
Chapter one 

The Slop and The equation of a Straight line 

1.The distance between two point  

The distance between two points ),( 111 yxP  and ),( 222 yxP  is given by the 

following: 
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  Figure 1 

Example: Calculate the distance between the point (-1, 2) and (2, -2). 

Solution: 
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2-  The Slop of a Straight Line 

If a straight line is not parallel to the y-axis (x=0), and the straight line graph passing 

through co-ordinates ),( 111 yxP and ),( 222 yxP then the slope of a straight line is the 

ratio of the change in the value of y to the change in the value of x between any two 

points on the line and is given by: 
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Figure 2 

 

Example: Calculate the slope of the line through the points P1(1,2) and P2(3,8). 

Solution: 
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If, as x increases, (  ), y also increases ( ), then the gradient (slope) is 

positive. If as x increases ( ), y decreases ( ), then the slope is negative. See 

figure (3): 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

Figure (3) 

In figure 3(a), the slope is  
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In figure 3(b), the slope is 
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Figure 3(c) shows a straight line graph y = 3. Since the straight line is 

horizontal the gradient (slope) is zero. 

 



 

The value of y when x = 0 is called the y-axis intercept. In Fig. .3(a) the y-axis 

intercept is 1 and in Fig. .3(b) is 2.

 

3- Equation of Straight lines 

From equation (2) [ 
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 ], multiplying both side by ( 1xx  ) gives 

us the more useful equation: 
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bmxy  ………………………………………………………………. (4) 

Where m is the slope of the line and b is )( 11 mxy  , which is a constant in fact (0,b) is 

the point where the line crosses the y-axis. The number b is called the y-intercept of the 

line, and Eq. (4) is called the slope- intercept equation of the line. 

Example: Write an equation for the line through the point (1,2) with slope 
4

3
m . Where 

does this line cross the y-axis? The x-axis? 

Solution: 
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To find where the line cross the y-axis, we set x=0 in equation above and solve for y: 
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To find where the line cross the x-axis, we set y=0 in equation above and solve for x: 
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Example: 25  xy , represents a straight line of gradient ( slope) 5 and y-

axis intercept 2. Similarly, 43  xy represents a straight line of gradient 

-3 and y-axis intercept -4. 

 

For a horizontal line the equation bmxy  reduces to bxy  .0  

or by  , the equation 5y  is the slope- intercept equation of the line that 

passes the through point (0,-5) with slope m=0. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Chapter Two 

Functions 

Given two sets A and B, a set with elements that are ordered pairs (x, y), where x is an element of 

A and y is an element of B, is a relation from A to B. A relation from A to B defines a relationship 

between those two sets. A function is a special type of relation in which each element of the first 

set is related to exactly one element of the second set. The element of the first set is called the 

input; the element of the second set is called the output. Functions are used all the time in 

mathematics to describe relationships between two sets. For any function, when we know the input, 

the output is determined, so we say that the output is a function of the input. For example, the area 

of a square is determined by its side length, so we say that the area (the output) is a function of its 

side length (the input). The velocity of a ball thrown in the air can be described as a function of 

the amount of time the ball is in the air. Since functions have so many uses, it is important to have 

precise definitions and terminology to study them. 

Definition 

A function f consists of a set of inputs, a set of outputs, and a rule for assigning each input to 

exactly one output. The set of inputs is called the domain of the function. The set of outputs is 

called the range of the function. 

The concept of a function can be visualized using Figure 2.1, Figure 2.2, and Figure 2.3.  

  

 

 

 

 

Figure 2.1 A function can be visualized as an input/output device. 

 

 

 

 

 

 

 

 

 

  

Figure 2.2 A function maps every element 

in the domain to exactly one element in the 

range. 

Figure 2.3 In this case, a graph of a function f has a domain 

of {1, 2, 3} and a range of {1, 2}. The independent variable 

is x and the dependent variable is y. 



Every function is determined by two things: (1) the domain of the first variable x and (2) 

the Range or the rule or condition that the pairs (x, y) must satisfy to belong the function. 

To graph a function, we carry out three steps. 

1.Make a table of pairs from the function. 

2.Plot enough of corresponding point to learn the shape of graph. Add more pairs to the 

table if necessary. 

3.Complete the sketch by connecting the points. 

 

Example:  

Problem 1. Plot the graph 34)(  xyxf in the range x = -3 to x = +4. From the graph, find 

(a) the value of y when x = 2.2, and (b) the value of x when y = -3 

Solution: 

The domain is taken to be the set of all real numbers x for which f (x) is a real number  

D )(xf =R 

To find the range we set  
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 So that the range is taken to be the set of all real numbers y. 

R )(xf =R 

  

   

 

 

 

 

The co-ordinates (3, 9), (2, 5), (1, 1), and so on, are plotted and joined together to produce 

the straight line shown in Figure above (Note that the scales used on the x and y axes do not 

have to be the same). From the graph: 

  



(a) when x = 2.2, y = 11.8, and 

(b) when y D = -3, x = -1.5 

 

Example:    Consider the function  

13)(  xyxf
 

find the following:   1. The domain.    2.The range.    3. Sketch a graph of  )(xf  

Solution: 

1.To find the domain we set   

30303  xxx  
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2. To find the range we set  
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We just need to verify that x is in the domain of )(xf . Since the domain of f consists of all real 

numbers greater than or equal to -3, and 

33)1( 2  yx
 

there does exist an x in the domain of )(xf . We conclude that the range of f is 
 1: yy

 

R )(xf = 
 1: yy

 

 

3. To graph this function, we make a table of values. Since we need x + 3 ≥ 0, we need to choose 

values of x ≥ -3. We choose values that make the square-root function easy to evaluate. 

 

 



 

 

 

 

 

 

 

 

 

 

Example: Consider the function  

21)( xyxf 
 

find the following:   1. The domain.    2.The range.    3. Sketch a graph of  )(xf  

Solution: 

1.To find the domain we set   
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So that  
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 11:  xx

 

 

2. To find the range we set  

2222 111 yxxyxy 
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So that  

R )(xf = 
 11:  yy

 

3. Exercise: (is left to the student as homework) 

Example. Consider the function 
xyxf  3/1)(

, find the following: 

1.The domain.    2.The range.    3. Sketch a graph of  )(xf  

1.To find the domain we set  

3303  xxx   

The set of real number less than 3 

D )(xf = 
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2. To find the range we set  
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We just need to verify that x is in the domain of )(xf . Since the domain of f consists of all real 

numbers less than 3, and 
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there does exist an x in the domain of )(xf . We conclude that the range of f is 
 0: yy

 

 



Chapter Three 

Exponential and Logarithmic Functions 

1.Exponential 

any function of the form 
xbxf )( , where 0b , 1b  is an exponential 

function with base b and exponent x . Exponential functions have constant bases and 

variable exponents. Note that a function of the form 
bxxf )( for some constant 

b is not an exponential function but a power function. To see the difference between 

an exponential function and a power function, we compare the functions 
2xy 

and 
xy 2 In Table 1, we see that both 

xy 2 and 
2xy   approach infinity 

as x . Eventually, however, 
xy 2  becomes larger than 

2xy   and grows more rapidly as x → ∞.In the opposite direction, as x → -∞,

 2xy whereas 02  xy . 

 

 

 

 

 

 

 

 

 

Table 1. Values of x2 and 2x 

 

In Figure 1, we graph both y = x2 and y=2x to show how the graphs differ. 

 

 



 

Figure 1. both 
xy 2

and 
2xy 

 approach infinity as x . Eventually, 

however, 
xy 2

becomes larger than
2xy 

 and grows more rapidly as x → ∞.In the 

opposite direction, as x → -∞,
 2xy

whereas 
02  xy

. 

 

 



 

 

 

 

The function f (x) = ex is the only exponential function bx with b= e ≈ 2.718282. 

we call the function f (x) = ex the natural exponential function. 



2. Logarithmic Functions 

The exponential function f (x) = bx is one-to-one, with domain (-∞, ∞) and range (0, ∞). Therefore, 

it has an inverse function, called the logarithmic function with base b. For any b > 0, b ≠ 1, the 

logarithmic function with base b, denoted bLog
, has domain (0, ∞) and range (-∞, ∞), and 

satisfies 

yxLogb )(
 if and only if xb y   

For example, 

     

 

 



 

 

 

 



Homework: Prove the following  

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Chapter Four 

1.Trigonometric Functions 
To define the trigonometric functions, first consider the unit circle centered at the origin and a 

point P = (x, y) on the unit circle. Let θ be an angle with an initial side that lies along the positive 

x -axis and with a terminal side that is the line segment OP. An angle in this position is said to be 

in standard position (Figure 1). We can then define the values of the six trigonometric functions 

for θ in terms of the coordinates x and y. 

 

 

 

 

 

 

Definition: 

Let P = (x, y) be a point on the unit circle centered at the origin O. Let θ be an 

angle with an initial side along the positive x -axis and a terminal side given by the 

line segment OP. The trigonometric functions are then defined as 

Figure 1. The angle θ is in standard position. The values of the trigonometric functions for 

θ are defined in terms of the coordinates x and y. 

 



 

 

We can see that for a point P = (x, y) on a circle of radius r with a corresponding angle θ, the 

coordinates x and y satisfy 

 

The values of the other trigonometric functions can be expressed in terms of x, y, 

and r 

 

  

 

 

 

Figure 2. For a point P = (x, y) on a circle of radius r, the coordinates x and y satisfy x 

= r cosθ and y = rsinθ. 

 



Table 1.9 shows the values of sine and cosine at the major angles in the first 

quadrant. From this table, we can determine the values of sine and cosine at the 

corresponding angles in the other quadrants. The values of the other trigonometric 

functions are calculated easily from the values of sinθ and cosθ. 

 

 

Table 1. Values of sinθ and cosθ at Major Angles θ in the First Quadrant 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



To solve this equation, it is important to note that we need to factor the left-hand 

side and not divide both sides of the equation by cosθ. The problem with dividing 

by cosθ is that it is possible that cosθ is zero. In fact, if we did divide both sides of 

the equation by cosθ, we would miss some of the solutions of the original equation. 

Factoring the left-hand side of the equation, we see that θ is a solution of this 

equation if and only if. 

 

 

 

 

However, we need to be a little careful here. Even if θ satisfies this new equation, it 

may not satisfy the original equation because, to satisfy the original equation, we 

would need to be able to divide both sides of the equation by cosθ. However, if cosθ 



= 0, we cannot divide both sides of the equation by cosθ. Therefore, it is possible 

that we may arrive at extraneous solutions. So, at the end, it is important to check 

for extraneous solutions. Returning to the equation, it is important that we factor sinθ 

out of both terms on the left-hand side instead of dividing both sides of the equation 

by sinθ. Factoring the left-hand side of the equation, we can rewrite this equation as 

 

 

 

 

 

 

  

 



 

 

 

 

 

 

Figure 3 The six trigonometric functions are periodic. 

 

 

 

 

 



Inverse Trigonometric Functions 

 

 

 
 

 

 
 

 

 

To graph the inverse trigonometric functions, we use the graphs of the trigonometric 

functions restricted to the domains defined earlier and reflect the graphs about the 

line y = x 



 

 

 

 

Figure 1. The graph of each of the inverse trigonometric functions is a reflection 

about the line y = x of the corresponding restricted trigonometric function. 

 



Hyperbolic Functions 

 

The hyperbolic functions are defined in terms of certain combinations of ex and e-x. 

These functions arise naturally in various engineering and physics applications, 

including the study of water waves and vibrations of elastic membranes. Another 

common use for a hyperbolic function is the representation of a hanging chain or 

cable, also known as a catenary (Figure 1.49). If we introduce a coordinate system 

so that the low point of the chain lies along the y -axis, we can describe the height 

of the chain in terms of a hyperbolic function. First, we define the hyperbolic 

functions. 

 

 

 



 

 

Figure 1. The unit hyperbola 1sinhcosh 22  tt  

 

 

 



 

 

 

 

 

Figure 2.  The hyperbolic functions involve combinations of ex and e-x. 

 

 

 



 

 

Example 

 

 

  

 



Inverse Hyperbolic Functions 

 

 

 

 

 

 



 


