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Motion of a charged particle in a uniform magnetic field

Consider the motion of a charged particle in a uniform magnetic field, i.e. a magnetic field
having the same intensity and direction at all its points. The magnetic force which is given :
F = q v B is perpendicular to the velocity, its effect is to change the direction of the velocity
without changing its magnitude, resulting in a uniform circular motion as in the figure below

and by using the equation of motion, we have: PO S WY W W
—
mv? - |B
F = Centerpetal force E
Tr <:__-— —
and then +q
mv’ B ‘L{
= qU
- q

| magnetic force |
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Which give the radius of the circle described by the charged particle of mass (m).

Above equation tells us that the curvature of the path of a charged particle in a magnetic field

depends on the energy of the particle. The larger the energy (or the momentum p=mv), the
larger the radius of the path and the smaller the curvature.

By writing:
V= wr where w is the angular velocity of the particle,
w = iB
m

Therefore, the angular velocity w 1s independent on the linear velocity v and depend only on
the ratio (nll) and the field B.
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Above expression gives the magnitude of w but not its direction. We recall the acceleration in
a uniform circular motion may be written in vector form as:
Aa=wX7v
Therefore the equation of motion F = md becomes
mw XV =qv xB

On reversing the vector product on the right hand side and dividing by (m), we get:

— q. —

w=—(—)B

()

Which gives (w) in both magnitude and direction. The minus sign indicates that (w) has the
opposite direction B fora positive charge, and the same direction for a negative charge, we call

> (¢

w “cyclotron frequency”.
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toward the reader and by a cross (x) if it is directed into the page.

 Figure below represent the path of a positive and negative field perpendicular to the page. In
(a) w 1s directed into the page and in (b) toward the reader.

(a) (b)

g positive: B upward, @ downward g negative: B and @ upward

Figure circular path of negative and positive charge in uniform magnetic field
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If a charged particle moves in a direction that is not perpendicular to the magnetic field, we
may separate the velocity into its parallel and perpendicular components relative to the
magnetic field. The parallel component remains unaffected and the perpendicular component
changes continuously in direction but not in magnitude. The motion is then the resultant of a
uniform motion parallel to the field and a circular motion around the field, with angular
velocity given by:

q .

w=—B - .
m . . .,
The path Is a helix, as shown in the figure below for a positive ion. ~ Xz ﬂ# .




Motion of a charged particle in a non-uniform magnetic field

We shall now consider the case when a particle moves in a magnetic field which is not uniform.

We learn from
mv
" qB
that the larger the magnetic field, the smaller the radius of the path of the charged particle.
Therefore, If the magnetic field is not uniform, the path is not circular.

r

Figure below shows a magnetic field directed left to right with its strength increasing in that
direction. Thus a charged particle injected at the left hand side of the field describes a helix
whose radius decreases continuously.
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Figure path of a positive ion in a non-uniform magnetic field

A more detailed analysis, which we must omit here, would show that the component of the
velocity parallel to the field does not remain constant but decreases (and therefore the pitch
of the helix also decreases) as the particle moves in the direction of increasing field

strength. e\
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Magnetic force on a current carrying wire
Consider a long straight wire suspended in the region between the two magnetic poles.

The magnetic field points out the page and is represented with dots. It can be readily
demonstrated that when a downward current passes through, the wire is deflected to the left.
However, when the current Is upward, the deflection is rightward, as shown in figure below.

| - ——— | | S——
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» To calculate the force exerted on the wire, consider a segment of wire of length I and cross
sectional area A, as in the figure below. The magnetic field points into the page, and is
represented with crosses.

The charges move at an average drift velocity v. i : ::
Since the total amount of charge in this segment is: 53 S¢S

Qtot = q (nAl) X X ; X
Where n is the number of charges per unit volume, . Y
the total magnetic force on the segment is: % X X
Fp = Quot Vg X B = qnAl(V4 x B) = I(I x B) X X X

Where, I = gn¥y A and L is a length vector

with a magnitude I and directed along
the direction of the electric current.




acting on the small segments that make up the wire. Let the differential segment be denoted as

ds. B
The magnetic force acting on the segment Is: js’ loy
d?s =1dSxB :L
Thus the total force, Fs = I [, dS x B e
- P>

Where a and b represent the endpoints of the wire.
Figure current carrying wire

As an example, consider a curved wire carrying a current | olaced in a magnetic field

In a uniform magnetic field B as in the figure below:

Figure a curved wire carrying a current |
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b
Fle(f dS) xB=I1lxB
a

Where 1 is the length vector directed from a to b. However, if the wire forms a closed loop of
arbitrary shape (as in the figure below) the force on the loop becomes.

- — — B
Fgp=1(¢4dS) xB - ———
- . \
ds \// ‘
Since the set of differential length elements dS / o >
form a closed polygon, and their vector sum is zero. '\\_,_‘__,;//

ie,$dS=0.

Figure a closed loop carrying a current |
In a uniform magnetic field

Then net magnetic force on a closed loop is FB = 0.




Torqgue on a current loop

What happens when we place a rectangular loop carrying a current | in the xy plane and switch
on a uniform magnetic field B = B i which runs parallel to the plane of the loop, as In the

figure below.

- O <=/ ") Fi=0 O </
a/@)/ / e / >
@/ :—r y @ / ®—F
.// I o Ig / //=""E
| ©) ' -
- b ._I @ F3=0 YIE“

Figure (a) A rectangular current loop placed in a uniform
magnetic field. (b) The magnetic forces acting on sides 2 and 4
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From equation below, we see the magnetic forces acting on sides 1 and 3 vanish because the
length vectors 71 =—bi and 73 = b i are parallel and anti parallel to B and their cross
products vanish. On the other hand, the magnetic forces acting on the segments 2 and 4 are non
vanishing:
Fy=1(-aj)x(Bi)=IaBk
Fy,=1(aj)x(Bi)=—-IaBk

For 1_52 pointing out of the page and E Into the page. Thus the net force on the rectangular loop

—

is: Fpop=F1{+F,+F3+F;=0
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produce a torgue which causes the loop to rotate about the y-axis. The torque with respect to the

center of the loop Is:
- b /7 = b ’ -
T = —El XF2+ El XF4_

7= (—g i) x (IaB k) + (g i) x (—IaB k)

(I abB IabB

2+2

Where A=ab represents the area of the loop and the positive sign indicates that the rotation is

clockwise about the y-axis. It Is convenient to introduce the area vector A = A where 71is a
unit vector in the direction normal to the plane of the loop. The direction of the positive sense
of n Is set by the conventional right hand rule. In our case, we have fn = +k. The above

expression for torque can then be written as: TR
29 )))| DR. AHMED ALMURSHEDI

T= )]zlabB]zIAB]'




» Notice that the magnitude of the torgue Is at maximum when B is parallel to the plane of the
loop (or perpendicular to A).

 Consider now the more general situation where the loop (or the area vector Z) makes an angle
6 with respect to the magnetic field.

F,

In above figure, the lever arms can be expressed by:

Ty =§(—sin9 i+ cosO k) =—7,

and the net torque is becomes:

?:?2 XFZ +1_")4_XF4_ :21_")2 XFZ

— b . , , ,

t=2.2(—sin@ i+ cos@ k) x (IaB k) Figure Rotation
Z=1IabB sin@ f=1AxB :




For the loop consisting of N turns, the magnitude of the torque is:
T = NIAB sin @

The quantity N4 is called magnetic dipole moment % : = NIA

The direction of u is the same as the area A (perpendicular to the plane of the loop) and is
determined by the right hand rule.

The Sl unit of the magnetic dipole moment is (Ampere. meter?).

Using the expression for u the torque exerted on the current carrying loop can be written:

A NT]
This expression in analoguesto T = p X E the torque exerted on an electric dipole moment p
In the presence of an electric field E
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Magnetic force on a dipole
Consider the situation where a small dipole is placed along the symmetric axis of a bar magnet,

as In the figure below: R r
A "wk

The dipole experiences an attractive force by the e -, Ik F,
bar magnet whose magnetic field is non uniform e S . :'f‘.'.'.'_T_BE : _E(.f:ir)
. I - :""t..___
In the space. Thus, an external force must be Ayt I3 ‘ﬁ o %

- - = " h-“-'_'——"-“-. \
applied to move the dipole to the right. The ) 2
amount of force F,,; exerted by an external agent Yoo . A7
to move the dipole by a distance Ax Is given by: Figure a magnetic dipole near a bar magnet

Fo.,Ax =W, =AU = —uB(x + Ax) + uB(x)
Foxt Ax = —p[B(x + Ax) — B(%)]
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For small Ax, the external force may be obtained as:
[B(x + Ax) — B(x)] dB
Ax - Fax

Feoxt = —

Which iIs positive quantity since Z—i < 0, I.e., the magnetic field decreases with increasing x.

This is precisely the force needed to overcome the attractive force due to the bar magnet. Thus,
we have:

dB d
Ho = (u B)

More generally, the magnetic force experienced by a dipole u placed in non uniform magnetic

Fp =

field B can be written as:
F, = V(ii. B)

Where, V = E i+ —] +- k Is gradient Operator.
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Example 1: A proton is moving in a circular orbit of radius 14 cm in a uniform 0.35 T
magnetic field perpendicular to the velocity of the proton. Find the linear speed of the
proton.

Sol.
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Example 2: A particle with charge g = 3.2 X 10‘“ C mass m = 3 X 10‘!] kg and velocity

v =5 x10° (i) m/s, enters a region of uniform magnetic field B =16 (j)T. (a) compute
magnitude and direction of the magnetic force (b) compute the radius of the resulting charge
circular orbit, angular velocity and the frequency

Sol.
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Example 3: In an experiment designed to measure the magnitude of a uniform electric field,
electrons are accelerated from rest through a potential difference of 350 V. The electrons travel
along a curved path because of the magnetic force exerted on them, and the radius of the path is
measured by 7.5 cm. If the magnetic field is perpendicular to the beam. (a) what Is the
magnitude of the field? (b) what is the angular speed of the electrons?

e Sol.
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H.W: two isotopes of uranium, 23U (mass of 3.90 x 1072° kg) and 238U (mass of 3.95 x
1072° kg), are sent into a mass spectrometer with a speed of 1.05 x 10> m/s. Given that
each isotope is singly ionized, and the strength of the magnetic field is 0.750 T, what is the

separation between two isotopes after they complete half a circular orbit?
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