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By revisiting free particle v(x)=0 endowed with position dependent 

mass 𝑚 𝑥 =
1

(1+ 𝜅𝑥 2)2  has d=1 (the inter-dimensional). Starting with 

the kinetic energy operator, we will try to solve the equation by 

simplification mathematical method to find energy spectrum, then get 

stander form for the energy whose dependent on the ordering 
ambiguity. 
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Introduction:- 
Position dependent mass quantum particles in non-relativistic quantum theory have inspired researchers in the last 

few years [1-4]. They found new useful and interesting models help them in physical obstructions [5], 

semiconductors [6], quantum dot [7], quantum liquids [8], He-clusters [9] and metal clusters [10].  

Quantum mechanical particle endowed with PDM erupt in the system of quantum mechanics to solve more 

problems of a delicate nature like example: the m(x), kinetic energy and the momentum operator does not commute 

[11]. 

 

In other side, they try to find a solution for the Schrödinger equation in d- dimensional by dependent a canonical 
transformation (PCT) method [12,13 ] under task change variables [14-16]. The eigenvalues and eigenfunctions are 

mapped for the exact solutions for Schrödinger equation [17-19]. 

 

Recently, PCT for PDM–quantum particle introduced in d- dimensional [1]. The inter-one degeneracies associated 

with the isomorphism between angular momentum 𝑙 and  dimensionality 𝑑 builds up the ladder of  excited states for 

any given values e.g. nonzero 𝑙and the radial quantum number 𝑛𝑟 . By choosing the parameters 𝛼 = 𝛾𝑎𝑛𝑑𝛽 =
−1with the PCT method, it lead to get the Schrödinger equation with the effective potential( Poschl-Teller  

potential) [20]. 

 

Here, we choose a free particle with 𝑣 𝑥 = 0, the inter – dimensional 𝑑 = 1 and keeping on the von- Roos ordering  

in the general form 𝛼 + 𝛽 + 𝛾 = −1 , we  will try to find a new formula for energy spectrum depend on position 

dependent mass parameters. 

 

Time –independent Schrödinger equation in one- dimensional by PCT method:- 
The stander form time-independent Schrödinger equation is given: 

−
ℏ2

2𝑚

𝜕2

𝜕𝑥2 𝜓 𝑥 + 𝑣 𝑥 𝜓 𝑥 = 𝐸𝜓 𝑥  (1) 
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In which v(x) is a real potential and E is the energy of the particle. 

Further, kinetic energy of quantum particle with position-dependent mass in one dimension is given by [1] 

𝑇 =
1

4
 𝑚𝛼𝑝𝑚𝛽𝑝𝑚𝛾 +𝑚𝛾𝑝𝑚𝛽𝑝𝑚𝛼  (2) 

In which  𝛼 + 𝛽 + 𝛾 = −1  with 𝑝 = −𝑖ℏ
𝑑

𝑑𝑥
  and 𝑚 = 𝑚 𝑥  . 

 

Using equation (1) the time-independent Schrödinger equation for a position –dependent mass particle reads: 
1

4
 𝑚𝛼𝑝𝑚𝛽𝑝𝑚𝛾 +𝑚𝛾𝑝𝑚𝛽𝑝𝑚𝛼 𝜓 𝑥 + 𝑣 𝑥 𝜓 𝑥 = 𝐸𝜓 𝑥  (3) 

 

Bysimplifying Eq.(3) one can obtain: 

 

−ℏ2

4
 

2

𝑚
𝜓 ′′ +  −2 

𝑚′

𝑚2
𝜓 ′ +

𝑚′2

𝑚3
 𝛽 𝛾 + 𝛼 + 𝛾 𝛾 − 1 + 𝛼 𝛼 − 1  𝜓 +

(−1 − 𝛽)

𝑚2
𝑚′′𝜓 + 𝑣𝜓 = 𝐸𝜓 (4) 

 

Where a prime mean derivative with respect to its argument. 

Using point canonical transformation (PCT) by introducing 𝜓 𝑥 = 𝑔(𝑥)𝜑(𝑞 𝑥 ) and the latter equation reads: 

 

−ℏ2

4

 
 
 
 
 
 
 

2

𝑚
 𝑔′′ 𝑥 𝜑 𝑞 𝑥  + 2𝑔′ 𝑥 𝑞′𝜑′ 𝑞 𝑥  + 𝑔 𝑥 𝑞′2𝜑′′ 𝑞 𝑥   +  −2 

𝑚′

𝑚2

 𝑔′ 𝑥 𝜑 𝑞 𝑥  + 𝑔 𝑥 𝑞′𝜑′ 𝑞 𝑥   +
𝑚′2

𝑚3
 𝛽 𝛾 + 𝛼 + 𝛾 𝛾 − 1 + 𝛼 𝛼 − 1  𝑔 𝑥 𝜑 𝑞 𝑥  

+
(−1 − 𝛽)

𝑚2
𝑚′′𝑔(𝑥)𝜑(𝑞 𝑥 )  

 
 
 
 
 
 

+ 𝑉(𝑞 𝑥 )𝑔(𝑥)𝜑(𝑞 𝑥 ) = 𝐸𝑔(𝑥)𝜑(𝑞 𝑥 ) 

(5) 

  

To have a Schrödinger equation, we set𝜑′ 𝑞 𝑥  to be zero, therefore 𝑔2 𝑥 𝑞′ 𝑥 = 𝑚(𝑥). 

After that, we set the coefficient of 𝜑′′ 𝑞 𝑥   to be constant, so 𝑞2 𝑥 = 𝑚(𝑥). 

 

−ℏ2

4

 
 
 
 
 
 
 
−3

16
𝑚 𝑥 

−7

4 𝑚′2 +  
1

4
 𝑚 𝑥 

−3

4 𝑚′′𝜑 𝑞 𝑥  +𝑚 𝑥 
1

4𝑞′2𝜑′′ 𝑞 𝑥  +  −2 
𝑚′

𝑚2
 

1

4
 𝑚 𝑥 

−3

4 𝑚′

𝜑 𝑞 𝑥  +
𝑚′2

𝑚3
 𝑚 𝑥 

1

4  𝛽 𝛾 + 𝛼 + 𝛾 𝛾 − 1 + 𝛼 𝛼 − 1  𝜑 𝑞 𝑥  +

(−1 − 𝛽)

𝑚2
𝑚′′𝑚 𝑥 

1

4𝜑(𝑞 𝑥 )  
 
 
 
 
 
 

+ 𝑉(𝑞 𝑥 )𝑚 𝑥 
1

4𝜑(𝑞 𝑥 ) = 𝐸𝑚 𝑥 
1

4𝜑(𝑞 𝑥 )                          

(6) 

 

Dividing  Eq.(6) by 𝑚 𝑥 
1

4 yields: 

 

−ℏ2

4

 
 
 
 
 
 
 2

𝑚
  
−3

16

𝑚′2

𝑚(𝑥)2
+

1

4

𝑚′′

𝑚(𝑥)
 𝜑 𝑞 𝑥  +𝑚 𝑥 𝜑′′ 𝑞 𝑥   −

1

2

𝑚′2

𝑚3
 

1

4
 

𝜑 𝑞 𝑥  +
𝑚′2

𝑚3
 𝛽 𝛾 + 𝛼 + 𝛾 𝛾 − 1 + 𝛼 𝛼 − 1  𝜑 𝑞 𝑥  +

(−1 − 𝛽)
𝑚′′

𝑚2
𝜑(𝑞 𝑥 )  

 
 
 
 
 
 

+ 𝑉(𝑞 𝑥 )𝜑(𝑞 𝑥 )

= 𝐸𝜑(𝑞 𝑥 )                  
 

(7) 

Hence, we obtain Schrödinger equation that reads: 

 −
1

2

𝑑2

𝑑𝑞2
+𝑉𝑒𝑓𝑓  𝜑(𝑞 𝑥 ) =

𝐸

ℏ2
𝜑(𝑞 𝑥 )                                                                          (8) 

With  the effective potential for free particle 𝑉 𝑞 𝑥  = 0: 
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𝑉𝑒𝑓𝑓 =
7

32

𝑚′2

𝑚3
−  

1

8
−
 −1 − 𝛽 

4
 
𝑚′′

𝑚2
−

1

4

𝑚′2

𝑚3
 𝛽 𝛾 + 𝛼 + 𝛾 𝛾 − 1 + 𝛼 𝛼 − 1   

 

(9) 

Introducing example of vanishing mass withSchrödinger equation:- 

The form of mass that is used here: 

𝑚 𝑥 =
1

(1 +  𝜅𝑥 2)2 
                                  ;   𝑘:   𝑖𝑠𝑎𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 (10) 

 

Which in turn gets: 

 

𝑞 𝑥 =  
𝑑𝑥

(1 +  𝜅𝑥 2)2 
⇒ 𝑞 𝑥 =

1

𝑘
𝑡𝑎𝑛−1(𝑘𝑥)

𝑥

0

 (11) 

  

Also one finds, from the latter equation: 

 

tan 𝑘𝑞 𝑥  = 𝑘𝑥 (12) 

 

By considering these results into the equation (10), one finds: 

 

𝑚 𝑥 = 𝑐𝑜𝑠4 𝑘𝑞  (13) 

 

𝑚′ 𝑥 = −4𝑘𝑐𝑜𝑠3 𝑘𝑞 𝑠𝑖𝑛 𝑘𝑞 𝑞′ 𝑥  
 

(14) 

 

𝑚′′ 𝑥 = −4𝑘 −3𝑘𝑐𝑜𝑠2 𝑘𝑞 sin2 𝑘𝑞 𝑞′2 + 𝑘𝑐𝑜𝑠4 𝑘𝑞 𝑞′2 + cos3 𝑘𝑞 sin⁡(𝑘𝑞)𝑞′′  (15) 

 

 

Then the effective potential will give as: 

 

𝑉𝑒𝑓𝑓 = 𝑘2 tan2 𝑘𝑞 +
𝑘2

2
−  −1 − 𝛽  𝑘2  5 tan2 𝑘𝑞 − 1)) − 4 

𝛽 𝛾 + 𝛼 +

𝛾 𝛾 − 1 + 𝛼 𝛼 − 1 
  tan2 𝑘𝑞   (16) 

 

𝑉𝑒𝑓𝑓 = −
𝑘2

2
− 𝑘2 𝛽 + (𝜆(𝜆 − 1)𝑘2tan2 𝑘𝑞  17  (17) 

 

Where (𝜆 𝜆 − 1 = 6𝑘2 + 𝑘2𝛽 − 4 𝛽 𝛾 + 𝛼 + 𝛾 𝛾 − 1 + 𝛼 𝛼 − 1   
 

So Schrödinger equation will be as follows: 

 

 −
1

2

𝑑2

𝑑𝑞2
+

(𝜆 𝜆 − 1 𝑘2

𝑐𝑜𝑠2 𝑘𝑞 
 𝜑(𝑞 𝑥 ) = 𝜖𝜑(𝑞 𝑥 )                             (18) 

 

here 𝜖 =
𝐸

ℏ2 +
𝑘2

ℏ2 + 𝑘2𝛽. 

Now we will  solve the equation (18) by change the variable, by considering a new function which is 𝜑 𝑧 =
cos𝜆 𝑘𝑞 𝐹(𝑧) where 𝑧 = sin2⁡(𝑘𝑞) that is lead to  𝑧 =  1 − z 𝜆 𝑘𝑞 𝐹(𝑧) . 

 

Hence we find our equation in  hypergeometric form: 
 

𝑧 1 − 𝑧 𝐹 ′′ +
1

4
 2 − 4 1 + 𝜆 𝑧 𝐹 ′ +

2𝜀 − 𝜆2𝑘2

4𝑘2
𝐹 = 0                               (19) 

By comparing Eq. (19) with the solution of the second order hypergeometric equation – which in the form (𝑥 1 −
𝑥 𝐹 ′′ +  𝑐 −  𝑎 + 𝑏 + 1 𝑥 𝐹 ′ + 𝑎𝑏𝐹 = 0 ) ‒ that it yields:  
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𝑏° =
𝜆 ±  𝜆2 − 4(

𝜆2

4
−

𝜀

2𝑘2)

2
 

 

So that : 

𝑎 =
𝜆− 

2𝜖

𝑘2

2
and𝑏 =

𝜆+ 
2𝜖

𝑘2

2
 

1

2
 𝜆 − 

2𝜀

𝑘2
 =  −𝑎           ;  𝑎  is an integer number. 

And 𝜀𝑛 = 2𝑘2(𝑎 +
𝜆

2
)2 ,  

Now trying to get the energy by using the solution ofthe second independent Hyprogeomtric equation which it is 

read : 

𝐹 𝑥 = 𝑐1𝐹 𝑎, 𝑏, 𝑐; 𝑥 + 𝑐2𝑥
1−𝑐𝐹 𝑎 + 1 − 𝑐, 𝑏 + 1 − 𝑐, 2 − 𝑐; 𝑥  (20) 

 

Using equation above, one can obtain: 

𝐸𝑛 = 2𝑘2(𝑎 +
𝜆

2
)2 −

𝑘2

2
− 𝑘2𝛽 (21) 

 

The last Eq.(21) represent to the total energy . 

 

Conclusion:- 
In this work we have considered the one dimensional quantum particle with vanishing position- dependent mass and  
v(x)=0. Our main concern here to introduce the general form of the Schrödinger equation with the ordering 

ambiguity in its stander form 𝛼 + 𝛽 + 𝛾 =  −1. In other word, the energy spectrum depends on the parameters of 

position dependent mass 𝛼, 𝛽𝑎𝑛𝑑𝛾. One can see the larger part of energy depend on the ordering ambiguity. Add to 

this the effect potential ( Poschl-Teller potential) here has a new option with the von- Roos ordering. The exact 

solution mapped to match the attendant setting of our free particle with the position-dependent mass ( 𝑚 𝑥 =
1

(1+ 𝑘𝑥  2)2). 
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