R, R,, ...R, respectively. The unit vectors along these directions are ag,;,ag;...... agn,
respectively.

Fig. 2.10 E due to n number of charges

Then the total electric field intensity at point P is the vector sum of the individual field
intensities produced by the various charges at the point P.

: E = E +E,+E; +...+E,
Ql = Q2 = Qn =

+ apy +...+ ag
4ney R2 4mgyR2 "

= ————2
2 “R1
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= 21, 2 i ")
Each unit vector can be obtained by using the method discussed earlier
— Tp I
B P |
where fp = Position vector of point P

Position vector of point where charge Q; is placed.

il
]

2.3.4 Important Observations
The important observations related to E are,
1. E around a charge Q; is directly proportional to the charge Q,.

2. E around a charge Q, is inversely proportional to the distance between charge Q,
and point at which E is to be calculated. More is the distance less is the electric
field intensity and less will be the force experience by a unit charge placed at that
point.

3. The field intensity E at any point and force F exerted on a charge placed at the
same point are always in the same direction.

4. Placing unit charge is a method of detecting the presence of electric field around a
charge. Without any unit test charge placed nearby, every charge has its electric
field always existing, around it.

5. The test charge placed must be small enough so that the electric field intensity E to
be measured should not get disturbed.

ymp Example 2.3 : Determine the electric field intensity at P(- 0.2, 0, — 2.3) m due to a point
charge of +5 nC at (3(0.2, 0.1, — 2.5) m in air.
/

Solution : E-—2 37, 2
4me R2
- Ror

ag |

3:1!

=l

[7-g
P-Q =(-02-02)a, +(0-01)a, +[-23-(-25)]a, X o
-04a, -01a, +023,
043, -01a, +023,
J(—04)2 +(01)% +(02)?

1
1l
&
~

043, -013, +023,
045825
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= —08728a, —02182a, +04364a,
R = |P-Q|= 045825

_ -9
E = >x10 —[Ag] =214 3
4nx 8.854x 10712 x (0.45825)

Substituting value of ag,

E = -186.779a, -46.6943, +93.389 3, V/m
This is electric field intensity at point P.

mmdp Example 2.4 : Calculate the field intensity at a point on a sphere of radius 3 m, if a
positive charge of 2 ©C is placed at the origin of the sphere.

o]

r=3

Fig. 2.12
/

Solution : Let us use spherical co-ordinate system.

The sphere of radius r = 3 m.
R=r=3m

And E acts radially outwards along the unit vector a, in spherical co-ordinate system.

ag = a, in this case.
E = Q a
4“80 1'2
_ -6
E = 2x10 _

47 8.854x10712 x(3)?

= 199723, kV/m

Note that in this case a, is specifically unit vector in spherical co-ordinate system,
which is special case of general ag.
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imp Example 2.5 : A charge of 1 C is at (2, 0, 0). What charge must be placed at (- 2, 0, 0)
which will make y component of iotal E zero at the point (1,2, 2) ?

Solution : The various points and charges are shown in the Fig. 2.13.

r4

4

Q, B-200)
-~ l agp
I” 4
- ,” IIR
ap oL~ ’l BP -y
[
I
S === F(1,22)
A(2.0.0)
X
Fig. 2.13

The position vectors of points A, B and P are,
A = 2a,, B=-2a,

P = 3, +23,+23,
E, is field at P due to Q,, and will act along a,p. Eg is field at P due to Q, and will
act along agp.

- P-A
Ey, = & 5~ Aap = &, ==
dmey Rip 4me Ry |P-A|
= ~ Q - Q P-B
EB = ___2_2_aBP= 2 3 X—=
dmey RE, 4neoRip |P-B|

= T T 1 (Q P-A  Q, P-B
-~ EatP=E, +Eg = e ———
dneg RAPIP—A P-B|

1 1[-a, +2a, +2a,] ' Q. [3a, +2a, +24,]
AnE [(v9)2 ()2 +(D%+(22 (V17)2 (37 +(22 +(2)2

1 -a, +2a,+2a, Q.[3a,+2a, +2a,]
= Ine, 27 00927

The y component of E must be zero.
2 2Q, _ 0

27 V500927
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2 700927 _
Q, = -;_)_7)( 5 =-2.596 C

This is the required charge Q, to be placed at (-2, 0,0) which will make y component
of E zero at point P.

2.4 Types of Charge Distributions

Uptill now the forces and electric fields due to only point charges are considered. In
addition to the point charges, there is possibility of continuous charge distributions along
a line, on a surface or in a volume. Thus there are four types of charge distributions which
are,

1. Point charge 2. Line charge 3. Surface charge 4. Volume charge

2.4.1 Point Charge

It is seen that if the dimensions of a surface carrying charge are very very small
compared to region surrounding it then the surface can be trcated to be a point. The
corresponding charge is called point charge. The point charge has a position but not the
dimensions. This is shown in the Fig. 2.14 (a). The point charge can be positive or
negative.

2.4.2 Line Charge

It is possible that the charge may be spreaded all along a line, which may be finite or
infinite. Such a charge uniformly distributed along a line is called a line charge. This is
shown in the Fig. 2.14 (b).

Q,
+@®
Q,
-®
Q
+@® 3
(a) Point charges (b} Line charges

Fig. 2.14 Charge distributions
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The charge density of the line charge is denotcd as p; and defined as charge per unit
length.

Total charge in coulomb

= (C/m)

Total length in metres

PL

Thus p, is measured in C/m. The p; is constant all along the length L of the line
carrying the charge.

2.4.21 Method of Finding Q fromp,

In many cases, p; is given to be the function of coordinates of the line i.e. p; =3x or
pL =4y? etc. In such a case it is necessary to find the total charge Q by considering
differential length dI of the line. Then by integrating the charge dQ on di, for the entire
length, total charge Q is to be obtained. Such an integral is called line integral.

Mathematically, dQ = p; dI = charge on differential length dI
Q = [dQ=[p.dl (1)
L L

If the line of length L is a closed path as shown in the Fig. 2.14 (b) then integral is
called closed contour integral and denoted as,

Q= §p. dl o (2)
L

A sharp beam in a cathode ray tube or a charged circular loop of conductor are the
examples of line charge. The charge distributed may be positive or negative along a line.

wmp Example 2.6 : A charge is distributed on x axis of cartesian system having a line charge
density of 3x2 WC/m. Find the total charge over the length of 10 m.
Solution : Given p; =3x?pC/m and L = 10 m along x axis.

The differential length be dI = dx in x direction and corresponding charge is
dQ=p, dl=p; dx

@
I

10 3 10
IpLM=Isﬂdx=F%J
L 0 = Jo

1000 pC =1 mC

2.4.3 Surface Charge

If the charge is distributed uniformly over a two dimensional surface then it is called a
surface charge or a sheet of charge. The surface charge is shown in the Fig. 2.15.

The two dimensional surface has area in square metres. Then the surface charge
density is denoted as pg and defined as the charge per unit surface area.
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++FFE
RIS
+H++ 4
AR Y
R L Rk
Rk S
R LI R

Ps

Fig. 2.15 Surface charge distributions

Ps =

Total charge in coulomb

Total areca in square metres

(C/ mz)

Thus pg is expressed in C/ m?. The pg is constant over the surface carrying the charge.

24.3.1 Method of Finding Q from pg

In case of surface charge distribution, it is necessary to find the total charge Q by
considering elementary surface area dS. The charge dQ on this differential area is given by
ps dS. Then integrating this dQ over the given surface, the total charge Q is to be

obtained. Such an integral is called a surface integral and mathematically given by,

Q = [ dQ=] ps dS
S S

w (3)

The plate of a charged parallel plate capacitor is an example of surface charge
distribution. If the dimensions of the sheet of charge are very large compared to the
distance at which the effects of charge are to be considered then the distribution is called

infinite sheet of charge.

2.4.4 Volume Charge

If the charge distributed uniformly in a volume then it is called volume charge. The
volume charge is shown in the Fig. 2.16.

-+ ++ pv

Fig. 2.16 Volume charge distribution
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The volume charge density is denoted as p, and defined as the charge per unit
volume.

Total charge in coulomb ( C )

pv = Total volume in cubic metres

m3

Thus p, is expressed in C/ m3.

2441 Method of Finding Q fromp

In case of volume charge distribution, consider the differential volume dv as shown in
the Fig. 2.16. Then the charge dQ possessed by the differential volume is p,dv. Then the
total charge within the finite given volume is to be obtained by integrating the dQ
throughout that volume. Such an integral is called volume integral. Mathematically it is
given by, .
Q= [p,dv - @)

vol

The charged cloud is an example of volume charge.

Key Point: In all the integrals line, surface and volume a single integral sign is used but
practically for surface integral it becomes double integration while to integrate throughout the
volume it becomes triple integration. Similarly pg and p, can be functions of the co-ordinates
of the system used e.g. pg = 4xy Cim?, p, =20z¢ 0% Chm® ete.

mmp Example 2.7 : A volume charge density is expressed as p, =10z% xsin ny. Find the total

charge inside the volume (-1 <x <2), (0<y<1), (3<z<3.6)
[UPTU, 2003-04, 5 Marks]

Solution :p, =10z%xsinny C/m?3
Consider differential volume in cartesian system as,

dv dx dy dz

Il

dQ = p, dv=10z’xsinny dx dy dz

a6 1 2
Q = _fp‘, dv = J' J' _[ 10z%3xsinmy dx dy dz

vol z=3 y=0 xa-1

= 1015 |5 |-
K} d-1 n 0

36 33114 1 cosnt cos0
=
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2.5 Electric Field Intensity due to Various Charge Distributions

It is known that the electric field intensity due to a point charge Q is given by,
E--—2 3

4meyR?2

Let us consider various charge distributions.

2.5.1 E due to Line Charge

Consider a line charge
distribution having a charge density
p. as shown in the Fig. 2.17.

The charge dQ on the differential
length di is,
dQ =p, dl

Hence the differential electric
field dE at point P due to dQ is
given by,

Line charge

Fig. 2.17

py dl
dne, R?

d—' = dQ ZER =
dnegy R

ag v (D)

Hence the total E at a point P due to line charge can be obtained by integrating dE
over the length of the charge.

_ J‘ _pr o dl
41u—:0R2

(2

The ag and dl is to be obtained depending upon the co-ordinate system used.

2.5.2 E due to Surface Charge

Consider a surface charge distribution
having a charge density ps as shown in the
Fig. 2.18.

The charge dQ on the differential surface
area dS is,

dQ=deS
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Hence the differential electric field dE at a point P due to dQ is given by,
dE = —9Q 5 _ Ps® 5
4mey R? "1 ne, R2

. (3)
Hence the total E at a point P is to be obtained by integrating dE over the surface area

on which charge is distributed. Note that this will be a double integration.

_PsdS
| -

The @y and dS to be obtained according to the position of the sheet of charge and the
coordinate system used.

2.5.3 E due to Volume Charge

dv ke 0 Consider a volume charge distribution having
& +:+ ot Y a charge density p, as shown in the Fig. 2.19.
? . ot The charge dQ on the differential volume dv
.: ++ §R+ is,
+ *

R dQ = p, dv

PN\E Hence the differential electric field dE at a
Fig. 2.19 point P due to dQ is given by,
dE - dQ 2 ER = p‘ dv —R wee (5)
41tegy R 4mey R?

Hence the total E at a point P is to be obtained by integrating dE over the volume in
which charge is accumulated. Note that this integration will be a triple integration.

= p.dv _
E = —_— ap ... (6)
V-L 4ney R?

The ag and dv must be obtained according to the co-ordinate system used.

Thus if there are all possible types of charge distributions, then the total E at a point is
the vector sum of individual electric ficld intensities produced by each of the charges at a
point under consideration.

E!Ohl = EP +El +—ES +Ev cen (7)
where EP,E,,TES and —E—v are the ficld intensities due to point, line, surface and volume
charge distributions respectively.

Let us discuss and learn the method of obtaining electric field intensities under widely
varying charge distributions.
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2.6 Electric Field due to Infinite Line Charge

Consider an infinitely long straight line carrying uniform line charge having density py
C/m. Let this line lies along z-axis from —eo to e and hence called infinite line charge Let
point P is on y-axis at which electric field intensity is to be determined. The distance of
point P from the origin is 'r' as shown in the Fig. 2.20.

Consider a small differential length d! carrying a charge dQ, along the line as shown
in the Fig. 2.20. It is along z axis hence d! = dz.

z
=4
I

PL—>

002) d g

Flg. 2.20 Field due to infinite line charge

z ~dQ=p, dl=p dz .. (1)
' The co-ordinates of dQ are (0, 0, z) while
@t the co-ordinates of point F are (0, r, 0). Hence
RN 3 the distance vector R can be written as,
a’ \\\\ i - —R = EP _f(" =[l‘5y —Ziz]
. IR | = Vr?+22
== Y — — —
N _ R ra,-za
P ~ Bp= o=t (2
o E, IR| rl+z
:. EZ1 d E = dQ _R
47ngy R?
I - - - =
L Egl=IEal S 1% N [“‘Y Za‘] -3
Equal and opposite 2, .2 N +22
hence cancelpo 4“:80( r+z z

Fig. 2.21
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Note : For every charge on positive z-axis there is equal charge present on negative
z-axis. Hence the z component of electric field intensities produced by such charges at
point P will cancel each other. Hence effectively there will not be any z component of E at
P. This is shown in the Fig. 2.21.

Hence the equation of dE can be written by eliminating 3, component,

= Py, dz ra
dE = 5
dng, (Jr2 +22)

(@)

y
r? 422

Now by integrating dE over the z-axis from —c to = we can obtain total E at point P.

o

J

Pr
372
4mey (r? +2?)
Note : For such an integration, use the substitution

_ oz
tan 0

E =

rdzay

z rtan9® ie. r

dz r sec? 6 dO
Here r is not the variable of integration.

For z = —es, 0 =tan™}(~o) = ~n/2 = ~90°

} Changing the limits
For z =+, O=tan™ () =n/2=+90°

n’'2

¥ PL 2 =
E = = rxrsec” 6 do a
oo sz 4TEQ [r? +12 tan? 6]%/2 y
Py "jz r?sec? 0d0 =
© 4ngy ) rifletan?epP? Y
But 1+tan?0 = sec? 6
. P /2 sec26d05,
dneg 7 rsec’® 7
/2
_p T = o ) = L
= Zmer —;!lzcose doa, sec 0 = o5 0
— Pi. : ri2 = _ P : E__ : :_T_t Y
= Tresr [smﬂ_n,zay = Ine, T [sm2 sm( 5 )] a,
= _—p]‘ —(— a =..-‘?.'_‘..__ 3
T 4me rl (-Dla, rusorxzay
E=-Pl_a V/m . (5)
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Key Point: If without considering symmetry of charges and without cancelling z
component from dE, if integration is carried out, it gives the same answer. The integration
results the z component of E to be mathematically zero.

The result of equation (5) which is specifically in cartesian system can be generalized.
The @, is unit vector along the distance r which is perpendicular distance of point P from
the line charge. Thus in generala, =a,.

Hence the result of E can be expressed as,

E = .1 _3
E = 21t€0ra' V/m .. (6)

where r = Perpendicular distance of point P from the line charge
a, = Unit vector in the direction of the perpendicular distance of point P
from the line charge

Very importaxl'lt notes : 1. The field intensity E at any point has no component in the
direction parallel to the line along which the charge is located and the charge is infinite.
For example if line charge is parallel to z axis, E can not have @, component, if line charge
is parallel to y axis, E can not have a, component. This makes the integration calculations
easy.

y

2. The above equation consists r and a, which do not have meanings of cylindrical
co-ordinate system. The distance r is to be obtained by distance formula while a, is unit
vector in the direction of T.

Key Polnt: This result can be used as a standard result for solving other problems.

) Example 2.8 : A uniform line charge, infinite in extent with py = 20 nC/m lies along the
z axis. Find the E at (6,8,3) m.

Solution : The line charge is shown in the Fig. 2.22. z
Any point on the line is (0,0,z).
. , . .= P(6.8.3
Key Point: As line charge is along z axis, E can o= /N ° 6.8.3)
not have any component along z direction. So do not 2‘6 nC/m
consider z co-ordinate while calculating t.
y

T = (6-0)a, +(8-0)a,

_ 7 65,+85y 65,‘+85y x
a, = — = =
II'I “62 +8?. 10
= 0'651 +0.8 5)’ Fig- 2'22
Thus, E = Pr a,
2negr
20%x107°

= 0.6a_+08 a_]=107853a .38 a
21tx8.854x10‘12><10[ a, +08 a ] =107853a, +14.38 a, V/m
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2.7 Electric Field due to Charged Circular Ring

Consider a charged circular ring of radius r placed in xy plane with centre at origin,
carrying a charge uniformly along its circumference. The charge density isp; C/m.

The point P is at a perpendicular distance z' from the ring as shown in the Fig. 2.23.

Consider a small differential length d!
on this ring. The charge on it is dQ.

e ppdl
dE = ——— . (1
dne, RZ X M

where R = Distance of point
P from dl.

Consider the cylindrical co-ordinate
system. For dl we are moving in ¢
direction where dI = r d¢.

dl = rdo .. (2)

Now R? = 1242

inwards i.e. -ra,.

Fig. 2.23(a)

IR} = \/(—r)2+(z)2 = r? +22
Fq = l—{ -ra, +za,
IR| r? +22
dE = p, dl -ra, +za

X
[.,2) r? +z?2
41u=_0( r°+z ) -

Fig. 2.23

... from Fig. 2.23

While R can be obtained from its two
components, in cylindrical system as shown in the
Fig. 2.23(a). The two components are,

1) Distance r in the direction of —-a,, radially

2) Distance z in the direction of @, ie. za,

R=-ra, +z3a, w (3)
Key Point: This method can be used conveniently to
obtain R by identifying its components in the direction
of unit vectors in the co-ordinate system considered.

- (4)

. (5)
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41q'.£0(r2 +22)

[-ra, +z3,] . (6)

Note : The radial components of E at point P will be symmetrically placed in the plane
parallel to xy plane and are going to cancel each other. This is shown in the Fig. 2.23 (b).
Hence neglecting a, component from dE we get,

z component of E dE = pr (rdd) = )
= )
Radial components dme, (r2 +z2 ) a2
are symmetrical

cancelling -
each other R — pL rdo _

,u,';\‘\ - E= —— 377 %%

I

/‘;illl ] \\\\\‘\\\ &=0 41‘80 (r +2Z )
272070 Moy AN

PL T = 2n
= za, [¢]
4me, (r? +zz)3/2 =

... Integration w.r.t. ¢

% - PLTz =
] ~|E = T 3T Az '(8)
Fig. 2.23 (b) 2g0 (r? +22)

where r = Radius of the ring :
z = Perpendicular distance of point P from the ring along

the axis of the ring
This is the electric field at a point P (0, 0, z) due to the circular ring of radius r placed

in xy plane.
mp Example 2.9 : Prove that the electric field intensity at a point P located at a distance r

from an infinite line charge with uniform charge density of p, C/m is, E = 215'.,:: - a, in
0

cylindrical co-ordinate system.

Solution : Consider that the line charge is

located along z axis as shown in the
Fig. 2.24 (a).

Consider the differential length dI
carrying the charge dQ.

Now dl =dz .. Along z axis

s dQ=p  dl=p, dz

o di = _dQ__. ER
4ney R

Fig. 2.24 (a)
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In cylindrical co-ordinate system the distance vector R has two components as shown
in the Fig. 2.24 (b).

1) The component along negative z
direction i.e. — z a,

2) The component along a, which is
r a,. (Radial component).

- R=ra,-z3a,
IR| = (r)* +(-2)* =Vr? +2?
_ R ra, -za,
. aR = = = = =
Fig. 2.24 (b) IR] r2+.°
4E = p. dz [ri, —25,]
Vri+z?

2
4me, (\lr2 +z%)

Hence E can be obtained by integrating dE along z axis from —ee to . It can be noted
that due to symmetry z component will cancell in E but let us prove it mathematically.

— il pL dz = -
E = [ra, -za,]
z;[.., dney(r? +zz)3/2
P |} rdz _ T zdz = . iabl
T 4me, [_-[u (r2+zz)3/2 a, _,[“ (r2+zz)3/2 az} - Separating variables
. _z
Put z =rtan® ie r= e
dz = rsec?0d6
For z=-c, 0=tan!(~e)=-1=-90° o
2 ... Change of limits
For z = +e, 6 =tan™! () =+; = +90°
. E=-PL BT'Z r x rsec’ 0d0a, BTZ rtan Orsec? 0d0 a,
4 e, 0= —ns2 (rz +r2tan? 0) 32 0=—n/2 (r2 +r?tan? 9) 32

oL { 0=mI2 2 cor? 6dea, _ °=j."2 rtanOrsec’ 0d0 a,

I 3 3 3 ...3
ooz T S€C 0 0= ns2 r’sec” 8

} wl1+tan?20 =sec? 0
4EEO

6=n/2 6-n/2 .
=_PL { { ! _des, - { 1sin6 1 dOE,_}

rsec@ r cos0 secH
0=—n/2 0=—n/
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o=m/2 o=rs2
= -BL [ -cosedea,~ [ —sinedos, _ = 050
dngy r r secO
0=-n/2 O==n/2
41«'.5(, -—{[sm G]“f,z— ~[~cos @)™ n’2 a }
=P l sinl-t—sin _I a, —|—cos r —cos——E a
B 41tF_0 T 2 2 r 2 2 z
Po 1 - n_ T
4n£0 {1-(-1)]a, -0} .. as cos2 =Cos 3 =0
T - _ P =
E = 41t£0 r( )a = Tne.t a, .. Proved.

Note : Mathematically also z component is getting cancelled. Hence looking at the
symmetry and cancelling the terms, makes the mathematical exercise much more easier.

mmp Example 2.10 : A uniform line charge p; = 25 nC/m lies on the line x=-3 m and
y=4 min free space. Find the electric field intensity at a point (2, 3, 15) m.
Solution : The line is shown in the Fig. 2.25. The line with x = - 3 constant and y = 4
constant is a line parallel to z axis as z can
P(2.3.15) take any value. The E at P (2, 3, 15) is to be
calculated.

The charge is infinite line charge hence E
can be obtained by standard result,

5 [
E=
2neyr Ar
ok. y To find T, consider two points, one on the

line which is (-3, 4, z) while P (2, 3, 15). But as
line is parallel to z axis, E can not have

x component in a, direction hence z need not
- be considered while calculating T.
Fig. 2.25
r = [2-(-3)]a, +[3-4]3, =54, -3, ...  not considered

= JE)+(-1)? =V

i=55x —Ey

’ H J26

Py 1 [5a,-&a,| 25x10~ [5a, -a, ]
2rey 26| 26 T 2% 8.854%10 12 x 26

86.42 3, —17.2843, V/m

lall
|

!
1

rrif
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2.8 Electric Field due to Infinite Sheet of Charge

Consider an infinite sheet of charge
having uniform charge density pg
C/ m?, placed in xy plane as shown in
z =0, xy plane . . .
the Fig. 2.26. Let us wuse cylindrical
coordinates.

The point P at which E to be
calculated is on z axis.

Consider the differential surface area
dS carrying a charge dQ. The normal
direction to dS is z direction hence dS

Fig. 2.26 normal to z direction is r dr d¢.
Now dQ = Pg ds = Psg I dr d¢ e (1)
= drd
Hence, aE = 99 5 PsTrL )
4reg R 4neg R

.The distance vector R has two components as shown in the Fig. 2.27.

r4

a, R
0 -y
r
g & X
Fig. 2.27

1. The radial component r along —a, i.e. - ra,.
2. The component z along &, ie. z4d,.

With these two components R can be obtained from the differential area towards point
P as,

R = -rd, +.3a, )]
| R| = J(—r)2 +(z)? =r?+2z2 .. (4)
5o = R -ra, +za, )

IR] r? +z2
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dE -

Ps rdrd¢ [—ri,+ziz]
=

ameq (JeTre?)’ L vz

i For infinite sheet in xy plane,
r varies from 0 to o while ¢
varies from Q0 to 2R

Note : As there is symmetry
about z axis from all radial
direction, all a, components of E
are going to cancell each other
and net E will not have any
radial component.

Hence while integrating dE
there is no need to consider a,
component. Though if considered,
after integration procedure, it will
get mathematically cancelled.

2t e
= pgrdrdo _
dE = za,
'([ { dmey(r? +22)¥? )

Put r?2+z2=u? hence 2rdr=2udu

For r=0, u=z and r=e, u=e ... Changing limits

r
2n
E-]
0

= Ps g (zsz)[—é-(-l)]=a-9§g;(2n)sz

4nEg, z n

E = 2‘)75 a, V/m .. For points above xy plane
0
Now a, is direction normal to differential surface area dS considered. Hence in general
if a, is direction normal to the surface containing charge, the above result can be
generalized as,
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E=2P2s3
E = T a, V/m ... (6)

where a, = Direction normal to the surface charge

Thus for the points below xy plane, a, =- a, hence,

E = -szs a, V/m ... For points below xy plane.
0

Note : The equation (6) is standard result and can be used directly to solve the
problems.

Key Point: Thus electric field due to infinite sheet of charge is everywhere normal to the
surface and its magnitude is independent of the distance of a point from the plane containing
the sheet of charge. ]

Important Observations :

1. E due to infinite sheet of charge at a point is not dependent on the distance of that
point from the plane containing the charge.

2. The direction of E is perpendicular to the infinite charge plane.
. 3. The magnitude of E is constant every where and given by |E| =pg / 2¢,.

ymp Example 2.11 : Charge lies in y = — 5m plane in the form of an infinite square sheet
with a uniform charge density of ps =20 nC/m?. Determine E at all the points.

Solution : The plane y = — 5 m constant is parallel to xz plane as shown in the Fig. 2.29.

Z
)

Ps

Plane
y=-5 %

Fig. 2.29

For y > - 5, the E component will be along +3, as normal direction to the plane

y=—5misiy.
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F = Ps 3 _Ps o
E_Zeoa“—Z a,

-9
- _20x10 3. =112943 3

Vv
2% 8.854x10712 Y y V/m

For y < -5, the E component will be along -—;T direction, with same magnitude.

E = EEJ (—a )=-112943a, V/m

-

At any point to the left or right of the plane, |E| is constant and acts normal to the
plane.

P Example 2.12 : Find E at P (1, 5, 2) m in free space if a point charge of 6 uC is located
at (0,0,1), the uniform line charge density p, = 180 nC/m along x axis and uniform sheet
of charge with ps =25 nC/m’ over the plane z=-1.

Solution : Case 1 : Point charge Q; =6 uCat A (0,0, 1) and P (1, 5, 2)

T - Q, = Q, RAP
E, = ———=—ap=
4neg Ryp dney R2, || Rypl
Ry = (1-0)3, +(5-0)3a, +(2-1)3, =3, +53, +3,
| Reel = J(1)* +(5)° +(1)* =v27
E - 6x1076 [5, +5a, +Ez]
4nx 8.854x102 x (VZ7 ) 27
E, = 3843753, +1921.8793a, + 3843753, V/m

Case 2 : Line charge p; along x axis.

It is infinite hence using standard result,
E - PL 5 _ _PL T

27 2meggr T 2neyr |7

Consider any point on line charge i.e. (x, 0, 0) while P (1, 5, 2). But as line is along x
axis, no component of E will be along a, direction. Hence while calculating ¥ and a,, do
not consider x co-ordinates of the points.

T = (5-0)a, +(2-0)a, =5a,+2a,
= P [ssy +2az] 18010 [5a, +2a,]

2neyx29 | 29 2mx 8.854x 1012 x 29
557.859 a, + 223.1443, V/m

o 1]
]
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Case 3 : Surface charge pg over z
the plane z = - 1. The plane is
parallel to xy plane and normal
direction to the plane is a, =a,, as
point P is above the plane. At all the
points above z = — 1 plane the E is
constant along a, direction. = -y

o P(1.5,2)

o

E3=_Fﬁ_in /

280 % ’,.’_.

25x107°  _ . ol
2% 8.854x10°12  *
1411.7913 a,V/m

Hence the net | E at point P is,
E=F +E,+E, 3843753, + 1921.879 &, + 384375 7, + 557.859 &,

+ 223144 d, + 1411.7913 a,
= 384.375 a, + 2479.738a, + 201931033, V/m

Fig. 2.30

nmp Example 2.13 : The charge lies on the circular disc r<4 m z=0, with density
ps=[10"4/r] C/m?. Determine Eat r =0,z =3 m.

Solution : The sheet of charge is shown in the Fig. 2.31.

r4
J\ -~

1P(0.0,3)

i

ds

Fig. 2.31

Consider the differential area dS carrying the charge dQ. The normal direction to dS is
a, hence dS, = rdrdo.

dQ = p,; dS=pgrdrdd
-
= 1—0r—-rd:d(p
dQ = 107 drd¢é
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-4
4E = 10 dcmq)_R
4negy R

Consider R as shown in the Fig.2.32, which has two components in cylindrical system,

z

Fig. 2.32
1. The component along —-a, having radius r i.e. —ra,.

2. The component z = 3 along a, ie. 3 a,.

R = -ra, +3a,
IR| = J (-1)? +(3)* =Vr?+9
_ -ra_, +3a,
aR =
|R| r2 +9
- 104%drdp [-ra, +3a,
dE = 3 -
4neo(Jr2+9) vr?+9

It can be seen that due to symmetry about z axis, all radial components will cancell
each other. Hence there will not be any component of E along a,. So in integration &,
need not be considered.

- m 4 107 dr dé _
E = 3a,
¢Io rjo 47“'4)(" 9) 2 ( )

As there is no r dr in the numerator, use
r = 3tn@ dr=3sec?0do } ... Change of limits

For r=0, 0, =0

For r=4, 0,=tan'4/3
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E =

=%
It

Now 0 2

6=0 0 =0

02 107 3sec? 0 dO do

4re, [9tan? 0+9]

(33,)

372

92 2995914x102 sec? 0d0 dod _

¢=00)=0°

1.8823 x 10° sin 0, a,

4 . 4
tan ! 3 be tan 0, = 3
4
5= 0.8

1.8823x10°x 0.8 a,
1.5059 x 10® a, V/m
15059 a, MV/m

Examples with Solutions

mudp Example. 2.14 :

a
o=0 0;=0° [1+tanz 9] 372 4
0 3
299.591;1(;(10 0 doF,

n 0
| f 299.5914x10 % d0d¢[cos 0]a,
°=0 91 =0 '

299.5914 % 103 [¢]2* [sin 01§f=o= i,

... Separating variables

..8in0°=0

Fig. 2.33

Q, and Q, are the point charges located at (0,-4, 3) and (0,1,1). If Q,

is 2nC, find Q, such that the force on a test charge at (0,-3,4) has no z component.

Solution : The charges are shown in the Fig. 2.34.

Fig. 2.34
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The position vectors of the points A, B and C are,

A = —4a,+33,

B = a +a,

C =-3a,+44,

r
Qo

1]
@l
>

=a, +a,

and R,q = C-B=-4a, +33,

|Rig| = J(1)*+(1)* =2
and Ry = (-4)*+(3)* =
= _ QQ .
E = F d t = ———e
) orce on Q due to Q, Tney Rig aq
d E = Force ducto Q, =— 2223
an 2 on Q Q. an EoRzo 2Q
Tz Q [Q . ,Q
. Ft = El"‘Fz-—H—E—n— Rl IQ+R azQ
Q |2x10°(a,+a, ] Qz( 45y+352)
e | (v2)°0 V2 el ]
. L 7.071x107 (3, +a )+ ~43,+33,)
dne, y *

~. Total z component of F, is,

Qo

[7.071x10"° + 31%2] a,

4dme,
To have this component zero,

31;252 =0 as Q is test charge and can not be zero. .

7.071x10710 4

-~10
Q, = LA XIB _ _ 29462 ne

mmp Example 2.15 : In a Millikan oil drop experiment, the weight of a 1.6x10™ kg drop is
exactly balanced by the electric force in vertically directed 200 kV/m field. Calculate the
charge on the drop in units of the electronic charge (¢ =1.6x107" C).

Solution : Given E =200 kV/m, m =16x10"" kg
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| F|
E| =
m =
| F|
200%10% = —
Q

IF| = 200x10°Q N e

This is balanced by the weight mg
|FI = mg =16x10""x9.81
1.5696 x 107 N (2

Equating (1) and (2),

200x10° Q = 1.5696 x 107**
Q = 7848x107° C ... Charge on drop
Now e=1.6x10"1 C hence Q in terms of ¢ is,
Q - 7.848)(1(_)1‘;9
1.6x10
= 4.905e C

nmp Example 2.16 : The charge is distributed along the z axis from z = — 5 m to - and
z=+5m to +o with a charge density of 20 nC/m. Find E at (2,0,0) m. Also express the
answer in cylindrical coordinates.

Solution : The charge is shown as in the Fig. 2.35. z
Key Point: If p; is not distributed all along the

length then standard result can not be used. The -
basic procedure is to be used. aQ
As charge is not infinite, let us use basic 5

procedure of considering differential charge. ag

Consider the differential element d! in the z
direction hence,

x|
[}
-

dl = dz
- dQ = P di =P, dz (20.0) ¢
dQ _ pLdz _ -5
= 3 aR= 2 aR
4meg R 4ney R X GE .
L

Any point on z axis is (0, 0, z) while point P at
which E to be calculated is (2, O, 0) Fig. 2.35
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R = (2-0)a, +(0~-z)a, =2a, -za,

| R| = (2)° +(-2)* =442
iy = __l_i _2a, -za,
IRl V422
dE = P, dz [25,‘ -—ziz]
dne, («/Zfzf)2 Ja+2?
P dz _

2)3/2 (25,‘ -Zaz)

4ney(4+2
Now there is no charge between — 5 to 5 hence to find E, dE to be integrated in two
zones —oo to — 5 and 5 to e in z direction.
-5 o
'f d'l_i+j' dE
- 5

Looking at the symmetry it can be observed that z component of E produced by
charge between 5 to « will cancel the z component of E produced by charge between
~5to —oo. Hence for integration a, component from dE can be neglected.

E $? P dz(2a,) T P_dz(23,)

+
- 4neo(4+z2)3/2 ';—[ 2)3/2

2 tan 6 and hence dz = 2 sec? 6 dO

dreg(4+2

Put Z

For z=-w, O=-n/2, For z=-5 0= tan" —%=—68.19°

For 7=+, O0=4+n/2, For z=+5, 0=tan™! ?52-= 68.19°

2P, 57«_{08— 17 2sec? 0d0 OTW 2sec’ 0d0 }

. .
o--o0+ (4+4tan?0)"? o-6sa9- (4+4tan? 9)3/2
2P, a, 03_?"‘3“25« 0do OTOO 2sec? 0d0

scc™ O

3/2 372 3
= oo 4 sect @ o:as_19°4

b =
= ?&Ln::: {[sm 9] + [sin 0]2 w}

20><10-9 a,

81t><8854x10

o2 a2 [P g = 1
4ne, (4 ) o SCCO 0-cto0 56€0

5 {sin(- 68.19°)~ sin(~ 90°) +sin(90°) —sin(68.19°)}
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= 12873, =133, V/m

To find cylindrical co-ordinates find the dot product of E with i,,a, and a,, at point
P, referring table of dot products of unit vectors.

= E«a, =133, -a, =13 coso

d)

E,
E, = E-a, =133, +3, =-13s5in¢
EZ

Atpoint P, x=2,y=0,z=0

r = 1’><2+y2 =2 and ¢=tan"%=tan"0=0°

cos¢ =1 and sing=0
E, =13, E,=0 E, =0

Hence the cylindrical co-ordinate systems E is,
E = E,a,+E,a, +E, 7,
E = 133, V/m

nmp Example 2.17 : A circular ring of charge with radius 5 m lies in z = 0 plane with centre
at origin. If the p; = 10 nC/m, find the point charge Q placed at the origin which will
produce same E at the point (0, 0, 5) m.

Solution : The ring is shown in the Fig. 2.36 (a), in z = 0 i.e. xy plane.

The point P (O, 0, 5 m. Z
Consider the differential length d/
of the ring. It is in the ¢ direction
hence dl = r d¢.

The charge on dl is dQ =P dI

1P(0,0,5)

dE _d&_f—
4neg R

]
n
-]

pl. r dd) .
4ney R?

El

Now 3y =-=- and R can be _ - Fig..2.36 (a)

il
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resolved into two components as shown
in the Fig. 2.36 (b).

The two components in cylindrical
co-ordinate system are,

1. Along —a, direction i.e. —ra,.

2. And z component in a, direction i.e.

za,. -y
R=-ra, +zia,
hence |_Ii|= (r)? +2z2
\ R i, Fig. 2.36 (b)
IR| r? 422
~dE

Note : The E at P will have two components, in radial direction and z direction but
radial components are symmetrical about z axis, from all the points of the ring and hence
will cancel each other. So there is no need to consider a, component in integration.
Though if considered, mathematically will get cancelled.

¢=2n
— d
E = _[ Pr rdo za, ... Limit for $=0to 2n

pL rz 2x >
= 73 IdQ a, I =5m, z = 5m
amey (r2+22)" " |o
Pprz _ 10%107? x5x5% 27
- 2\3/2 (2m) @, = 12 372 3¢
4meg (r? +22) 47x 8.854% 1012 x [25 + 25]

E = 399314 a, V/m (1)

Let Q be the point charge at the origin. From Q to point P, the distance vector
R=54a,.

= Q
S EduetoQatP=——-<__3
Q 4neyR2 R

where ag = — =—==a
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~ Edue toQatP=—Q—Zziz - (2)
1megy (5)
Equating (1) and (2),
11%23 = 399314
Q = 111.071 nC

nmp Example 2.18 : A line charge density P, is uniformly distributed over a length of 2a with
centre as origin along x axis. Find E at a point P which is on the z axis at a distance d.

Solution : The line charge is shown in the
Fig. 2.37 (a). As the charge distribution is not z
uniform, let us use the basic method of l _
differential length. Consider differential E
length dI along the line charge. As it is along /

x axis, dl = dx.

Py

P(0,0.d)

dQ

P, dl

pL dx
dQ _

52 2R
4me, R?

Now dE

Py dx
_—’)-a
4ney R°

R

To find R, consider any point on the line
charge which is say (x, 0, 0). And point Fig. 2.37 (a)
P (0, O, d).

~
]

(0-x)a, +(d-0)a, =—xa, +da,

|T{| = Jx?+d?

5 = R _ —xa, +da,
TUIRE S Jea?
4E - P, dx [—xi,+d5,]
————— 2 {
4ne, (\/;2+d2) x? +d?

But as charge is along x axis, E at P can not have any component in the direction of
a, . Hence a, component need not be considered in integration.
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= x=gra P, dx da
E = .[ 2 zz 3/2
x=-a 4mgg (x* +d?)

The limits of x

- a to + a, as charge length is 2a.

Put x=dtan® hence dx=d sec-0 do

For x=-a, 0, =tan™ (—

)

oo

For x =+ a, 0, =tan"(—3)

Now tan 0, =-2

in the Fig. 2.37 (b).

% P, dsec? 6 do(da,)

o 4mnegy(d? tan? 0+d? )3/2

2 d%?sec’0doa,
372

PL
4me o d3(1+tan20)

F and

a

—a

a2 +d?

a

—a

Sinez =
and sin6, =
CE L Py
- E= 4ne, d

|

I

JaZ+d? —[\/az +d?

e 1+tan? B=sec? 0

Fig. 2.37 (b)



Electromagnetic Field Theory 2-43 Electric Field Intensity

p| 23

-a,
dney dva? +d?

E- 1 [ a ]az V/m

2neg d| Ja2 4 g2

P Example 2.19 : A circular flat ring of inner radius 1 m, and outer radius 2m has
P =|100/r]uC/m?. Determine E on the axis of the ring 10 m away from the center.

Solution : The ring is shown in the Fig. 2.38 (a)
and kept in the xy plane with center as the origin.
The z axis is the axis of the ring. Hence point P at
which E to be calculated is (0, 0, 10).

Consider the differential surface arca dS normal
to z direction, i.e. normal to xy planc in which ring
is placed.

P(0.0.10)

dS = rdrd¢
Using cylindrical co-ordinate system.
. dQ = PgdS =l(:£ [r dr d¢] =100 dr d¢ & ™ ya”m
dE = dQ 3 =}OO drd¢ Ty x’,

ang,R? " dmgy R2
— Fig. 2.38 (a)
The R has two components as shown in the

Fig. 2.38 (b).
1. Along —a, direction having radius r i.e. —ra,. P

2. Along a, direction having component 10 i.e. 10 a,.
R = -ra +10a, 10

R J()? +(10)* =+rZ +100
100 dr do [—ri, +1osz]

dmegg(r? +100)2 Vr? +100

The radial components of E which are in xy plane
from all directions are going to cancell. Hence a,
component of E will be zero. Hence in integration a, nced
not be considered. Fig. 2.38 (b)

r=

2n r2 -
- 100dr d¢ (10
~E= J rde (10a,) .. Limitsof rarer, tor,

6-0 r=r1) 41t£0(r2 +100)3/2
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Put r=10tan 0, hence dr = 10 sec?0 do
For , =1m, tan 0, =1/10, 6, =5.7105°
For r, =2m, tan 6, =0.2, 0, = 11.309°
x € 100(10sec? 6 d6)de(10a, )

E- ]

00 & 47Eg(10)® (1+tan? 0)*"

2r ©
= J f 4,1:; -cosBdB dda, ... Using trigonometry results
= 91 0
- nr.. 10 _
= [¢]," [sin Bﬁf X Tmes 2
10 ) o . B
= 1 x 2 x[sin 11.309°-sin 5.7105°] a,
TE,

= 5.455 x10'°a, pV/m
Note that p, given is inuC/ m? hence E in pV/m.
E = 5455x10% 3, V/m

nmdp Example 2.20 : It is required to hold four equal point charges each in equilibrium at the
corners of a square. Find the point charge which will do this, if placed at the centroid of the
square.

Solution : Let the sides of square be of
length 'a’ and each point charge is of
‘magnitude Q coulombs. The square is
shown in the Fig. 2.39.

The four corners of square arc A, B,
C and D while E is the centroid of the
square. Let point charge 'q’ is placed at E
in order to hold the four charges in
equilibrium. Let us calculate the force
exerted on the charge at A placed at

origin, due to all the charges. Fig. 2.39
A (0,0,0) B (0, a, 0) C(a a, 0) D (a, 0, 0)
~B=ad,, C=aa, +aa,, D=a3,

. . . a a
while point E is at (-2-,5,0)

E = 05aa, +05aa,
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Net force Fe on charge at point A due to all the charges is,

F« = Fe+Fc+Fp+Fe
= Q02 aga + QQ2 aca
4neoRga dneoRea
'_&Q-)—_EDA +__Q_qz_§EA
4dnegRipa 4ne Ria
Q|1 A-B., 1 A-C 1 A-D
-t -t ————
dneo |Rfs |A-B| R& |A-C| Rba |A-D]
Qq A-E
A-B = —aa, hence Rga =|_A-—-B-|=,’ (—a)? =a
A-C = -aa, -a3, hence Rey =|A-C|=va?+a®=42a
A-D = —aa, hence Ry, =IK—-[_)|=J (--21)2 =a
A-E = -05a3,-05aa, hence Rg, =|K-T3|=J (—0.5 a)2 +(-0.5 a)?
=/ 05a
= _ Q*|1 -aa, ] -aa,-aa, 1] -aa,
Fe = 4neg|a? a +2a2x J2a +a2
- Qq 1 -0.5aa, -0.5aa,
+ X
ingy 0.5a2 J05a
= Q? |a 1 a, 1 Qq 1 -
Fo= — |22 a0—— 21— ||+ . —a, -3
' 4meg| a2 242 | a? 2J2 )| 4me, JO.SaZ[ v)
T Q? = - Qq - -
F, = —=_[-135357, -1.35353, |+ ——=2__[-=a, -3
' 4neoa2[ 7 3] 4ne,V0.5a2 v]

= Q q L q
o fd — . — — . —
F = anz[( 1.3535Q ﬁ}ix +( 1.3535Q F}ay]

To hold all the charges in equilibrium, the net force exerted on any of the charges due
to other charges must be zero. i.e. F = 0.

Q

dngya

But can not be zero.
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~13535Q - —3— = 0

Jo5
q = -1.3535x/05Q
= -09571Q C

This is the charge required at the centroid to hold all the charges in equilibrium.
Thus if Q = 1 pC then q = - 0.9571 pC and so on.

P Example 2.21 : Two small identical conducting spheres have charges of 2 nC and -1 nC
respectively. When they are separated by 4 cm apart, find the magnitude of the force between
them. If they are brought into contact and then again separated by 4 cm, find the force
between them.

Solution : Case 1 : Before the charges are brought into contact
| @ Q

F| =
¥l dney RE,

where Ry, =4cm=4x102 m

2x10‘9x(—1x10‘9)|
= A= 11234 N
4negx(4x1072) I

Case 2 : The charges are brought into contact and then separated.

When charges are brought into contact, the charge distribution takes place due to
transfer of charge. The transfer of charge continues till both the charges attain same value
due to equal division of the two charges.

Q,+Q, (2x107?)+(-1x107)
7 2

(2-1)x107°
2

. Charge on each sphere =

=05 nC

]

| Q. l___|0.5x10‘9x0.5x10‘9
|4y Ry | I4nxeox(4x10'2)2

= 1.404 pN

Note : that initially before charges are brought together the force between them was
attractive as charges are of opposite polarity. But when they brought in contact and then
seperated, the force is repulsive in nature.

-9

nmwp Example 2.22 : Two infinite sheets of uniform charge densities Pg = 12,: C/m? are

located at z=-5m and y=-5m. Determine the uniform line charge density P, necessary to
produce same value of E at (4, 2, 2) m if the line charge isat y = 0, z = 0.
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Solution : The two sheets are shown in the Fig. 2.40.

4
1

P(4.2,2)
o

Ps

Fig. 2.40

The line charge P, is to be located along y = 0, z = 0 line i.e. x axis.

For z = - 5 plane, the normal direction is a,,; =a, as the plane is parallel to xy plane.
For y = - 5 plane, the normal direction is @, =a, as the plane is parallel to xz plane.

P

E = Zeg 0™ T 2g, 07
= _ Pg - _Pg _
and E, = ma,‘z = e, a,
- - = Ps o~ -
EatP = E +E, =-?:§[ay+a,_] V/m . (1)

Consider line charge along x axis. As it is infinite,
= _ P _ P T
E = Imegr oF 2neor[]ﬁ]

For 1, consider a point on the line charge (x, 0, 0) while P (4, 2, 2). But as line charge
is along x axis, E will not have component in a, direction so the x coordinate should not

be considered while calculating f.
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T = (2-0)3, +(2-0)3, =23, +23,
| = J(2)°+(2)? =8

E P, 2a, +2a, _ Py
8me,

21l

[Ey +5z] V/m v (2)

To have same E at P (4, 2, 2) cquate (1) and (2)

Ps _ Py
2e,  8mg,
107
P, = 4nx = 0.666 nC/m

61
This is the required line charge density.

mmp  Example 2.23 :  An infinite sheet with surface charge Q = 12 €, Cm~ 2 s lying in the
plane x — 2y + 3z = 4. Find an expression for the field-intensity on the side of the plane
containing the origin. (UPTU : 2005-06, 5 Marks)

- Solution : The plane is shown in the Fig. 2.41. The plane can be defined uniquely from
three points which can be obtained from the equation of plane x — 2y + 3z = 4.

Forx:O,y:O,z:%

)
4
. P (0, OI —3 J
Q =12

Forx=0,z=0,y=-2 PIToge e "

. QP -2,0) 5 R\ s
Fory=0,z=0,x=4 . o] X

- (4,00
The three poionts P, Q and R define a y
plane.
The plane is infinite sheet of charge. Fig. 2.41
E = Psa -85 _63 v/m

26, " 2gp "

a, Unit vector rormal to the plane.
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Note : If plane is defined as Ax + By + Cz = D then the unit vector normal to the
plane is,

_ [AE, +Ba, +C5z]
al\ = i
JAZ+B24+C2

Positive sign for front side of the plane.

Negative sign for back side of the plane.

Inthiscase, A=1,B=-2, C=3, D=4

a + [E" 23, +3a, ] + [0.2672 &, - 0.5345 3, + 0.8017 7]
a, = — | = . a, - 0. a, +0. a,
V12427432 Y
The origin is on the back side of the plane so use negative sign.
E = 6[-02672a, —05345a, + 0.8017 3,]

il

= —16035a, -3.207a, —-4.8102a, V/m

ymp Example 2.24 : Three point charges g; = 10~ ¢, g, =-10" $C and g3 =05 x 10" éc
are located in air at the corners of an equilateral triangle of 50 cm side. Determine the
magnitude and direction of the force on q;. (UPTU : 2006-07, 5 Marks)

Solution : The arrangement is shown in the

Fig. 2.42. The triangle is placed in x-y plane

with three corners at O(0, 0, 0), Q (0.5, 0, 0)
and P.

The distance PR can be obtained as,

2
. PR = |d? -(g)
_ J3d
2 \Fig. 2.42
-.Co-ordinates of P [%,[3—d,0)i.e. (0.25, 0.433, 0).
Force on q; due to q; is, v’
£, = —B3Y_ 7 where Ryp = 0253, + 0.433 a, +0a,

hed
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0.5x1076x107¢ Rop
4mx 8.854x 1012 x[(0.25)% +(0.433)?] | Rop|

F:51 =

[025a, +0433a,+03,]
0.5

0.01797 x

8985 x 10" % &, +0.01556 3, + 0&, N

Force on q3 due to q, is,

Fp = —292_ 5., where Rgp = (025-05) 7, + (0433 -0) 3, +04a,
4n eoR5p
Rgr = - 0254, +04333, +03,, |Ryl=05
E 05x107® x(-1079) [-0.253a, +0.433a, +03,]
= X
2 7 4xnx8854x10712x 052 0.5

= +8985x107°3, - 001556, +0a, N
K = E, +E,=001797a, N, |F]| =0.01797 N

mwp  Example 2.25 : Two uniform line charges of density p; = 4 nC/m lie in the x = 0 plane
aty=t4m

Find [ at (4, 0, 10) m. (UPTU : 2006-07, 5 Marks])

Solution : The line charges are shown in the Fig. 2.43. The line charges with x = 0 and
y =14 are parallel to the z-axis, as z can take 2
any valuc.

. . p;=4nC/m P t
Key Point: As line charges are parallel to z N (z 0.10
axis, E at P can not have any component in z o
direction hence while calculating ¥ and @,, the
z co-ordinate need not be considered.

E duetop,aty=+4m: (0, 4 z) and y=—4 (6 y=+4
P(4, 0, 10)
~T=@4-0)a, +(0-49a,
43, -43, |F| =32 x/
a 13, 24, Fig. 2.43
a, = — —_— 1g. <.
T V32

i

E, _ P s = 4x10~° y 4a, —4a,
2REGXT ' 2x8.854x 10712 x/32 V32

= 89877 a, -89877a, V/m

y
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E, due to p, aty =-4m:(0, -4, z) and P4, 0, 10)

T

4-03a, +[0-(-9]a, =43, +43, |F| =32

r 4a, +4a

a = =

‘ H] J32
E _ _-p-,— < - 4)(10—9 y 45" +45y
z 2 Xr ' 2% 8.854x 10712 x+/32 J32

= 89877 a, + 898773, V/m
Ep = E, +E, =1797553, V/m

mmp Example 2.26 : A sphere of radius 2 cm is having volume charge density of p,, given by
P, = c0S 2 @, Find the total charge Q contained in the sphere. [UPTU : 2007-08, 5 Marks]

Solution :p, = cos 29

Q = jpv dv where dv = r? sin 6 dr do dé

vol
2 n 2

= j j[r2 sin 0dr d0d¢] cos20
$-00=0r=0
r3 2 2 - 8

= [—3—] (Ch jsinecosz 0do =§x2nxl

0 0=0
n
Consider I = Jsin Ocos? 6do

6=0

Put cos 0=t i.c. — sin 0d0 = dt

T t3 n
I = I—dtxtz =—[—]
3
6=0 8=0
- _ —Cos30]" - [cos3 n-—cos“O]
| 3 0 3
_ (e ra1y_ 2
= 3 - 3 3] 3
_ 8 2 _ 32m _
Q = §x2nx—§———9 =11.1701 C
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10.

11.

12.

13.

14.

15.

Review Questions

1. State Coulomb’s law of force between any two point charges and state the units of force.

Define electric field intensity. Obtain an expression for the electric field intensity at a point which
is at a distance of ‘R’ from a point charge Q.
State the units of electric field intensity E and explain the method of obtaining E at a point in
cartesian system, due to a point charge Q.
Obtain an expression for total electric field intensity at a point due to infinite number of point
charges.
Obtain an expression for total force experienced by a point charge due to infinite number of point
charges around it.
Which are the various types of charge distributions ? Explain. State the units of line charge
density, surface charge density and volume charge density.
A charge is distributed on y axis of cariesian system having a line charge density of 5> uC/m.
Find the total charge over the length of 15 m. [Ans.:0.2178 C]
Find the total charge inside a volume having volume charge density as
1523 " ®3sinny (mC / ) The volume is defined between -1 <x <1, 0<y <1 and 2<z <5.

’ [Ans. : 29515 C]
Explain the procedure of obtaining E due to the line charge, surface charge and volume charge.
Obtain an expression for an electric field due to infinite line charge having density P, C/m, placed
along z-axis, at a point P on y axis at a distance of d from the z axis.

[Ans.: (pL / 21tq,rl)rTyV ! m]

Obtain an exression for an electric field due to charged circular ring of radius ‘h’ placed in xy
plane, at a point P (0, 0, 2), having uniform line charge density of P, C/m.

[Ans.: Prhz

2%(’12 +2z2 )312

A charge of + 10 C is located at the point x = 0 and y = 1 and charge of — 5C is at the point
x =0and y = - 1. Find the point on y axis at which net E = 0.

[Ans, : (0, — 5.828, 0) or (0, — 0.1716, 0)]
A point charge of 20 nC is located at the origin. Determine the magnitude and direction of E at
point P (1, 3, —4) m. [Ans.: 1.357 7, + 4.073 @, - 0.784 & V/m]

aVim)

A circular disc of 10 om radius is charged uniformly all over the surface with total charge of
100pC. Find E at a point 20 cm away from the disc along its axis.

[Hint : Find p, = Q/surface area and then E.] [Ans. : 18.98 x10°4. V/m]

Derive the expression for the electric field due to infinite sheet of charge placed in xy plane, having

surface charge density of psC / m>. [Ans.: £S5 7 Vim]
e &
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16. Calculate the force on a point charge of 50 nWC placed at a point (0, 0, 5) m due to a charge of
500uC that is uniformly distributed over a circular disc of radius 5 m and placed in the xy plane.
[Ans. : 5.26 . N]
17. Four point charges, each 20 pC are on the x and y axes at + 4m. Fnd the force on a 200 uC point
" charge at (0, 0, 3) m. [Ans. : 3.456 i, N}
18. A charge Q, =121x107° C is located in vacuum at P, (- 0.03, 0.01, 0.04) m. Find the force on Q,
due to Q; =110 uC at F, (0.03, 0.08, - 0.02) m. {Ans.: 5447, -6.334, +544a N]
19. Eight 25 nC point charges in free space are located symmetrically on a circle of radius 0.2#1.11
centered at the origin in the z = 0 plane. a) At what point on the z axis is |E | is maxirwu?/’

b) What is the magnitude of maximum E ? [Ans.: (0, 0, + 0.1414), 17.3 kV/m])
20. A ring of radius 6 m is placed in yz plane. It is centered at origin. Find electric field intensity at
point (8, 0, 0) m. The line charge density is 18 nC/m. [Ans. : 48.754a, V/m]
21. A charge is distributed along z axis between + 6 m with uniform charge density 25 nC/m.
Calculate E at a point (2, 0, 0) m in free space. [Ans. : 213.16 2, V/m]

22. A uniform line charge of infinite length with P, = 20 nC/m lies along z axis. Find E at (6,8,3) m.
[Ans. : 21.57 @, + 28.76 &, V/m]
23. On the line x = 4 and y = - 4, there is a uniform charge distribution with density P; = 25 nCfm.
Determine E at (-2, -1, 4) m. . [Ans.:-59.92 7, +29.96 i, V/m]
24. The infinite line charge parallel to z axis is at x = 6, y = 10. Find E at the general point P(x,y,z)

in cartesian system.

[Ans.: - Py ] [(x—6)ﬁ,+(y—10)'ﬁy] V/im]

21:1‘0[ (x-6)" +(y-10)°

25. Find E at (10, 0, 0) due to a charge of 10 nC which is distributed uniformly along x axis between
x =-5to+ 5 min free space. [Ans.:1.8a, V/m]

26. A line charge density 24 nC/m is located in free space on the liney =1,z = 2.
a) Find E at P (6, -1, 3).
b) What point charge Q4 should be located at (-3, 4, 1) to cause y component of E to be zero at

p? [Ans. : - 172.56 7, + 86.28 7 V/m, 443 C]

27. Find E at P (0, 0, 2) m due to the infinite sheet of charge in xy plane with density 10 nC / m?.
[Ans.:564.71 7@ V/m]
28. Two infinite sheets of charge each with density Pg are located at x =+ 2 m. Determine E in all
directions. [Ans.:Forx < -2 :—Pe—il a,For-2<x<2:0,Forx>2: pé a.in Vinm]

29. Four infinite sheets of charges with uniform charge densities 20 pC/n?, — 8 pChn?, 6 pChn* and
~18 pC/n?* are located at y = 6, y = 2, y =~ 2 and y = — 5 respectively.
FindEat a) (2,5 -6) b)(0,0,0) o (-1,-21,6) d)(10°10°10%).
[Ans.:—2.26 a, V/m,-1.3553, V/m,-2.03 4, V/m, 0 V/im]
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30.. A sheet of charge with P =2nC /m? is in the plane x = 2 in free space and a line charge
P, =20nC/m s located at x =1,z = 4.
a) Find Eat P (0, 0, 0). b) E at (4,5, 6).

c) What is the force per unit length on the line charge ?
[Ans.:- 1347, - 857 V/m, 196 &, + 55.31 @ V/m, - 2.26 4, i N/m]

University Questions

1. If Qq Q, are carges located at distances ry, rp, ... from the point P, then the electric-intensity E
at point P will be :

5 _ 1 =n 2y =
E= EZH Qi /)8 (UPTU : 2005-06, 5 Marks)

2. An infinite sheet with surface charge Q = 12 £, Cm_ 2 i lying in the plane x — 2y + 3z = 4. Find
an expression for the field-intensity on the side of the plane containing the origin.
(UPTU : 2005-06 , 5 Marks)

3. State the word statement of Coulomb’s law of forces. Three ponit charges g; = 10 éc.

gy=-10" 6C and g3 = 0.5 x 10" 6 C are located in air at the corners of an equilateral triangle of
50 cm side. Determine the magnitude and direction of the force on g3. (UPTU : 2006-07, 5 Marks)

4. Two uniform line charges of density p, = 4 nC/m lie in the x = O plane at y = * 4m

Find E at (4, 0, 10) m. (UPTU : 2007-08, 5 Marks)
5. A sphere of radius 2 cm is having volume charge density of p, given by p, = cos 28 Find the
total charge Q contained in the sphere. (UPTU : 2007-08, 5 Marks)

6. An infinite long line charge of uniform density p, coulombs/cm is situated along the z-axis. Obtain

electric field intensity due to this charge using Gauss's law.
(UPTU : 2007-08, S Marks)

aaa



Electric Flux Density and
Gauss's Law

3.1 Introduction

Uptill now Coulomb's law and electric field intensity are discussed. The various
possible charge distributions and corresponding electric field intensities are also discussed
in the last chapter. Another important concept in electrostatics is electric flux. If a unit test
charge is placed near a point charge, it experiences a force. The direction of this force can
be represented by the lines, radially coming outward from a positive charge. These lines
are called streamlines or flux lines. Thus the electric field due to a charge can be
imagined to be present around it interms of a quantity called electric flux. The flux lines
give the pictorial representation of distribution of electric flux around a charge. This
chapter explains the concept of electric flux, electric flux density, Gauss’s law, applications
of Gauss's law and the divergence theorem.

3.2 Electric Flux

In 1837, Michael Faraday performed the experiment on electric ficld. He showed that
the electric field around a charge can be imagined interms of presence of the lines of force
around it. He suggested that the electric field should be assumed to be composed of very
small bunches containing a fixed number of electric lines of force. Such a bunch or closed
area is called a tube of flux. The total number of tubes of flux in any particular electric
field is called as the electric flux.

Key Point: Thus the total number of lines of force in any particular electric field is called
the electric flux. It is represented by the symbol . Similar to the charge, unit of electric flux is

also coulomb C.

3.2.1 Properties of Flux Lines

The electric flux is nothing but the lines of force, around a charge. Such clectric flux
lines have following propertics.

3-1)



Electromagnetic Field Theory 3-2 Electric Flux Density and Gauss's Law

1. The flux lines start from positive charge and terminate on the negative charge as
shown in the Fig. 3.1.

rd
Flux lines

Fig. 3.1 Flux lines

2. If the negative charge is absent, then the flux lines terminate at infinity as shown in
the Fig. 3.2. (a). While in absence of positive charge, the electric flux terminates on the
negative charge from infinity. This is shown in the Fig. 3.2 (b).

Flux lines Flux lines
To o0 ~-—ro —— From o

/1\ /[\

Fig. 3.2
3. There are more number of lines i.e. crowding of lines if electric field is stronger.
4. These lines are parallel and never cross each other.
5. The lines are independent of the medium in which charges are placed.
6. The lines always enter or leave the charged surface, normally.

7. If the charge on a body is + Q coulombs, then the total number of lines originating
or terminating on it is also Q. But the total number of lines is nothing but a flux.

Electric flux y = Q coulombs (numerically)

This is according to SI units. Hence if Q is large then flux y is more surrounding the
charge and vice versa.

The clectric flux is also called displacement flux.

The flux is a scalar field. Let us define now a vector field associated with the flux
called electric flux density.
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3.3 Electric Flux Density (D)

Consider the two point charges as shown in the Fig. 3.3. The flux lines originating
from positive charge and terminating at negative charge are shown in the form of tubes.

Unit surface area

Fig. 3.3 Concept of electric flux density

Consider a unit surface arca as shown in the Fig. 3.3. The number of flux lines are
passing through this surface area.

The net flux passing normal through the unit surface arca is called the electric flux
density. It is denoted as D. It has a specific direction which is normal to the surface arca
under consideration hence it is a vector ficld.

Consider a sphere with a charge Q placed at its centre. There are no other charges
present around. The total flux distributes radially around the charge is w=Q. This flux
distributes uniformly over the surface of the sphere.

Now, v = Total flux
While, S = Total surface arca of sphere

then electric flux density is defined as,

D = YS_ in magnitude w (1)

As y is measured in coulombs and S in square metres, the units of D are C/m?. This
is also called displacement flux density or displacement density.
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3.3.1 Vector Form of Electric Flux Density

Consider the flux distribution, due to a certain charge in the free space as shown in

the Fig. 3.4.

Consider the differential surface area dS at
point P. The flux crossing through this
differential area is dy. The direction of D is
same as that of direction of flux lines at that
point. The differential area and flux lines are
at right angles to each other at point P. Hence
the direction of D is also normal to the surface
arca. in the direction of unit vector a, which
is normal to the surface area dS. Near point P,
all the lines of flux dy are having direction of
that of a,, as the differential area dS is very

small. Hence the flux density D at the point P can be represented in the vector form as,

— 7

Fig. 3.4 Flux through dS

- (2)

B < dv . 2
D = a’s— a, C/ m
where dy = Total flux lines crossing normal through the

differential area dS

dS = Differential surface area

a_, = Unit vector in the direction normal to the differential

n
surface area

3.4 D due to a Point Charge Q

Consider a point charge +Q placed at the centre of the imaginary sphere of radius r.

This is shown in the Fig. 3.5.

The flux lines originating from the point charge + Q are directed radially outwards.
The magnitude of the flux density at any point on the surface is,

]
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— Total flux y

i —

| DI " Total surface arca S - (D)
But v = Q = Total flux
and S = 4nr? = Total surface area

| = -2 )

4nr?

The unit vector directed radially outwards and normal to the surface at any point on
the sphere is a,, =3,.

Thus in the vector form, electric flux density at a point which is at a distance of r,
from the point charge + Q is given by,

B -—2La C/m? )

2

3.5 Relationship between D and E

In the last chapter, it has been derived that the electric field intensity E at a distance of
r, from a point charge + Q is given by,
Q a

4negr?

il

r

Dividing the equations of D and E due to a point charge + Q we get,

Q _
D ame?
TS QoL
dngor® "
D = ¢, E .. For free space .. (1)

Thus D and E are related through the permittivity. If the medium in which charge is
located is other than free space having relative permittivity €, then,
D = gy E
ie. D = €E .. (2)
The following are the important observations :
1. The D and E, both act in the same direction.

2. The D and E are related through the permittivity of the medium in which the
charge is located.

3. Though the relationship is derived considering a point charge, the result is equally
applicable for any general charge distribution.

4. The electric field E due to any charge configuration is a function of the
permittivity €, while the electric flux density D is not.

The relationship is very advantageous while solving the problems on multiple
dielectrics.
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3.6 Electric Flux Density for Various Charge Distributions

Let us obtain the expression for D considering various types of charge distributions.

3.6.1 Line Charge

Consider a line charge having uniform charge density of p;, C/m. Then the total

charge along the line is given by,

Q = Ipld’
L
J.Pl.d!
But D=-2L35 -1 a
et ° arr? "

If the line charge is infinite then E is derived as,

E Pr_ =

E = 2regr ©

B = &ir
nr

3.6.2 Surface Charge

. (1)

- @

... Infinite line charge.

Consider a sheet of charge having uniform charge density of pg C/m?. Then the total

charge on the surface is given by,

s
p -9 a,
4nr?
jpg,dS
= 2 a
4nr? T

The integration is over the surface S and is a double integral.

If the sheet of charge is infinite then E is derived as,

E=Psg3
E = 250 2n
= _ Ps -

D = -—21 n

- (3)

()

... Infinite shect of charge
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3.6.3 Volume Charge :

Consider a charge enclosed by a volume, with a uniform charge density of p, G/m?.
Then the total charge enclosed by the volume is given by,

Q = [p.dv )

il

I
-
<5
l

and

_3, . (6)

and

w]

]
m
)
(g9

=y 3 e (7

sy Example 3.1 : Find D in cartesian co-ordinate system at point P (6, 8, — 10) due to a) a
point charge of 40 mC at the origin, b) a uniform line charge of p; =40u C/m on the z-axis
and c) a uniform surface charge of density p 3 =57.2 WC/m? on the plane x=12 m.

Solution : a) A point charge of 40 mC at the origin.
P(6, 8, - 10) and O(0, 0, 0)

T

(6-0)a, +(8-0)a, +(-10-0)a,

6a, +83, 107,

L |r] = (6)? +(8)% +(~10) =200

6 a, +8a, -10a, ~e P(6.8.-10)

™|
l

© J200 Fig. 3.6
B Q _ 40x10~* [6a, +8a,-10a,
— a —_
4nr? " 4nx(J200)2 200

= 6.752x107° 3, +9.003x10°3, -11.254x107° 7, C/m?

b) p; =40 uC/m along z-axis
The charge is infinite hence,
E = PL

= a
2regr

As the charge is along z-axis there can not be any component of E along z-direction

Consider a point on the line charge (0, 0, z) and P (6, 8, — 10). But while obtaining T
do not consider z co-ordinate, as E and D have no a, component.
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=l

= (6-0)3, +(8-0)3, =63, +83,

= 1f(e)2 +(8)% =10

o]

= - y

= 10

_E_ _ pL 65x+8 ay
2ne (10) 10

= _ = pL 6a, +8ay

D =g E‘anlo[ 10

= 3.819x107 3, +5.092x107 3, C/m?
©) pg =57.2 1 /m? on the plane x = 12.

The sheet of charge is infinite over the plane x = 12 which is parallel to yz plane. The
unit vector normal to this plane isa, = a,.

E Ps -

= —=a
2, "

The point P is on the back side of the plane hence a, = -a,, as shown in the Fig. 3.7.

Z

Fig. 3.7
E = P5s(3
E = 280( x)
But B = EO—E
b = £5(-3,) = -28.6x10% 3, C/m?
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wmp Example 3.2 : A point charge of 6 pC is located at the origin, a uniform line charge
density of 180 nC/m lies along x-axis and uniform sheet of charge equal to 25 nC/m? lies in
the z = O plane. Find i) D at A (0, 0, 4), ii) D at B (1, 2, 4) and iii) Total electric flux
leaving the surface of the sphere of 4 m radius centered at the origin.

Solution : i) Case 1 : Point charge Q = 6 pC at P (0, 0, 0).
While D to be obtained at A (0, 0, 4).

T = (4-0)3, =43,

T|={(#% =4, a =

— Q . _6x10°

D1 = 53, = > 4, =2984x10"°% 3, C/m?
4nr 4nx(4) ’

Case 2 : Line Charge p; = 180 nC/m along x-axis. So any point P on the charge is
(x, 0, 0), while A (0, 0, 4). As charge is along x-axis, no component of Dis along x-axis. So
do not consider x co-ordinate while obtaining T.

T = (4-0)3, = 4a,, |f| = 4, 5, = — =&,
|7l
As charge is infinite,
— T 180x10°°
D. = PLa - 3, =7.161x10"% 3, C/m?

2nr 2nx 4

Case 3 : Uniform sheet of charge lies in z = 0 plane. So the direction normal to it is z
direction as plane is xy plane. Hence a,, =3, and pg = 25 nC/m?.

As sheet is infinite, >
_ 1 -9 2
Da = Eziin =--2§x2—0§z =125x10"%a, C/m?

D = Di1+D2+D3=49501x10"°% a, C/m?

ii) The point at which D is to be obtained is now B (1, 2, 4).
Case 1 : Point charge Q =6 uC at P (0, 0, 0).

t = (1-0)a, +(2-0) a, +(4-0) a, = &, +2a, +43,

5| = JOF+@2+@? =20

a =

b J2r
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B Q _ 6x10°% [a, +2:1y +43a,
= a_ =—
! anr? T 4nx((21)? J21

4.961x10~° a, +9.923x 10”7 2, +1.9845x 10" ° a, C/m?
Case 2 : Line charge : The point on the charge is (x, 0, 0).

As charge is along x-axis, do not consider x co-ordinate.

=)

= (2-0)3, +(4-0) &, =23, +43, .. asB(1,2,4)

1!(2)2 +(#? =20

T 23, +4a,

=t|
1

_180x107°|2a, +4a,
© 2ax+20 J 20

2.8647x 107 3, +5.7295x 107 ° @, C/m?

Case 3 : Infinite sheet of charge in z = 0 plane.
The point B ( 1, 2, 4) is above z = 0 plane hence a, =a, and D3 remains same as
before.
— 25%1077
D3 = pTSs,, =321—51 =125x10"%a, C/m?
D = D1 +D2+Ds
= 4961x10~° a, +1.2786x 10" ° 3, +3.807x 10" * 3, C/m?

iii) Let us find the total charge enclosed by a sphere of radius 4 m.
Charge 1: Q, =6 pC at the origin.
Charge 2 : The charge on that part of the line which is enclosed by the sphere. The

line charge intersects sphere at x = + 4. Hence charge on the length of 8 m is enclosed by
the sphere. This is shown in the Fig. 3.8.

;o Q, = p, xlength enclosed = 180x 10~ x §=1.44C
Charge 3 : The intersection of z = 0 plane with a sphere is a circle with radius 4 m,
in xy plane.

The surface area of this circle is nr2.

S = nx(4)? =50.2654 m?
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Intersection of
z=0 plane with
sphere

y
Fig. 3.8
Hence the total charge enclosed is,
-~ Q; = pgxS=25x10~7 x50.2654 = 1.2566 pC
Hence the total charge enclosed by the sphere is,
Qutal = Q+Q, +Q4 =8.6966 nC
But y = Qua = Total electric flux leaving the surface of sphere

8.6966 pC

3.7 Gauss's Law

It is seen that the charge Q emanates the flux y which is equal to the charge Q. This is
provied by Faraday's experiment. Consider a sphere of radius r and a point charge + Q
located at its centre. Then the total flux radiated outwards and passing through the total
surface area of the sphere is same as the charge + Q, which is enclosed by the sphere.

Now replace the point charge by a line charge, such that the portion of the line charge
enclosed by the sphere consists of same charge + QQ as before. In this case too, the total
flux radiating outwards remains same as Q which is the charge on the line enclosed by the
sphere.

Similarly if the point charge + Q or a part of line charge carrying + Q are moved
inside the sphere anywhere, still the total flux radiating outwards from the surface of the
sphere remains same as Q.

Now instead of a sphere, any irregular closed surface is considered with total charge
enclosed as + Q in any form i.e. either point, line or surface then the total flux crossing the
surface of that irregular object remains same as Q, which is charge enclosed by that object.

These observations from Faraday's experiment lead to a law called Gauss's law. From
the above discussion it is clear that irrespective of the shape of the closed surface and
irrespective of the type of charge distribution, the total flux passing through the closed
surface is the total charge enclosed by that surface.
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Statement of Gauss's law :

The electric flux passing through any closed surface is equal to the total charge
enclosed by that surface.

3.7.1 Mathematical Representation of Gauss's Law
Consider any object of irregular shape as

shown in the Fig. 3.9. Closed
_ iregular
The total charge enclosed by the irregular a, syrface

closed surface is Q coulombs. It may be in
any form of distribution. Hence the total flux
that has to pass through the closed surface is
Q. Consider a small differential surface dS at
point P. As the surface is irregular, the
direction of D as well as its magnitude is
going to change from point to point on the
surface. The surface dS under consideration
can be represented in the vector form in
terms of its area and direction normal to the

surface at the point. Fig. 3.9 Flux through irregular closed
. surface '

dS = dSa,

where a,, = Normal to the surface dS at point P

Key Polnt: Note that the normal to the surface is in two directions but only directed
outwards is considered as required. The normal going into the closed surface at point P is not
required.

The flux density at point P is D and its direction is such that it makes an angle 6 with
the normal direction at point P.

The flux dy passing through the surface dS is the product of the component of D in
the direction normal to the dS and dy.

Mathematically this can be represented as,
dy = D, dS (1)
where D, = Component of D in the direction of normal

to the surface dS
From Fig. 3.9 we can write,
D, = |E| cos 6 - (2)

dy = |D|cos6dsS . (3)

From the definition of the dot product,
K'E = IAI IBI COSGAB
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We can write,

|D|{dS cos0 = D-dS - (@

dy = D-dS . (5)

This is the flux passing through incremental surface area dS. Hence the total flux
passing through the entire closed surface is to be obtained by finding the surface
integration of the equation (5).

Yy = de=§ﬁ'd§ - (6)
S

As seen earlier, § sign indicates the integration over the closed surface and called

closed surface integral. Though the integration sign is single, over the surface S it becomes
double integration. Hence S is generally used along with the sign of closed surface

integral.
Such a closed surface over which the integration in the equation (6) is carried out is
called Gaussian Surface.

Now irrespegtive of the shape of the surface and the charge distribution, total flux
passing through the surface is the total charge enclosed by the surface.

vy = § D-dS = Q = Charge enclosed w (7)
S

This is the mathematical representation of Gauss's law.
The charge enclosed may take any of the following forms :
1. If there are number of point charges Q;, Q,, ..., Q,, enclosed by the surface then

Q = Q1+Q2+ "'+Qn=an

v = Q=Z2Q, .. (8)
2. If there is a line charge with line charge density p, then,
\V:Q:IpLdl ---(9)
L

3. If there is a surface charge with surface charge density p, then,

Yy = Q:Ipsds e (10)
S

4. If there is a volume charge with volume charge density p, then,

v =Q=[p,dv .. (11)
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The common form used to represent Gauss's law mathematically is,
v = Q=§T)-d§=jp‘_ dv .. (12)
) S v

If there are more than one charge distribution in Gaussian surface, the net charge is
- algebraic addition of all the individual charges.

If there is a closed surface such that there are no charges enclosed but there are
charges around the surface then net flux over the surface is zero. This is because the flux
from the charges outside, passes through the surface such that the flux entering is equal to
flux leaving the surface.

3.7.2 Special Gaussian Surfaces

The surface over which is the Gauss's law is applied is called Gaussian surface.

Obviously such a surface is a closed surface and it has to satisfy following conditions :
1. The surface may be irregular but should be sufficiently large so as to enclose the
entire charge.
2. The surface must be closed.

3. At each point of the surface D is eithcer normal or tangential to the surface.
4. The electric flux density D is constant over the surface at which Dyjis normal.

3.8 Applications of Gauss’s Law

The Gauss's law is infact the alternative statement of Coulomb's law. The Gauss's law
can be used to find E or D for symmetrical charge distributions, such as point charge, an
infinite line charge, an infinite sheet of charge and a spherical distribution of charge. The
Gauss's law is also used to find the charge enclosed or the flux passing through the closed
surface. Note that whether the charge distribution is symmetrical or not, Gauss's law holds
for any closed surface but can be easily applied to the symmetrical distributions. But the
Gauss's law cannot be used to find E or D if the charge distribution is not symmetric.

While selecting the closed Gaussian surface to apply the Gauss's law, following
conditions must be satisfied,

1. D is every where either normal or tangential to the closed surface i.e. 6=§ or n. So

that D+dS becomes DdS or zero respectively.
2. D is constant over the portion of the closed surface for which D * dS is not zero.
Let us apply these ideas to the various charge distributions.

3.8.1 Point Charge

Let a point charge Q is located at the origin.

To determine D and to apply Gauss's law, consider a spherical surface around Q, with
centre as origin. This spherical surface is Gaussian surface and it satisfies required
condition. The D is always directed radially outwards along a, which is normal to the
spherical surface at any point P on the surface. This is shown in the Fig. 3.10.
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ol

Point charge

Fig. 3.10 Proof of Gauss's law

Consider a differential surface area dS as shown. The direction normal to the surface

dS is a,, considering spherical co-ordinate system. The radius of the sphere is r = a.

The direction of D is along a, which is normal to dS at any point P.

In spherical co-ordinate system, the dS normal to radial direction a, is,

dS = r? sin6 d6 do=a? sinB dO d¢ (as r =a)

dS = dSa, =a’sin@ do doa, .. (1)
Now D due to the point charge is given by,
5. Q- _ Q _ -
D = 4nr2a,-—4m2a, (asr = a) .. (2)
D*dS = iﬁlldglcos()'

Note that 8 is the angle between D and dS.

where |ﬁ| = %, |d§|=azsin9d9 do, 0 =0°
a

The normal to dS is @, while D also acts along a, hence angle between dS and D i..

D-ds Qz a2 sin@do d¢cos0°
4rta

% sin @ d6d¢ )]
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Altcrnatively to avoid the confusion between the symbol 6 we can write,
D+dS = Qz a_-a?sin6do doa,

4ma
=9y 3 .3
= In sin® do d¢fa, -a, ]
But a,~a, =1
D-d5 = 2 sin6dode
4n
_ _ 2r = Q
y=§D-dS= | | 2 sin6dedo
s 6=096=0
= _9_ _ si2f = <[ (—1)—(—~
= & [-cosOl] [0 = =I-(-D—(-D] [2x)
v = Q ... Gauss's law is proved

This proves the Gauss's law that Q coulombs of flux crosses the surface if Q coulombs
of charge is enclosed by that surface.

Key Point: As D is obtained from the result of E which is obtained from Coulomb’s
law, it can be said that the above discussion is the proof of Gauss’s law from the
Coulomb’s law.

3.8.1.1 Use of Gauss's Law to Obtain D and E
Alternatively Gauss's law can be used to obtain D and E. Let us see how ?
From Gauss's law,
Q = § D-dS
s
The steps to obtain D and E are,

1. Identify |B| and its direction.

2. Identify | dS|and direction normal to dS.
3. Take dot product, D+ dS.

4. Choose the Gaussian surface.

5. Integrate over the surface chosen as Gaussian surface, keeping Iﬁl unknown as it
1s.

6. Find charge Q enclosed by Gaussian surface.

7. Equate the charge Q to the integration obtained with | D| as unknown.

8. Determine | D|and express D with its direction. Then E=D/¢,.

For a sphere of radius r, the flux density D is in radial direction a, always. Let
|D|=D,.

D = D,a,
Let the Gaussian surface is a sphere of radius r enclosing charge Q.
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While for the Gaussian surface i.e. sphere of radius r, dS normal to a_ is,
dS = r%in0ded¢a,

D+dS = D, r?sin

6dode

Now integrate over the surface of sphere of constant radius 'r'.

_ . ==
§ D-dS = | [ D, r’%in0d0do
S ¢=00=0
= D, r*[-cos €]} 017 =4nr?D,
But §ﬁ'd§ = Q
S
Q = 4nr’D,
D, = Qz and hence
4nr
— _ Q _
D = D.a, = a
r r 4nr2 r
and E-2__Q =3,
EO 41[801'

(&, -7, =1)

The expressions are same as those obtairlgd by _(_Ioulomb's law, earlier in the Chapter-2.
This is the use of Gauss's law to obtain DD and E for a given charge distribution.

Note :

2. Which components of D are present ?

Symmetry helps us to apply Gauss's law for the given situation. To
understand symmetry, obtain the information,

1. With which co-ordinates does the D vary ?

This results into simpler integration to be solved to obtain the required result.

3.8.2 Infinite Line Charge

Consider an infinite line charge
of density p; C/m lying along z-axis
from —eo to +eo. This is shown in the
Fig. 3.11.

Consider the Gaussian surface as
the right circular cylinder with z-axis
as its axis and radius r as shown in
the Fig. 3.11. The length of the
cylinder is L.

fr i

Gaussian

/ surface

ds
v

Fig. 3.11 Infinite line charge

., r
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The flux density at any point on the suface is directed radially outwards i.e in the a,
direcxion according to cylindrical co-ordinate system.

Consider differential surface area dS as shown which is at a radial distance r from the
line caarge. The direction normal to dS is a,.

As the line charge is along z-axis, there can not be any component of D in z direction.
So D has only radial component.

Now Q = §ﬁ'd§
S

The integration is to be evaluated for side surface, top surface and bottom surface.

Q = §D+dS+§ D+dS+ § D-dS
<ide top bottom
Now D = D,a, as has only radial component
and dS = rd¢dz 3, normal to a, direction.
" D+dS = D, rdodz(a, +a, )=D, rdodz ..asa,*a, =1

Now D, is constant over the side surface.

As D has only radial component and no component along a, and —a, hence
integrations over top and bottom surfaces is zero.

§D-dS = § D-dS =0
top bottom
Q = § D+dS = §D,rd¢dz
side side
L 2
= | | Dyrrdedz = rD,[z]5 [¢15
z=0 6=0
Q = 2rrD,L .. (4)
_Q
D, = 2nrL
= _ Q-
D = D'a'—anLa'
But Q. c/m
L
B - PL = 2 re e 1s
D = a2 Gm ... Due to infinite line charge.
and E = E=—p"—:i, V/m
€y 2mggr

The results are same as obtained from the Coulomb's law.
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3.8.3 Coaxial Cable

Consider the two coaxial cylindrical conductors forming a coaxial cable. The radius of
the inner conductor is 'a’ while the radius of the outer conductor is 'b'. The coaxial cable is
shown in the Fig. 3.12. The length of the cable is L.

Conducting
cylinders

(a) T (b)
Fig. 3.12 Coaxial cable

The charge distribution on the outer surface of the inner conductor is having density
ps C/m?2. The total outer surface area of the inner conductor is 2raL.

Hence pg can be expressed interms of py .

_ pgXxSurfacearea pgx2nal
Pl = “Totallength L

pL - Zﬂaps C/m

Thus the line charge density of inner conductor is p, C/m.

Consider the right circular cylinder of length L as the Gaussian surface. Due to the
symmetry, D has only radial component. From the discussion of line charge we can write,

Q = D, 2rrL .. 5) ™
where a<r«<b [Refer equation (4) in section 3.8.2]

The total charge on the inner conductor is to be obtained by evaluating the surface
integral of the surface charge distribution.

Q = §psdS e (6)
S
Now dS = rd¢dz butr=a
dS = ad¢dz v (D
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L 2
Q = §psad¢dz= I Ipsadcpdz
S z=09=0
= psalz]; [¢)3"=2na Lpg e (8)
Equating (5) and (8),
D, 2nrL = 2nalpg
D, = s ()
r
This acts along radial direction i.e. a,.
D = a‘:s a, .. (10)
But pg = %
B = 3PL = _ P > 2
D= omar? = onr & Gm - (11)
T - _PL =
E = 21t£0ra' (a<r<b) V/m .. (12)

This is same as obtained for infinite line charge. Every flux line starting from the
positive charge on the inner cylinder must terminate on the negative charge on the inner
surface of the outer cylinder. Hence the total charge on the inner surface of the outer
cylinder is,

_ Qouter oylinder = —27 2 LPgginnen .- (13)

But  Quuer gylinder = 27b LPgiouten - (14)
27 b Lpsoutey = —2T @ LPginner)

Psoutenn = _%pS(inncr) .. (15)

If the Gaussian surface is considered such that r > b, then the total charge enclosed
will be zero as equal and opposite charges on the cylinder will cancel each other.

Similarly inside the inner cylinder, r < a also the total charge enclosed will be zero.

3.8.4 Infinite Sheet of Charge

Consider the infinite sheet of charge of uniform charge density ps C/m?, lying in the
z = 0 plane i.e. xy plane as shown in the Fig. 3.13.

Consider a rectangular box as a Gaussian surface which is cut by the sheet of charge
to give dS = dx dy.
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z=0 plane

]
y

[}

n

Gaussian __—*
surface

Fig. 3.13 Infinite sheet of charge

D acts normal to the plane ic. 3, = 3, and -3, = -3, direction.
Hence D = 0 in x and y directions.

Hence the charge enclosed can be written as,

Q = 5[; D-dS= § D-dS+ 5[; D-+dS+ § D-dS
s sides top bottom
But § D+*dS = 0 as D has no component in x and y directions
sides
Now D = D,a, for top surface
and ' dS = dxdya, .
D+dS = D, dxdy(a, -a,)=D, dxdy
and D = D,(-a,) for bottom surface.
and dS = dxdy(-3,)

D-dS = D, dxdy(a, -3, )=D, dxdy
Q = §D,dxdy+ § D,dxdy

top bottom
Now § dxdy = § dxdy = A = Area of surface
top bottom

Q = 2D,A
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But Q = pgx A aspg = Surface charge density
ps = 2D,
D, = £f
D = D,3, =92i i, C/m ... (16)
E = £=—p§; a, V/m .. (17)

The results are same as obtained by the Coulomb'’s law for the infinite sheet of charge.

3.8.5 Spherical Shell of Charge

Consider an imaginary spherical shell of radius ‘a'.

The charge is uniformly distributed over its surface with a density ps C/m?. Let us
find E at a point P located at a distance r from the centre such that r > a and r <a, using

Gauss's law.
The shell is shown in the Fig. 3.14.
Case 1 : Point P outside the shell (r > a)

Consider a point P at a distance r from
the origin such that r > a. The Gaussian
surface passing through point P is a
concentric sphere of radius r. Due to spherical
Gaussian surface, the flux lines are directed
radially outwards and are normal to the
surface. Hence electric flux density D is also
directed radially outwards at point P and has
component only in a, direction. Consider a
differential surface area at P normal to a,
direction hence dS=r?sin® d@ d¢ in spherical
system.

Spherical .- _*
shell s Y

+
ol

“r>a

Gaussian
surface

Fig. 3.14 Spherical shell of charge

dy = D+dS =[D,a, ]-[r’sin® d6 d¢a, ]

D, r?sin® do d¢

t &
y = § D, r’sin® d@ d¢=D, r2 j j sin6 d6 d¢
s $=00=0
v = D, r?[-cos6]] [¢]g° =4nr?D, .. (18)
But v = Q ... Gauss's law

Q = 4nrlD,
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D, = Qz
4nr
= - Q _ 2
D = D,a, = a, ¢m .. (19
rr 4111'2 ( )
And E-L2-_9 53, V/m . (20)
8O 41560!'

Thus for r > a, the field E is inversely proportional to the square of the distance from
the origin.

If the surface charge density is pg C/m? then

Q = pg x Surface area of shell
Q = ps><41ta2
- 4ma? 2
E=0 5 P2 5 V/m .. (21)
4m€0r Eqr
_ _  peal .
and D = ggE="2—3a, C/m’ - (22)
r

Case 2 : Point P is on the shell (r = a)
On the shell, r = a

The Gaussian surface is same as the shell itself and E can be obtained using r = a in
the equation (20).

E-_Q 73, V/m ... (23)
4neja

Case 3 : Point P inside the shell (r < a)

The Gaussian surface, pass'mé through the point
P is again a spherical surface with radius r < a.

But it can be scen that the entire charge is on the
surface and no charge is enclosed by the spherical
shell. And when the Gaussian surface is such that no
charge is enclosed, irrespective of any charges
present outside, the total charge enclosed is zero.

v Q=§_D'd§=0 ... As per Gauss's law
5

2n

Now §d§ = j j r2sin@ d@ do=4nr?
S =00=0






