2.1

LiMITS AND CONTINUITY

OVERVIEW The concept of a limit is a central idea that distinguishes calculus from alge-
bra and trigonometry. It is fundamental to finding the tangent to a curve or the velocity of
an object.

In this chapter we develop the limit, first intuitively and then formally. We use limits
to describe the way a function f varies. Some functions vary continuously; small changes
in x produce only small changes in f(x). Other functions can have values that jump or vary
erratically. The notion of limit gives a precise way to distinguish between these behaviors.
The geometric application of using limits to define the tangent to a curve leads at once to
the important concept of the derivative of a function. The derivative, which we investigate
thoroughly in Chapter 3, quantifies the way a function’s values change.

Rates of Change and Limits

In this section, we introduce average and instantaneous rates of change. These lead to the
main idea of the section, the idea of limit.

Average and Instantaneous Speed

A moving body’s average speed during an interval of time is found by dividing the dis-
tance covered by the time elapsed. The unit of measure is length per unit time: kilometers
per hour, feet per second, or whatever is appropriate to the problem at hand.

EXAMPLE 1  Finding an Average Speed

A rock breaks loose from the top of a tall cliff. What is its average speed
(a) during the first 2 sec of fall?

(b) during the 1-sec interval between second 1 and second 2?

Solution  In solving this problem we use the fact, discovered by Galileo in the late six-
teenth century, that a solid object dropped from rest (not moving) to fall freely near the
surface of the earth will fall a distance proportional to the square of the time it has been
falling. (This assumes negligible air resistance to slow the object down and that gravity is

73

Copyright © 2005 Pearson Education, Inc., publishing as Pearson Addison-Wesley


http://media.pearsoncmg.com/aw/aw_mml_shared_1/copyright.html

74 Chapter 2: Limits and Continuity
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the only force acting on the falling body. We call this type of motion free fall.) If y denotes
the distance fallen in feet after 7 seconds, then Galileo’s law is

y = 1612,

where 16 is the constant of proportionality.
The average speed of the rock during a given time interval is the change in distance,
Ay, divided by the length of the time interval, A¢.

: Ay 16(2)* - 16(0)° fi
(a) For the first 2 sec: A 2-0  ~ 32@
Ay 16(2)* — 16(1)>
(b) From sec 1 to sec 2: TJ; = % = 48% ]

The next example examines what happens when we look at the average speed of a falling
object over shorter and shorter time intervals.

EXAMPLE 2

Find the speed of the falling rock at# = 1 and # = 2 sec.

Finding an Instantaneous Speed

Solution ~ We can calculate the average speed of the rock over a time interval [¢,, £y + 4],
having length Ar = 4, as
Ay 16(10 + h)* — 161° .
At h : (1)

We cannot use this formula to calculate the “instantaneous” speed at #y by substituting
h = 0, because we cannot divide by zero. But we can use it to calculate average speeds
over increasingly short time intervals starting at ¢, = 1 and ¢, = 2. When we do so, we see
a pattern (Table 2.1).

TABLE 2.1 Average speeds over short time intervals

A 3 Ay 160 + h)* — 161)°

verage speed: 3 = I

Length of Average speed over Average speed over
time interval interval of length A interval of length h
h starting at#) = 1 starting at 7y = 2
1 48 80
0.1 33.6 65.6
0.01 32.16 64.16
0.001 32.016 64.016
0.0001 32.0016 64.0016

The average speed on intervals starting at £y = 1 seems to approach a limiting value

of 32 as the length of the interval decreases. This suggests that the rock is falling at a speed
of 32 ft/sec at fp = 1 sec. Let’s confirm this algebraically.

To learn more about the historical figures and the development of the major elements and topics of calcu-
lus, visit www.aw-bc.com/thomas.
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FIGURE 2.1 A secant to the graph
y = f(x). Its slope is Ay/Ax, the
average rate of change of f over the
interval [xy, x,].
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Ifwe set 7p = 1 and then expand the numerator in Equation (1) and simplify, we find that

Ay 16(1 + h)* — 16(1)*  16(1 + 2k + k%) — 16
N h B h
2
= 2RALON 35+ 16,

For values of 4 different from 0, the expressions on the right and left are equivalent and the
average speed is 32 + 164 ft/sec. We can now see why the average speed has the limiting
value 32 + 16(0) = 32 ft/sec as h approaches 0.
Similarly, setting £, = 2 in Equation (1), the procedure yields

Ay

E =64 + 16Ah
for values of £ different from 0. As /4 gets closer and closer to 0, the average speed at
fo = 2 sec has the limiting value 64 ft/sec. [

Average Rates of Change and Secant Lines

Given an arbitrary function y = f(x), we calculate the average rate of change of y with
respect to x over the interval [x;,x;] by dividing the change in the value of y,
Ay = f(x;) — f(x1), by the length Ax = x; — x; = & of the interval over which the
change occurs.

DEFINITION  Average Rate of Change over an Interval
The average rate of change of y = f(x) with respect to x over the interval [x, x;] is

Ay [ = fO) _ St h) — fn)

Ax X2 T X h

, h # 0.

Geometrically, the rate of change of f over [xj, x;] is the slope of the line through the
points P(x;, f(x1)) and OQ(x,, f(x;)) (Figure 2.1). In geometry, a line joining two points of
a curve is a secant to the curve. Thus, the average rate of change of f from x; to x; is iden-
tical with the slope of secant PQ.

Experimental biologists often want to know the rates at which populations grow under
controlled laboratory conditions.

EXAMPLE 3  The Average Growth Rate of a Laboratory Population

Figure 2.2 shows how a population of fruit flies (Drosophila) grew in a 50-day experi-
ment. The number of flies was counted at regular intervals, the counted values plotted with
respect to time, and the points joined by a smooth curve (colored blue in Figure 2.2). Find
the average growth rate from day 23 to day 45.

Solution  There were 150 flies on day 23 and 340 flies on day 45. Thus the number of
flies increased by 340 — 150 = 190 in 45 — 23 = 22 days. The average rate of change
of the population from day 23 to day 45 was

Ap 340 — 150 _ 190

Average rate of change: A 45-23 » * 8.6 flies/day.
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350
300
250
200
150
100

50

0(45, 340)
Ap =190

P(23, 150) day

Number of flies

At=22

0 10 20 30 40 50
Time (days)

FIGURE 2.2  Growth of a fruit fly population in a controlled
experiment. The average rate of change over 22 days is the slope
Ap/ At of the secant line.

This average is the slope of the secant through the points P and Q on the graph in Figure
2.2. [

The average rate of change from day 23 to day 45 calculated in Example 3 does not
tell us how fast the population was changing on day 23 itself. For that we need to examine
time intervals closer to the day in question.

EXAMPLE 4  The Growth Rate on Day 23

How fast was the number of flies in the population of Example 3 growing on day 23?

Solution  To answer this question, we examine the average rates of change over increas-
ingly short time intervals starting at day 23. In geometric terms, we find these rates by cal-
culating the slopes of secants from P to O, for a sequence of points Q approaching P along
the curve (Figure 2.3).

P
-
Sf!l(')pe (()ifPQ = Ap/At 350 B(35,350)
45,340
0 (flies /day) s o( )
— 3
(45, 340) 340 — 150 ~ 86 = 250
45 — 23 5
330 — 150 g
(40, 330) a0 =3 © 10.6 § 150
100
310 — 150
(35, 310) 35— 03 13.3 50
(30, 265) % ~ 164 0 1007\ 20 30 40 50 !

A(14,0) Time (days)

FIGURE 2.3 The positions and slopes of four secants through the point P on the fruit fly graph (Example 4).
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The values in the table show that the secant slopes rise from 8.6 to 16.4 as the #-coor-
dinate of Q decreases from 45 to 30, and we would expect the slopes to rise slightly higher
as ¢ continued on toward 23. Geometrically, the secants rotate about P and seem to ap-
proach the red line in the figure, a line that goes through P in the same direction that the
curve goes through P. We will see that this line is called the fangent to the curve at P.
Since the line appears to pass through the points (14, 0) and (35, 350), it has slope

350 -0 . .
3514 16.7 flies/day (approximately).
On day 23 the population was increasing at a rate of about 16.7 flies/day. [

The rates at which the rock in Example 2 was falling at the instants # = 1 and # = 2
and the rate at which the population in Example 4 was changing on day ¢+ = 23 are called
instantaneous rates of change. As the examples suggest, we find instantaneous rates as
limiting values of average rates. In Example 4, we also pictured the tangent line to the pop-
ulation curve on day 23 as a limiting position of secant lines. Instantaneous rates and tan-
gent lines, intimately connected, appear in many other contexts. To talk about the two con-
structively, and to understand the connection further, we need to investigate the process by
which we determine limiting values, or limits, as we will soon call them.

Limits of Function Values

Our examples have suggested the limit idea. Let’s begin with an informal definition of
limit, postponing the precise definition until we’ve gained more insight.

Let f(x) be defined on an open interval about x, except possibly at x itself. If f(x)
gets arbitrarily close to L (as close to L as we like) for all x sufficiently close to x, we say
that f approaches the limit L as x approaches x(, and we write

lim f(x) =L,
X—>Xo
which is read “the limit of f(x) as x approaches x, is L”. Essentially, the definition says that
the values of f(x) are close to the number L whenever x is close to x( (on either side of xg).
This definition is “informal” because phrases like arbitrarily close and sufficiently close are
imprecise; their meaning depends on the context. To a machinist manufacturing a piston,
close may mean within a few thousandths of an inch. To an astronomer studying distant
galaxies, close may mean within a few thousand light-years. The definition is clear enough,
however, to enable us to recognize and evaluate limits of specific functions. We will need the
precise definition of Section 2.3, however, when we set out to prove theorems about limits.

EXAMPLE 5  Behavior of a Function Near a Point

How does the function

2
x“—1
x—1

fx) =

behave near x = 1°?

Solution  The given formula defines f for all real numbers x except x = 1 (we cannot di-
vide by zero). For any x # 1, we can simplify the formula by factoring the numerator and
canceling common factors:

x—Dx+1 _

x+1 for x# 1.
x—1

fx) =
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The graph of f is thus the line y = x + 1 with the point (1, 2) removed. This removed
point is shown as a “hole” in Figure 2.4. Even though f(1) is not defined, it is clear that
we can make the value of f(x) as close as we want to 2 by choosing x close enough to 1

(Table 2.2).
TABLE 2.2 The closer x gets to 1, the closer f(x) = (x> — 1)/(x — 1)
seems to get to 2
X
Values of x below and above 1 fx) = < __ 1 =X +1, x#1
! 0.9 1.9
1.1 2.1
,L 0.99 1.99
1.01 2.01
1 yoad 0.999 1.999
1.001 2.001
/ 0.999999 1.999999
2] 0 i * 1.000001 2.000001
FIGURE 2.4 The graph of f is
identical with the line y = x + 1
exceptat x = 1, where f is not We say that f(x) approaches the limit 2 as x approaches 1, and write
defined (Example 5). ) o2
lim f(x) = 2, or lim =2. [
x—1 x—1x — 1

EXAMPLE 6  The Limit Value Does Not Depend on How the Function Is
Defined at x

The function f in Figure 2.5 has limit 2 as x — 1 even though f is not defined at x = 1.
The function g has limit 2 as x — 1 even though 2 # g(1). The function # is the only one

y y y

2+ 2~ 2+

1 1 (] 1
/ | x / | x / | x
~1 0 1 =1 0 1 ~1 0 1

5 x2—1, Y
@ fo = =] (b) g =1 ¥~ 1 © h()=x+1
1, x=1

FIGURE 2.5 The limits of f(x), g(x), and /(x) all equal 2 as x approaches 1. However,
only /(x) has the same function value as its limit at x = 1 (Example 6).
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y whose limit as x — 1 equals its value at x = 1. For %, we have lim,—; 4(x) = A(1). This
equality of limit and function value is special, and we return to it in Section 2.6. [

Sometimes lim,—., f(x) can be evaluated by calculating f(x,). This holds, for exam-
] ple, whenever f(x) is an algebraic combination of polynomials and trigonometric func-
tions for which f(xy) is defined. (We will say more about this in Sections 2.2 and 2.6.)

x EXAMPLE 7  Finding Limits by Calculating f(x)
(a) lim(4) =4

(a) Identity function () lim (4) =4
y x——13

X0

(c) lir%x=3
xX—>

(d) lirré(Sx—3)= 10-3=7
xX—>

T © lim3x+4_—6+4_

|

|

|

|

|

2
am s T 2+5 3 -

0 X * EXAMPLE 8  The Identity and Constant Functions Have Limits at Every Point

(a) If f is the identity function f(x) = x, then for any value of x, (Figure 2.6a),
(b) Constant function
lim f(x) = lim x = xo.
FIGURE 2.6 The functions in Example 8. ¥ ¥
(b) If f is the constant function f(x) = k (function with the constant value k), then for
any value of x( (Figure 2.6b),
lim f(x) = lim k = k.
For instance,
limx =3 and lim (4) = lim(4) = 4.
x——7 x—2

x—3

We prove these results in Example 3 in Section 2.3. [

Some ways that limits can fail to exist are illustrated in Figure 2.7 and described in the
next example.

y y
_ 0, x<O0 1
Tl x=o0
1
x x
0 0
0, x=0
Y= 01
U sin ¢, x> 0
1k
(a) Unit step function U(x) (b) g(x) (©) f(x)

FIGURE 2.7 None of these functions has a limit as x approaches 0 (Example 9).
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EXAMPLE 9 A Function May Fail to Have a Limit at a Point in Its Domain

Discuss the behavior of the following functions as x — 0.

@ U) {0’ x=0
x =
I, x=0
%, x#0
b =
(b) g(x) 0. x=0
0, x=0
(© fx) = .
siny, x>0
Solution

(a) It jumps: The unit step function U(x) has no limit as x — 0 because its values jump
at x = 0. For negative values of x arbitrarily close to zero, U(x) = 0. For positive
values of x arbitrarily close to zero, U(x) = 1. There is no single value L approached
by U(x) as x — 0 (Figure 2.7a).

(b) It grows too large to have a limit: g(x) has no limit as x — 0 because the values of g
grow arbitrarily large in absolute value as x — 0 and do not stay close to any real
number (Figure 2.7b).

(¢) Itoscillates too much to have a limit: f(x) has no limit as x — 0 because the function’s
values oscillate between +1 and —1 in every open interval containing 0. The values
do not stay close to any one number as x — 0 (Figure 2.7¢). [

Using Calculators and Computers to Estimate Limits

Tables 2.1 and 2.2 illustrate using a calculator or computer to guess a limit numerically as
x gets closer and closer to x(. That procedure would also be successful for the limits of
functions like those in Example 7 (these are continuous functions and we study them in
Section 2.6). However, calculators and computers can give false values and misleading im-
pressions for functions that are undefined at a point or fail to have a limit there. The differ-
ential calculus will help us know when a calculator or computer is providing strange or
ambiguous information about a function’s behavior near some point (see Sections 4.4 and
4.6). For now, we simply need to be attentive to the fact that pitfalls may occur when using
computing devices to guess the value of a limit. Here’s one example.

EXAMPLE 10  Guessing a Limit
Va2 + 100 — 10

2

Guess the value of lim
x—0 X

Solution  Table 2.3 lists values of the function for several values near x = 0. As x ap-
proaches 0 through the values +1, +£0.5, £0.10, and +0.01, the function seems to ap-
proach the number 0.05.

As we take even smaller values of x, £0.0005, £0.0001, +0.00001, and £0.000001,
the function appears to approach the value 0.

So what is the answer? Is it 0.05 or 0, or some other value? The calculator/computer
values are ambiguous, but the theorems on limits presented in the next section will con-
firm the correct limit value to be 0.05(2 1/20). Problems such as these demonstrate the
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A/ y2 _
TABLE 2.3 Computer values of f(x) = w Nearx = 0
X
x )
41 0.049876
+0.5 0.049969
hes 0.052
+0.1 0.049999 [ APProaches 0.05
+0.01 0.050000
+0.0005 0.080000
+0.0001 0.000000 (
+0.00001 0.000000 [ PP :
+0.000001  0.000000

81

power of mathematical reasoning, once it is developed, over the conclusions we might
draw from making a few observations. Both approaches have advantages and disadvan-
tages in revealing nature’s realities.
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Limits from Graphs

1. For the function g(x) graphed here, find the following limits or
explain why they do not exist.
a. lim g(x)
x—1

b. lim g(x) c. lim g(x)
x—2 x—3

2. For the function f(#) graphed here, find the following limits or ex-
plain why they do not exist.

a. lim f(z) b. lim f(7) c. lim f(z)
t——2 ——1 =0

s =f)
5 I I ¢
/oN. -1 0 1

3. Which of the following statements about the function y = f(x)
graphed here are true, and which are false?

a. lin}) f(x) exists.
x—

b. lim f(x) = 0.
x—0

c. lim f(x) = 1.
x—0

d. lim f(x) = 1.
x—1

e. lim f(x) = 0.
x—1

f. lim f(x) exists at every point x in (=1, 1).
X=X

4. Which of the following statements about the function y = f(x)
graphed here are true, and which are false?

a. lim2 f(x) does not exist.
x—)

b. lim f(x) = 2.
x—2
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c. lim1 f(x) does not exist.
X

d. lim f(x) exists at every point xo in (=1, 1).
X—>Xxo

e. lim f(x) exists at every point xq in (1, 3).

X—>X(

y=f&)

Existence of Limits
In Exercises 5 and 6, explain why the limits do not exist.

5. lim 6. lim
x—0 |x] =1 x — 1

7. Suppose that a function f(x) is defined for all real values of x ex-
cept x = x9. Can anything be said about the existence of
lim, ., f(xx) ? Give reasons for your answer.

8. Suppose that a function f(x) is defined for all x in [—1, 1]. Can
anything be said about the existence of lim,—¢ f(x)? Give rea-
sons for your answer.

9. If limy—; f(x) = 5, must f be defined at x = 1? If it is, must
f(1) = 5?2 Can we conclude anything about the values of f at
x = 1? Explain.

10. If f(1) = 5, must lim,— f(x) exist? If it does, then must
lim,—1 f(x) = 5? Can we conclude anything about lim,—; f(x)?
Explain.

Estimating Limits

You will find a graphing calculator useful for Exercises 11-20.

&

Exercise

11. Let f(x) = (x> — 9)/(x + 3).
a. Make a table of the values of f at the points x = —3.1,
—3.01, —3.001, and so on as far as your calculator can go.
Then estimate lim,—_3 f(x). What estimate do you arrive at if
you evaluate f at x = —2.9, —2.99, —2.999, ... instead?
b. Support your conclusions in part (a) by graphing f near
xo = —3 and using Zoom and Trace to estimate y-values on
the graph as x — —3.
¢. Find lim,—_3 f(x) algebraically, as in Example 5.
12. Letg(x) = (x% — 2)/<x - \6) .
a. Make a table of the values of g at the points x = 1.4, 1.41,
1.414, and so on through successive decimal approximations
of /2. Estimate lim,—\/2 g(x).

b. Support your conclusion in part (a) by graphing g near

Xo = V2 and using Zoom and Trace to estimate y-values on
the graph as x — V2.

¢. Find lim,—+/; g(x) algebraically.

13.

14.

15.

16.

17.

18.

19.

Let G(x) = (x + 6)/(x* + 4x — 12).

a. Make a table of the values of G at x = —5.9, —5.99, —5.999,
and so on. Then estimate lim,—_s G(x). What estimate do you
arrive at if you evaluate G at x = —6.1, —6.01, —6.001, ...
instead?

b. Support your conclusions in part (a) by graphing G and
using Zoom and Trace to estimate y-values on the graph
as x — —6.

c. Find lim,—_¢ G(x) algebraically.
Let h(x) = (x2 — 2x — 3)/(x* — 4x + 3).

a. Make a table of the values of 7 at x = 2.9,2.99, 2.999, and so
on. Then estimate lim,—3 A(x). What estimate do you arrive
at if you evaluate # at x = 3.1, 3.01, 3.001, ... instead?

b. Support your conclusions in part (a) by graphing / near
xo = 3 and using Zoom and Trace to estimate y-values on the
graph as x — 3.

¢. Find lim,—3 A(x) algebraically.
Let f(x) = (x* — 1)/(]x] — 1).

a. Make tables of the values of f at values of x that approach
xo = —1 from above and below. Then estimate lim,—_; f(x).

b. Support your conclusion in part (a) by graphing f near
Xo = —1 and using Zoom and Trace to estimate y-values on
the graph as x — —1.

c. Find lim,—_; f(x) algebraically.
Let F(x) = (x? + 3x + 2)/(2 — |x]).
a. Make tables of values of F at values of x that approach
Xo = —2 from above and below. Then estimate lim,—._, F(x).

b. Support your conclusion in part (a) by graphing F near
Xo = —2 and using Zoom and Trace to estimate y-values on
the graph as x — —2.

c. Find lim,——, F(x) algebraically.
Let g(0) = (sin6)/6.

a. Make a table of the values of g at values of 6 that approach
0o = 0 from above and below. Then estimate limg—q g(6).

b. Support your conclusion in part (a) by graphing g near
00 =0.

Let G(t) = (1 — cost)/t%.

a. Make tables of values of G at values of 7 that approach z, = 0
from above and below. Then estimate lim,—q G(¢).

b. Support your conclusion in part (a) by graphing G near
th=0.

Let f(x) = PAU

a. Make tables of values of f at values of x that approach x, =
from above and below. Does f appear to have a limit as
x — 17 If so, what is it? If not, why not?

b. Support your conclusions in part (a) by graphing f near
Xo = 1.
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20. Let f(x) = (3* — 1)/x.

a. Make tables of values of f at values of x that approach xo = 0
from above and below. Does f appear to have a limit as
x — 07 If so, what is it? If not, why not?

b. Support your conclusions in part (a) by graphing f near
Xo = 0.

Limits by Substitution

In Exercises 21-28, find the limits by substitution. Support your an-
swers with a computer or calculator if available.

21. lim 2x 22. lim 2x
x—2 x—0
. . -1
23. 1 3x — 1 24, lim ————
(Lim, Gx = 1) S Gr— 1)
. . 3x?
25. xll}El 3x(2x — 1) 26. xlinll p—
27. lim xsinx 28. lim 2%
x—/2 e

Average Rates of Change

In Exercises 29-34, find the average rate of change of the function
over the given interval or intervals.

29, f(x) = x> + I;
a. [2,3] b [-1,1]
30. g(x) = x?;
a. [-1,1] b. [-2,0]
31. h(t) = cott;
a. [7/4,37/4] b. [7/6, 7/2]
32. g(t) = 2 + cost;
a. [0,7] b. [—m, 7]
33. R(6) = V46 + 1; [0,2]

34. P(9) = 6° — 46° + 50; [1,2]

a. Estimate the slopes of secants PQ;, PQ,, PQ;, and PQy,
arranging them in order in a table like the one in Figure 2.3.
What are the appropriate units for these slopes?

b. Then estimate the Cobra’s speed at time ¢t = 20 sec.

36. The accompanying figure shows the plot of distance fallen versus
time for an object that fell from the lunar landing module a dis-
tance 80 m to the surface of the moon.

a. Estimate the slopes of the secants PQ,, PQ,, PO, and PQu,
arranging them in a table like the one in Figure 2.3.

b. About how fast was the object going when it hit the surface?

y
80 0 P
n
g 60 /
5 7
= 0,
S 40
o]
g 20 y
A 1 )
0 5 10

Elapsed time (sec)

37. The profits of a small company for each of the first five years of
its operation are given in the following table:

Year Profit in $1000s
1990 6
1991 27
1992 62
1993 111
1994 174

a. Plot points representing the profit as a function of year, and
join them by as smooth a curve as you can.

35. A Ford Mustang Cobra’s speed The accompanying figure
shows the time-to-distance graph for a 1994 Ford Mustang Cobra
accelerating from a standstill.

N

650 »
600 /

500 7

400

300

Distance (m)

0
200 /"‘
100

4

0 5 10 15 20
Elapsed time (sec)

b. What is the average rate of increase of the profits between
1992 and 19947

c¢. Use your graph to estimate the rate at which the profits were
changing in 1992.

Make a table of values for the function F(x) = (x + 2)/(x — 2)

at the points x = 1.2, x = 11/10,x = 101/100, x = 1001/1000,

x = 10001/10000, and x = 1.

a. Find the average rate of change of F(x) over the intervals
[1, x] for each x # 1 in your table.

38.

b. Extending the table if necessary, try to determine the rate of
change of F(x)atx = 1.

Let g(x) = Vi forx = 0.

a. Find the average rate of change of g(x) with respect to x over
the intervals [1, 2], [1, 1.5] and [1, 1 + A].

b. Make a table of values of the average rate of change of g with
respect to x over the interval [1, 1 + /] for some values of

39.
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84 Chapter 2: Limits and Continuity

approaching zero, say 2 = 0.1, 0.01, 0.001, 0.0001, 0.00001,
and 0.000001.

d. Calculate the limit as T approaches 2 of the average rate of
change of f with respect to 7 over the interval from 2 to 7. You

Exercise will have to do some algebra before you can substitute 7 = 2.

c. What does your table indicate is the rate of change of g(x)

d.

with respecttox atx = 17?

Calculate the limit as / approaches zero of the average rate of
change of g(x) with respect to x over the interval [1, 1 + A].

40. Let f(¢) = 1/tfort # 0.

COMPUTER EXPLORATIONS

Graphical Estimates of Limits
In Exercises 4146, use a CAS to perform the following steps:

a. Plot the function near the point x, being approached.

a. Find the average rate of change of f with respect to z over the
intervals (i) fromz = 2 to s = 3, and (ii) from ¢ = 2 to b. From your plot guess the value of the limit.
t=T. . x*—16 ooxP—x?2—5x-3
. 41. lim ———— 42, lim ————
b. Make a table of values of the average rate of change of f with x—2 X — 2 x——1 (x + 1)
respect to z over the interval [2, 7], for some values of T’ m -1 2 _ 9
approaching 2, say 7 = 2.1, 2.01, 2.001, 2.0001, 2.00001, 43. lim ~———— 44, lim — = ——
and 2.000001. 0 P Vx T
¢. What does your table indicate is the rate of change of f with 45. lim w 46. lim R —
x—0 Xsinx x—0 3 — 3cosx

respecttozats = 27?
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84 Chapter 2: Limits and Continuity

Calculating Limits Using the Limit Laws

HISTORICAL ESSAY* In Section 2.1 we used graphs and calculators to guess the values of limits. This section
presents theorems for calculating limits. The first three let us build on the results of Exam-
ple 8 in the preceding section to find limits of polynomials, rational functions, and powers.
The fourth and fifth prepare for calculations later in the text.

Limits

The Limit Laws

The next theorem tells how to calculate limits of functions that are arithmetic combina-
tions of functions whose limits we already know.

THEOREM 1 Limit Laws
If L, M, ¢ and k are real numbers and

lim f(x) = L and lim g(x) = M, then
x—c x—c
1. Sum Rule: lln(f(x) +glx)=L+M
The limit of the sum of two functionsxis tche sum of their limits.
2. Difference Rule: lln(f(x) —gx)=L—-M
The limit of the difference of two funztiocns is the difference of their limits.

3. Product Rule: lim(f(x)-gx)) =L-M
Xx—>c

The limit of a product of two functions is the product of their limits.

To learn more about the historical figures and the development of the major elements and topics of calcu-
lus, visit www.aw-bc.com/thomas.
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2.2 Calculating Limits Using the Limit Laws 85

4. Constant Multiple Rule: lim(k- f(x)) = k- L

The limit of a constant times a function is the constant times the limit of the
function.

lim 1) _L
a—e gx) M’
The limit of a quotient of two functions is the quotient of their limits, provided
the limit of the denominator is not zero.

5. Quotient Rule: M #0

6. Power Rule: If r and s are integers with no common factor and s # 0, then
lim (f(x))* = L'
xX—c

provided that L' is a real number. (If s is even, we assume that L > 0.)

The limit of a rational power of a function is that power of the limit of the func-
tion, provided the latter is a real number.

It is easy to convince ourselves that the properties in Theorem 1 are true (although
these intuitive arguments do not constitute proofs). If x is sufficiently close to ¢, then f(x)
is close to L and g(x) is close to M, from our informal definition of a limit. It is then rea-
sonable that f(x) + g(x) is close to L + M; f(x) — g(x) is close to L — M; f(x)g(x) is
close to LM; kf(x) is close to kL; and that f(x)/g(x) is close to L/M if M is not zero. We
prove the Sum Rule in Section 2.3, based on a precise definition of limit. Rules 2—5 are
proved in Appendix 2. Rule 6 is proved in more advanced texts.

Here are some examples of how Theorem 1 can be used to find limits of polynomial
and rational functions.

EXAMPLE 1  Using the Limit Laws

Use the observations lim,—. k = k and lim,—..x = ¢ (Example 8 in Section 2.1) and the
properties of limits to find the following limits.

4 2
@) lm(® + 4 —3)  (b) lim % © lim V& =3
xX—c X—>—

x—=c X 5
Solution
(a) lim(x3 + 4x? — 3) = lim x> + lim 4x? — lim 3 Sum and Difference Rules
x—c x—c x—c x—c
= C3 + 462 -3 Product and Multiple Rules

lim(x* + x2 = 1)

4 2 1

(b) lim 2l +2x L_» C. 3 Quotient Rule
x—c  x°+5 lim(x* + 5)

xX—c

lim x* + lim x2 — lim 1

x—c x—c x—c o
= - 3 - Sum and Difference Rules
lim x“ + lim 5
xX—c xX—c
ct+ -1
=% L Power or Product Rule
cc+5
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86 Chapter 2: Limits and Continuity

(c) limz\/4x2 -3= \/ lim2(4x2 - 3) Power Rule with r/s = '/

= \/ lim 4)C2 — lim 3 Difference Rule

= 4(_2)2 -3 Product and Multiple Rules
= \/E ]

Two consequences of Theorem 1 further simplify the task of calculating limits of polyno-
mials and rational functions. To evaluate the limit of a polynomial function as x ap-
proaches ¢, merely substitute ¢ for x in the formula for the function. To evaluate the limit
of a rational function as x approaches a point ¢ at which the denominator is not zero, sub-
stitute ¢ for x in the formula for the function. (See Examples 1a and 1b.)

THEOREM 2 Limits of Polynomials Can Be Found by Substitution

If P(x) = a,x" + ay1x"~' + --+ + a, then
lim P(x) = P(¢) = aye" + a—1¢" '+ -+ + ag.
xX—>c

THEOREM 3 Limits of Rational Functions Can Be Found by Substitution
If the Limit of the Denominator Is Not Zero

If P(x) and Q(x) are polynomials and Q(c) # 0, then
LPW) PO
e 0() — 0(e)

EXAMPLE 2  Limit of a Rational Function

B Aar—3 (1P +4-1-3 o

Video lim . - . L —
=1 x*+5 (=1 +5 6
This result is similar to the second limit in Example 1 with ¢ = —1, now done in one step.
|
| Identifying Common Factors Eliminating Zero Denominators Algebraically

It can be shown that if O(x) is a Theorem 3 applies only if the denominator of the rational function is not zero at the limit
pOlynom}al and O(c) = 0, then ) point c. If the denominator is zero, canceling common factors in the numerator and de-
(x = ¢} is a factor of O(x). Thus, if nominator may reduce the fraction to one whose denominator is no longer zero at c. If this

the numerator and denominator of a
rational function of x are both zero at

x = ¢, they have (x — ¢) as a common
factor.

happens, we can find the limit by substitution in the simplified fraction.

EXAMPLE 3  Canceling a Common Factor ' '
Ii | Evaluate Ii Ii1
Video Video

. 2 —
Video lim X 2
=1 x* —x
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)
Video ®)

FIGURE 2.8 The graph of

f(x) = (x* + x — 2)/(x* — x)in
part (a) is the same as the graph of
g(x) = (x + 2)/x in part (b) except
atx = 1, where f is undefined. The
functions have the same limit as x — 1
(Example 3).
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Solution ~ We cannot substitute x = 1 because it makes the denominator zero. We test the
numerator to see if it, too, is zero at x = 1. It is, so it has a factor of (x — 1) in common
with the denominator. Canceling the (x — 1)’s gives a simpler fraction with the same val-
ues as the original for x # 1:

x2+x—2:(x_1)(x+2)_x+2

= ifx # 1.
x2 - x x(x—l) roo ne

Using the simpler fraction, we find the limit of these values as x — 1 by substitution:

X2+ x-=2 .
lim 5 = lim
x—1 X —Xx x—1

x+2 1+2
X - 1 -

3.

See Figure 2.8. [

EXAMPLE 4  Creating and Canceling a Common Factor

Evaluate
. Vx?+100 — 10
lim 3 .
x—0 X

Solution  This is the limit we considered in Example 10 of the preceding section. We
cannot substitute x = 0, and the numerator and denominator have no obvious common
factors. We can create a common factor by multiplying both numerator and denominator
by the expression Vx? + 100 + 10 (obtained by changing the sign after the square root).
The preliminary algebra rationalizes the numerator:

Va? +100 = 10 _ Va® + 100 — 10 Vx> + 100 + 10
x? x? VX2 + 100 + 10

x2 + 100 — 100

(Vx4 100 + 10)

2

X
x*(Vx? + 100 + 10)
B 1
VX2 + 100 + 10

~ . 2
Common factor x~

Cancel x? forx # 0

Therefore,

Vx2 + 100 — 10

lim = lim

2
Denominator

1
x=0 x =0 \/x% + 100 + 10
1 not 0 atx = 0;
V0% + 100 + 10 substitute

_ 1 _
=50 = 0.05.

This calculation provides the correct answer to the ambiguous computer results in Exam-
ple 10 of the preceding section. [

The Sandwich Theorem

The following theorem will enable us to calculate a variety of limits in subsequent chap-
ters. It is called the Sandwich Theorem because it refers to a function f whose values are
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88 Chapter 2: Limits and Continuity

y sandwiched between the values of two other functions g and 4 that have the same limit L at
a point c. Being trapped between the values of two functions that approach L, the values of
f must also approach L (Figure 2.9). You will find a proof in Appendix 2.

THEOREM 4 The Sandwich Theorem

Suppose that g(x) = f(x) = h(x) for all x in some open interval containing c,
except possibly at x = c itself. Suppose also that

lim g(x) = lim A(x) = L.
xX—c x—>c

FIGURE 2.9 The graph of f is Then lim,—. f(x) = L.
sandwiched between the graphs of g and 4.

The Sandwich Theorem is sometimes called the Squeeze Theorem or the Pinching Theorem.

EXAMPLE 5  Applying the Sandwich Theorem

Given that

x2

2

2
l—xZSu(x)Sl—F forallx # 0,

find lim,—( u(x), no matter how complicated u is.

Solution  Since

FIGURE 2.10 Any function u(x) lir%(l — (x2/4)) =1 and lirr%)(l + (x2/2)) =1,
xX—> xX—>

whose graph lies in the region between

- 2 — ] — (2 ) o : .
y=1+ (@?/2)and y =1 = (x*/4)has ¢ne Sandwich Theorem implies thatlim,—q u(x) = 1 (Figure 2.10). m
limit 1 as x — 0 (Example 5).

EXAMPLE 6  More Applications of the Sandwich Theorem

(a) (Figure 2.11a). It follows from the definition of sin 6 that —|6| = sinf =< |6|forall 6,
and since limy—( (—|0]) = limy—(|6| = 0, we have

lim sinf = 0.

6—0
y
y=|9|
1L y=sinf
N 6 1 1
- i -2 -1
“1F y=-l6l (b)

FIGURE 2.11 The Sandwich Theorem confirms that (a) limy—(sin 6 = 0 and
(b) limg—o (1 — cos §) = 0 (Example 6).
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2.2 Calculating Limits Using the Limit Laws 89

(b) (Figure 2.11b). From the definition of cos 8,0 = 1 — cos @ = || for all 6, and we
have limg—o (1 — cos) = 0 or

lim cos® = 1.

0—0
(¢) For any function f(x), if limy—.|f(x)| = 0, then lim,—. f(x) = 0. The argument:
—|fx)] = f(x) = |f(x)| and — | f(x)| and | f(x)| have limit 0 as x — c. ]

Another important property of limits is given by the next theorem. A proof is given in
the next section.

THEOREM 5 If f(x) = g(x) forall x in some open interval containing c, except
possibly at x = ¢ itself, and the limits of f and g both exist as x approaches c,
then

lim f(x) < lim g(x).
Xx—c Xx—>c

The assertion resulting from replacing the less than or equal to = inequality by the strict
< inequality in Theorem 5 is false. Figure 2.1la shows that for 6 # 0,
—|6| < sin@ < |6, but in the limit as # — 0, equality holds.
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Exercise

EXERCISES 2.2

Limit Calculations

Find the limits in Exercises 1-18.

2.2 Calculating Limits Using the Limit Laws

89

Find the limits in Exercises 19-36.

1. 1im7(2x +5)
3. lim(—x% + 5x — 2)
x—2
5. lin% 8(t —5)(t—17)
[—)
i XT3
: x—2 X + 6
2
9. 1
y—l>n25 S5—y
11. hm1 32x — 1)?

13. lim (5 — )3

15. lim ————

h—’o\/3h+ 1+1
. V3h+1-1
17. Jim == ———

N

10.

12.

14.

16.

18.

lim (10 — 3

A0 =3

lim (x> — 2x2 + 4x + 8)
x—>—2

lim 3s(2s — 1)

s—2/.
’ xh—IPS x =17
y+2
lim

y—2 y +5y+6
lim (x + 3)1084

x——4

llm (2z — 8)'73

lim ———

h=0 \/Sh +4+2
. \V5h+4-2
A h

19.

21.

23.

25S.

27.

29.

31.

33.

. -5

lim 5
x—5 x° — 25

lim x>+ 3x— 10
x—=5 x+5
P24 t=2

lim ————
=1 7 =1

lim 2 —4
x—>=2 x3 + 2x?

20.

22.

24.

x + 3
llmi
x—>=3 x2 + 4x + 3

2+ 3t+2
m =5

t—>=1 t°— ¢t —2
5y3-i-8y2

26. lim

28.

30.

32.

34.

y—0 3y* — 162
. v — 8
lim )
v=>2 vt — 16
. 4y — x?
lim

=49 —\/x

xl—l>n—l1 x+ 1

x+2

lim ———
2V/x? +5 -3

Vx> +8—3
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90 Chapter 2: Limits and Continuity

_ 2 _ _
35, lim 2 Y% =3 36. lim — 2+ X

x—-3 x+3 x~>457\/x2+9

Exercise

Using Limit Rules

37. Suppose lim,—o f(x) = 1 and lim,—g(x) = —5. Name the
rules in Theorem 1 that are used to accomplish steps (a), (b), and
(c) of the following calculation.

2() — ) Nm I — £()

0 (f) + 7P lim (f(x) + 7) @
lim 2f(x) — lim g(x)
_ x—0 x—0 (b)
(tim (70 + 7))
_ 2 lim f) — lim g() )
(lim f0o) + lim 7)27
_OW =9 7
(1+7)% 4

38. Let lim,—; A(x) = 5, lim,—; p(x) = 1, and lim,—;r(x) = 2.
Name the rules in Theorem 1 that are used to accomplish steps
(a), (b), and (c) of the following calculation.

0@ — ) Tim (p(0)@ — 7(x))
= = (b)
(1im p(o))(lim (4 = r(x)))

V5 liml h(x)
= = ©

(Jim p(x))(fim 4 — tim r(x)

V()5 s

T (W@ -2) 2

(2)

39. Suppose lim,—. f(x) = 5 and lim,—. g(x) = —2. Find
a. lim f(x)g(x) b. lim 2f(x)g(x)
xX—c X—c
. f(x)
d. lm ————
x—c f(x) — gx)
40. Suppose lim,—4 f(x) = 0 and lim,—4 g(x) = —3. Find
a. lim (g(x) + 3) b. lim xf(x)
x—4 x—4

e. lim (£(x) + 3g(x)

) g(x)
d- lim oy — 1

41. Suppose lim,—; f(x) = 7 and lim,—; g(x) = —3. Find
a. lim (f(x) + g(x)) b. lim f(x) -g(x)
c. lim dg(x) d. lim f(x)/g(x)

c. lim (g(x))?

42. Suppose that lim,—_, p(x) = 4, lim,——, r(x) = 0, and
lim,—_» s(x) = —3. Find

a. inlz (p(x) + r(x) + s(x))
b. l_i)n_l2 plx) - r(x) - s(x)
c. E)njz(—4p(x) + 5r(x))/s(x)

Limits of Average Rates of Change

Because of their connection with secant lines, tangents, and instanta-
neous rates, limits of the form

fx +h) — flx)
mi== S
h—0 h

occur frequently in calculus. In Exercises 43—48, evaluate this limit
for the given value of x and function f.

43. f(x) =x2, x=1 4. f(x) =x%, x= -2
45. f(x) =3x—4, x=2 46. f(x) = 1/x, x = -2
47. fx) = Vx, x=7 48. f(x) = V3x+1, x=0

Using the Sandwich Theorem

49. If V5 — 2x* = f(x) = V5 —x2for—1 = x = 1, find
limxﬁo f(x)

50. If2 — x?> = g(x) = 2 cosx for all x, find lim,— g (x).

51. a. It can be shown that the inequalities

2 .
| X xsinx
6 2 — 2cosx

hold for all values of x close to zero. What, if anything, does
this tell you about
T
Give reasons for your answer.
. Graph
y=1-(x%/6),y = (xsinx)/(2 — 2cosx), andy = 1

together for —2 = x = 2. Comment on the behavior of the
graphs as x = 0.

52. a. Suppose that the inequalities
1 x? 1 —cosx 1
PRSI e <2

hold for values of x close to zero. (They do, as you will see in
Section 11.9.) What, if anything, does this tell you about

.1 — cosx
lim 72?
x—0 X

Give reasons for your answer.
b. Graph the equations y = (1/2) — (x2/24),

y = (1 — cosx)/x?,and y = 1/2 together for —2 < x = 2.
Comment on the behavior of the graphs as x — 0.
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2.2 Calculating Limits Using the Limit Laws 91

x
Theory and Examples a lim () b lim f(x)
53. If x* = f(x) = x? for x in [—1,1] and x?> = f(x) = x* for X2 =2
x < —1 and x > 1, at what points ¢ do you automaticall){ kpow 57. a. If lim fx) =5 = 3, find lim f(x).
lim,—. f(x)? What can you say about the value of the limit at =2 x =2 x—2
ints? x)—5
these points? b. If lim % — 4, find lim f(x).
54. Suppose that g(x) = f(x) = h(x) for all x # 2 and suppose that X2 X x—2
. , e J0
lim glx) = lim h(x) = 5. 58. If lim 2 1, find
Can we conclude anything about the values of f, g, and 4 at a. lim f(x) b. lim @
x = 27? Could f(2) = 0? Could lim,—, f(x) = 0? Give reasons =0 x—0
for your answers. 59. a. Graph g(x) = xsin(1/x) to estimate lim,—( g(x), zooming
C fx) -5 ' . in on the origin as necessary.
55 If)}l_r)r}‘ x—2 L, find ,}EB; ). b. Confirm your estimate in part (a) with a proof.
o fx i 60. a. Graph A(x) = x%cos (1/x?) to estimate lim,—. A(x) , zooming
56. If Xl_l)fﬂz 2 1, find in on the origin as necessary.

b. Confirm your estimate in part (a) with a proof.
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The Precise Definition of a Limit

To satisfy
this

y=2x—-1

Upper bound:
y=9

/

Lower bound:
y=>5

|
|
|
|
]
(!
[
[
[
[
[ 4|
345
N

Restrict
to this

0

FIGURE 2.12 Keeping x within 1 unit
of xo = 4 will keep y within 2 units of
yo = 7 (Example 1).

Now that we have gained some insight into the limit concept, working intuitively with the
informal definition, we turn our attention to its precise definition. We replace vague
phrases like “gets arbitrarily close to” in the informal definition with specific conditions
that can be applied to any particular example. With a precise definition we will be able to
prove conclusively the limit properties given in the preceding section, and we can establish
other particular limits important to the study of calculus.

To show that the limit of f(x) as x — xj equals the number L, we need to show that the gap
between f(x) and L can be made “as small as we choose” if x is kept “close enough” to xy.
Let us see what this would require if we specified the size of the gap between f(x) and L.

EXAMPLE 1 A Linear Function

Consider the function y = 2x — 1 near xo = 4. Intuitively it is clear that y is close to 7
when x is close to 4, so lim,—4 (2x — 1) = 7. However, how close to xo = 4 does x have
to be so that y = 2x — 1 differs from 7 by, say, less than 2 units?

Solution ~ We are asked: For what values of x is |y — 7| < 2? To find the answer we
first express |y — 7| in terms of x:
ly =7|=]2x —1) = 7| =|2x — 8.

The question then becomes: what values of x satisfy the inequality |2x — 8] < 2? To
find out, we solve the inequality:

[2x — 8] <2
—2<2x—8<2
6 <2x <10
3<x <5

—1<x—-4<1.

Keeping x within 1 unit of xg = 4 will keep y within 2 units of yo = 7 (Figure 2.12). m
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y
A
o f(x)
f(x) lies
L in here
L %\/
for all x # x,
in here
) o)
X
— X
0 Xp—0 X9 Xxo+96

FIGURE 2.13 How should we define
6 > 0 so that keeping x within the
interval (xo — 68, xo + &) will keep f(x)

s . 1 1
_ = N )
within the interval (L 10° L+ 1 O) ?

y
L+eT
f(x) lies
L — .
¢ /() in here
L—€el
for all x # x
in here
) )
—
X
0 e 3 x

Xg—0 Xy Xg+96

FIGURE 2.14 The relation of § and € in
the definition of limit.

In the previous example we determined how close x must be to a particular value x( to
ensure that the outputs f(x) of some function lie within a prescribed interval about a limit
value L. To show that the limit of f(x) as x — x actually equals L, we must be able to show
that the gap between f(x) and L can be made less than any prescribed error, no matter how
small, by holding x close enough to xj.

Definition of Limit

Suppose we are watching the values of a function f(x) as x approaches x, (without taking on
the value of x itself). Certainly we want to be able to say that f(x) stays within one-tenth of
a unit of L as soon as x stays within some distance & of x, (Figure 2.13). But that in itself is
not enough, because as x continues on its course toward x,, what is to prevent f(x) from jit-
tering about within the interval from L — (1/10) to L + (1/10) without tending toward L?

We can be told that the error can be no more than 1/100 or 1/1000 or 1/100,000.
Each time, we find a new 8-interval about x so that keeping x within that interval satisfies
the new error tolerance. And each time the possibility exists that f(x) jitters away from L at
some stage.

The figures on the next page illustrate the problem. You can think of this as a quarrel
between a skeptic and a scholar. The skeptic presents e-challenges to prove that the limit
does not exist or, more precisely, that there is room for doubt, and the scholar answers
every challenge with a d-interval around xj.

How do we stop this seemingly endless series of challenges and responses? By prov-
ing that for every error tolerance e that the challenger can produce, we can find, calculate,
or conjure a matching distance 6 that keeps x “close enough” to xj to keep f(x) within that
tolerance of L (Figure 2.14). This leads us to the precise definition of a limit.

DEFINITION Limit of a Function

Let f(x) be defined on an open interval about x, except possibly at x itself. We
say that the limit of f(x) as x approaches x is the number L, and write

lim f(x) = L,

X—>X(

if, for every number € > 0, there exists a corresponding number 8 > 0 such that
for all x,

0<|x—x <6 = [f(x) — L| <e.

One way to think about the definition is to suppose we are machining a generator
shaft to a close tolerance. We may try for diameter L, but since nothing is perfect, we must
be satisfied with a diameter f(x) somewhere between L — € and L + €. The d is the
measure of how accurate our control setting for x must be to guarantee this degree of accu-
racy in the diameter of the shaft. Notice that as the tolerance for error becomes stricter, we
may have to adjust 6. That is, the value of 6, how tight our control setting must be, de-
pends on the value of €, the error tolerance.

Examples: Testing the Definition

The formal definition of limit does not tell how to find the limit of a function, but it en-
ables us to verify that a suspected limit is correct. The following examples show how the
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. y=f(X)/ yf()7 y=f(7
L+ 1 1

| —_— —_
| L+ 100 L+ 100 ,
|
L——— g | L= LF———-§8 :
|
] 1 1 |
|
|
|
|
Il

I I I
Il 1
L1 l L =100 : L =100 o
10 ; | Lo
| | | |
X 1 I x / I x / | : I x
0 Xo 0 / Xo \ 0 Xo 0 X\
Xo = S1/10 X0+ S1/10 Xo— 01100 X0+ /100
The challenge: Response: New challenge: Response:
Make | f(x) - L| <e=11—0 | x — x| < 811 (a number) Make | f(x) - L| <€=ﬁ) |x = x| < 81100
y y
y =1 y = f(x)
1
L 1000 L+ To00
—
e R — |
v T Y 1 1
1 I 1 (|
L‘1ooo/ | L= 1000 I:
I
| o
1 X / | I : x
0 0 0 o
New challenge: Response:
_ 1
€= 1000 | x = x0| < 8111000
y y y
y = £ y=f@)
1 1
L+ 160,000 L+ 160,000
\
; == e
i
_1 I I |
L = 100,000 L= 100,000 | :
| |
i i
| |
/ X / 11 X | X
0 0 X0 0 X0
New challenge: Response: New challenge:
1
€= 100,000 | x = xo| < 817100000 €=

definition can be used to verify limit statements for specific functions. (The first two ex-
amples correspond to parts of Examples 7 and 8 in Section 2.1.) However, the real purpose
of the definition is not to do calculations like this, but rather to prove general theorems so
that the calculation of specific limits can be simplified.
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y=5x—7
2+ €

(3]
i
|
|
|
|
|
|
|
|
|
|
|
|

S}
|
m

— | —— — [——

1+

wim

NOT TO SCALE

FIGURE 2.15 If f(x) = 5x — 3, then
0 < |x — 1] < €/5 guarantees that
|f(x) = 2| < e (Example 2).

y
y=x
Xog + €
Xg+ 6
IR |
X /I/:
Xg— 6 Tt
[
[
Xog — € [
[
[
[
[
1 L1
0 xg—8 xg xg+ 8

FIGURE 2.16 For the function f(x) = x,
we find that 0 < |x — xo| < & will
guarantee | f(x) — xo| < € whenever

6 = e (Example 3a).

EXAMPLE 2  Testing the Definition

Show that

Video
lim (5x — 3) = 2.
x—1
Solution  Setxp = 1, f(x) = 5x — 3, and L = 2 in the definition of limit. For any given
€ > 0, we have to find a suitable 6 > 0 so that if x # 1 and x is within distance & of
xo = 1, that is, whenever
0<|x—1] <8$,
it is true that f(x) is within distance € of L = 2, so
1100 — 2| <e.
We find 6 by working backward from the e-inequality:
[(5x —3) —2|=|5x — 5| <€
S5lx — 1] <e
[x — 1] < ¢€/5.
Thus, we can take 6 = €/5 (Figure 2.15). If 0 < |x — 1| < 6 = €/5, then
[(5x —3) — 2| =|5x — 5| =5]x — 1| < 5(e/5) = €,
which proves that lim,—(5x — 3) = 2.
The value of 8§ = €/5 is not the only value that will make 0 < |x — 1] < & imply
|5x — 5| < e. Any smaller positive 6 will do as well. The definition does not ask for a
“best” positive 0, just one that will work. ]
EXAMPLE 3  Limits of the Identity and Constant Functions Ii
Prove: .
Video
(a) lim x = xg (b) lim k= k (k constant).
XX XX
Solution

(a) Lete > 0 be given. We must find 6 > 0 such that for all x
0<|x—x| <6 implies [x — x| < e.

The implication will hold if § equals € or any smaller positive number (Figure 2.16).
This proves that lim, ., x = xp.

(b) Lete > 0 be given. We must find 6 > 0 such that for all x
0<|x—x| <6 implies |k — k| <e.

Since £ — k = 0, we can use any positive number for 6 and the implication will hold
(Figure 2.17). This proves thatlim, ., k = k. ]

Finding Deltas Algebraically for Given Epsilons

In Examples 2 and 3, the interval of values about x, for which | f(x) — L| was less than e
was symmetric about xy and we could take 6 to be half the length of that interval. When
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y such symmetry is absent, as it usually is, we can take 6 to be the distance from x to the in-
. terval’s nearer endpoint.
k+ € -
T EXAMPLE 4  Finding Delta Algebraically
[ . . . .
[ ! For the limit lim,—sVx — 1 = 2, find a 6 > 0 that works for € = 1. That is, find a
i l ! 8 > 0 such that for all x
|
R . 0<|x—5<8& = |Vx—-1-2|<1.
0 Xg—0 Xy xo+6

FIGURE 2.17  For the function f(x) = k&,  Solution =~ We organize the search into two steps, as discussed below.
we find that | f(x) — k| < e for any

positive  (Example 3b). 1. Solve the inequality |NVx — 1 — 2| < 1 to find an interval containing xo = 5 on

which the inequality holds for all x # xy.

IVx—1-2l<1
“1<Vx—-1-2<1
1< Vx—-1<3
I<x—-1<9
2 <x<10
The inequality holds for all x in the open interval (2, 10), so it holds for all x # 5 in
this interval as well (see Figure 2.19).

2. Find a value of 6 > 0 to place the centered interval 5 — 6 < x < 5 + & (centered
at xo = 5) inside the interval (2, 10). The distance from 5 to the nearer endpoint of
(2, 10) is 3 (Figure 2.18). If we take 6 = 3 or any smaller positive number, then the
inequality 0 < |x — 5| < & will automatically place x between 2 and 10 to make

|Vx — 1 — 2| <1 (Figure 2.19)

0<|x—5<3 = [Vx—-1-2| <1.

y
y=Vx—-1
3 i
I
| I
| I
2-—-- . L
I | I
I | I
I | I
I | I
1 T T T
| I | I
I3 13 I
3 3 S E— I
! L L & L L L ! L X A | | I | | I | I | x
2 5 8 10 o] 1 2 5 8 10
NOT TO SCALE
FIGURE 2.18 An open interval of
radius 3 about xo = 5 will lie inside the FIGURE 2.19 The function and intervals
open interval (2, 10). in Example 4. |
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y
4+€
]
]
|
4——= 1212, 4)
i
1
11
4 —€ bt
Lo
[
[
e 12,1
[
Pl
0 72\ !
4 —¢€ 4 +€

FIGURE 2.20 An interval containing
x = 2 so that the function in Example 5
satisfies | f(x) — 4] < e.

How to Find Algebraically a 6 for a Given f, L, xo, and e > 0
The process of finding a 6 > 0 such that for all x

0<|x—x| <$é = |f(x) — L| <€
can be accomplished in two steps.

1. Solve the inequality |f(x) — L| < € to find an open interval (a, b) contain-
ing xo on which the inequality holds for all x # xg.

2. Find a value of 6 > 0 that places the open interval (xo — 8, xo + &) centered
at x¢ inside the interval (a, b). The inequality | f(x) — L| < e will hold for all
X # Xxg in this é-interval.

EXAMPLE 5  Finding Delta Algebraically
Prove that lim,—, f(x) = 4 if

x2, x#2
f(x)z{l, x=2

Solution  Our task is to show that given € > 0 there exists a 6 > 0 such that for all x
0<|x—2]<6é = [f(x) — 4] <ee.
1. Solve the inequality |f(x) — 4| < € to find an open interval containing xo = 2 on
which the inequality holds for all x # xy.
Forx # xo = 2,wehave f(x) = x?,and the inequality to solve is |x*> — 4| < e:
|x2 — 4| < e
—e<x*—4<e
4—e<x’<4+e

V4 —e < |x| < V4 + € Assumes € < 4; see below.
V4 —e<x< V4 +e. An open interval about xo = 2

that solves the inequality

The inequality |f(x) — 4| < € holds for all x # 2 in the open interval ( V4 — €,

V4 + e) (Figure 2.20).
2. Find a value of 8 > 0 that places the centered interval (2 — 8,2 + 8) inside the in-

terval(\/4 — €, V4 + e).

Take 6 to be the distance from xy = 2 to the nearer endpoint of ( V4 —€, V4 + e) .
In other words, take & = min {2 - V4 —-€V4+e— 2}, the minimum (the smaller)
of the two numbers 2 — V4 — eand V4 + € — 2. If § has this or any smaller positive
value, the inequality 0 < |x — 2| < & will automatically place x between V4 — € and
V4 + e tomake |f(x) — 4] < e.Forallx,

0<|x—2] <6 = |f(x) — 4] <e.

This completes the proof.
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Why was it all right to assume € < 4? Because, in finding a 6 such that for all
x,0 < |x — 2| < & implied |f(x) — 4| < € < 4, we found a & that would work for
any larger € as well.

Finally, notice the freedom we gained in letting 6 = min {2 — V4 — €,

V4 +e— 2} . We did not have to spend time deciding which, if either, number was the
smaller of the two. We just let 6 represent the smaller and went on to finish the argument.
]

Using the Definition to Prove Theorems

We do not usually rely on the formal definition of limit to verify specific limits such as
those in the preceding examples. Rather we appeal to general theorems about limits, in
particular the theorems of Section 2.2. The definition is used to prove these theorems
(Appendix 2). As an example, we prove part 1 of Theorem 1, the Sum Rule.

EXAMPLE 6  Proving the Rule for the Limit of a Sum
Given that lim,—.. f(x) = L and lim,—,. g(x) = M, prove that
lim‘(f(x) +gx) =L+ M.

Solution  Let e > 0 be given. We want to find a positive number & such that for all x
0<|x—c| <$é = | f(x) + glx) — (L + M)| <e.
Regrouping terms, we get

/() + g(x) = (L + M)| = |(f(x) — L) + (g(x) — M)]|

Triangle Inequality:
= — — 2
—|f()€) L|+|g(x) Ml la + b|=|a|+ |b|

Since lim,—. f(x) = L, there exists a number 6; > 0 such that for all x
0<|x—rc|] <& = |f(x) — L| < e€/2.
Similarly, since lim,—. g(x) = M, there exists a number 8, > 0 such that for all x
0<|x—c| <& = lg(x) — M| < €/2.
Let 8 = min {8, 6,}, the smaller of §; and 6,. If0 < |x — ¢| < & then |x — ¢| < &y,
so |f(x) = L| < €/2,and |x — ¢| < 82,50 |g(x) — M| < €/2. Therefore

f0) + g) = L+ M| <5+ 5 =€

€
2
This shows that lim,—. (f(x) + g(x)) = L + M. (]

Let’s also prove Theorem 5 of Section 2.2.

EXAMPLE 7  Given that lim,—. f(x) = L and lim,—. g(x) = M, and that f(x) = g(x)
for all x in an open interval containing ¢ (except possibly c itself), prove that L = M.

Solution ~ We use the method of proof by contradiction. Suppose, on the contrary, that
L > M. Then by the limit of a difference property in Theorem 1,
lim (g(x) = f(x)) = M — L.
Therefore, for any € > 0, there exists 8 > 0 such that
[(gx) = f(x)) — (M —L)| <e whenever 0 < |x — ¢| < 8.
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Since L — M > 0 by hypothesis, we take € = L — M in particular and we have a number
6 > 0 such that

[(gx) — fx) —M—-L)| <L-M whenever 0 < |x — ¢| < 8.
Since a = |a|for any number a, we have
(gx) —fx) - M—-L)<L-M whenever 0 < [x —¢| <&
which simplifies to
g(x) < f(x) whenever 0 < |x — ¢| < 8.

But this contradicts f(x) = g(x). Thus the inequality L > M must be false. Therefore
L=M. u
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EXERCISES 2.3

Centering Intervals About a Point 9. 10.
In Exercises 1-6, sketch the interval (a, b) on the x-axis with the f) = ;/’_C X )= 2Vr 11
point xo inside. Then find a value of 6§ > 0 such that for all Y xLO;l Xo=3
X, 0<|x—x| <8 = a<x<b. 1 L=4
5 e=3 »y=Vax €=02
1.a=1,b=7, Xo = 4_1- ____________ ’
2.a=1, b=17 x =2 1f—----- | i y=2Vx+1
3l __ I I 2
3.a=-7/2, b=-1/2, xp= -3 i T ! 3; ------- |
. | |
4. a=-7/2, b= -1/2, xo= —3/2 | ! ! Lo
5.a=4/9, b=4/7, xo=1/2 ; é i 2I5 . 2 Lo
6. a=27591, b=32391, xo=3 ic T / i i i
o o . | | 1 x
Finding Deltas Graphically -1 0 261 3 341
In Exercises 7—14, use the graphs to finda & > 0 such that for all x NOTTO SCALE
11. 12.
0 < |x— x| <6 = [f(x) — L] <e. :
y
7. 8.
3 y J@) =x? fe =4 - x?
J) =-35x+3 xp =2 o=
2 0 L=
ﬁ - ‘1‘ =025 }
=4 —x 3
_ 2 Sb——e—e—— y
y=x |
7.65 4 & For=m =275
| 75 3= | | -
[
0 75N ! | T L] |
4.9 5.1 : 0 ) x : :
NOT TO SCALE | V3 Vs Lo
: NOT TO SCALE : :
’ : |
/=3 N\ 0 [
31 29 N\ 51 vz o
NOT TO SCALE 2 2
NOT TO SCALE
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A 13. 14. More on Formal Limits
Exercise y y Each of Exercises 31-36 gives a function f(x), a point xy, and a posi-
tive number €. Find L = lim f(x). Then find a number § > 0 such
fx) = % that for all x !
501 x0=% 0<|x—x| <6$6 = [fx) — L] <e.
el L=2
c— 001 31. f(x) =3 — 2x, X0 = 3, e =0.02
2F——-71 32. f(x) = —3x — 2, X0 = —1, € =0.03
_x—4 _ _
1.99 -h) 33. flx) = T N=2 € = 0.05
b
[ 2
o M) =TS =5 =005
.
R 3. /) =V1-5 x=-3 e=05
i P 36. f(x) = 4/x, x =2 e=04
[
i | Prove the limit statements in Exercises 37-50.
Pl
L1 : _ — : _ _
. 0 1/ 1 \1 x 37. gl_r)r}‘(9 x) =75 38. )}1_1313(3x 7) =2
201 2 199 39. limVx—5=2 40. imV4 —x =2
NOT TO SCALE x=9 x=0

2
41 lim f(x) =1 if f(x) = {x »  x#1

. . . x—1 2, x =1
Finding Deltas Algebraically . . 2 x# -2
Each of Exercises 15-30 gives a function f(x) and numbers L, x, and 42. xl_l,n_12 fx) =4 if fix) = {1 Y= -2
€ > 0. In each case, find an open interval about x(, on which the in- ’

equality |f(x) — L| < € holds. Then give a value for § > 0 such 43. lim~ = 1

that for all x satisfying 0 < |x — xo|] < & the inequality =1
|f(x) — L] < €holds. . 1 1
44. lim_- — =
15 fx) =x+1, L=5 x=4  €=00l =V3x? 3
2 _ 2 _
Brercises| |10 /0 =2x 2, L=-6 x=-2  €=002 45. lim T2 — ¢ 46. 1im T L=
17. fx) = Vx+1, L=1 x%=0 e=01 3 =l
4 -2 <1
18. fx) = Vx, L=1/2, x=1/4, e=0.1 47. lim f(x) =2 if f(x) = { S
x—1 6x — 4, x=1
19. f(x) = V19 — x, L =3, xo = 10, e=1 I <0
2. f(x) = Vx—17, L=4, x=23, €= 48. lim f(x) =0 if f(x)={x/’2 =0
21. f(x) = 1/x, L =1/4, X0 = 4, e =0.05 1
49. i iny =0
2. fx) =x% L=3 x=V3 e=01 oy R
23. f(x) =x? L=4, x=-2, €=05 Y
24. f(x) = 1/x, L= -1, X0 = —1, e =0.1
25. f(x) =x>—5 L=11, x=4  e=1
26. f(x) = 120/x, L=5 x=24, e=1 1
_ _ _ _ 1 1 y =)CSIHE
27. f(x) = mx, m >0, = 2m, X0 = 2, e =0.03 -5 5
T, T
28. f(x) = mx, m > 0, L = 3m, X0 = 3, 1) 0 X
e=c>0 T T
29. f(x) = mx + b, m > 0, L = (m/2) + b,
xo = 1/2, e=c>0
30. f(x) = mx + b, m >0, L=m+b, xo =1,
e = 0.05
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50.

lim x? sin% =0

x—0

Theory and Examples

51.
52.
53.

54.

55,

56.

Define what it means to say that lin}) g(x) = k.
Xx—>
Prove that lim f(x) = L if and only ifhlin}) f(h+c¢)=1L.
xX—>c g
A wrong statement about limits Show by example that the fol-
lowing statement is wrong.

The number L is the limit of f(x) as x approaches xy if f(x) gets
closer to L as x approaches x.

Explain why the function in your example does not have the given
value of L as a limit as x — xy.

Another wrong statement about limits Show by example that
the following statement is wrong.

The number L is the limit of f(x) as x approaches x if, given any
€ > 0, there exists a value of x for which | f(x) — L| < €.

Explain why the function in your example does not have the given
value of L as a limit as x — xj.

Grinding engine cylinders Before contracting to grind engine
cylinders to a cross-sectional area of 9 in?, you need to know how
much deviation from the ideal cylinder diameter of xy = 3.385
in. you can allow and still have the area come within 0.01 in® of
the required 9 in®. To find out, you let 4 = 7 (x/2)* and look for
the interval in which you must hold x to make |4 — 9| = 0.01.
What interval do you find?

Manufacturing electrical resistors Ohm'’s law for electrical cir-
cuits like the one shown in the accompanying figure states that
V= RI. In this equation, V is a constant voltage, / is the current
in amperes, and R is the resistance in ohms. Your firm has been
asked to supply the resistors for a circuit in which V" will be 120

volts and / is to be 5 + 0.1 amp. In what interval does R have to
lie for / to be within 0.1 amp of the value [y = 5?

i o 4
+‘[ U

When Is a Number L Not the Limit of f(x)
as x —>Xg?

We can prove that lim,—.,, f(x) # L by providing an € > 0 such that
no possible & > 0 satisfies the condition

Forallx, 0 < |x — x| <& = |f(x) — L| <e.

We accomplish this for our candidate € by showing that for each
6 > 0 there exists a value of x such that

0<|x—x| <6 and |f(x) — L] = €.
y
y =f(x)
L+e
P
I |
Lt | |
I |
I |
L—€ : |
| [
Jf ]
— iy
0|xg—8 | x9g xg+06 !

a value of x for which
O<|xfx0| <6and|f(x)fL| =€

X x <1
57. Let f(x) = {
et f(x) {x+1, x> 1.

y
y=x+1

y =/

<
I
=
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a. Lete = 1/2. Show that no possible & > 0 satisfies the
following condition:

Forallx, 0<|x—1] <& = [ f(x) — 2| < 1/2.
That is, for each 6 > 0 show that there is a value of x such that
0<|x—1] <& and |f(x) — 2| = 1/2.
This will show that lim,—; f(x) # 2.
b. Show that lim,—; f(x) # 1.
¢. Show that lim,—; f(x) # 1.5.
X% o x<2
58. Leth(x) =43, x=2
2, x> 2.
y
y = h(x)
y=2
—
X

Show that

a. lim A(x) # 4
x—2

b. lim A(x) # 3
x—2

c. lim a(x) # 2
x—2

59. For the function graphed here, explain why

a. lim3 flx) # 4
X—

b. lim f(x) # 4.8
x—3

c. lim f(x) # 3
x—3

y
48t \
4 °
y=f)
3+ o\
L X
0 3

2.3 The Precise Definition of a Limit 101

60. a. For the function graphed here, show that lim,— _; g(x) # 2.

b. Does lim,—_ g(x) appear to exist? If so, what is the value of
the limit? If not, why not?

y = g(x) /

| X
/ -1 0

COMPUTER EXPLORATIONS

In Exercises 61-66, you will further explore finding deltas graphi-
cally. Use a CAS to perform the following steps:

a. Plot the function y = f(x) near the point x, being approached.

b. Guess the value of the limit L and then evaluate the limit
symbolically to see if you guessed correctly.

c. Using the value e = 0.2, graph the banding lines y; = L — €
and y, = L + € together with the function f near xo.

d. From your graph in part (c), estimate a 6 > 0 such that for all x

0<|x—x| <6 = [f(x) = L] <e.

Test your estimate by plotting f, y;, and y, over the interval

0 < |x — xo| < &. For your viewing window use

X — 20 =x=xp)+20andL — 2e =y =L + 2¢.Ifany
function values lie outside the interval [L — €, L + €], your
choice of 6 was too large. Try again with a smaller estimate.

e. Repeat parts (c) and (d) successively for e = 0.1, 0.05, and
0.001.

61. f(x) = x;_%, X =13

62. f(x) = %, X =0

63. f(x) = sh;%’ X0=0

64. f(x) = % X =0

65. f(x) = %, xo=1

6. fy = T Or DV es
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One-Sided Limits and Limits at Infinity

FIGURE 2.21 Different right-hand and
left-hand limits at the origin.

In this section we extend the limit concept to one-sided limits, which are limits as x ap-
proaches the number x from the left-hand side (where x < xj) or the right-hand side
(x > x¢) only. We also analyze the graphs of certain rational functions as well as other
functions with limit behavior as x — +00.

One-Sided Limits

To have a limit L as x approaches c, a function f must be defined on both sides of ¢ and its
values f(x) must approach L as x approaches ¢ from either side. Because of this, ordinary
limits are called two-sided.

If f fails to have a two-sided limit at ¢, it may still have a one-sided limit, that is, a
limit if the approach is only from one side. If the approach is from the right, the limit is a
right-hand limit. From the left, it is a left-hand limit.

The function f(x) = x/|x|(Figure 2.21) has limit 1 as x approaches 0 from the right,
and limit —1 as x approaches 0 from the left. Since these one-sided limit values are not the
same, there is no single number that f(x) approaches as x approaches 0. So f(x) does not
have a (two-sided) limit at 0.

Intuitively, if f(x) is defined on an interval (¢, b), where ¢ < b, and approaches arbi-
trarily close to L as x approaches ¢ from within that interval, then f has right-hand limit L
at c. We write

lim_f(x) = L.
xX—c
The symbol “x — ¢*> means that we consider only values of x greater than c.

Similarly, if f(x) is defined on an interval (a, ¢), where a < ¢ and approaches arbi-
trarily close to M as x approaches ¢ from within that interval, then f has left-hand limit M/
at c. We write

lim f(x) = M.
xX—>c
The symbol “x — ¢~ means that we consider only x values less than c.

These informal definitions are illustrated in Figure 2.22. For the function f(x) = x/|x]
in Figure 2.21 we have

lim_ f(x) = 1 and lim f(x) = —1.
x—0" x—0"
y y
—
L f&) Fx) M
X X
0 C <t X 0 X e C
(a) lim+ fx)=L (b) lim f(x)=M
x-c x—c

FIGURE 2.22 (a) Right-hand limit as x approaches ¢. (b) Left-hand limit as x
approaches c.
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y
y=V4 - x*
-2 2 0
FIGURE 2.23 lim V4 — x? = 0and

x—2

lim V4 - x? = 0 (Example 1).

x— =2

|
Video O\

FIGURE 2.24  Graph of the function

in Example 2.

2.4 One-Sided Limits and Limits at Infinity 103

EXAMPLE 1 One-Sided Limits for a Semicircle
The domain of f(x) = V4 — x?is [—2, 2]; its graph is the semicircle in Figure 2.23. We
have
lim V4 —x*=0 and  lim V4 —x*=0.
x—— x—
The function does not have a left-hand limit at x = —2 or a right-hand limit at x = 2. It
does not have ordinary two-sided limits at either —2 or 2. ]

One-sided limits have all the properties listed in Theorem 1 in Section 2.2. The right-
hand limit of the sum of two functions is the sum of their right-hand limits, and so on. The
theorems for limits of polynomials and rational functions hold with one-sided limits, as
does the Sandwich Theorem and Theorem 5. One-sided limits are related to limits in the
following way.

THEOREM 6

A function f(x) has a limit as x approaches c if and only if it has left-hand and
right-hand limits there and these one-sided limits are equal:

lim f(x) = L s lim f(x) =L and lim_f(x) = L.
x—c x—c x—c
EXAMPLE 2  Limits of the Function Graphed in Figure 2.24
Atx = 0: lim,—¢+ f(x) = 1,
lim,—¢- f(x) and lim,—¢ f(x) do not exist. The function is not de-
fined to the left of x = 0.
Atx = 1: lim,—- f(x) = 0 even though f(1) = 1,
lim,—+ f(x) = 1,
lim,— f(x) does not exist. The right- and left-hand limits are not
equal.
Atx = 2: lim,—,- f(x) = 1,
limy o+ f(x) = 1,
lim,—, f(x) = 1 even though f(2) = 2.
Atx = 3: lim,—3- f(x) = lim,—3+ f(x) = lim,—3 f(x) = f(3) = 2.
Atx = 4: lim,—4 f(x) = 1 even though f(4) # 1,
lim,—4+ f(x) and lim,—4 f(x) do not exist. The function is not de-
fined to the right of x = 4.
At every other point ¢ in [0, 4], f(x) has limit f(c). [

Precise Definitions of One-Sided Limits

The formal definition of the limit in Section 2.3 is readily modified for one-sided limits.
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y
L+ e
o f(x)
f(x) lies
L= in here
L—el
for all x # x
in here
5
0 . 3 X
X Xo+ 0

FIGURE 2.25

Intervals associated with

the definition of right-hand limit.

y
L+eA
o f(x)
f(x) lies
Lr in here
L — el
for all x # x
in here
) P
£ . x
0 Xp— & X
FIGURE 2.26 Intervals associated with

the definition of left-hand limit.

y
fe) = Vax

€EAS——————— T
|
)1 |
|
|
o Al

L=0 x 82 *

FIGURE 2.27 lirr01+\/); = 0 in Example 3.
X—

DEFINITIONS Right-Hand, Left-Hand Limits
We say that f(x) has right-hand limit L at x,, and write

lim f(x) =L (See Figure 2.25)
XX
if for every number € > 0 there exists a corresponding number 6 > 0 such that
for all x

xo<x<xp+3é = |f(x) — L] <e.
We say that f has left-hand limit L at x,, and write

lim f(x) =L (See Figure 2.26)
X—>X(

if for every number € > 0 there exists a corresponding number 6 > 0 such that

for all x
xo— 8 < x<xg = |f(x) — L] <e.
EXAMPLE 3  Applying the Definition to Find Delta
Prove that
xli)lr()g\/i = 0.
Solution Let e > 0 be given. Here xo = 0 and L = 0, so we want to find a > 0 such
that for all x
0<x<s8 = |Vx—0]<e,
or
0<x<8 = Vx<e.

Squaring both sides of this last inequality gives

x < € it 0<x<3a.

If we choose 6 = € we have
0<x<8=¢€ \/);<e,

or

=

'Vx = 0] <e.

According to the definition, this shows that limx_,o+\/; = 0 (Figure 2.27).

0<x<eée

The functions examined so far have had some kind of limit at each point of interest. In
general, that need not be the case.

EXAMPLE 4 A Function Oscillating Too Much L
L
Show that y = sin (1/x) has no limit as x approaches zero from either side (Figure 2.28). F =
Animatiol
Solution  As x approaches zero, its reciprocal, 1/x, grows without bound and the values

of sin (1/x) cycle repeatedly from —1 to 1. There is no single number L that the function’s
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y=sin<

1111}

FIGURE 2.28 The function y = sin (1/x) has neither a
right-hand nor a left-hand limit as x approaches zero
(Example 4).

values stay increasingly close to as x approaches zero. This is true even if we restrict x to

positive values or to negative values. The function has neither a right-hand limit nor a left-
hand limit atx = 0. [

Limits Involving (sin 6)/0

A central fact about (sin 6)/6 is that in radian measure its limit as § — 0 is 1. We can see
this in Figure 2.29 and confirm it algebraically using the Sandwich Theorem.

L, L 0
-3 —om~—Zr ~—"2m 3
y
NOT TO SCALE
1 T FIGURE 2.29 The graph of f(6) = (sin 8)/6.
P
THEOREM 7
tan 0 sin 0
1 lim =1 (6 in radians) (1)
sin 0 6—0 0
0 cosf 1 N
o 0 A(1,0) . . ..
Proof The plan is to show that the right-hand and left-hand limits are both 1. Then we
1 will know that the two-sided limit is 1 as well.

FIGURE 2.30 The figure for the proof of . To szh%v ﬂ;\?t tt.he rtilg};t-hand limit is 1, we begin with positive values of 0 less than 7/2
Theorem 7. TA/OA = tan 6, but 04 = 1, (1 1gure 2.30). Notice tha
soTA = tan . Area AOAP < area sector OAP < area AOAT.
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| Equation (2) is where radian measure We can express these areas in terms of 0 as follows:
comes in: The area of sector OAP is 6/2 { ' . ’ .
only if 6 is measured in radians. Area AOAP = Ebase X height = 5 (1)(sin §) = 5 sin 6
Area sector OAP = 1120 = l(1)29 =9 @)
2 2 2

Area AOAT = %base X height = %(1)(tan 0) = %tan@.

Thus,

1 . 1 1
Esme < 50 < Etan@.

This last inequality goes the same way if we divide all three terms by the number
(1/2) sin 0, which is positive since 0 < 0§ < r/2:

0 1
< = < .
! sinf ~ cosf
Taking reciprocals reverses the inequalities:

sin 0
0

1> > cos 6.

Since limy— ¢+ cos § = 1 (Example 6b, Section 2.2), the Sandwich Theorem gives

. sinf
lim —— =

1.
9—0" 0

Recall that sinf and 6 are both odd functions (Section 1.4). Therefore, f(6) =
(sin 0)/0 is an even function, with a graph symmetric about the y-axis (see Figure 2.29).
This symmetry implies that the left-hand limit at 0 exists and has the same value as the
right-hand limit:

lim sinf _ 1 = lim sin
o—0- 0 0—0" 0 °
so limy— (sin 6)/6 = 1 by Theorem 6. [
EXAMPLE 5 Using lim 309 = 1
9—o0 0
cosh — 1 sin2x _ 2

Show that (a) }}imo =0 and (b) lirr%) =
— x—>

h S5x 5°

Solution

(a) Using the half-angle formula cos 27 = 1 — 2 sin*(//2), we calculate

. cosh—1 . 2 sin? (h/2)
Im ———=lim — ————
=0 h h—0 h
= —lim sin 0 sin Leto = h/2.
9—0 0
= —(1)(0) = 0.
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FIGURE 2.31 The graph of y = 1/x.

2.4 One-Sided Limits and Limits at Infinity 107

(b) Equation (1) does not apply to the original fraction. We need a 2x in the denominator,
not a 5x. We produce it by multiplying numerator and denominator by 2/5:

lim 02 _  (2/5)" sin2v

x—0 5x x—0 (2/5) «Sx
= ; : M Now, Eq. (1) applies with
=5 im o 0 = 2x.
22

Finite Limits as x — + o©

The symbol for infinity (00) does not represent a real number. We use 00 to describe the
behavior of a function when the values in its domain or range outgrow all finite bounds.
For example, the function f(x) = 1/x is defined for all x # 0 (Figure 2.31). When x is
positive and becomes increasingly large, 1/x becomes increasingly small. When x is nega-
tive and its magnitude becomes increasingly large, 1/x again becomes small. We summa-
rize these observations by saying that f(x) = 1/x has limit 0 as x — 00 or that 0 is a
limit of f(x) = 1/x at infinity and negative infinity. Here is a precise definition.

DEFINITIONS Limit as x approaches o or —
1. We say that f(x) has the limit L as x approaches infinity and write

lim f(x) = L

if, for every number € > 0, there exists a corresponding number M such that
for all x

x> M = |f(x) — L| <e.
2. We say that f(x) has the limit L as x approaches minus infinity and write
lim f(x) =1L
x—>—00

if, for every number € > 0, there exists a corresponding number N such that
for all x

x <N = |[f(x) — L] <e.

Intuitively, lim,—c f(x) = L if, as x moves increasingly far from the origin in the positive
direction, f(x) gets arbitrarily close to L. Similarly, lim,—_oo f(x) = L if, as x moves in-
creasingly far from the origin in the negative direction, f(x) gets arbitrarily close to L.

The strategy for calculating limits of functions as x — £+ 00 is similar to the one for
finite limits in Section 2.2. There we first found the limits of the constant and identity
functions y = k and y = x. We then extended these results to other functions by applying
a theorem about limits of algebraic combinations. Here we do the same thing, except that
the starting functions are y = kand y = 1/x instead of y = kand y = x.
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No matter what
positive number € is,
the graph enters

this band at x = H
and stays.

No matter what
positive number € is,
the graph enters

this band at x = —¢
and stays.

FIGURE 2.32 The geometry behind the
argument in Example 6.

The basic facts to be verified by applying the formal definition are

lim k=k%

Xx—>+£00

lim
xX—>£00

and % =0. (3)

We prove the latter and leave the former to Exercises 71 and 72.

EXAMPLE 6 Limits at Infinity for f(x) = »
Show that

1 1
(a) 111101O ¥=0 (b) 11111Oo ¥ = 0.
Solution

(a) Lete > 0 be given. We must find a number M such that for all x

1

1
x> M = X x<€.

_0‘

The implication will hold if M = 1/€ or any larger positive number (Figure 2.32).
This proves lim,— (1/x) = 0.

(b) Lete > 0 be given. We must find a number N such that for all x

x <N = % %<e.

E

The implication will hold if N = —1/€ or any number less than —1/€ (Figure 2.32).
This proves lim,—_o (1/x) = 0. ]

Limits at infinity have properties similar to those of finite limits.

THEOREM 8 Limit Laws as x — + o0
If L, M, and k, are real numbers and
lim f(x) =L and lim g(x) = M, then
x—>£00 x—>£00
1. Sum Rule: lim (f(x) + gx)) =L+ M
x—>+00
2. Difference Rule: lirfoo(f(x) —gx)=L—-M
xX—>
3. Product Rule: lim (f(x)-gx)) =L-M
xX—>300
4. Constant Multiple Rule: lirin (k- f(x)) = k-L
X—>100
X
5. Quotient Rule: xligloo;ix; = ﬁ, M#0
6. Power Rule: If r and s are integers with no common factors, s # 0, then
lim (f(x))” = L""
xX—>+00
provided that L"/* is a real number. (If s is even, we assume that L > 0.)
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y _5x?+8x—3

3x2 42
2_[\

Liney = g

~=2  NOTTOSCALE

FIGURE 2.33 The graph of the function
in Example 8. The graph approaches the
line y = 5/3 as|x|increases.

Video

y

FIGURE 2.34 The graph of the
function in Example 9. The graph
approaches the x-axis as | x| increases.

2.4 One-Sided Limits and Limits at Infinity 109

These properties are just like the properties in Theorem 1, Section 2.2, and we use
them the same way.

EXAMPLE 7  Using Theorem 8

@) lim <5-+;>

lim 5+ lim

= Sum Rule
x—00 x—0 x—>0
=5+0=35 Known limits
. 7V 3 . 11
(b) lim > = lim w\/§°g'f
x—>—00 X x—>—00
. . 1 .
= lim 77\/3 + lim x° li X Product rule
x—>—00 x—>—00 x—>—00
= 77\/5 0-0=0 Known limits ]

Limits at Infinity of Rational Functions

To determine the limit of a rational function as x — £00, we can divide the numerator
and denominator by the highest power of x in the denominator. What happens then de-
pends on the degrees of the polynomials involved.

EXAMPLE 8  Numerator and Denominator of Same Degree
lim 5x2 + 8 — 3 ~ lim 5+ (8/x) — (3/x2) Divide numerator and
X—>00 3x2 + 2 X—>00 3+ (2/)(2) denominator by x2.
_5+40-0_5 o
= W = § See Fig. 2.33. ]
EXAMPLE 9  Degree of Numerator Less Than Degree of Denominator

o 1lx + 2 o (1/x?) + (2/x)
lim —— = lim

Divide numerator and

x——00 2y3 — 1 X—>—00 2 — (1/)63) denominator by x°.
=940 0 See Fig. 2.34 u
= = See Fig. 2.34.
2-0 ¢

We give an example of the case when the degree of the numerator is greater than the
degree of the denominator in the next section (Example 8, Section 2.5).

Horizontal Asymptotes

If the distance between the graph of a function and some fixed line approaches zero as a
point on the graph moves increasingly far from the origin, we say that the graph ap-
proaches the line asymptotically and that the line is an asymptote of the graph.

Looking at f(x) = 1/x (See Figure 2.31), we observe that the x-axis is an asymptote
of the curve on the right because

.1
Jim ¥ =0
and on the left because
. 1
= 0.
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Video Video

y
/Y_z_’_sigx
2
g N—
1_
! ! ! ! ! ! X
=37 27 —-m 0 m 2w 37

FIGURE 2.35 A curve may cross one of
its asymptotes infinitely often (Example
11).

We say that the x-axis is a horizontal asymptote of the graph of f(x) = 1/x.

DEFINITION  Horizontal Asymptote
A line y = b is a horizontal asymptote of the graph of a function y = f(x) if

either
lim f(x) = b or lim f(x) = b.
x—00 x——00
The curve
_ 5xr + 8 — 3
flx) = 3x2 + 2

sketched in Figure 2.33 (Example 8) has the line y = 5/3 as a horizontal asymptote on
both the right and the left because

lim fx) =3 and  lim_f(x) = 3.
x—>0 x—>—00
EXAMPLE 10  Substituting a New Variable
Find lim sin (1/x).
x—00

Solution ~ We introduce the new variable r = 1/x. From Example 6, we know that t — 0"
as x — o0 (see Figure 2.31). Therefore,

lim sin% = lim sint = 0. ]
x—00 t—07"
The Sandwich Theorem Revisited

The Sandwich Theorem also holds for limits as x — £00.

EXAMPLE 11 A Curve May Cross Its Horizontal Asymptote
Using the Sandwich Theorem, find the horizontal asymptote of the curve

sin x
X

y=2+

Solution  We are interested in the behavior as x — £00. Since

sin x

0= |

1
X

and lim,— 4 | 1/x| = 0, we have lim,— . (sinx)/x = 0 by the Sandwich Theorem. Hence,

lim <2+51;“‘>=2+0=2,

x—>+£00

and the line y = 2 is a horizontal asymptote of the curve on both left and right (Figure 2.35).
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FIGURE 2.36 The function in Example
12 has an oblique asymptote.
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This example illustrates that a curve may cross one of its horizontal asymptotes, per-
haps many times. L]

Oblique Asymptotes

If the degree of the numerator of a rational function is one greater than the degree of the
denominator, the graph has an oblique (slanted) asymptote. We find an equation for the
asymptote by dividing numerator by denominator to express f as a linear function plus a
remainder that goes to zero as x — +£00. Here’s an example.

EXAMPLE 12  Finding an Oblique Asymptote
Find the oblique asymptote for the graph of

2x* — 3
fox) = Ix + 4
in Figure 2.36.
Solution By long division, we find
X2 -3
fix) = Tx + 4
_ (2, 8\, -l
7% T 49 49(7x + 4)
linear function g(x) remainder

As x — 100, the remainder, whose magnitude gives the vertical distance between the
graphs of f and g, goes to zero, making the (slanted) line

2 8
g(x)=7x—@

an asymptote of the graph of f (Figure 2.36). The line y = g(x) is an asymptote both to
the right and to the left. In the next section you will see that the function f(x) grows arbi-
trarily large in absolute value as x approaches —4/7, where the denominator becomes zero
(Figure 2.36). [
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Infinite Limits and Vertical Asymptotes

y

You can get as high
as you want by
taking x close enough
to 0. No matter how
high B is, the graph
B ¢ | goes higher.

¥0
\ No matter how
low —B is, the
\ graph goes lower.
s

You can get as low as| ¢
you want by taking
x close enough to 0.

FIGURE 2.37 One-sided infinite limits:

lim1i=o00 and  lim - = —oo

x—0* % x—0"

FIGURE 2.38 Near x = 1, the function
» = 1/(x — 1) behaves the way the
function y = 1/x behaves near x = 0. Its
graph is the graph of y = 1/x shifted 1
unit to the right (Example 1).

In this section we extend the concept of limit to infinite limits, which are not limits as be-
fore, but rather an entirely new use of the term limit. Infinite limits provide useful symbols
and language for describing the behavior of functions whose values become arbitrarily
large, positive or negative. We continue our analysis of graphs of rational functions from
the last section, using vertical asymptotes and dominant terms for numerically large values
of x.

Infinite Limits

Let us look again at the function f(x) = 1/x. As x— 0", the values of f grow without
bound, eventually reaching and surpassing every positive real number. That is, given any
positive real number B, however large, the values of f become larger still (Figure 2.37).
Thus, f has no limit as x — 0. It is nevertheless convenient to describe the behavior of f
by saying that f(x) approaches 00 as x — 0". We write

. |
1 = lim - = 00,
Arg. S0 = Jig

In writing this, we are not saying that the limit exists. Nor are we saying that there is a real
number 00, for there is no such number. Rather, we are saying that lim,—q+ (1/x) does not
exist because 1/x becomes arbitrarily large and positive as x — 0.

As x— 07, the values of f(x) = 1/x become arbitrarily large and negative. Given
any negative real number —B, the values of f eventually lie below —B. (See Figure 2.37.)
We write

. .1
1 = lim - = —00.
xin()l’ f(X) xin()l’ X

Again, we are not saying that the limit exists and equals the number — 0. There is no real
number — 00, We are describing the behavior of a function whose limit as x — 0~ does not
exist because its values become arbitrarily large and negative.

EXAMPLE 1  One-Sided Infinite Limits

Find lim L and lim .
r—1tx — 1 r—1-x—1

Geometric Solution ~ The graph of y = 1/(x — 1) is the graph of y = 1/x shifted 1 unit
to the right (Figure 2.38). Therefore, y = 1/(x — 1) behaves near 1 exactly the way
» = 1/x behaves near 0:

lim —— =00  and  lim —— =
x—1rx — 1 x—1"x — 1

—0.
Analytic Solution  Think about the number x — 1 and its reciprocal. As x — 1", we have
(x—1)—0" and 1/(x —1)—o00. As x— 17, we have (x —1)—0" and
1/(x — 1)—> —o00. ]
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No matter how

Be high B is, the graph

goes higher.
-1
fo=% p ]
I I
I I
I I
= - X
x 0 X
(@
()
S
5 -
4_
3 -
2_
1 —
I I X
-5 -4 -3 -2 -1 0

(b)

FIGURE 2.39 The graphs of the
functions in Example 2. (a) f(x)
approaches infinity as x — 0. (b) g(x)
approaches infinity as x — —3.

EXAMPLE 2

Discuss the behavior of

Two-Sided Infinite Limits

(@) f(x) = = nearx = 0,

_ # - _
) g(x) = G+ 3 near x 3.
Solution

(a) As x approaches zero from either side, the values of 1/x? are positive and become ar-
bitrarily large (Figure 2.39a):

hm flx) = 11m —
0 x?

0.

(b) The graph of g(x) = 1/(x + 3)?is the graph of f(x) = 1/x?shifted 3 units to the left
(Figure 2.39b). Therefore, g behaves near —3 exactly the way f behaves near 0.

. 1
lim lim —— = o0, [
x—-3 glv) = =3 (x + 3)2
The function y = 1/x shows no consistent behavior as x — 0. We have 1/x — o0 if
x— 0", but 1/x — —00 if x — 0. All we can say about lim,— (1/x) is that it does not
exist. The function y = 1/x? is different. Its values approach infinity as x approaches zero
from either side, so we can say that lim,—q (1/x%) = 0.

EXAMPLE 3  Rational Functions Can Behave in Various Ways Near Zeros
of Their Denominators
(x - 2 (x - 2 -
lim —— = lim —————— =
@ M G-oa+2 Hxr2 ?
-2 x—2 . 1 1
b) lim 5— = lim ——————— A =
QI el s sy Bl L e
. x—3 x—3 . The values are negative
(© xll)ﬂ} 2 -4 xli)n; (x — 2)(x + 2) o0 for x > 2, x near 2.
. x—3 _ x—3 The values are positive
(d) xll)n;— w2 -4 xli)n; (x — 2)(x + 2) o0 for x < 2, x near 2.
(e) lim x=3 = lim _x=3 does not exist. See parts (c) and (d).
=2 x2—4 x-2 (x—=2)(x +2)
— —(x—-2 _
® 1im 2ox gy TE Dy o1
-2 (=20 2 (x =2 22 (x—2)

In parts (a) and (b) the effect of the zero in the denominator at x = 2 is canceled be-
cause the numerator is zero there also. Thus a finite limit exists. This is not true in part (f),
where cancellation still leaves a zero in the denominator. ]

Precise Definitions of Infinite Limits

Instead of requiring f(x) to lie arbitrarily close to a finite number L for all x sufficiently
close to x, the definitions of infinite limits require f(x) to lie arbitrarily far from the ori-
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y =/

\
Xg— 0 Xg+ 0

FIGURE 2.40  f(x) approaches infinity as

X—>Xp.

y

\ Xg— 6 x0+6/
\ *0 / x

y=f)

FIGURE 2.41  f(x) approaches negative
infinity as x — xg.
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gin. Except for this change, the language is identical with what we have seen before.
Figures 2.40 and 2.41 accompany these definitions.

DEFINITIONS Infinity, Negative Infinity as Limits

1. We say that f(x) approaches infinity as x approaches x,, and write

lim f(x) = o0,
XX

if for every positive real number B there exists a corresponding 6 > 0 such
that for all x

0<|x—x| <$é = f(x) > B.

2. We say that f(x) approaches negative infinity as x approaches x, and write

lim f(x) = —o0,
XX
if for every negative real number — B there exists a corresponding 6 > 0 such

that for all x
0<|x—x| <686 = f(x) < —B.

The precise definitions of one-sided infinite limits at x, are similar and are stated in the
exercises.

EXAMPLE 4  Using the Definition of Infinite Limits

Prove that lim % = 00,
x—0 x

Solution  Given B > 0, we want to find & > 0 such that
0<|x—0] <6 implis - > B.
X

Now,

é >B  ifandonlyifx? < %

or, equivalently,

x| < —L.

VB

Thus, choosing 6 = 1/ VB (or any smaller positive number), we see that

|x| < & implies é > é = B.
Therefore, by definition,
lim % = [ |
x—0 x
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Vertical asymptote

Horizontal 1
asymptote

0 1 Horizontal
asymptote,
y=0

Vertical asymptote,
x=0

FIGURE 2.42 The coordinate axes are
asymptotes of both branches of the
hyperbola y = 1/x.

y
Vertical
asymptote, 6
x=-2 Sk x+3
s YT T2
. -4
Horizontal 3 x+2
asymptote, .
y=1 ———

L1
-5 -4 -3\-2-10] 1 2 3

FIGURE 2.43 Thelines y = 1 and
x = —2 are asymptotes of the curve
y = (x + 3)/(x + 2) (Example 5).

Vertical Asymptotes

Notice that the distance between a point on the graph of y = 1/x and the y-axis ap-
proaches zero as the point moves vertically along the graph and away from the origin
(Figure 2.42). This behavior occurs because

lim1=co and  lim 1= —co.

x—0" x—0"
We say that the line x = 0 (the y-axis) is a vertical asymptote of the graph of y = 1/x.
Observe that the denominator is zero at x = 0 and the function is undefined there.

DEFINITION Vertical Asymptote
A line x = a is a vertical asymptote of the graph of a function y = f(x) if either

lim f(x) = +00 or lim f(x) = +00.
xX—a x—a

EXAMPLE 5  Looking for Asymptotes
Find the horizontal and vertical asymptotes of the curve

_x+3
Y x + 2

Solution ~ We are interested in the behavior as x — +00 and as x — —2, where the de-
nominator is zero.

The asymptotes are quickly revealed if we recast the rational function as a polynomial
with a remainder, by dividing (x + 2) into (x + 3).

1
X+ 2)x+3
x+2
1
This result enables us to rewrite y:

1
x+ 2

y=1+

We now see that the curve in question is the graph of y = 1/x shifted 1 unit up and 2 units
left (Figure 2.43). The asymptotes, instead of being the coordinate axes, are now the lines
y=landx = —2. [

EXAMPLE 6  Asymptotes Need Not Be Two-Sided

Find the horizontal and vertical asymptotes of the graph of

8

— 4

Solution ~ We are interested in the behavior as x — +00 and as x — +2, where the de-

nominator is zero. Notice that f is an even function of x, so its graph is symmetric with re-
spect to the y-axis.

fx) = -7

(@) The behavior as x —> £00. Since lim,—c f(x) = 0, the line y = 0 is a horizontal
asymptote of the graph to the right. By symmetry it is an asymptote to the left as well

Copyright © 2005 Pearson Education, Inc., publishing as Pearson Addison-Wesley


http://media.pearsoncmg.com/aw/aw_mml_shared_1/copyright.html
bounce02.html?2_6_l

2.5 Infinite Limits and Vertical Asymptotes 119

y (Figure 2.44). Notice that the curve approaches the x-axis from only the negative side
3 (or from below).
y=-
xr—4 (b) The behavior as x — £2. Since
Vertical XILHZL f(x) = —o0 and xlin} flx) = o0,
Vertical asymptote, x = 2 . . . .
asymptote, Horizontal the line x = 2 is a vertical asymptote both from the right and from the left. By sym-
x=- asymptote, y = 0 metry, the same holds for the line x = —2.
1 . .
L1 | | WA N There are no other asymptotes because f has a finite limit at every other point. [
123
EXAMPLE 7  Curves with Infinitely Many Asymptotes
The curves
1 sin x

y =secx = and y =tanx =

cos x CcoS X
FIGURE 2.44 Graph of
y = —8/(x* — 4). Notice that the curve

approaches the x-axis from only one side.

both have vertical asymptotes at odd-integer multiples of 7r/2 , where cos x = 0 (Figure 2.45).

Asymptotes do not have to be two-sided y =secx y = tanx
(Example 6).

To

'
5
3
(%)

E]

N
N

FIGURE 2.45 The graphs of sec x and tan x have infinitely many vertical
asymptotes (Example 7).

The graphs of

CoS X
sin x

sin x

y =cscx = and y = cotx =

have vertical asymptotes at integer multiples of 7, where sinx = 0 (Figure 2.46).

Y y =cscx Y y =cotx
1 1+
I I I X X
-7 w0 T 7 37 2m -7 _m\0 o\ 7 37\ 2m
2 2 -2 2
FIGURE 2.46 The graphs of csc x and cot x (Example 7). |
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_X 1
il R v

y= x*=3
2x —
The vertical distance

between curve and
line goes to zero as x — o

[ l Oblique
L T asymptote

1k

2+ Vertical
asymptote,

-3F x=2

FIGURE 2.47 The graph of

f(x) = (x* = 3)/(2x — 4) has a vertical
asymptote and an oblique asymptote
(Example 8).

EXAMPLE 8 A Rational Function with Degree of Numerator Greater than
Degree of Denominator

Find the asymptotes of the graph of

2
. -3
f(x)_)Zcx—4'

Solution  We are interested in the behavior as x — +00 and also as x — 2, where the de-
nominator is zero. We divide (2x — 4) into (x> — 3):

R
2 — 4)x* — 3
x2 — 2x
2x — 3
2x — 4
1
This tells us that
2
_x*—=3 _x 1
=42 " Tn—%
Since lim,—,+ f(x) = 00 and lim,—,- f(x) = —00, the line x = 2 is a two-sided vertical

asymptote. As x — 00, the remainder approaches 0 and f(x) — (x/2) + 1. The line
¥ = (x/2) + 1is an oblique asymptote both to the right and to the left (Figure 2.47).

Notice in Example 8, that if the degree of the numerator in a rational function is greater
than the degree of the denominator, then the limit is +00 or —00, depending on the signs
assumed by the numerator and denominator as | x| becomes large.

Dominant Terms
Of all the observations we can make quickly about the function

*-3
f(x)=)2;7_4

in Example 8, probably the most useful is that

_X 1
f(x)—2+l+2x_4.
This tells us immediately that
f(x) ~ % +1 For x numerically large
f(x) ~ b 1_ 4 For x near 2

If we want to know how f behaves, this is the way to find out. It behaves like
¥ = (x/2) + 1 when x is numerically large and the contribution of 1/(2x — 4) to the total
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value of f is insignificant. It behaves like 1/(2x — 4) when x is so close to 2 that
1/(2x — 4) makes the dominant contribution.

We say that (x/2) + | dominates when x is numerically large, and we say that
1/(2x — 4) dominates when x is near 2. Dominant terms like these are the key to predict-
ing a function’s behavior. Here’s another example.

EXAMPLE 9  Two Graphs Appearing Identical on a Large Scale

Let f(x) = 3x* — 2x> + 3x? — 5x + 6 and g(x) = 3x*. Show that although f and g are
quite different for numerically small values of x, they are virtually identical for |x| very
large.

Solution  The graphs of f and g behave quite differently near the origin (Figure 2.48a),
but appear as virtually identical on a larger scale (Figure 2.48b).

500,000

300,000

100,000

X I 1 f I X
-20 -10 0 10 20

-5 —100,000

(a) (b)

FIGURE 2.48 The graphs of f and g, (a) are distinct for|x| small, and (b) nearly
identical for |x|large (Example 9).

We can test that the term 3x* in f, represented graphically by g, dominates the polyno-
mial f for numerically large values of x by examining the ratio of the two functions as
x — £00. We find that

. f(x)_ o3t =2+ 3x2 —5x+ 6
lim = lim
Xx—>400 g(x) Xx—>+00 3yt

- 2,1 5 2
B xgrﬁx(l 3x * x? 3x3 * x4>
:1’

so that f and g are nearly identical for | x| large. ]
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EXERCISES 2.5

Infinite Limits

Find the limits in Exercises 1-12.

2 _
21 1im T2 2
x° — 2x
a. x—0" b. x—2"
c. x—>2° d x—2

e. What, if anything, can be said about the limit as x — 0?

2 _
2. lim¥ X T2 ¢

X3 — 4x
a. x—2°" b. x— —2"
c. x—0 d x—1"

e. What, if anything, can be said about the limit as x — 0?

Find the limits in Exercises 23-26.

. 1 .5
1. xlg{)l* 3x 2. xlin(}* 2x
3 xlgrzl x—2 4'xli>n31+x—3
. 2x . 3x
S Mim 18 6 im0
7. lim 2 8 lim —
=7 (x = 7) =0 x*(x + 1)
. 2 . 2
9. a. xll%l+ PNTE b. xli)n(}_ PNTE
. 2 . 2
10. a. xll,r%+x1/5 b. xll,n(}—xl/s
. 4 . 1
11. )}1_1)1%) 2 12. XIER) B
Find the limits in Exercises 13—16.
13. lim  tanx 14. lim_ secx
x—(/2) x—(—m/2)"
15. lim (1 + cscf) 16. lim (2 — cot®)
6—0 6—0
Additional Calculations
Find the limits in Exercises 17-22.
17. lim 3 as
¥ =
a. x—2°" b. x—2"
c. x— 2" d x— -2
18. lim 5 1as
¥ -
a. x— 17" b. x— 1~
c. x—>—17" d x—>-1"
2
19. 1im<"7 - %) as
a. x—0" b. x—0"
c. x— \3/5 d x——1
2
Loxt =1
20. lim ot 4 as
a. x— 2" b. x—> -2~
c. x— 17 d x—0"

23. lim (2 - t%) as

a. t—0% b. t— 0~
. 1

24. hm<t37 + 7) as
a. t—0" b. t—0"
. 1 2

25. hm<x2/3 + = 1)2/3>as
a. x—0" b. x—0"
c. x— 17 d. x—>1"
. 1 1

26. hm<x1/3 - 1)4/3> as
a. x—0" b. x—0"
c. x— 1" d x—1"

Graphing Rational Functions

Graph the rational functions in Exercises 27-38. Include the graphs

and equations of the asymptotes and dominant terms.

1
27.y=x_1 28.y=x+1
1 -3
29.y=2x+4 30.y=x_3
_x+3 . 2x
3l'y_x-l—2 32'y_x+1
x2 X2+ 1
33.y=x_1 3)4.y=x_1
x2—4 x2 =1
B y= 36 =014
2 _ 3
37,y =51 38, =% 1
X

Copyright © 2005 Pearson Education, Inc., publishing as Pearson Addison-Wesley



http://media.pearsoncmg.com/aw/aw_mml_shared_1/copyright.html
tcu0205a.html
tcu0205a.html
tcu0205b.html
tcu0205b.html
tcu0205c.html
tcu0205c.html
tcu0205c.html
tcu0205c.html
tcu0205d.html
tcu0205d.html
tcu0205e.html
tcu0205e.html

Inventing Graphs from Values and Limits

In Exercises 3942, sketch the graph of a function y = f(x) that satisfies
the given conditions. No formulas are required—just label the coordinate
axes and sketch an appropriate graph. (The answers are not unique, so
your graphs may not be exactly like those in the answer section.)

39. f(0) =0, f(1) =2, f(—=1) = =2, ll)llioof(x) = —1,and
lim f(x) =1
40. f(0) = 0, Yli)ri{loo f(x) =0, xli)rr01+ f(x) =2, and

xl_i)ng, flx) = -2

41. f(0) =0, lim fx) =0, lim_ fx) = li)lglrf(x) = 00,

im, fx) = —Oo,andxli)rpl_f(x) = —00
42. f(z) = laf(_l) = 03 1l)nolof(x) = Os 1i)rr(}+f(x) = o0,
lim /(x) = —00, and lim_/(x) = 1

Inventing Functions

In Exercises 43—46, find a function that satisfies the given conditions
and sketch its graph. (The answers here are not unique. Any function
that satisfies the conditions is acceptable. Feel free to use formulas de-
fined in pieces if that will help.)

43. lim f(x) = 0, lim f(x) = 00, and lim_f(x) = 00
X—>100 x—2 x—2"

44. lim g(x) =0, lim g(x) = —00,and lim_g(x) = o
x—>+00 x—3 x—3"

45. lim h(x) = —1, lim A(x) = 1, lim_hA(x) = —1, and
x—>—00 x—00 x—0

lim A(x) =1
x—0"
46. lim k(x) = 1, lim k(x) = 00, and lim_k(x) = —o0
x—>$00 x—1 x—1

The Formal Definition of Infinite Limit

Use formal definitions to prove the limit statements in Exercises 47-50.

47 lim L = 48. lim - = oo
x—0 xz x—0 |x|
49. lim — 2% = —oo 50. lim — 1 = oo

=3 (x — 3) x5 (x + 5)

Formal Definitions of Infinite One-Sided Limits
51. Here is the definition of infinite right-hand limit.

We say that f(x) approaches infinity as x approaches x
from the right, and write

lim = f(x) = oo,

X—>X(

if, for every positive real number B, there exists a corre-
sponding number 6 > 0 such that for all x

Xo<x<xg+ 8 = f(x) > B.

2.5 Infinite Limits and Vertical Asymptotes 123

Modify the definition to cover the following cases.

a. lim f(x) = o

X=X

b. lim f(x) = —o0
XX

c. lim f(x) = —o0
XX

Use the formal definitions from Exercise 51 to prove the limit state-
ments in Exercises 52-56.

|
52. lim — = oo
xl)n(’)h X

53. lim 1_ —00

x—0" X
. 1
54. lim = —00
x—2 X — 2
35 xli>n21+x -2 &0
. 1
56. lim =

=171 — x?

Graphing Terms

Each of the functions in Exercises 57-60 is given as the sum or differ-
ence of two terms. First graph the terms (with the same set of axes).
Then, using these graphs as guides, sketch in the graph of the function.

57.y=secx+%, fg<x<g
T T

58. y=secx — —, —5 <x<-
Y 2 2 2

1 T T

59. y=tanx + —, —5 <x<—+
Y 2 2 2

60.y=%—tanx, —g<x<g

Grapher Explorations—Comparing Graphs
with Formulas

Graph the curves in Exercises 61-64. Explain the relation between the
curve’s formula and what you see.

61.y=#
V4 — x?
-1

62. y= ———
V4 — x?

1

_ 23

63.y—x/ +xl/3

. T
64. y = sin
Y (x2 + 1)
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Continuity

Chapter 2: Limits and Continuity

80 P
[on

9
0}

(=)
(=)

0,

[\
(=)

Distance fallen (m)
N
)

0 5 10
Elapsed time (sec)

FIGURE 2.49 Connecting plotted points
by an unbroken curve from experimental

data Oy, 0>, O3, ... for a falling object.

FIGURE 2.50 The function is continuous
on [0, 4] exceptatx = 1,x = 2, and
x = 4 (Example 1).

Continuity Two-sided
from the right continuity

_— from the left
m

y =/

Continuity

|
| |
I |
| |
| |
| | X
a c b

FIGURE 2.51 Continuity at points a, b,
and c.

When we plot function values generated in a laboratory or collected in the field, we often
connect the plotted points with an unbroken curve to show what the function’s values are
likely to have been at the times we did not measure (Figure 2.49). In doing so, we are as-
suming that we are working with a continuous function, so its outputs vary continuously
with the inputs and do not jump from one value to another without taking on the values
in between. The limit of a continuous function as x approaches ¢ can be found simply by
calculating the value of the function at ¢. (We found this to be true for polynomials in
Section 2.2.)

Any function y = f(x) whose graph can be sketched over its domain in one continu-
ous motion without lifting the pencil is an example of a continuous function. In this sec-
tion we investigate more precisely what it means for a function to be continuous. We also
study the properties of continuous functions, and see that many of the function types pre-
sented in Section 1.4 are continuous.

Continuity at a Point

To understand continuity, we need to consider a function like the one in Figure 2.50 whose
limits we investigated in Example 2, Section 2.4.

EXAMPLE 1  Investigating Continuity

Find the points at which the function f in Figure 2.50 is continuous and the points at which

f is discontinuous.

Solution  The function f is continuous at every point in its domain [0, 4] except at
x = 1,x = 2,and x = 4. At these points, there are breaks in the graph. Note the relation-
ship between the limit of f and the value of f at each point of the function’s domain.

Points at which f is continuous:

Atx =0, 11)1101+ f(x) = £(0).
Atx = 3, li_rg f(x) = f(3).

At0 < c<4,c# 1,2, lim f(x) = f(c).
X—c

Points at which f is discontinuous:

Atx =1, lim1 f(x) does not exist.
Xx—>

Atx = 2, lir%f(x) =1,butl # f(2).
xX—>

Atx = 4, lin} f(x) = 1,butl # f(4).
Xx—>

Atc < 0,c > 4, these points are not in the domain of f. ]

To define continuity at a point in a function’s domain, we need to define continuity at
an interior point (which involves a two-sided limit) and continuity at an endpoint (which
involves a one-sided limit) (Figure 2.51).
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FIGURE 2.52 A function
that is continuous at every
domain point (Example 2).

y = Ux)

or

FIGURE 2.53 A function
that is right-continuous,
but not left-continuous, at
the origin. It has a jump
discontinuity there
(Example 3).
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DEFINITION Continuous at a Point

Interior point: A function y = f(x) is continuous at an interior point ¢ of its
domain if

lim f(x) = f(c).
X—c
Endpoint: A function y = f(x) is continuous at a left endpoint a or is

continuous at a right endpoint b of its domain if

li%m+ f(x) = f(a) or lin;}* f(x) = f(b), respectively.

If a function f is not continuous at a point ¢, we say that f is discontinuous at ¢ and ¢
is a point of discontinuity of f. Note that ¢ need not be in the domain of f.

A function f is right-continuous (continuous from the right) at a point x = c in its
domain if lim,—.+ f(x) = f(c). It is left-continuous (continuous from the left) at ¢ if
lim,—. f(x) = f(c). Thus, a function is continuous at a left endpoint a of its domain if it
is right-continuous at ¢ and continuous at a right endpoint b of its domain if it is left-
continuous at . A function is continuous at an interior point ¢ of its domain if and only if
it is both right-continuous and left-continuous at ¢ (Figure 2.51).

EXAMPLE 2 A Function Continuous Throughout Its Domain

The function f(x) = V4 — x? is continuous at every point of its domain, [—2, 2] (Figure
2.52),including x = —2, where f is right-continuous, and x = 2, where f is left-continuous.
]

EXAMPLE 3  The Unit Step Function Has a Jump Discontinuity

The unit step function U(x), graphed in Figure 2.53, is right-continuous at x = 0, but is
neither left-continuous nor continuous there. It has a jump discontinuity at x = 0. [

We summarize continuity at a point in the form of a test.

Continuity Test
A function f(x) is continuous at x = ¢ if and only if it meets the following three

conditions.
1.  f(c) exists (c lies in the domain of f)
2. limy—, f(x) exists (f has a limit as x — c¢)

3. lime, f(x) = f(c) (the limit equals the function value)

For one-sided continuity and continuity at an endpoint, the limits in parts 2 and 3 of
the test should be replaced by the appropriate one-sided limits.
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y
41 *~—
y =intx
3 or
y =[x
2 *——o0
1 e—o
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-1 1 2 3 4
~—
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FIGURE 2.54 The greatest integer
function is continuous at every
noninteger point. It is right-continuous,
but not left-continuous, at every integer
point (Example 4).

EXAMPLE 4  The Greatest Integer Function

The function y = |x | or y = intx, introduced in Chapter 1, is graphed in Figure 2.54. It
is discontinuous at every integer because the limit does not exist at any integer n:
lim intx =n — 1 and lim intx = n
X—n X_)}’l
so the left-hand and right-hand limits are not equal as x — n. Since intn = n, the greatest
integer function is right-continuous at every integer n (but not left-continuous).
The greatest integer function is continuous at every real number other than the inte-
gers. For example,
lim intx =1 = int 1.5.

x—1.5

In general, if n — 1 < ¢ < n, n an integer, then
limintx =n — 1 = intc. [
x—>c

Figure 2.55 is a catalog of discontinuity types. The function in Figure 2.55a is contin-
uous at x = 0. The function in Figure 2.55b would be continuous if it had f(0) = 1. The
function in Figure 2.55¢ would be continuous if f(0) were 1 instead of 2. The discontinu-
ities in Figure 2.55b and c are removable. Each function has a limit as x — 0, and we can
remove the discontinuity by setting f(0) equal to this limit.

The discontinuities in Figure 2.55d through f are more serious: lim,—q f(x) does not
exist, and there is no way to improve the situation by changing f at 0. The step function in
Figure 2.55d has a jump discontinuity: The one-sided limits exist but have different val-
ues. The function f(x) = 1/x? in Figure 2.55¢ has an infinite discontinuity. The function
in Figure 2.55f has an oscillating discontinuity: It oscillates too much to have a limit as
x—0.

y=fx y=f) v =f(x)
y =f(x)
——

/! /° Ve °

(a) (©) )

y y
y=fe) = v sin 3
/\ .
(e) )

FIGURE 2.55 The function in (a) is continuous at x = 0; the functions in (b) through (f)
are not.
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x = 0. It has a point of discontinuity at
x = 0 (Example 5).
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Continuous Functions

A function is continuous on an interval if and only if it is continuous at every point of the
interval. For example, the semicircle function graphed in Figure 2.52 is continuous on the
interval [—2, 2], which is its domain. A continuous function is one that is continuous at
every point of its domain. A continuous function need not be continuous on every interval.
For example, y = 1/x is not continuous on [—1, 1] (Figure 2.56), but it is continuous over
its domain (—o0, 0) U (0, 00).

EXAMPLE 5  Identifying Continuous Functions

(a) The function y = 1/x (Figure 2.56) is a continuous function because it is continuous
at every point of its domain. It has a point of discontinuity at x = 0, however, because
it is not defined there.

(b) The identity function f(x) = x and constant functions are continuous everywhere by
Example 3, Section 2.3. ]

Algebraic combinations of continuous functions are continuous wherever they are
defined.

THEOREM 9 Properties of Continuous Functions

If the functions f and g are continuous at x = ¢, then the following combinations
are continuous at x = c.

1. Sums: f+g

2. Differences: f—g

3. Products: fg

4. Constant multiples: k- f, for any number k&

5. Quotients: f/g provided g(c) # 0

6. Powers: /7, provided it is defined on an open interval

containing ¢, where  and s are integers

Most of the results in Theorem 9 are easily proved from the limit rules in Theorem 1,
Section 2.2. For instance, to prove the sum property we have

lim(f + g)(x) = lim(f(x) + g(x))

= lim f(x) + lim g(x), Sum Rule, Theorem 1
x—c¢ x—c¢

= f(c) + g(c) Continuity of f, gat ¢

= (f +g)o).

This shows that f + g is continuous.

EXAMPLE 6  Polynomial and Rational Functions Are Continuous

(a) Every polynomial P(x) = a,x" + a,—1x" ' + .-+ + @y is continuous because
lim P(x) = P(c) by Theorem 2, Section 2.2.
X—>c
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(b) If P(x) and Q(x) are polynomials, then the rational function P(x)/Q(x) is continuous
wherever it is defined (Q(c) # 0) by the Quotient Rule in Theorem 9.

EXAMPLE 7  Continuity of the Absolute Value Function

The function f(x) = |x|is continuous at every value of x. If x > 0, we have f(x) = x, a
polynomial. If x < 0, we have f(x) = —x, another polynomial. Finally, at the origin,
lim,—o |x| = 0 = |0]. ]

The functions y = sinx and y = cosx are continuous at x = 0 by Example 6 of
Section 2.2. Both functions are, in fact, continuous everywhere (see Exercise 62). It fol-
lows from Theorem 9 that all six trigonometric functions are then continuous wherever
they are defined. For example, y = tanx is continuous on --- U (—7/2,7/2)U
(m/2,37/2)U ---.

Composites

All composites of continuous functions are continuous. The idea is that if f(x) is continu-
ous at x = ¢ and g(x) is continuous at x = f(c), then g o f is continuous at x = ¢ (Figure
2.57). In this case, the limit as x — ¢ is g(f(c)).

gof

Continuous at ¢

8
Continuous m
R atc . at f(c) .
c f© 8(f(©)

FIGURE 2.57 Composites of continuous functions are continuous.

THEOREM 10 Composite of Continuous Functions

If f is continuous at ¢ and g is continuous at f(c), then the composite g ° f is
continuous at c.

Intuitively, Theorem 10 is reasonable because if x is close to ¢, then f(x) is close to
f(c), and since g is continuous at f(c), it follows that g(f(x)) is close to g(f(c)).

The continuity of composites holds for any finite number of functions. The only re-
quirement is that each function be continuous where it is applied. For an outline of the
proof of Theorem 10, see Exercise 6 in Appendix 2.

EXAMPLE 8  Applying Theorems 9 and 10

Show that the following functions are continuous everywhere on their respective domains.

23

@ y=Val-2x-5 b)y=13
x—2 xsinx

0 y= d y= | 50*
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y Solution

(a) The square root function is continuous on [0, ©0) because it is a rational power of the
0.4 continuous identity function f(x) = x (Part 6, Theorem 9). The given function is then
the composite of the polynomial f(x) = x> — 2x — 5 with the square root function
g(n) = V.

0.2+ (b) The numerator is a rational power of the identity function; the denominator is an
everywhere-positive polynomial. Therefore, the quotient is continuous.

o (¢) The quotient (x — 2)/ (x? — 2) is continuous for all x # :t\ﬁ, and the function is

 — o x the composition of this quotient with the continuous absolute value function (Exam-
ple 7).

FIGURE 2.58 The graph suggests that (d) Because the sine function is everywhere-continuous (Exercise 62), the numerator

y = |(xsinx)/(x? + 2)] is continuous term x sin x is the product of continuous functions, and the denominator term x? + 2

(Example 8d). is an everywhere-positive polynomial. The given function is the composite of a quo-

tient of continuous functions with the continuous absolute value function (Figure

2.58). |

Continuous Extension to a Point

The function y = (sinx)/x is continuous at every point except x = 0. In this it is like the
function y = 1/x. But y = (sinx)/x is different from y = 1/x in that it has a finite limit
as x — 0 (Theorem 7). It is therefore possible to extend the function’s domain to include the
point x = 0 in such a way that the extended function is continuous at x = 0. We define

sin x
P x#0
F(x) =
) 1, x = 0.
The function F(x) is continuous at x = 0 because
lim 53 = F(0)
x—0
(Figure 2.59).
y y

(@) (b)

FIGURE 2.59 The graph (a) of f(x) = (sinx)/x for —7/2 = x = /2 does not include
the point (0, 1) because the function is not defined at x = 0. (b) We can remove the
discontinuity from the graph by defining the new function F(x) with F(0) = 1 and

F(x) = f(x) everywhere else. Note that F(0) = r11_1)110 f(x).
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FIGURE 2.60 (a) The graph of
f(x) and (b) the graph of its
continuous extension F(x)
(Example 9).

More generally, a function (such as a rational function) may have a limit even at a
point where it is not defined. If f(c) is not defined, but lim,—,. f(x) = L exists, we can de-
fine a new function F(x) by the rule

Flx) = {{(x),

if x is in the domain of /'
ifx = c.

The function F is continuous at x = c. It is called the continuous extension of f to
x = c. For rational functions f, continuous extensions are usually found by canceling
common factors.

EXAMPLE 9
Show that

A Continuous Extension

X2+ x—6
f(x)_ x2_4

has a continuous extension to x = 2, and find that extension.

Solution  Although f(2) is not defined, if x # 2 we have
f(x):x2+x—6:(x_2)(x+3):x+3
x> — 4 (x—2)(x+2) x+2
The new function
_x+3
Flx) = x+ 2

is equal to f(x) for x # 2, but is continuous at x = 2, having there the value of 5/4. Thus
F is the continuous extension of f tox = 2, and

x2+x—6

lim *5- =)}L1112f(x)=%.

x—2 X
The graph of f is shown in Figure 2.60. The continuous extension F has the same graph
except with no hole at (2, 5/4). Effectively, F is the function f with its point of discontinu-
ity at x = 2 removed. [

Intermediate Value Theorem for Continuous Functions

Functions that are continuous on intervals have properties that make them particularly use-
ful in mathematics and its applications. One of these is the Intermediate Value Property. A
function is said to have the Intermediate Value Property if whenever it takes on two val-
ues, it also takes on all the values in between.

THEOREM 11  The Intermediate Value Theorem for Continuous Functions

A function y = f(x) that is continuous on a closed interval [a, b] takes on every
value between f(a) and f(b). In other words, if yy is any value between f(a) and
f(b), then yo = f(c) for some ¢ in [a, b].
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FIGURE 2.61 The function

2x—2, 1=x<2
f(x)_{3, 2=x=4
does not take on all values between
f(1) = 0and f(4) = 3; it misses all the
values between 2 and 3.
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f(b)

Yo

fla)

Geometrically, the Intermediate Value Theorem says that any horizontal line y = y,
crossing the y-axis between the numbers f(a) and f(b) will cross the curve y = f(x) at
least once over the interval [a, b].

The proof of the Intermediate Value Theorem depends on the completeness property
of the real number system and can be found in more advanced texts.

The continuity of f on the interval is essential to Theorem 11. If f is discontinuous at
even one point of the interval, the theorem’s conclusion may fail, as it does for the function
graphed in Figure 2.61.

A Consequence for Graphing: Connectivity Theorem 11 is the reason the graph of a
function continuous on an interval cannot have any breaks over the interval. It will be
connected, a single, unbroken curve, like the graph of sin x. It will not have jumps like the
graph of the greatest integer function (Figure 2.54) or separate branches like the graph of
1/x (Figure 2.56).

A Consequence for Root Finding We call a solution of the equation f(x) = 0 a root of
the equation or zero of the function f. The Intermediate Value Theorem tells us that if f is
continuous, then any interval on which f changes sign contains a zero of the function.

In practical terms, when we see the graph of a continuous function cross the horizon-
tal axis on a computer screen, we know it is not stepping across. There really is a point
where the function’s value is zero. This consequence leads to a procedure for estimating
the zeros of any continuous function we can graph:

1. Graph the function over a large interval to see roughly where the zeros are.

2. Zoom in on each zero to estimate its x-coordinate value.

You can practice this procedure on your graphing calculator or computer in some of
the exercises. Figure 2.62 shows a typical sequence of steps in a graphical solution of the
equationx® — x — 1 = 0.

Copyright © 2005 Pearson Education, Inc., publishing as Pearson Addison-Wesley


http://media.pearsoncmg.com/aw/aw_mml_shared_1/copyright.html

132

Chapter 2: Limits and Continuity

5 1
1 1 1 1 1 1 I 1.6
-2 -1
(a) (b)
0.02 0.003
1.320 L L L L 111330 1.3240 . . L——=111.3248
-0.02 -0.003
©) )

FIGURE 2.62 Zooming in on a zero of the function f(x) = x> — x — 1. The zero is near
x = 1.3247.
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EXERCISES 2.6

Continuity from Graphs Exercises 5-10 are about the function

In Exercises 1-4, say whether the function graphed is continuous on -1, -1=x<0

[—1, 3]. If not, where does it fail to be continuous and why? 2x, 0<x<1
1. 2. fx) = L, x=1

—2x + 4, I<x<2
y =/ y = g(x) 0, 2<x<3

2 —f\-/ 2 /\O graphed in the accompanying figure.
[ ]
/ g -

| | | | X | | | | x
-1 0 1 2 3 -1 0 1 2 3
3 4.

y y
y = hx) y = k(x) -\ 0 1 2 3
— 2 _ -1
1+ 1 / y=x*-1

I I I L 5y / 4 | L 5y The graph for Exercises 5-10.

-1 0 1 2 3 -1 0 1 2 3
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Exercise |11. Exercise 1, Section 2.4
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5. a. Does f(—1) exist?
b. Does lim,— _;+ f(x) exist?
¢. Does lim,—_+ f(x) = f(—1)?
d. Is f continuous at x = —1?
6. a. Does f(1) exist?
b. Does lim,— f(x) exist?
¢. Does lim,—; f(x) = f(1)?
d. Is f continuous at x = 1?
7. a. Is f defined at x = 27 (Look at the definition of f.)
b. Is f continuous at x = 27?

8. At what values of x is f continuous?

9. What value should be assigned to f(2) to make the extended func-
tion continuous atx = 27?

10. To what new value should f(1) be changed to remove the discon-
tinuity?

33. lim cos (*)
=0 V19 — 3 sec 2t
34. lim Vesc’x + 5V3tanx

X

Continuous Extensions

Applying the Continuity Test

At which points do the functions in Exercises 11 and 12 fail to be con-
tinuous? At which points, if any, are the discontinuities removable?
Not removable? Give reasons for your answers.

12. Exercise 2, Section 2.4

Exercise

Exercise

At what points are the functions in Exercises 13-28 continuous?

35. Define g(3) in a way that extends g(x) = (x> — 9)/(x — 3) to
be continuous at x = 3.

36. Define 4(2) in a way that extends 4(¢) = (+* + 3t — 10)/(t — 2)
to be continuous at ¢t = 2.

37. Define f(1) in a way that extends f(s) = (s® — 1)/(s*> — 1) to
be continuous ats = 1.

38. Define g(4) in a way that extends g(x) = (x* — 16)/
(x? — 3x — 4) to be continuous at x = 4.

39. For what value of a is

-1 x<3
o) = {2ax, x =3
continuous at every x?
40. For what value of b is
X, x < =2
glx) = {bx2, ~

1 1
13.y:m—3x 14.y:m+
x + 1 x+3
15. y= —— 16. y = V—+———
YT 4+ 3 YT - 10
2
17. y = |x — 1| + sinx 18.y=|x|1+17%
COS X x+2
19. y = —— 20. y = o5y
21. y = csc2x 22.y=tan%
23 _ xtanx 24 _ Vxt + 1
Y X2+ 1 Y 1 + sin®x
25. y = V2x + 3 26. y=V3x—1

27. y = (2x — 1)/ 28. y= (2 —x)'P°

continuous at every x?

Composite Functions

Find the limits in Exercises 29-34. Are the functions continuous at the
point being approached?

29. lim sin (x — sinx)
X

30. tlg% sin (% cos (tan t))

31. lim1 sec (ysec’y — tan’y — 1)
y—)

32. lim tan (E cos (sinxl/3))
x—0 4

In Exercises 4144, graph the function f to see whether it appears to

have a continuous extension to the origin. If it does, use Trace and
Zoom to find a good candidate for the extended function’s value at
x = 0. If the function does not appear to have a continuous exten-
sion, can it be extended to be continuous at the origin from the right or
from the left? If so, what do you think the extended function’s value(s)
should be?

X o [x] _
a1, fy =101 a2, fr) =11

sin x
|x]

43. f(x) = 44. f(x) = (1 + 2x)'~

Theory and Examples

45. A continuous function y = f(x) is known to be negative at x = 0
and positive at x = 1. Why does the equation f(x) = 0 have at
least one solution between x = 0 and x = 1? Illustrate with a
sketch.

46. Explain why the equation cos x = x has at least one solution.

47. Roots of a cubic Show that the equation x> — 15x + 1 = 0 has
three solutions in the interval [—4, 4].

48. A function value Show that the function F(x) = (x — a)’+
(x — b)* + x takes on the value (¢ + b)/2 for some value of x.

49. Solving an equation If f(x) = x> — 8x + 10, show that there
are values ¢ for which f(c) equals (a) m; (b) —\/g; (c)
5,000,000.
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51.

52.

53.

54.

5S.

56.

57.
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Explain why the following five statements ask for the same infor-
mation.

a. Find the roots of f(x) = x> — 3x — 1.

b. Find the x-coordinates of the points where the curve y = x
crosses the line y = 3x + 1.

3

c. Find all the values of x for which x> — 3x = 1.

d. Find the x-coordinates of the points where the cubic curve
y = x> — 3xcrosses the line y = 1.

e. Solve the equation x> — 3x — 1 = 0.

Removable discontinuity Give an example of a function f(x) that
is continuous for all values of x except x = 2, where it has a re-
movable discontinuity. Explain how you know that f is discontinu-
ous at x = 2, and how you know the discontinuity is removable.

Nonremovable discontinuity Give an example of a function
g(x) that is continuous for all values of x except x = —1, where it
has a nonremovable discontinuity. Explain how you know that g is
discontinuous there and why the discontinuity is not removable.

A function discontinuous at every point

a. Use the fact that every nonempty interval of real numbers
contains both rational and irrational numbers to show that the
function

1, ifx is rational

o=

is discontinuous at every point.

0, ifx is irrational

b. Is f right-continuous or left-continuous at any point?

If functions f(x) and g(x) are continuous for 0 = x = 1, could
f(x)/g(x) possibly be discontinuous at a point of [0, 1]? Give rea-
sons for your answer.

If the product function 4(x) = f(x) - g(x) is continuous at x = 0,
must f(x) and g(x) be continuous at x = 0? Give reasons for your
answer.

Discontinuous composite of continuous functions Give an ex-
ample of functions f and g, both continuous at x = 0, for which
the composite f © g is discontinuous at x = 0. Does this contra-
dict Theorem 10? Give reasons for your answer.

Never-zero continuous functions Is it true that a continuous
function that is never zero on an interval never changes sign on
that interval? Give reasons for your answer.

58.

59.

60.

61.

62.

Stretching a rubber band Is it true that if you stretch a rubber
band by moving one end to the right and the other to the left,
some point of the band will end up in its original position? Give
reasons for your answer.

A fixed point theorem Suppose that a function f is continuous
on the closed interval [0, 1] and that 0 = f(x) = 1 for every x in
[0, 1]. Show that there must exist a number ¢ in [0, 1] such that
f(c) = ¢ (cis called a fixed point of f).

The sign-preserving property of continuous functions Let f
be defined on an interval (a, b) and suppose that f(c) # 0 at
some ¢ where f is continuous. Show that there is an interval
(¢ — 8, ¢ + §8) about ¢ where f has the same sign as f(c). Notice
how remarkable this conclusion is. Although f is defined through-
out (a, b), it is not required to be continuous at any point except c.
That and the condition f(c) # 0 are enough to make f different
from zero (positive or negative) throughout an entire interval.

Prove that f is continuous at ¢ if and only if
lim f(c + h) = f(c).
h—0

Use Exercise 61 together with the identities

sin(h + ¢) =sinhcosc + coshsinc,

cos(h + ¢) = coshcosc — sinhsinc

to prove that f(x) = sinx and g(x) = cosx are continuous at
every point x = c.

Solving Equations Graphically

Use a graphing calculator or computer grapher to solve the equations
in Exercises 63—70.

63.
64.
65.
66.
67.
68.
69.
70.

X =3x—-1=0
23 =22 =2+ 1=0

x(x — 1)> =1 (one root)
xt=2
Vi+Vitx=4

x> = 15x+ 1 =0 (three roots)
cosx = x (one root). Make sure you are using radian mode.

2sinx = x (three roots). Make sure you are using radian mode.
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Tangents and Derivatives

This section continues the discussion of secants and tangents begun in Section 2.1. We cal-
culate limits of secant slopes to find tangents to curves.

What Is a Tangent to a Curve?

For circles, tangency is straightforward. A line L is tangent to a circle at a point P if L
passes through P perpendicular to the radius at P (Figure 2.63). Such a line just fouches
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FIGURE 2.63 L is tangent to the
circle at P if it passes through P
perpendicular to radius OP.

HISTORICAL BIOGRAPHY

Pierre de Fermat
(1601-1665)
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the circle. But what does it mean to say that a line L is tangent to some other curve C at a
point P? Generalizing from the geometry of the circle, we might say that it means one of
the following:

1. L passes through P perpendicular to the line from P to the center of C.

2. L passes through only one point of C, namely P.

3. L passes through P and lies on one side of C only.

Although these statements are valid if C is a circle, none of them works consistently for

more general curves. Most curves do not have centers, and a line we may want to call tan-
gent may intersect C at other points or cross C at the point of tangency (Figure 2.64).

L c L c
C L P
P
P
L meets C only at P L is tangent to C at P but L is tangent to C at P but lies on
but is not tangent to C. meets C at several points. two sides of C, crossing C at P.

FIGURE 2.64 Exploding myths about tangent lines.

To define tangency for general curves, we need a dynamic approach that takes into ac-
count the behavior of the secants through P and nearby points O as Q moves toward P
along the curve (Figure 2.65). It goes like this:

1. We start with what we can calculate, namely the slope of the secant PQ.

2. Investigate the limit of the secant slope as Q approaches P along the curve.

3. Ifthe limit exists, take it to be the slope of the curve at P and define the tangent to the
curve at P to be the line through P with this slope.

This approach is what we were doing in the falling-rock and fruit fly examples in Section
2.1.

Secants

~—
0

Tangen:/'

Secants

FIGURE 2.65 The dynamic approach to tangency. The tangent to the curve at P is the line
through P whose slope is the limit of the secant slopes as Q — P from either side.
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EXAMPLE 1  Tangent Line to a Parabola

Find the slope of the parabola y = x? at the point P(2, 4). Write an equation for the tan-
gent to the parabola at this point.

Solution ~ We begin with a secant line through P(2, 4) and O(2 + h, (2 + h)?) nearby.
We then write an expression for the slope of the secant PQ and investigate what happens to
the slope as Q approaches P along the curve:

Secan sl Ay 2+ R -2 Ry ah+4-—4
e€cant slope = AX = h = h

_h+4n

P =h+ 4.

If » > 0, then Q lies above and to the right of P, as in Figure 2.66. If & < 0, then Q lies to
the left of P (not shown). In either case, as Q approaches P along the curve, /4 approaches
zero and the secant slope approaches 4:

lim (h + 4) = 4.
Jim ( )
We take 4 to be the parabola’s slope at P.
The tangent to the parabola at P is the line through P with slope 4:

y = 4 + 4(x - 2) Point-slope equation
y=4x — 4. u

Q@+h?-4_
h

y=x Secant slope is h+ 4.

02 + h, 2 + h)?

Tangent slope = 4

Ay=Q2+h?>—4

P(2,4)

} Ax=nh
0 / 2 2

h

+ =A==

NOT TO SCALE

FIGURE 2.66 Finding the slope of the parabola y = x? at the point P(2, 4) (Example 1).

Finding a Tangent to the Graph of a Function

The problem of finding a tangent to a curve was the dominant mathematical problem of
the early seventeenth century. In optics, the tangent determined the angle at which a ray of
light entered a curved lens. In mechanics, the tangent determined the direction of a body’s
motion at every point along its path. In geometry, the tangents to two curves at a point of
intersection determined the angles at which they intersected. To find a tangent to an arbi-
trary curve y = f(x) at a point P(xy, f(xo)), we use the same dynamic procedure. We cal-
culate the slope of the secant through P and a point Q(xo + A, f(xo + /)). We then inves-
tigate the limit of the slope as 2 — 0 (Figure 2.67). If the limit exists, we call it the slope of
the curve at P and define the tangent at P to be the line through P having this slope.
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DEFINITIONS Slope, Tangent Line
The slope of the curve y = f(x) at the point P(xy, f(xo)) is the number

Yoh) -
Fxo + ) — fxo) m = lim UCL })l fxo)

y =/
O(xg + h, flxg + h)

(provided the limit exists).

The tangent line to the curve at P is the line through P with this slope.

|

|

|
0 o ot h Whenever we make a new definition, we try it on familiar objects to be sure it is con-
sistent with results we expect in familiar cases. Example 2 shows that the new definition
of slope agrees with the old definition from Section 1.2 when we apply it to nonvertical

lines.

FIGURE 2.67 The slope of the tangent
xo + h) — f(x
line at P is lim M.
h—0 h

EXAMPLE 2 Testing the Definition

Show that the line y = mx + b is its own tangent at any point (xq, mxy + b).

Solution ~ We let f(x) = mx + b and organize the work into three steps.
1. Find f(xo) and f(xo + h).
f(x0) = mxy + b
flxo + h) =mlxg + h) + b =mxy + mh + b
2. Find the slope }}i_r)r%)(f(xo + h) — f(x0))/h.

flxo + 1) — f(xo) . (mxy + mh + b) — (mxy + b)
m = lim
h—0 h h—0 h

3. Find the tangent line using the point-slope equation. The tangent line at the point
(x9, mxo + b)is

y = (mxy + b) + m(x — xp)
vy =mxg+ b+ mx — mxg

y=mx + b. [

Let’s summarize the steps in Example 2.

Finding the Tangent to the Curve y = f(x) at (xo, Vo)
1. Calculate f(xo) and f(xo + h).

2. Calculate the slope
o fGo + h) = f(xo)
m = lim .
h—0 h

3. If the limit exists, find the tangent line as

y =yo + mx — xg).
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EXAMPLE 3

(b) Where does the slope equal —1/4?

Slope and Tangentto y = 1/x, x # 0

(a) Find the slope of the curve y = I/xatx = a # 0.

(c) What happens to the tangent to the curve at the point (a, 1/a) as a changes?

Solution
(a) Here f(x) = 1/x. The slope at (a, 1/a) is

1 1
. fla+ h) — f(a) a+h 4
llm—:llm—
h—0 h h—0 h
_ l1a—(a+h)
TS0 ala + k)
= fim — "
h—0 ha(a+h)
= lim —1 - =-1
h—0 ala + h) a?’

Notice how we had to keep writing “lim;,—.(” before each fraction until the stage
where we could evaluate the limit by substituting # = 0. The number a may be posi-
tive or negative, but not 0.

(b) The slope of y = 1/x at the point where x = a is —1/a*. It will be —1/4 provided that
1 _ 1
PR

This equation is equivalent to a> = 4, so a = 2 or a = —2. The curve has slope

(©)

—1/4 at the two points (2, 1/2) and (=2, —1/2) (Figure 2.68).

Notice that the slope —1/a? is always negative if a # 0. As a — 0", the slope ap-
proaches —o0 and the tangent becomes increasingly steep (Figure 2.69). We see this
situation again as a — 0~ . As @ moves away from the origin in either direction, the
slope approaches 0~ and the tangent levels off. [

_1
Y=

1
slope is ——
)

o]
1 -1
slope is —

FIGURE 2.69 The tangent slopes, steep
near the origin, become more gradual as
the point of tangency moves away.

FIGURE 2.68 The two tangent lines to
v = 1/x having slope —1/4 (Example 3).
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Rates of Change: Derivative at a Point

The expression

flxo + 1) — f(xo)
h

is called the difference quotient of f at x, with increment /4. If the difference quotient
has a limit as /& approaches zero, that limit is called the derivative of f at x,. If we inter-
pret the difference quotient as a secant slope, the derivative gives the slope of the curve
and tangent at the point where x = x;. If we interpret the difference quotient as an average
rate of change, as we did in Section 2.1, the derivative gives the function’s rate of change
with respect to x at the point x = x(. The derivative is one of the two most important math-
ematical objects considered in calculus. We begin a thorough study of it in Chapter 3. The
other important object is the integral, and we initiate its study in Chapter 5.

EXAMPLE 4  Instantaneous Speed (Continuation of Section 2.1,
Examples 1 and 2)

In Examples 1 and 2 in Section 2.1, we studied the speed of a rock falling freely from rest
near the surface of the earth. We knew that the rock fell y = 162 feet during the first 7 sec,
and we used a sequence of average rates over increasingly short intervals to estimate the
rock’s speed at the instant + = 1. Exactly what was the rock’s speed at this time?

Solution  We let f(f) = 16¢. The average speed of the rock over the interval between
t =1landt =1 + hseconds was

f(L+h) = f(1) _ 1601 + h)? — 16(1)? _ 16(h% + 2h)

7 7 7 = 16(h + 2).
The rock’s speed at the instant # = 1 was
}}i_r)r%) 16(h + 2) = 16(0 + 2) = 32 ft/sec.
Our original estimate of 32 ft/ sec was right. [

Summary

We have been discussing slopes of curves, lines tangent to a curve, the rate of change of a
function, the limit of the difference quotient, and the derivative of a function at a point. All
of these ideas refer to the same thing, summarized here:

The slope of y = f(x) at x = x
The slope of the tangent to the curve y = f(x) at x = xo
The rate of change of f(x) with respect to x at x = x;

L .

The derivative of f at x = xp

flxo + h) — f(xo0)
h

5. The limit of the difference quotient, }}imo
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EXERCISES 2.7

Slopes and Tangent Lines

In Exercises 14, use the grid and a straight edge to make a rough esti-
mate of the slope of the curve (in y-units per x-unit) at the points P;
and P,. Graphs can shift during a press run, so your estimates may be
somewhat different from those in the back of the book.

1. y 2. y
|
pA
b 4 2
i
{ ! \
/ | /
1 \ X
/ Sitatsasie
\ A \
P LW \
0 X
//
/[
3 y 4. y
A Y N
[ = \\ / - \
/ \-.4 s}
1 PP I - / \ D
X / N o] xr
/ 1 \
/ / \
/o S S ) o

In Exercises 5-10, find an equation for the tangent to the curve at the
given point. Then sketch the curve and tangent together.

5.y=4-x% (-1,3) 6. y=(—-12+1 (L1

7.y =2Vx, (1,2) 8.y=—, (1,1

9. y=x% (-2,-8)

In Exercises 11-18, find the slope of the function’s graph at the given
point. Then find an equation for the line tangent to the graph there.

11. f(x) =x*+ 1, (2,5) 12. f(x) =x — 2x2, (1,-1)
13. g(x) = x%Z (3,3)

15. h(r) = 3, (2,8)
17. f(x) = Vi, (4,2)

14. g(x) = % (2,2)

16. h(r) = 3 + 31, (1,4)

18. f(x) = Vx + 1, (8,3)

In Exercises 19-22, find the slope of the curve at the point indicated.
19. y = 5x%, x= -1 20 y=1-x% x=2

21.y=x% x=3 22.y=;;},

x=0

Tangent Lines with Specified Slopes

At what points do the graphs of the functions in Exercises 23 and 24

have horizontal tangents?

|23. flx) = x>+ 4x — 1 24. g(x) = x* — 3x

25. Find equations of all lines having slope —1 that are tangent to the
curve y = 1/(x — 1).

26. Find an equation of the straight line having slope 1/4 that is tan-
gent to the curve y = Vx.

Rates of Change

27. Object dropped from a tower An object is dropped from the
top of a 100-m-high tower. Its height above ground after ¢ sec is
100 — 4.9/ m. How fast is it falling 2 sec after it is dropped?

28. Speed of a rocket At ¢ sec after liftoff, the height of a rocket is
3¢% ft. How fast is the rocket climbing 10 sec after liftoff?

29. Circle’s changing area What is the rate of change of the area of a cir-
cle (4 = mr?) with respect to the radius when the radius is » = 3?

30. Ball’s changing volume What is the rate of change of the vol-
ume of a ball (V = (4/3)mr>) with respect to the radius when the
radiusis» = 27

Testing for Tangents
31. Does the graph of
2 .
_ [x*sin(1/x), x#0
Jlx) = {o, x=0
have a tangent at the origin? Give reasons for your answer.
32. Does the graph of
_ Jxsin(1/x), x#0
glx) = { 0. =0

have a tangent at the origin? Give reasons for your answer.

Vertical Tangents
We say that the curve y = f(x) has a vertical tangent at the point
where x = xg if lim—o (f(xo + #) — f(x0))/h = 00 or —00.

Vertical tangent at x = 0 (see accompanying figure):

. fO+h) —f0) B9
lim = lim
h—0 h h—0 h
= lim R
h—0 h2/3
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34. Does the graph of

0, x<O0
U =
() {l,xZO

have a vertical tangent at the point (0, 1)? Give reasons for your
answer.

0 a. Graph the curves in Exercises 35-44. Where do the graphs
appear to have vertical tangents?
b. Confirm your findings in part (a) with limit calculations. But
before you do, read the introduction to Exercises 33 and 34.
VERTICAL TANGENT AT ORIGIN 35. y =a" 36. y =
37. y = X3 38. y = x5
No vertical tangent at x = 0 (see next figure): 39, y = 425 — 2y 40. y = 5B 552/
Jim g0+ h})l it (U Jim hmh_ 0 41y =x - (x - 1A 2. y=xP+x-1"
-0 -0 —\/|;| x=0
43. y = ’ _ 4. y =V |4 —
~ fim — 4 {\/)E x>0 y=Vi4 -

. o . COMPUTER EXPLORATIONS
does not exist, because the limit is 0O from the right and —00 from
the left. Graphing Secant and Tangent Lines

Use a CAS to perform the following steps for the functions in Exer-
cises 45-48.

a. Plot y = f(x) over the interval (xg — 1/2) = x = (xo + 3).
b. Holding x, fixed, the difference quotient

. a(h) :f(xo+h})l—f(xo)

ol
NO VERTICAL TANGENT AT ORIGIN

at xo becomes a function of the step size /. Enter this function

33. Does the graph of into your CAS workspace.

¢. Find the limit of g as # — 0.

~1, x<0 : .
(x) = 0 . =0 d. Define the secant lines y = f(x¢) + g+ (x — xo) forh = 3,2,
Jlx) = C T and 1. Graph them together with f and the tangent line over the
I, x>0 interval in part (a).
have a vertical tangent at the origin? Give reasons for your answer. 45. f(x) =x>+2x, xo=0 46. f(x) =x + %, x =1

47. f(x) = x + sin(2x), xo = 7/2
48. f(x) = cosx + 4sin(2x), xo =7
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Chapter

E

Assigning a value to 0° The rules of exponents (see Appendix
9) tell us that «° = 1 if a is any number different from zero. They
also tell us that 0" = 0 if n is any positive number.

If we tried to extend these rules to include the case 0°, we
would get conflicting results. The first rule would say 0° = 1,
whereas the second would say 0° = 0.

We are not dealing with a question of right or wrong here.
Neither rule applies as it stands, so there is no contradiction. We
could, in fact, define 0° to have any value we wanted as long as
we could persuade others to agree.

What value would you like 0° to have? Here is an example
that might help you to decide. (See Exercise 2 below for another
example.)

a. Calculate x* for x = 0.1, 0.01, 0.001, and so on as far as your
calculator can go. Record the values you get. What pattern do
you see?

b. Graph the function y = x* for 0 < x = 1. Even though the
function is not defined for x = 0, the graph will approach the
y-axis from the right. Toward what y-value does it seem to be
headed? Zoom in to further support your idea.

. A reason you might want 0° to be something other than 0 or 1

As the number x increases through positive values, the numbers
1/x and 1/(In x) both approach zero. What happens to the number

1/(Inx)
fx) = (l)

as x increases? Here are two ways to find out.

a. Evaluate f for x = 10, 100, 1000, and so on as far as your
calculator can reasonably go. What pattern do you see?

b. Graph f in a variety of graphing windows, including windows

that contain the origin. What do you see? Trace the y-values
along the graph. What do you find?

. Lorentz contraction In relativity theory, the length of an object,

say a rocket, appears to an observer to depend on the speed at
which the object is traveling with respect to the observer. If the
observer measures the rocket’s length as L at rest, then at speed v
the length will appear to be

L =1Ly [l ——=.
c
This equation is the Lorentz contraction formula. Here, c is the
speed of light in a vacuum, about 3 X 10% m/sec. What happens
to L as v increases? Find lim,—.- L. Why was the left-hand limit
needed?

. Controlling the flow from a draining tank Torricelli’s law says

that if you drain a tank like the one in the figure shown, the rate y
at which water runs out is a constant times the square root of the
water’s depth x. The constant depends on the size and shape of the
exit valve.

Additional and Advanced Exercises

Exit rate y ft3/min l

Suppose that y = \/;/ 2 for a certain tank. You are trying to
maintain a fairly constant exit rate by adding water to the tank
with a hose from time to time. How deep must you keep the water
if you want to maintain the exit rate
a. within 0.2 f*/min of the rate yo = 1 ft/min?

b. within 0.1 ft*/min of the rate yo = 1 ft’/min?

. Thermal expansion in precise equipment As you may know,

most metals expand when heated and contract when cooled. The
dimensions of a piece of laboratory equipment are sometimes so
critical that the shop where the equipment is made must be held at
the same temperature as the laboratory where the equipment is to
be used. A typical aluminum bar that is 10 cm wide at 70°F will be

y=10+ (t — 70) X 107*

centimeters wide at a nearby temperature 7. Suppose that you are
using a bar like this in a gravity wave detector, where its width
must stay within 0.0005 cm of the ideal 10 cm. How close to
to = 70°F must you maintain the temperature to ensure that this
tolerance is not exceeded?

. Stripes on a measuring cup The interior of a typical 1-L meas-

uring cup is a right circular cylinder of radius 6 cm (see accompa-
nying figure). The volume of water we put in the cup is therefore a
function of the level / to which the cup is filled, the formula being

V = w6°h = 36mh.

How closely must we measure 4 to measure out 1 L of water
(1000 cm?) with an error of no more than 1% (10 cm?)?

Stripes/
about

1 mm
wide

(a)
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Liquid volume
V =36wh

fe—=—

(b)

A 1-L measuring cup (a), modeled as a right circular cylinder (b) of
radius » = 6 cm

Precise Definition of Limit

In Exercises 7-10, use the formal definition of limit to prove that the
function is continuous at X .
7. fx) =x>—17, xp=1 8. g(x) =1/(2x), xo=1/4
9. (x) = V2x —3, x=210. F(x) = V9 —x, x=25
11. Uniqueness of limits Show that a function cannot have two dif-
ferent limits at the same point. That is, if lim, ., f(x) = L; and
limx*))(() f(x) =Ly, thenL; = L,.
12. Prove the limit Constant Multiple Rule:
lim kf(x) =k lim f(x) for any constant k.
xX—c xX—c
13. One-sided limits If lim,—¢- f(x) = 4 and lim,—¢- f(x) = B,
find
a. limo f(x* — x) b. lim—g f(x* — x)
d. limg f(x*> — x%)

14. Limits and continuity Which of the following statements are
true, and which are false? If true, say why; if false, give a coun-
terexample (that is, an example confirming the falsehood).

c. limeg f(x2 — x%)

a. Iflim,—, f(x) exists but lim,—, g(x) does not exist, then
lim,—,(f(x) + g(x)) does not exist.

b. If neither lim,—, f(x) nor lim,—, g(x) exists, then
lim,—, (f(x) + g(x)) does not exist.

c. If f is continuous at x, then so is| f|.

d. If|f]|is continuous at a, then so is f.

In Exercises 15 and 16, use the formal definition of limit to prove that
the function has a continuous extension to the given value of x.

1 x2—2x—3

X = — =
5 x= 1 16. g(x) 6

2 _
x +

x=3

15. f(x) =
17. A function continuous at only one point Let
x, if x is rational
flx) = {0, if x is irrational.

a. Show that f is continuous at x = 0.

b. Use the fact that every nonempty open interval of real
numbers contains both rational and irrational numbers to
show that f is not continuous at any nonzero value of x.

Chapter 2 Additional and Advanced Exercises 145

18. The Dirichlet ruler function If x is a rational number, then x
can be written in a unique way as a quotient of integers m/n
where n > (0 and m and » have no common factors greater than 1.
(We say that such a fraction is in lowest terms. For example, 6/4
written in lowest terms is 3/2.) Let f(x) be defined for all x in the
interval [0, 1] by

1) { 1/n, ifx = m/n is a rational number in lowest terms
x) = o
0, if x is irrational.

For instance, f(0) = f(1) =1, f(1/2) =1/2, f(1/3)=
f(2/3) = 1/3, f(1/4) = f(3/4) = 1/4, and so on.
a. Show that f is discontinuous at every rational number in [0, 1].

b. Show that f is continuous at every irrational number in [0, 1].
(Hint: If € is a given positive number, show that there are only
finitely many rational numbers 7 in [0, 1] such that f(r) = €.)

c¢. Sketch the graph of f. Why do you think f is called the “ruler
function™?

19. Antipodal points Is there any reason to believe that there is al-
ways a pair of antipodal (diametrically opposite) points on Earth’s
equator where the temperatures are the same? Explain.

20. If lim (f(x) + g(x)) = 3 and lim (f(x) — g(x)) = —1, find
xX—>c xX—>c
lim f(x)g(x).
21. Roots of a quadratic equation that is almost linear The equa-
tion ax> + 2x — 1 = 0, where « is a constant, has two roots if
a > —landa # 0, one positive and one negative:

-1+ VI +a
a b

1+ a

ri(a) = ra) =~

a. What happens to ry(a) asa —0? Asa— —1"?
b. What happens to 7—(a) asa—0? Asa — —1"?

¢. Support your conclusions by graphing r+(a) and r—(a) as
functions of a. Describe what you see.

d. For added support, graph f(x) = ax®> + 2x — 1
simultaneously fora = 1, 0.5, 0.2, 0.1, and 0.05.

22. Root of an equation Show that the equation x + 2cosx = 0
has at least one solution.

23. Bounded functions A real-valued function f is bounded from
above on a set D if there exists a number N such that f(x) = N
for all x in D. We call NV, when it exists, an upper bound for f on
D and say that f is bounded from above by M. In a similar manner,
we say that f is bounded from below on D if there exists a
number M such that f(x) = M for all x in D. We call M, when it
exists, a lower bound for f on D and say that f is bounded from
below by M. We say that f is bounded on D if it is bounded from
both above and below.

a. Show that f is bounded on D if and only if there exists a num-
ber B such that | f(x)| = B forallx in D.

b. Suppose that f is bounded from above by N. Show that if
lim,—,, f(x) = L,then L = N.

c. Suppose that f is bounded from below by M. Show that if
lim,—,, f(x) = L,then L = M.
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24. Max {a, b} and min {a, b}
a. Show that the expression

a+ b la — bl
2 T3

max {a, b} =

equals @ if a = b and equals b if b = a. In other words,
max {a, b} gives the larger of the two numbers a and b.

b. Find a similar expression for min {a, b}, the smaller of @ and b.

Generalized Limits Involving sn(; 0

The formula limg—g (sin@)/6 = 1 can be generalized. If lim,—.
f(x) = 0 and f(x) is never zero in an open interval containing the
point x = ¢, except possibly c itself, then

sin f(x)
im———— =
x—e  f(x)
Here are several examples.
L2
. sin
a. lim 2x =1.
x—0 x

x+1Dx—-2) _

—————F——— =1+ lim -3.
x——1 x +1 x——1 x + 1 3

VR Ve
= (= D(1 + Vi) _xgnl(x—n(wx/;)

Find the limits in Exercises 25-30.

1
5

sin (1 — cos i
25. lim S~ €053 26. lim 0%
=0 0" sin\V/x
_ sin(sinx) ~ sin(x? + x)
27. lim 28 lim
. sin(x? — 4) ) sm(\/); - 3)
29. lim ——x— 30. lim —————
x—2 X — 2 x—9 X — 9
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Chapter Practice Exercises

Limits and Continuity
1. Graph the function

1, x= -1
—X, -1 <x<0
flx) = 1, x=0
—X, 0<x<l1
1, x = 1.
Then discuss, in detail, limits, one-sided limits, continuity, and

one-sided continuity of f at x = —1, 0, and 1. Are any of the dis-
continuities removable? Explain.

. Repeat the instructions of Exercise 1 for

0, x= -1
) 1x, 0<|x|<1
fx) = 0. x=1
1, x> 1.

. Suppose that f(#) and g(#) are defined for all ¢ and that lim,—,,

f(#) = =7 and lim,—,, g(¢#) = 0. Find the limit as t — ¢, of the
following functions.

a. 3f(t) b. (f(1)?
f(0)

c. f(t)-g(t) -

e. cos (g(1) f. /(0]

g ft) +g() h. 1/f(0)
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4. Suppose that f(x) and g(x) are defined for all x and that
2. Find the limits as

lim,—o f(x) = 1/2 and lim,—( g(x) =
x — 0 of the following functions.

a. —g(x) b. g(x)- f(x)

c. fx) + gx) d. 1/f(x)
f(x) - cosx

e. x + f(x) T -1

In Exercises 5 and 6, find the value that lim,—.o g(x) must have if the

given limit statements hold.

5. lim (Lg(x)) =1 6.

x—0 X

i, i ) =2
7. On what intervals are the following functions continuous?
a. f(x) =x'? b. g(x) = x**
c. hix) =x%? d. k(x) = x7/6

8. On what intervals are the following functions continuous?
a. f(x) = tanx b. g(x) = cscx

sin x
X

COS X
X —

c. h(x) = d. i(x) =

Finding Limits

In Exercises 9-16, find the limit or explain why it does not exist.

X2 —d4x + 4
X3+ 5x% — l4x

a. asx—0

9. lim

b. asx—2
x>+ x
X+ 2t + X3

a. asx—0

10. lim

b. asx— —1

_ 2 _ 2
11. 1im17\/’; 12. lim = —¢
—1 1 —x x—a ¥t — g?

C (x+h)?r R o (x+h)?F - R

13. lim ————— 14. llm —————
h—0 h x—0 h
11 .

2+ -8

15. lim 2722 16. tim > =8

x—0 x—0

In Exercises 17-20, find the limit of g(x) as x approaches the indi-

cated value.
1

. 13 _ i YA

17, lim (450" =2 18 e e 2
3 m 3%

19. lim = 00 20. lim =
=1 g(x) x=>=2 \/@

Limits at Infinity
Find the limits in Exercises 21-30.

. 2x+3 L2243
21, xll?go 5x + 7 22. xllgloo 5x2 + 7

143

Chapter 2 Practice Exercises

2 _
23, lim T2 F8 24, lim
x—>—00 3x x—00 x° — Tx + 1
25, lim L 2. lim 5t

LN =00 1203 + 128

(If you have a grapher, try graphing the function

. osinx
27. 1
00 [ x| for-5=x=35)
P (If you have a grapher, try graphing
28. Blim % f(x) = x(cos (1/x) — 1) near the origin to

“see” the limit at infinity.)

_x +sinx + 2V . x4+ x7!
29, lim ————————— 30. lim ————
x—00 x + sinx x—00 x23 4 cos?x

Continuous Extension

31. Can f(x) = x(x> — 1)/|x* — 1] be extended to be continuous at
x =1 or —1? Give reasons for your answers. (Graph the func-
tion—you will find the graph interesting.)

32. Explain why the function f(x) = sin(1/x) has no continuous ex-
tension tox = 0.

In Exercises 33-36, graph the function to see whether it appears to
have a continuous extension to the given point a. If it does, use Trace
and Zoom to find a good candidate for the extended function’s value
at a. If the function does not appear to have a continuous extension,
can it be extended to be continuous from the right or left? If so, what
do you think the extended function’s value should be?

-1 5cos 6
3B.fx) ==, a=1 34.g00) = 220 4=x)2
x — Vx 40 — 2
35. h(H) = (1 + [t)Y, a=0 36. k(x) = 1 sz’ a=0

Roots
Ed37. Letf(x) = x> —x — 1.
a. Show that f has a zero between —1 and 2.

b. Solve the equation f(x) = 0 graphically with an error of
magnitude at most 1075,

c. It can be shown that the exact value of the solution in part (b) is

1, Veo\' (1 Ve
2 18 2 18
Evaluate this exact answer and compare it with the value you
found in part (b).
38. Let /() = 6° — 260 + 2.
a. Show that f has a zero between —2 and 0.
b. Solve the equation f(6) = 0 graphically with an error of
magnitude at most 1074,

c. Itcanbe shown that the exact value of the solution in part (b) is

19 1/3 19 1/3
( f‘1> ‘( ﬁ“)

Evaluate this exact answer and compare it with the value you
found in part (b).
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Chapter

. What is the average rate of change of the function g(#) over the in-
terval from ¢t = atot = b? How is it related to a secant line?

. What limit must be calculated to find the rate of change of a func-
tion g(7) at t = #,?

. What is an informal or intuitive definition of the limit

lim f(x) = L?
X—>Xg

Why is the definition “informal”? Give examples.

Questions to Guide Your Review

4. Does the existence and value of the limit of a function f(x) as x

approaches x, ever depend on what happens at x = x(? Explain
and give examples.

. What function behaviors might occur for which the limit may fail

to exist? Give examples.

. What theorems are available for calculating limits? Give exam-

ples of how the theorems are used.
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7.

10.

11.
12.
13.
14.
15.
16.

17.

18.

Chapter 2: Limits and Continuity

How are one-sided limits related to limits? How can this relation-
ship sometimes be used to calculate a limit or prove it does not
exist? Give examples.

. What is the value of limy— ((sin 6)/6) ? Does it matter whether 6

is measured in degrees or radians? Explain.

. What exactly does lim,—,, f(x) = L mean? Give an example in

which you find a 6 > 0 for a given f;, L, xo, and € > 0 in the pre-
cise definition of limit.

Give precise definitions of the following statements.
b. lim,—, f(x) =5

d. lim,—,; f(x) = —©

a. lim—, f(x) =5
c. lim—; f(x) = oo

What exactly do lim,—c f(x) = L and lim,—_ f(x) = L mean?
Give examples.

What are lim,— .00 k (k a constant) and lim,— . (1/x)? How do
you extend these results to other functions? Give examples.

How do you find the limit of a rational function as x — +00?
Give examples.

What are horizontal, vertical, and oblique asymptotes? Give ex-
amples.

What conditions must be satisfied by a function if it is to be con-
tinuous at an interior point of its domain? At an endpoint?

How can looking at the graph of a function help you tell where
the function is continuous?

What does it mean for a function to be right-continuous at a
point? Left-continuous? How are continuity and one-sided conti-
nuity related?

What can be said about the continuity of polynomials? Of rational
functions? Of trigonometric functions? Of rational powers and al-

19.

20.
21.

22.

23.

24.

25.
26.

27.

28.

gebraic combinations of functions? Of composites of functions?
Of absolute values of functions?

Under what circumstances can you extend a function f(x) to be
continuous at a point x = ¢? Give an example.

What does it mean for a function to be continuous on an interval?

What does it mean for a function to be continuous? Give exam-
ples to illustrate the fact that a function that is not continuous on
its entire domain may still be continuous on selected intervals
within the domain.

What are the basic types of discontinuity? Give an example of
each. What is a removable discontinuity? Give an example.

What does it mean for a function to have the Intermediate Value
Property? What conditions guarantee that a function has this
property over an interval? What are the consequences for graph-
ing and solving the equation f(x) = 0?

It is often said that a function is continuous if you can draw its
graph without having to lift your pen from the paper. Why is that?

What does it mean for a line to be tangent to a curve C at a point P?
What is the significance of the formula
S+ h) = f)
lim ————?
h—0 h
Interpret the formula geometrically and physically.

How do you find the tangent to the curve y = f(x) at a point
(x0, ¥0) on the curve?

How does the slope of the curve y = f(x) at x = x, relate to the
function’s rate of change with respect to x at x = x(? To the deriv-
ative of f at x¢?
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Chapter Technology Application Projects
Mathematica-Maple Module

Take It to the Limit

Part 1

Part II (Zero Raised to the Power Zero: What Does it Mean?)

Part III (One-Sided Limits)

Visualize and interpret the limit concept through graphical and numerical explorations.
Part IV (What a Difference a Power Makes)

See how sensitive limits can be with various powers of x.

Mathematica-Maple Module

Going to Infinity

Part I (Exploring Function Behavior as x — 00 or x — —00)

This module provides four examples to explore the behavior of a function as x — 00 or x — —00.
Part II (Rates of Growth)

Observe graphs that appear to be continuous, yet the function is not continuous. Several issues of continuity are explored to obtain results that you
may find surprising.
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EXERCISES 2.4

2.4 One-Sided Limits and Limits at Infinity

111

Finding Limits Graphically

1. Which of the following statements about the function y = f(x)
graphed here are true, and which are false?

y
y=fx)

®

lim f(x) =1 b. lim f(x) =0
x——1" x—0

. lim f(x) = 1 d. lim f(x) = lim_ f(x)
x—0 x—0 x—0
. lim f(x) exists f. lim f(x) =0
x—0 x—0
lim f(x) =1 h. lim f(x) = 1
x—0 x—1
lim f(x) = 0 jo lim f(x) =2
x> x—>
lim1 _ f(x) does not exist. L lirrzl+ fx) =0
x—— x—
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Exercise

112 Chapter 2: Limits and Continuity

. Let f(x) =

2. Which of the following statements about the function y = f(x)

graphed here are true, and which are false?

y
y =)
2+ °
1+ *—-oO0—o
| | | | X
-1 0 1 2 3

o

. li}}lﬁf(x) =1

c. lim f(x) =2

Xli)nlg flx) =1

Jim f(x) = lim_f(x)

lim f(x) exists at every c in the open interval (—1, 1).
xX—c

b. lim2 f(x) does not exist.
x>

d. lim f(x) =2
x—1

®

f. lim1 f(x) does not exist.
xX—>

50

=

lim f(x) exists at every ¢ in the open interval (1, 3).
xX—c
jo lim f(x) =0
x——1
3—x, x<2

X
2+1, x> 2.

k. lin31+ f(x) does not exist.
x>

0 2 4 *
a. Find lim,—,+ f(x) and lim,—,- f(x).
b. Does lim,—; f(x) exist? If so, what is it? If not, why not?
¢. Find lim,—4- f(x) and lim,—4+ f(x).
d. Does lim,—4 f(x) exist? If so, what is it? If not, why not?
3—x x<2
4. Let f(x) = 2, x=2
%’ x> 2
y
y=3 X‘
3
— [ )
X
- y = 2
| | | | 1 | X
-2 0 2

a. Find lim,—,+ f(x), lim,—,- f(x), and f(2).
b. Does lim,—; f(x) exist? If so, what is it? If not, why not?
c. Find lim,——- f(x) and lim,—_+ f(x).
d. Does lim,——; f(x) exist? If so, what is it? If not, why not?
0, x=0
5. Let f(x) =
sing, x> 0.
y
1 -
X
0
0, x=0
Y=4
sing, x> 0
—1F

a. Does lim,—¢+ f(x) exist? If so, what is it? If not, why not?
b. Does lim,—- f(x) exist? If so, what is it? If not, why not?

¢. Does lim,— f(x) exist? If so, what is it? If not, why not?

6. Let g(x) = \/);sin(l/x).

y
I+ y:\/);
= Visi 1
y="Vuxsing
1
2m | | X
0 T 2 1
T T
-1F y=-Vx

a. Does lim,— g+ g(x) exist? If so, what is it? If not, why not?
b. Does lim,—(- g(x) exist? If so, what is it? If not, why not?

¢. Does lim,—( g(x) exist? If so, what is it? If not, why not?
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Exercise

Exercise

3 # 1
. Graph f(x) = {x ’ o
0, x=1.
b. Find lim,—- f(x) and lim,—+ f(x).

¢. Does lim,—,; f(x) exist? If so, what is it? If not, why not?

1 —x? # 1
Graph f(x) = { MR

2, x = 1.
b. Find lim,—+ f(x) and lim,—- f(x).

¢. Does lim,—; f(x) exist? If so, what is it? If not, why not?

8. a.

Graph the functions in Exercises 9 and 10. Then answer these ques-
tions.

a. What are the domain and range of f?

b. At what points c, if any, does lim,—. f(x) exist?

c. At what points does only the left-hand limit exist?
d. At what points does only the right-hand limit exist?

V1-x% 0=x<1
9. f(x) =141, 1l=x<2

2, x =2

x, —1=x<0, or 0<x=1
10. f(x) =41, x=0

0, x<-—-1, or x>1

Finding One-Sided Limits Algebraically

Find the limits in Exercises 11-18.

x+2 . x—1
1. x——05Vx + 1 12. xll>n11+ x+2
13. 1lim < X ><2x+5)
x—>—24r +1 X+ x
x+6\(3—x
i () () (5
2 _
5. 1 +4h+ Vs
h—0"
_ 2
16, Tim V6 — \V5h2 + 11h + 6
h—0" h
i |x + 2| | |x + 2]
17.a.)6_1)1112+()c—i-3)x+2 b.x_1)111(x+3) T
 Vax(x - 1) C Vax(x - 1)
18. a. lim ——— b. lm ————
x—1" |x - 1| x—1" |x - 1|

Use the graph of the greatest integer function y = | x| (sometimes
written y = intx), Figure 1.31 in Section 1.3, to help you find the lim-
its in Exercises 19 and 20.

6]

1 e b
20. a tl_l)%(t = |t]) b. tl_l)Ialﬁ(t = |t])

2.4 One-Sided Limits and Limits at Infinity

Using lim sin 0

=1
0—o 0

Find the limits in Exercises 21-36.

113

21. lim sin'V/26 22. lim sin kt (k constant)
6—0 \/29 t—0
23, fim 22 24. i
"o 4y 0 sin 3k
. tan2x 2t
25. ,}ER)T 26. tlgr(l) E
27. lim xcse 2x 28. lim 6x%(cotx)(csc 2x)
x—0 C€OS Sx =0
2 _ .
29. lim w 30. lim X" — x + sinx
x—0 SINXCcosx x—0 2x
~ sin(1 — cos ) sin (sin /)
31. lim————~ 32. lim ————
—0 1 — cost h—0 sinh
sin 6 sin 5x
33. 611—13) sin 26 34. )}E}}) sin 4x
sin 3y cot 5
35. lim ta}n 3x 36. llm#
x—0 sin 8x y—0 ycotdy

Calculating Limits as x — + oo

In Exercises 37-42, find the limit of each function (a) as x — 00 and
(b) as x — —o0. (You may wish to visualize your answer with a
graphing calculator or computer.)

3. f) = 2 -3 8. ) =75
X
39. g(x) = 5+ 40, gy = — L
2+ (1/x) 8 — (5/x?)
=5+ (7/x 3 —-(2/x
Ay = I 2 =
3 — (1/x?) 4+ (V2/x?)
Find the limits in Exercises 43—46.
43. lim S0 4. lim <8¢
x—>00 f——00 30
.2 —1t+sint r + sinr
45. t_lir,noo t + cost 46. rll)rrgo 2r + 7 — Ssinr

Limits of Rational Functions

In Exercises 47-56, find the limit of each rational function (a) as
X — 00 and (b) as x — — 00,

_2x + 3 _ 23 + 7
47.f(x)—5x+7 48. f(x) = R
x + 1 3x + 7
49. = 50.
f(x) 243 flx) = -
7x? 1
51. hix) = ——F5—— 52. =
() x> = 3x2 + 6x g X —4x + 1
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Exercise

Exercise

114 Chapter 2: Limits and Continuity

10x° + x* + 31

53. gx) = p
X
54, h(x) = ot + x
) 2t + 52 —x+ 6
-2 = 2x +3
55. hix) = ——>F——
G) 3x% + 3x2 — 5x
_ .4
56. h(x) = X

X =3+ T+ 9

Limits with Noninteger or Negative Powers

The process by which we determine limits of rational functions ap-
plies equally well to ratios containing noninteger or negative powers
of x: divide numerator and denominator by the highest power of x in
the denominator and proceed from there. Find the limits in Exercises

57-62.
-1
57. lim 2V + ! 58. lim 2+ Vi
x—00 3x — 7 xX—>00 19 \/;C
3o A -1 —4
s0. lm Y= Vx 60. lim * X
x—>=00 Yy 4y x—00x 2 — 73

53 1f3 3o
61. lim 2 —x P+ T 62. lim M

x—>00 x8/5 + 3y + \/); x—>—00 Qy + x2/3 — 4

Theory and Examples

63. Once you know lim,—,,+ f(x) and lim,—,- f(x) at an interior point
of the domain of £, do you then know lim,—, f(x)? Give reasons
for your answer.

64. 1f you know that lim,—.. f(x) exists, can you find its value by cal-
culating lim,—.+ f(x)? Give reasons for your answer.

65. Suppose that f is an odd function of x. Does knowing that
lim,—o+ f(x) = 3 tell you anything about lim,—.¢- f(x)? Give rea-
sons for your answer.

66. Suppose that f is an even function of x. Does knowing that
lim,—,- f(x) = 7 tell you anything about either lim,—_»- f(x) or
lim,—_+ f(x)? Give reasons for your answer.

67. Suppose that f(x) and g(x) are polynomials in x and that
lim, o0 (f(x)/g(x)) = 2. Can you conclude anything about
lim,——c0 (f(x)/g(x))? Give reasons for your answer.

68. Suppose that f(x) and g(x) are polynomials in x. Can the graph of
f(x)/g(x) have an asymptote if g(x) is never zero? Give reasons
for your answer.

69. How many horizontal asymptotes can the graph of a given ra-
tional function have? Give reasons for your answer.

70. Find lim (Vx? +x — Va? — x).
x—00

Use the formal definitions of limits as x — 00 to establish the limits
in Exercises 71 and 72.

71. If f has the constant value f(x) = k, then lim f(x) = k.
x—>00

72. 1f f has the constant value f(x) = k, then lim f(x) = k.
x—>—00

Formal Definitions of One-Sided Limits

73. Given € > 0, find an interval 7 = (5,5 + §), 5 > 0, such that
if x lies in 7, then Vx — 5 < e. What limit is being verified and
what is its value?

74. Given € > 0, find an interval / = (4 — §,4),8 > 0, such that
if x lies in 7, then V4 — x < e. What limit is being verified and
what is its value?

Use the definitions of right-hand and left-hand limits to prove the
limit statements in Exercises 75 and 76.

| 76. lim -~ 2 — |

. i =
75. lim -y

x—0" |x |

77. Greatest integer function Find (a) lim,—4o+ x| and (b)
limy—400- | x | ; then use limit definitions to verify your findings.
(c¢) Based on your conclusions in parts (a) and (b), can anything
be said about limy 40| x | ? Give reasons for your answers.

xZsin(1/x), x <0

78. One-sided limits Let f(x) = {
X, x> 0.

Find (a) lim,—o+ f(x) and (b) lim,—o- f(x); then use limit definitions
to verify your findings. (¢) Based on your conclusions in parts (a)
and (b), can anything be said about lim,—( f(x)? Give reasons for
your answer.

Grapher Explorations—*“Seeing” Limits
at Infinity

Sometimes a change of variable can change an unfamiliar expression
into one whose limit we know how to find. For example,

. .1 . .
lim siny = lim sin 6
x—>00 6—0"

Substitute § = 1/x
=0.

This suggests a creative way to “see” limits at infinity. Describe the
procedure and use it to picture and determine limits in Exercises
79-84.

. .1
79. xll)liloo xsin

cos (1/x)
oI T+ (1/x)

81, lim X T4

x—>+00 2x -5

) 1 1/x
82. leHgO X
. 2 1
83. xll)riloo (3 + }) (cos ;)
84. lingo(i2 - cos%) (1 + sin%)
x— X

80.
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