Chapter one

The Slop and The equation of a Straight line

1.The distance between two point

The distance between two points P, (X;, ;) and P,(X,,Y,) is given by the
following:
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Example: Calculate the distance between the point (-1, 2) and (2, -2).

Solution:

d = /(AX)2 + (AY)? = /(X — %) + (Y, — V1)°

d=12-(-1))’ +(-2-2)> =/(3)2+(4)> =J9+16 =/25=5



2- The Slop of a Straight Line

If a straight line is not parallel to the y-axis (x=0), and the straight line graph passing
through co-ordinates P,(x,,y,)and P,(x,,y,)then the slope of a straight line is the
ratio of the change in the value of y to the change in the value of x between any two
points on the line and is given by:
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Example: Calculate the slope of the line through the points P1(1,2) and P2(3,8).

Solution:

AX X, — X 3—-1 2

If, as x increases, ( ), y also increases (=), then the gradient (slope) is

positive. If as x increases (—), y decreases (\L ), then the slope is negative. See
figure (3):
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In figure 3(a), the slope is
me Y _ Yoo -3 4,
AX X,—X% 3-1 2

In figure 3(b), the slope is

m:ﬂzyz_yl:ll_2 = 9 :—3
AX X, —-% -3-0 -3

Figure 3(c) shows a straight line graph y = 3. Since the straight line is
horizontal the gradient (slope) is zero.



The value of y when x = 0 is called the y-axis intercept. In Fig. .3(a) the y-axis
interceptis 1 and in Fig. .3(b) is 2.

3- Equation of Straight lines

Ay _y-—

Y1
From equation (2) [ M = AX | X—x, ], multiplying both side by (X —X,) gives

us the more useful equation:

Y=Y =M= X0) e 3)
y = mx—mx, +VY,
y =mx+ (yl _mxl)

Where m is the slope of the line and b is (Y; +MX; ), which is a constant in fact (0,b) is

the point where the line crosses the y-axis. The number b is called the y-intercept of the
line, and Eq. (4) is called the slope- intercept equation of the line.

Example: Write an equation for the line through the point (1,2) with slope m = —%. Where

does this line cross the y-axis? The x-axis?

Solution:
Y—W :m(x_xl)
3
—2=-2(x-1
y-2=-5(x-1)

3.3 3. 11
y=—-X+—4+2=——X+—
4 4 4 4

To find where the line cross the y-axis, we set x=0 in equation above and solve for y:



11 11
4

To find where the line cross the x-axis, we set y=0 in equation above and solve for x:

3 11 3 11 11
O=—X+—= —X=—"=X=—1F
4 4 4 4 3

y=-2(0)+

Example: Y = 5X+2, represents a straight line of gradient ( slope) 5 and y-

axis intercept 2. Similarly, Y = —3x -4 represents a straight line of gradient
-3 and y-axis intercept -4.

For a horizontal line the equation Y = MX + D reducesto Y = 0.X+Db

or Y = b , the equation Y = —5 isthe slope- intercept equation of the line that
passes the through point (0,-5) with slope m=0.



Chapter Two

Functions

Given two sets A and B, a set with elements that are ordered pairs (X, y), where X is an element of
A and y is an element of B, is a relation from A to B. A relation from A to B defines a relationship
between those two sets. A function is a special type of relation in which each element of the first
set is related to exactly one element of the second set. The element of the first set is called the
input; the element of the second set is called the output. Functions are used all the time in
mathematics to describe relationships between two sets. For any function, when we know the input,
the output is determined, so we say that the output is a function of the input. For example, the area
of a square is determined by its side length, so we say that the area (the output) is a function of its
side length (the input). The velocity of a ball thrown in the air can be described as a function of
the amount of time the ball is in the air. Since functions have so many uses, it is important to have
precise definitions and terminology to study them.

Definition

A function f consists of a set of inputs, a set of outputs, and a rule for assigning each input to
exactly one output. The set of inputs is called the domain of the function. The set of outputs is
called the range of the function.

The concept of a function can be visualized using Figure 2.1, Figure 2.2, and Figure 2.3.
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Figure 2.1 A function can be visualized as an input/output device.
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Figure 2.2 A function maps every element Figure 2.3 In this case, a graph of a function f has a domain
in the domain to exactly one element in the of {1, 2, 3} and a range of {1, 2}. The independent variable
range. is x and the dependent variable is y.




Every function is determined by two things: (1) the domain of the first variable x and (2)
the Range or the rule or condition that the pairs (X, y) must satisfy to belong the function.

To graph a function, we carry out three steps.
1.Make a table of pairs from the function.

2.Plot enough of corresponding point to learn the shape of graph. Add more pairs to the
table if necessary.

3.Complete the sketch by connecting the points.

Example:

Problem 1. Plot the graph f(X) = y = 4X+3in the range x = -3 to x = +4. From the graph, find
(@) the value of y when x = 2.2, and (b) the value of x wheny = -3
Solution:
The domain is taken to be the set of all real numbers x for which f (x) is a real number
D f(x)=R
To find the range we set
f(X)=y=4x+3=4x=y -3
=x=123
So that the range is taken to be the set of all real numbers y.

R f(x)=R

Whenever an equation is given and a graph is
required, a table giving corresponding values of
the variable is necessary. The table is achieved as
follows:
When x=-3, y=4dr+3=4(-3)4+3
=—1243=-9

When x=-2, y=4(-2)4+3

=—843=-5, and s0 on.

Such a table 15 shown below: Are

x|l -3 —2 —1 0o 1 2 3 4| |t
v -9 -5 -1 3 7 11 15 19




(@) whenx=2.2,y=11.8, and
(b) wheny D =-3,x=-15

Example: Consider the function

f(X)=y=+vx+3+1
find the following: 1. The domain. 2.Therange. 3. Sketch a graph of f(x)

Solution:

1.To find the domain we set

VX+3>20=>Xx+3>20=>x>-3

D t(=X:X=-3}

2. To find the range we set
y= Jx+3+1
y-1=+/x+3
(y-1)%*=x+3
x=(y-1)°-3

We just need to verify that x is in the domain of f (x) . Since the domain of f consists of all real
numbers greater than or equal to -3, and

Xx=(y-1?-3>-3

there does exist an x in the domain of f (x). We conclude that the range of f is {y y= _1}

R f(x)= {y: yZ—l}

3. To graph this function, we make a table of values. Since we need x + 3 > 0, we need to choose
values of x > -3. We choose values that make the square-root function easy to evaluate.



f(x) 1 2 3

xV

Example: Consider the function
f(X)=y=+/1—x°
find the following: 1. The domain. 2.The range.

Solution:

1.To find the domain we set
V1-x2>0=1-x*>0
1-x)@+x)=>0

1-x)20=—x>2-1=>=x<1
or

1+X)20=>=>x>-1

So that

D (0= {x:—1<x<1}

2. To find the range we set

y=vl-X* = y* =1-x* = x=41-V?

3. Sketch a graph of f (x)




J1-y? >0
J1-y2>0=1-y2>0

1-y)d+y)=0
l-y)20=>-y2>2-1l=2=y<l
or

1l+y)20==y>-1

So that

R t0o= Yi-lsy <1

3. Exercise: (is left to the student as homework)

F)=y=1/¥3-x , find the following:

1.The domain. 2.The range. 3. Sketch a graphof f(x)

Example. Consider the function

1.To find the domain we set

V3—-X>0=>—X>-3=>=>x<3

The set of real number less than 3

b (= Xix<3}

2. To find the range we set

= 3—x=1:>3—x=i:>)(=3_i

1
y= 2 2
V3—X y y y
We just need to verify that x is in the domain of f (x). Since the domain of f consists of all real
numbers less than 3, and

x:3—%<3

y

there does exist an x in the domain of f (x). We conclude that the range of f is {y Y= O}



Chapter Three

Exponential and Logarithmic Functions

1.Exponential

_ X
any function of the form f(x)=Db , Where b> O,b #1 js an exponential
function with base b and exponent x . Exponential functions have constant bases and

b
variable exponents. Note that a function of the form f(x)=x for some constant

b is not an exponential function but a power function. To see the difference between
U2
an exponential function and a power function, we compare the functions y=xXx

_ oX __ ~X U2
and ¥ = 2" In Table 1, we see that both Y = 2 and ¥ = X approach infinity

_ X
as X —>°_ Eventually, however, y=2 becomes larger than

f— 2 - - - -
Y=X"and grows more rapidly as x — oo.In the opposite direction, as x — -oo,

_ y?2 __ ~X
Y =X"—>% pnereas Y =2 —>0
x _3 -2 —1 0 1 2 3 4 5 6
x?2 9 4 1 0 1 4 9 16 25 36

2+ 1/8 1/4 1/2 ] 2 4 8 16 32 64

Table 1. Values of x? and 2%

In Figure 1, we graph both y = x? and y=2* to show how the graphs differ.
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Figure 1. both y=2 and Y =X approach infinity as X — . Eventually,
= 2% = x?
however, y= becomes larger than y= and grows more rapidly as x — oo.In the
y =x*> — o0 y=2*—>0

opposite direction, as x — -0, whereas

Rule: Laws of Exponents

For any constants @ > 0, b > 0, and for all x and y,

1. p*-p’=p"""

b _ ,x-y
2. ok



Use the laws of exponents to simplify each of the following expressions.

)
d. —_—
{4x—|f3]2
e
()
Solution

a. We can simplify as follows:

[2:1‘3]32 _ 23[12'{3]3.’ _ Exzm _ 223 _ 8
2 - 2 2
{4I—If'3] 42(1—113] 16x
b. We can simplify as follows:
2 2 2
[13’“—'1 — () (}’_11 _ xi}_i = 462y 2y4 = 82
G

The function f (x) = e*is the only exponential function b* with b= e = 2.718282.

we call the function f (x) = e* the natural exponential function.



2. Logarithmic Functions

The exponential function f (x) = b* is one-to-one, with domain (-o0, o) and range (0, o). Therefore,

it has an inverse function, called the logarithmic function with base b. For any b >0, b # 1, the

logarithmic function with base b, denoted Log, , has domain (0, o) and range (-oo, o), and

satisfies
L0gs (X) =Y i and only if B¥ = X

For example,

log-(B) =3 since 23 =8,

1 V- _ ; -2__1 __1
lﬂgm(lﬂﬂ)_ 2  since 107 = 02 = 100°
log,(1)=0 since pY = 1 for any base b > 0.

Furthermore, since y = log;(x) and y = b* are inverse functions,

. logy, (;
log), (b") = xand b 8 X.

The most commonly used logarithmic function is the function log,. Since this function uses natural e as its base, it is

called the natural logarithm. Here we use the notation In(x) or Inx to mean log, (x). For example,
In(e) = loge (e) = 1, Infe?) = loge ¢’} = 3, In(1) = log, (1) = 0.

Since the functions f(x) = ¢* and g(x) = In(x) are inverses of each other,

Inx _

In(¢*) = xand e X,

Rule: Properties of Logarithms
If a,b,c>0,b+#1, and r is any real number, then

1. logg(ac) =log,(a) +log,(c)  (Product property)
2. log,(4)=1log,(a) —log,(c)  (Quotient property)
3. log,(a") = rlog,(a) (Power property)



Solving Equations Involving Exponential Functions

Solve each of the following equations for x.
a. 5'=2
b. e'+6e™ =5

Solution

a. Applying the natural logarithm function to both sides of the equation, we have

In5* =In2.

Using the power property of logarithms,
xIn5 = In2.

Therefore, x = In2/In5.

b. Multiplying both sides of the equation by e”, we arrive at the equation

e 46 =56

Rewriting this equation as

e _ 5054+ 6=0,

we can then rewrite it as a quadratic equation in e”:

(€)% =5(e™) + 6 = 0.

Now we can solve the quadratic equation. Factoring this equation, we obtain

(e*=3)e*—2)=0.

Therefore, the solutions satisfy ¢* =3 and e* = 2. Taking the natural logarithm of both sides gives us

the solutions x = In3, In2.



Homework: Prove the following

Rule: Change-of-Base Formulas

Leta>0,b>0, anda# 1, b# 1.

xloga
1. a*=b" 20" tor any real number x.
1
If b =e, this equation reduces to a* = e el = g¥Ina,
log, x
2. logyx= 286 g0 any real number x > 0.
log,a

If b = e, this equation reduces to log,x = %g—;.



Chapter Four

1. Trigonometric Functions

To define the trigonometric functions, first consider the unit circle centered at the origin and a
point P = (x, y) on the unit circle. Let 6 be an angle with an initial side that lies along the positive
x -axis and with a terminal side that is the line segment OP. An angle in this position is said to be
in standard position (Figure 1). We can then define the values of the six trigonometric functions
for 6 in terms of the coordinates x and y.

2 P=(y)
1

‘\H

oji

Figure 1. The angle 0 is in standard position. The values of the trigonometric functions for
0 are defined in terms of the coordinates x and y.

Definition:
Let P = (X, y) be a point on the unit circle centered at the origin O. Let 6 be an

angle with an initial side along the positive x -axis and a terminal side given by the

line segment OP. The trigonometric functions are then defined as



sind=y cscl=

cosf =x secl=

b

= cotf =

tand =

\:tlH HI'—- u_~|.—-

If x=0, secf and tan@ are undefined. If y = 0, then cot@ and csc@ are undefined.

We can see that for a point P = (X, y) on a circle of radius r with a corresponding angle 9, the
coordinates x and y satisfy

— X
cosf = -
x =rcosf
sinf = =

y = rsind.

The values of the other trigonometric functions can be expressed in terms of X, vy,
and r

Yi

y%\ (x, y) = (r cosé, r sing)

Vi

N

~

Figure 2. For a point P = (X, y) on a circle of radius r, the coordinates x and y satisfy x
=rcosO and y = rsin®.




Table 1.9 shows the values of sine and cosine at the major angles in the first
guadrant. From this table, we can determine the values of sine and cosine at the
corresponding angles in the other quadrants. The values of the other trigonometric
functions are calculated easily from the values of sin@ and cosé.

i) sinf cos@
0 0 1

b4 1 V3

6 2 2

.4 W2 V2

4 2 2

z | 3 1

3 2 2

b4

5 1 0

Table 1. Values of sind and cos@ at Major Angles @ in the First Quadrant



Rule: Trigonometric Identities

Reciprocal identities
_ sinf? _ cosf
tan¢! = cosf cote = sind
cscl = —L seclh = 1
sin cosf
Pythagorean identities
sin29+coszﬂ= 1 1+Ian29=sec29 1+cmzﬂ=csczﬂ

Addition and subtraction formulas
sinla + ) = sinacos f £+ cosasinf
cos(a + ff) = cosacos f F sinasin f§i
Double-angle formulas
sin(28) = 2sinfcosf

c0s(26) = 2c0s’f — 1 = 1 — 2sin’ @ = cos’ @ — sin’ @

Solving Trigonometric Equations

For each of the following equations, use a trigonometric identity to find all solutions.

a. 1+ cos(20) = cosl

b. sin(26) = tanf

Solution

a. Using the double-angle formula for cos(26)), we see that @ is a solution of

1 4+ cos(26) = cos@

if and only if
1 +2cos?0—1= cos@,

which is true if and only if

2¢0s26 — cosf = 0.




To solve this equation, it is important to note that we need to factor the left-hand
side and not divide both sides of the equation by cos6. The problem with dividing
by cos6 is that it is possible that cos6 is zero. In fact, if we did divide both sides of
the equation by cos6, we would miss some of the solutions of the original equation.

Factoring the left-hand side of the equation, we see that 6 is a solution of this
equation if and only if.

cos@(2cosd - 1) =0.

Since cos@ = (0 when

and cos@ = 1/2 when

we conclude that the set of solutions to this equation is

9=%+nﬁ,9=%+2mr, and @ = —%+2mr, n=0, +1, +2,....

b. Using the double-angle formula for sin(2¢) and the reciprocal identity for tan(f), the equation can be

written as

)

2sinfcosf = Sl
Cos

&

To solve this equation, we multiply both sides by cos@ to eliminate the denominator, and say that if
satisfies this equation, then @ satisfies the equation

2sinfcos2 6 — sind = 0.

However, we need to be a little careful here. Even if 0 satisfies this new equation, it
may not satisfy the original equation because, to satisfy the original equation, we
would need to be able to divide both sides of the equation by cos6. However, if coso



= 0, we cannot divide both sides of the equation by cos6. Therefore, it is possible
that we may arrive at extraneous solutions. So, at the end, it is important to check
for extraneous solutions. Returning to the equation, it is important that we factor sin6
out of both terms on the left-hand side instead of dividing both sides of the equation

by sin@. Factoring the left-hand side of the equation, we can rewrite this equation as

sinf(2cos?60 — 1) = 0.

Therefore, the solutions are given by the angles 6 such that sind =0 or cos?@ = 1/2. The solutions
of the first equation are =0, +x, +2x,.... The solutions of the second equation are

0= nld, (/d) + (x/2), (n/4) + x,.... After checking for extraneous solutions, the set of solutions to the
equation is

— = nr . _
0 =nr and 6‘—4+2,n—0,il,i2,....
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Figure 3 The six trigonometric functions are periodic.



Inverse Trigonometric Functions

Definition

The inverse sine function, denoted sin”! or arcsin, and the inverse cosine function, denoted cos !
defined on the domain D = {x| - 1 <x < 1} as follows:

~!(x) = yif and only if sin(y) = xand — % y < %‘,
(x) = yif and only if cos(y) =xand 0 < y < .

The inverse tangent function, denoted tan™" or arctan, and inverse cotangent function, denoted cot”!

defined on the domain D = {x] — 00 < x < 00} as follows:

an~! (x) = yif and only if tan(y) = x and —% <y<Z

ot ™ (x) = yif and only if cot(y) = xand 0 < y < 7.

The inverse cosecant function, denoted esc™! or arcesc, and inverse secant function, denoted sec”!
defined on the domain D = {xlx| > 1} as follows:

Or arccos, dare

Or arccot, are

Or darcsec, are

sc™l(x) = yif and only if csc(y) = xand —%5 y < % y # 0;

ec”l(x) = yif and only if sec(y) = xand 0 <y < &, vy # #/2.

To graph the inverse trigonometric functions, we use the graphs of the trigonometric
functions restricted to the domains defined earlier and reflect the graphs about the

liney=x



yi yi yi

| ) sin 1(x) \ Py=cos™ o - {()f{ ;t;aini dlfx)

Ny
N

\ f(x) = cot (x) J f(x) = sec 1(x)
N\ .| f6) = csc (x)
El 1 L

0 ’ ;

Figure 1. The graph of each of the inverse trigonometric functions is a reflection
about the line y = x of the corresponding restricted trigonometric function.

When evaluating an inverse trigonometric function, the output is an angle. For example, to evaluate cos™! (%) we need to

find an angle @ such that cosf = % Clearly, many angles have this property. However, given the definition of cos™!, we

need the angle @ that not only solves this equation, but also lies in the interval [0, z]. We conclude that cos~! (L) =

I
2] 3

We now consider a composition of a trigonometric function and its inverse. For example, consider the two expressions

V2

sin(sin_l (—2)] and sin_l(sin(:r)). For the first one, we simplify as follows:
- -—lﬁ))_ infZ) = 2
sm(sm ( 5 ))= sm(4) =5

For the second one, we have

sin~!(sin(x)) = sin~1(0) = 0.



Hyperbolic Functions

The hyperbolic functions are defined in terms of certain combinations of e* and e™.
These functions arise naturally in various engineering and physics applications,
including the study of water waves and vibrations of elastic membranes. Another
common use for a hyperbolic function is the representation of a hanging chain or
cable, also known as a catenary (Figure 1.49). If we introduce a coordinate system
so that the low point of the chain lies along the y -axis, we can describe the height
of the chain in terms of a hyperbolic function. First, we define the hyperbolic

functions.

Definition

Hyperbolic cosine

coshx = £ "'2‘&'
Hyperbolic sine
sinhy =& —€™*
Hyperbolic tangent
tanhx = Sinhx _ e* —e™

Hyperbolic cosecant

by — L 2
csehx = sinhx ~ ¥ — ™~
Hyperbolic secant
1 _ 2
sechx = Coshx — 254 o
Hyperbolic cotangent

_coshx _e*+e™*
cothx = =="= = =
sinhx e¢*—¢



2t -2t 2t —2r
cosh?t — sinh?r = € +2+e _eT=2+e = 1.
4 4
Vi
[ x2—y>=1
14 (cosh(1), sinh(1))
i
-1+

Figure 1. The unit hyperbola cosh?t —sinh “t =1

Graphs of Hyperbolic Functions

To graph coshx and sinhx, we make use of the fact that both functions approach (1/2)e* as x = o0, since ¢ ¥ =0
as x = 00. As x — —co, coshx approaches 1/2e™, whereas sinhx approaches —1/2¢ . Therefore, using the graphs
of 1/2¢*, 1/2¢™", and —1/2¢™" as guides, we graph coshx and sinhx. To graph tanhx, we use the fact that
tanh(0) = 1, =1 < tanh(x) < 1 for all x, tanhx — 1 as x - oo, and tanhx — —1 as x — —co. The graphs of the

other three hyperbolic functions can be sketched using the graphs of coshx, sinhx, and tanhx -~ =~ 7|

Y4 y = cosh(x) v

y ;  e’ y = sinh(x)

Y 3 -2




¥ = sechix)

v = csch(x)

_/1-.¥ 14+
T i X
-1+ i+
yi yi

- - + \ y = coth(x)
y = tanh(x
y=1 y=1
T 1 % T g T %
- - - - - - };----l- j""'"';“"l‘

Figure 2. The hyperbolic functions involve combinations of e* and e™.

Rule: Identities Involving Hyperbolic Functions

1. cosh(—x) =coshx
2. sinh(—x) = —sinhx
3. coshx +sinhx ="

4. coshx —sinhx=e

—X



5. cosh’x —sinhx =1
6. 1—tanh’x =sech®x
7. coth®’x—1=csch®x
8. sinh(x + y) = sinhxcoshy + coshxsinhy

Q. ECIS]'I(I + }'] = coshxcosh = sinhx Eiﬂh}’

Example
Evaluating Hyperbolic Functions

a. Simplify sinh(5Inx).

b. If sinhx = 3/4, find the values of the remaining five hyperbolic functions.

Solution
a. Using the definition of the sinh function, we write
5 -5
—_— ] Injx In|x
Slnx _E—Sln.:. e [ ]_B [ ]_ xS _x—S

. _E
sinh(5Inx) = 3 = 5 = 5

b. Using the identity cosh®x — sinh®x =1, we see that

I

cosh®x=1+ &] = %

Since coshx > 1 for all x, we must have coshx =5/4. Then, using the definitions for the other
hyperbolic functions, we conclude that tanhx = 3/5, cschx = 4/3, sechx = 4/5, and cothx = 5/3.



Inverse Hyperbolic Functions

Definition

Inverse Hyperbolic Functions

sinh~! x = arcsinhx = ln[x+ sz +1 | cosh™ ! x = arccoshx = ln(x + x2-1

_ o[l +x _ L (x+1
tanh ! x = arctanhx = 2111(1 N ) coth™! x = arccotx = 2ln( == 1)
+f 1! 2
sech ™ x = arcsechx = [1 + V1 —x ] csch ™ x = arceschx = ln[%+ %]

Let’s look at how to derive the first equation. The others follow similarly. Suppose y = sinh™ x. Then, x = sinhy and,

=

2

by the definition of the hyperbolic sine function, x = . Therefore,

eV =2x-¢" =0
Multiplying this equation by ¢”, we obtain
e - 2xe’ = 1=0.

This can be solved like a quadratic equation, with the solution

y_ 2+ 14’ 44 =x+d+1.

“=7

Since ¢¥ > 0, the only solution is the one with the positive sign. Applying the natural logarithm to both sides of the

= ln(x | UA’Z +1 '

equation, we conclude that



Evaluating Inverse Hyperbolic Functions

Evaluate each of the following expressions.
sinh~!(2)
tanh~1(1/4)

Solution

sinh ™! (2) = In(2 +122 + 1) = In(2 + 5) ~ 1.4436

tanh~'(1/4) = 2in(112) = Lin(324) = Lin(3) ~ 0.2554




