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! i
i Exponential functions, Trigonometric functions, Hyperbolic .
i function: I
i 1-Exponential functions and power !
i Exponential are defined by peiy as !
i W =e? =XV =eXe¥ =eX(cosy +isiny) I
' I
i Re(e’) =e*cosy i
i .
' : |
i Im(e?) =e*siny i
: |
I .
i e?|=leXe¥| =le*|leV|=eX ]
' I
i If a is any positive number, then we define !
I : .
i W:az:elna :ezlna I
' I
i : .
i Exercise 1: Il
i Find the values of z that satisfies the following equations !
i (1+1)

° z 2 z s

mel=—e2 me’=Ae

i V2 !
i & I
° . Lo : I( +27zn) .
; e? = e2(-1+i0) = e2(cos + isinz) = e2.el(T+2m) _ g2+7" |
' I
i — 7=2+i(7 +2m) i
i .
i |
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(2)

1+i0) 172, 1 1/2 T T
e2=e1/2( e’ (—+—=)=e"“(cos= +isin=
72 Catyz)=¢ osy+ising) i
\z 1+iz i
el =e2p4 —2 4 o= 7==4iZ

Exercise 2: Find the real part and imaginary part of [% (—1-1i 3]3”.

3n|n[§(—1—iJ§)] 3n|n[e(—;—if)]

e

[g A—iv3)]3” =e

1 .-/3 1 .-/3
InNfee(—=—-—1—")=1+In(—=—1— >
[e( > 2) ( > 2) i
1 .-/3 1 .+/3 .
3zinfe(—=—i~2)=37z+37In(—=—i>>
winfe(=3 —i°37) =37 +3zIn(-2 —i~7) i
Let z=(x+iy)=—%—i§=r(cos¢9+isin¢9) I
X = rcose —— = , y=rsin6’=£:>r=1 !
2 2 i
O=tan 1/3=_2L , 0O must be a4z
3 3 i
. A
i(—+27zn) .
z=e 3 I
1 .-/3 ., 4
Inz=IN(—=—i—) =i(—+2m .
o= ) i
1 .3 !
[%(1_i\/§)]3”:e3ﬂ+3ﬂln(_2_l2)283”_”7[2(4_'_6”) i
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1 .
' I
i Exercise 1: Find the principle values of (1+i/3)®) i
i .
' I
i 1+ i\/§)(1”) _ e(1+i)|n(1+ﬁ) !
i let  z=x+iy=(1++/3)=r(cosd+isinb) i
' I
i x=rcos@=1, y=rsind=+3, tan9:\/§:>¢9:%, r=2 i
; : ’
ii [
: (L+i/3) = 2[cos = +isin 2] = 2e 3 I
i 3 3
i [neri3 = m2+ic +2m) !
° |
i @+1)In(1+ \/§)=(l+i)[|n2+i(%+27zn)] .
I
I :[In2+(%+27zn)+i[In2+(%+27zn)] i
i | .
i - (L IE) D = I3 _ A 2—(7§+2ﬂn)].e|[|n 2+(3 +2m)] I
i [In2—(Z+2m)] I
i —e 3 fcos[In2+ (%+ 2] +isin[In 2 + (%+ 2} i
i .
i i [In2—(Z+2m)] T !
' S Re[@+iv/3)E D =¢ 3 .cos[ln2+(§+27zn)] i
i .
a ﬁ !
. [IN2—(=+2m)] o
' Im[(1+iv3)*V1=e 3 7 sinfln2+ (% +27n)] I
i .
' I
i .
' I
i .
' I
i .
i I
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2-Trigonometric function

We define trigonometric function or circular function as fallows:

] eiz_e—iz
1. Silnz = : .
21 !
elZyeiz i
2. C0OSz =

2 °
!
_ eiz_e—iz i
3.tanz = (eiZ1e12) ;
I
2i .
4. cscz = Sing o7 —o-iz !
1 2 !

5.cscz = =

coSZ elZyel2

6. sin%z + cos?z =1

7. 1 + tan?z = sec?z

8. 1+ cot?z = csc?z

9. sin(z; + z,) = sin z; cos z, * cos z; sin z,

10. cos(z, + z,) = cos z; cos z, + sin z; sin z,

tanz,ttanz,

11. tan(21 i Zz) ==

1+tanz tanz,

Prove (1)

e'? = cosz + i sinz
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e”Z = cosz — i sinz

el? —e'? = 2isin
. elZz _ p~iz

sinz = .

21
Prove (6)

iz —iz iz —iz
— e” +e
sin’z + cos?z = ( > )2 + (T)Z
i

L , eziz — 24+ e—ziz eziz 4+ 24 e—ziz
sin“z + cos“z = —( 2 ) + 2

_BZiZ + 2 _ e—ZiZ + eZiZ + 2 + e—ZiZ
4

sin®z + cos?z = (

4
sin’z + cos?z = i 1
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3-Hyperbolic function

—Z

. e“—e
.sinhz =
2
el+e%
.coshz =
eZ—e~Z
.tanhz =
(eZ+e~2%)

. cosh?z — sinh?z =1
. 1 — tanh?z = sech?z
. coth?z — 1 = csch®z
.sin(iz) =i sinhz
.cos(iz) = coshz

.tan(iz) =i tanhz

tanh(iz) =i tanz

]
l
]
l
]
I
l
l
l
i
l
l
]
l
l
l
l
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4. Inverse of Trigonometric and Hyperbolic function

functions

1.sin"lz=—ilnfiz+V1—z2]

2.coslz=—iln[z+Vz2—-1]

(i+2)

—1, _ 1
3.tan™" z = ln[(i_z)

2

]

4.sinh™lz=In[z+Vz2+1]

5.cosh™z= In[z++Vz2—-1]

(1+2)

1 1
6. tanh™" z = x In[ 1)

i
:
:
i
i
i
i
i
i
i
i
i
:
i
i
i
i ]
i

i

i

:

i
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|
I Prove (1) ;
i Z = sinw = %(eiw — T 1 I
i .
; By multiplying both side of equation (1) by e and |
rearranged the equation (1) we get: I
i
; |
e?W —2ize™ —1 =0 ..ooooiniiiiiinii, (2) I
! We can solve equation (2) by using quadratic formula we I
I get :
! ; 2iz +V—4z2% + 4 i
i e’ = >
' |
‘ a
i Taking the + sine we get: :
! [
! iw=In(iz++1—-22) i
i
; [
1
i W=71n(iz+\/1—zz)=—i1n(iz+\/1—zz) !
[
i
; |
; |
; |
|
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Homework

l.cosTlz=—iln[z+Vz%2—-1]

-1 .. _ L (i+2)
2.tan™" z = 2ln[ (i_z)]

3.sinh™tz=In[z+VzZ+1]

4. cosh™lz= In[z+VzZ—1]

(1+2)

I
I
i
i
i
i
i
I
I
I
I
(1—2)] i
I
i
I
i
I
i
I
i
I
;

5. tanh™! z = ~In]

6. sin(z; + z,) = sinz, cos z, + cos z; sin z,

7. cos(z; + z,) = cos z; cos z, + sin z; sin z,

tanz,ttanz,

8. tan(21 i Zz) -

1+tanz tanz,

9.sin(iz) =i sinhz
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10. cos(iz) = coshz
11. tan(iz) = i tanhz

12. tanh(iz) =i tanz
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