
Exponential functions, Trigonometric functions, Hyperbolic 

function: 

1-Exponential functions and power 

Exponential are defined by 
iye as 

 

 

If a is any positive number, then we define 
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Exercise 1:  

Find the values of z that satisfies the following equations 
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Exercise 2: Find the real part and imaginary part of 
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Exercise 1: Find the principle values of 
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2-Trigonometric function 

We define trigonometric function or circular function as fallows: 

1. sin 𝑧 =
𝑒𝑖𝑧−𝑒−𝑖𝑧

2𝑖
 

2. cos 𝑧 =
𝑒𝑖𝑧+𝑒−𝑖𝑧

2
 

3. tan 𝑧 =
𝑒𝑖𝑧−𝑒−𝑖𝑧

𝑖(𝑒𝑖𝑧+𝑒−𝑖𝑧)
 

4. csc 𝑧 =
1

𝑠𝑖𝑛𝑧
=

2𝑖

𝑒𝑖𝑧−𝑒−𝑖𝑧 

5. csc 𝑧 =
1

𝑐𝑜𝑠𝑧
=

2

𝑒𝑖𝑧+𝑒−𝑖𝑧 

6. 𝑠𝑖𝑛2𝑧 + 𝑐𝑜𝑠2𝑧 = 1 

7. 1 + 𝑡𝑎𝑛2𝑧 = 𝑠𝑒𝑐2𝑧  

8. 1 + 𝑐𝑜𝑡2𝑧 = 𝑐𝑠𝑐2𝑧 

9. sin(𝑧1 ± 𝑧2) = sin 𝑧1 cos 𝑧2 ± cos 𝑧1 sin 𝑧2 

10. cos(𝑧1 ± 𝑧2) = cos 𝑧1 cos 𝑧2 ∓ sin 𝑧1 sin 𝑧2 

11. tan(𝑧1 ± 𝑧2) =
𝑡𝑎𝑛𝑧1±𝑡𝑎𝑛𝑧2

1∓𝑡𝑎𝑛𝑧1𝑡𝑎𝑛𝑧2
 

 Prove (1) 

𝑒𝑖𝑧 = 𝑐𝑜𝑠𝑧 + 𝑖 𝑠𝑖𝑛𝑧 



𝑒−𝑖𝑧 = 𝑐𝑜𝑠𝑧 − 𝑖 𝑠𝑖𝑛𝑧 

𝑒𝑖𝑧 − 𝑒𝑖𝑧  = 2𝑖 𝑠𝑖𝑛 

sin 𝑧 =
𝑒𝑖𝑧 − 𝑒−𝑖𝑧

2𝑖
 

 

Prove (6) 

𝑠𝑖𝑛2𝑧 + 𝑐𝑜𝑠2𝑧 = (
𝑒𝑖𝑧 − 𝑒−𝑖𝑧

2𝑖
)2 + (

𝑒𝑖𝑧 + 𝑒−𝑖𝑧

2
)2 

 

𝑠𝑖𝑛2𝑧 + 𝑐𝑜𝑠2𝑧 = −(
𝑒2𝑖𝑧 − 2 + 𝑒−2𝑖𝑧

4
) +

𝑒2𝑖𝑧 + 2 + 𝑒−2𝑖𝑧

4
 

 

𝑠𝑖𝑛2𝑧 + 𝑐𝑜𝑠2𝑧 = (
−𝑒2𝑖𝑧 + 2 − 𝑒−2𝑖𝑧 + 𝑒2𝑖𝑧 + 2 + 𝑒−2𝑖𝑧

4
) 

 

𝑠𝑖𝑛2𝑧 + 𝑐𝑜𝑠2𝑧 =
4

4
= 1 

 

 

 

 

 

 

 



 

3-Hyperbolic function 

 

1. sinh 𝑧 =
𝑒𝑧−𝑒−𝑧

2
 

2. cosh 𝑧 =
𝑒𝑧+𝑒−𝑧

2
 

3. tanh 𝑧 =
𝑒𝑧−𝑒−𝑧

(𝑒𝑧+𝑒−𝑧)
 

4. 𝑐𝑜𝑠ℎ2𝑧 − 𝑠𝑖𝑛ℎ2𝑧 = 1 

5. 1 − 𝑡𝑎𝑛ℎ2𝑧 = 𝑠𝑒𝑐ℎ2𝑧  

6. 𝑐𝑜𝑡ℎ2𝑧 − 1 = 𝑐𝑠𝑐ℎ2𝑧 

7. sin(i 𝑧) = 𝑖 𝑠𝑖𝑛ℎ𝑧 

8. cos(i 𝑧) = 𝑐𝑜𝑠ℎ𝑧 

9. tan(i 𝑧) = 𝑖 𝑡𝑎𝑛ℎ𝑧 

10. tanh(i 𝑧) = 𝑖 𝑡𝑎𝑛𝑧 

 

 



4. Inverse of Trigonometric and Hyperbolic function 

functions 

1. sin−1 𝑧 = −𝑖 𝑙𝑛[𝑖𝑧 + √1 − 𝑧2 ] 

 

2. cos−1 𝑧 = −𝑖 𝑙𝑛[𝑧 + √𝑧2 − 1 ] 

 

3. tan−1 𝑧 =
𝑖

2
ln[ 

(𝑖+𝑧)

(𝑖−𝑧)
 ] 

 

4. sinh−1 𝑧 = 𝑙𝑛[𝑧 + √𝑧2 + 1 ] 

 

5. cosh−1 𝑧 =  𝑙𝑛[𝑧 + √𝑧2 − 1 ] 

 

6. tanh−1 𝑧 =
1

2
ln[ 

(1+𝑧)

(1−𝑧)
 ] 

 

  

 

 



Prove (1) 

𝑧 = 𝑠𝑖𝑛𝑤 =
1

2𝑖
(𝑒𝑖𝑤 − 𝑒−𝑖𝑤)……………………. 1 

By multiplying both side of equation (1) by 𝑒𝑖𝑤 and 

rearranged the equation (1) we get: 

 

𝑒2𝑖𝑤 − 2𝑖𝑧 𝑒𝑖𝑤 − 1 = 0  ……………………..(2) 

 We can solve equation (2) by using quadratic formula we 

get: 

𝑒𝑖𝑤 =
2𝑖𝑧 ± √−4𝑧2 + 4

2
 

  

Taking the + sine we get: 

 

𝑖𝑤 = ln(𝑖𝑧 + √1 − 𝑧2  ) 

 

𝑤 =
1

𝑖
ln(𝑖𝑧 + √1 − 𝑧2  ) = −𝑖 ln(𝑖𝑧 + √1 − 𝑧2  ) 

 

 

 



Homework 

1. cos−1 𝑧 = −𝑖 𝑙𝑛[𝑧 + √𝑧2 − 1 ] 

 

2. tan−1 𝑧 =
𝑖

2
ln[ 

(𝑖+𝑧)

(𝑖−𝑧)
 ] 

 

3. sinh−1 𝑧 = 𝑙𝑛[𝑧 + √𝑧2 + 1 ] 

 

4. cosh−1 𝑧 =  𝑙𝑛[𝑧 + √𝑧2 − 1 ] 

 

5. tanh−1 𝑧 =
1

2
ln[ 

(1+𝑧)

(1−𝑧)
 ] 

 

6.   sin(𝑧1 ± 𝑧2) = sin 𝑧1 cos 𝑧2 ± cos 𝑧1 sin 𝑧2 

7.    cos(𝑧1 ± 𝑧2) = cos 𝑧1 cos 𝑧2 ∓ sin 𝑧1 sin 𝑧2 

8. tan(𝑧1 ± 𝑧2) =
𝑡𝑎𝑛𝑧1±𝑡𝑎𝑛𝑧2

1∓𝑡𝑎𝑛𝑧1𝑡𝑎𝑛𝑧2
 

9. sin(i 𝑧) = 𝑖 𝑠𝑖𝑛ℎ𝑧 



10. cos(i 𝑧) = 𝑐𝑜𝑠ℎ𝑧 

11. tan(i 𝑧) = 𝑖 𝑡𝑎𝑛ℎ𝑧 

12. tanh(i 𝑧) = 𝑖 𝑡𝑎𝑛𝑧 

 


