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Preface

Fourier1 Transformation for Pedestrians. For pedestrians? Harry J. Lipkin’s
famous “Beta-decay for Pedestrians” [1], was an inspiration to me, so that’s
why. Harry’s book explains physical problems as complicated as helicity
and parity violation to “pedestrians” in an easy to understand way. Dis-
crete Fourier transformation, by contrast, only requires elementary algebra,
something any student should be familiar with. As the algorithm2 is a lin-
ear one, this should present no pitfalls and should be as “easy as pie”. In
spite of that, stubborn prejudices prevail, as far as Fourier transformations
are concerned, viz. that information could get lost or that you could end up
trusting a hoax; anyway, who’d trust something that is all done with “smoke
and mirrors”. The above prejudices often are caused by negative experiences,
gained through improper use of ready-made Fourier transformation programs
or hardware. This book is for all who, being laypersons – or pedestrians –
are looking for a gentle and also humorous introduction to the application
of Fourier transformation, without hitting too much theory, proofs of exis-
tence and similar things. It is appropriate for science students at technical
colleges and universities and also for “mere” computer–freaks. It’s also quite
adequate for students of engineering and all practical people working with
Fourier transformations. Basic knowledge of integration, however, is recom-
mended. If this book can help to avoid prejudices or even do away with them,
writing it has been well worthwhile. Here, we show how things “work”. Gen-
erally we discuss the Fourier transformation in one dimension only. Chapter 1
introduces Fourier series and, as part and parcel, important statements and
theorems that will guide us through the whole book. As is appropriate for
pedestrians, we’ll also cover all the “pits and pitfalls” on the way. Chapter 2
covers continuous Fourier transformations in great detail. Window functions
will be dealt with in Chap. 3 in more detail, as understanding them is essential
to avoid the disappointment caused by false expectations. Chapter 4 is about
discrete Fourier transformations, with special regard to the Cooley–Tukey al-
gorithm (Fast Fourier Transform, FFT). Finally, Chap. 5 will introduce some

1 Jean Baptiste Joseph Fourier (1768–1830), French mathematician and physicist.
2 Integration and differentiation are linear operators. This is quite obvious in the

discrete version (Chap. 4) and is, of course, also valid when passing on to the
continuous form.
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useful examples for the filtering effects of simple algorithms. From the host
of available material we’ll only pick items that are relevant to the recording
and preprocessing of data, items that are often used without even thinking
about them. This book started as a manuscript for lectures at the Technical
University of Munich and at the University of Leipzig. That’s why it’s very
much a textbook and contains many worked examples – to be redone “manu-
ally” – as well as plenty of illustrations. To show that a textbook (originally)
written in German can also be amusing and humorous, was my genuine con-
cern, because dedication and assiduity on their own are quite inclined to stifle
creativity and imagination. It should also be fun and boost our innate urge
to play. The two books “Applications of Discrete and Continuous Fourier
Analysis” [2] and “Theory of Discrete and Continuous Fourier Analysis” [3]
had considerable influence on the makeup and content of this book, and are
to be recommended as additional reading for those “keen on theory”.

This English edition is based on the third, enlarged edition in German
[4]. In contrast to this German edition, there are now problems at the end
of each chapter. They should be worked out before going to the next chap-
ter. However, I prefer the word “playground” because you are allowed to go
straight to the solutions, compiled in the Appendix, should your impatience
get the better of you. In case you have read the German original, there I
apologised for using many new-German words, such as “sampeln” or “wrap-
pen”; I won’t do that here, on the contrary, they come in very handy and
make the translator’s job (even) easier. Many thanks to Mrs U. Seibt and
Mrs K. Schandert, as well as to Dr. T. Reinert, Dr. T. Soldner, and espe-
cially to Mr H. Gödel (Dipl.-Phys.) for the hard work involved in turning a
manuscript into a book. Mr St. Jankuhn (Dipl.-Phys.) did an excellent job
in proof-reading and computer acrobatics.

Last but not least, special thanks go to the translator who managed to
convert the informal German style into an informal (“downunder”) English
style.

Recommendations, queries and proposals for change are welcome. Have
fun while reading, playing and learning.

Leipzig,
September 2005 Tilman Butz



Preface of the Translator

More than a few moons ago I read two books about Richard Feynman’s life,
and that has made a lasting impression. When Tilman Butz asked me if I
could translate his “Fourier Transformation for Pedestrians”, I leapt at the
chance – my way of getting a bit more into science. During the rather mechan-
ical process of translating the German original, within its TEX-framework, I
made sure I enjoyed the bits for the pedestrians, mere mortals like myself.
Of course I’m biased, I’ve known the author for many years – after all he’s
my brother.

Hamilton, New Zealand,
September 2005 Thomas-Severin Butz
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Introduction

One of the general tasks in science and engineering is to record measured sig-
nals and get them to tell us their “secrets” (information). Here we’re mainly
interested in signals varying over time. They may be periodic or aperiodic,
noise or also superpositions of components. Anyway, what we are measuring
is a conglomerate of several components, which means that effects caused by
the measuring-devices’ electronics and, for example, noise, get added to the
signal we’re actually after. That is why we have to take the recorded signal,
filter out what is of interest to us, and process that. In many cases we are
predominantly interested in the periodic components of the signal, or the
spectral content, which consists of discrete components. For analyses of this
kind Fourier transformation is particularly well suited.

Here are some examples:

– Analysis of the vibrations of a violin string or of a bridge,
– Checking out the quality of a high-fidelity amplifier,
– Radio-frequency Fourier-transformation spectroscopy,
– Optical Fourier-transformation spectroscopy,
– Digital image-processing (two-dimensional and three-dimensional),

to quote only a few examples from acoustics, electronics and optics, which
also shows that this method is not only useful for purely scientific research.

Many mathematical procedures in almost all branches of science and en-
gineering use the Fourier transformation. The method is so widely known –
almost “old hat” – that users often only have to push a few buttons (or use
a few mouse-clicks) to perform a Fourier transformation, or the lot even gets
delivered “to the doorstep, free of charge”. This user friendliness, however,
often is accompanied by the loss of all necessary knowledge. Operating er-
rors, incorrect interpretations and frustration result from incorrect settings
or similar blunders.

This book aims to raise the level of consciousness concerning the dos and
don’ts when using Fourier transformations. Experience shows that mathe-
matical laypersons will have to cope with two hurdles:

– Differential and integral calculus and
– Complex number arithmetic.



2 Introduction

When defining1 the Fourier series and the continuous Fourier transfor-
mation, we can’t help using integrals, as, for example, in Chap. 3 (Window
Functions). The problem can’t be avoided, but can be mitigated using inte-
gration tables. For example the “Oxford Users’ Guide to Mathematics” [5]
will be quite helpful in this respect. In Chaps. 4 and 5 elementary maths
will be sufficient to understand what is going on. As far as complex number
arithmetic is concerned, I have made sure that in Chap. 1 all formulas are
covered in detail, in plain and in complex notation, so this chapter may even
serve as a small introduction to dealing with complex numbers.

For all those ready to rip into action using their PCs, the book “Numerical
Recipes” [6] is especially useful. It presents, among other things, programs
for almost every purpose and they are commented, too.

1 The definitions given in this book are similar to conventions and do not lay claim
to any mathematical rigour.



1 Fourier Series

Mapping of a Periodic Function f(t) to a Series of
Fourier Coefficients Ck

1.1 Fourier Series

This section serves as a starter. Many readers may think it too easy; but it
should be read and taken seriously all the same. Some preliminary remarks
are in order:

i. To make things easier to understand, the whole book will only be con-
cerned with functions in the time domain and their Fourier transforms
in the frequency domain. This represents the most common application,
and porting it to other pairings, such as space/momentum, for example,
is pretty straightforward indeed.

ii. We use the angular frequency ω when we refer to the frequency domain.
The unit of the angular frequency is radians/second (or simpler s−1).
It is easily converted to the frequency ν of radio-stations – for example
FM 105.4 MHz – using the following equation:

ω = 2πν. (1.1)

The unit of ν is Hz, short for Hertz.

By the way, in case someone wants to do like H.J. Weaver, my much ap-
preciated role-model, and use different notations to avoid having the tedious
factors 2π crop up everywhere, do not buy into that. For each 2π you save
somewhere, there will be more factors of 2π somewhere else. However, there
are valid reasons, as detailed for example in “Numerical Recipes”, to use t
and ν.

In this book I will stick to the use of t and ω, cutting down on the cavalier
use of 2π that is in vogue elsewhere.

1.1.1 Even and Odd Functions

All functions are either

f(−t) = f(t) : even (1.2)
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or
f(−t) = −f(t) : odd (1.3)

or a “mixture” of both, i.e. even and odd parts superimposed. The decom-
position gives:

feven(t) = (f(t) + f(−t))/2
fodd(t) = (f(t) − f(−t))/2.

See examples in Fig. 1.1.

1.1.2 Definition of the Fourier Series

Fourier analysis is often also called harmonic analysis, as it uses the trigono-
metric functions sine – an odd function – and cosine – an even function – as
basis functions that play a pivotal part in harmonic oscillations.

Similar to expanding a function into a power series, especially periodic
functions may be expanded into a series of the trigonometric functions sine
and cosine.

Definition 1.1 (Fourier Series).

f(t) =
∞∑

k=0

(Ak cos ωkt + Bk sin ωkt) (1.4)

Fig. 1.1. Examples of even, odd and mixed functions
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with ωk =
2πk

T
and B0 = 0.

Here T means the period of the function f(t). The amplitudes or Fourier
coefficients Ak and Bk are determined in such a way – as we’ll see in a
moment – that the infinite series is identical with the function f(t). Equa-
tion (1.4) therefore tells us that any periodic function can be represented as
a superposition of sine-function and cosine-function with appropriate ampli-
tudes – with an infinite number of terms, if need be – yet using only precisely
determined frequencies:

ω = 0,
2π

T
,
4π

T
,
6π

T
, . . .

Figure 1.2 shows the basis functions for k = 0, 1, 2, 3.

Example 1.1 (“Trigonometric identity”).

f(t) = cos2 ωt =
1
2

+
1
2

cos 2ωt . (1.5)

Trigonometric manipulation in (1.5) already determined the Fourier coef-
ficients A0 and A2: A0 = 1/2, A2 = 1/2 (see Fig. 1.3). As function cos2 ωt is
an even function, we need no Bk. Generally speaking, all “smooth” functions
without steps (i.e. without discontinuities) and without kinks (i.e. without
discontinuities in their first derivative) – and strictly speaking without dis-
continuities in all their derivatives – are limited as far as their bandwidth
is concerned. This means that a finite number of terms in the series will do
for practical purposes. Often data gets recorded using a device with limited
bandwidth, which puts a limit on how quickly f(t) can vary over time anyway.

Fig. 1.2. Basis functions of Fourier transformation: cosine (left); sine (right)

Fig. 1.3. Decomposition of cos2 ωt into the average 1/2 and an oscillation with
amplitude 1/2 and frequency 2ω
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1.1.3 Calculation of the Fourier Coefficients

Before we dig into the calculation of the Fourier coefficients, we need some
tools.

In all following integrals we integrate from −T/2 to +T/2, meaning over
an interval with the period T that is symmetrical to t = 0. We could also
pick any other interval, as long as the integrand is periodic with period T
and gets integrated over a whole period. The letters n and m in the formulas
below are natural numbers 0, 1, 2, . . . Let’s have a look at the following:

+T/2∫

−T/2

cos
2πnt

T
dt =

{
0 for n �= 0
T for n = 0 , (1.6)

+T/2∫

−T/2

sin
2πnt

T
dt = 0 for all n. (1.7)

This results from the fact that the areas on the positive half-plane and
the ones on the negative one cancel out each other, provided we integrate
over a whole number of periods. Cosine integral for n = 0 requires special
treatment, as it lacks oscillations and therefore areas can’t cancel out each
other: there the integrand is 1, and the area under the horizontal line is equal
to the width of the interval T .

Furthermore, we need the following trigonometric identities:

cos α cos β = 1/2 [cos(α + β) + cos(α − β)],

sinα sin β = 1/2 [cos(α − β) − cos(α + β)],

sin α cos β = 1/2 [sin(α + β) + sin(α − β)].

(1.8)

Using these tools we’re able to prove, without further ado, that the system
of basis functions consisting of:

1, cos
2πt

T
, sin

2πt

T
, cos

4πt

T
, sin

4πt

T
, . . . (1.9)

is an orthogonal system1.
Put in formulas, this means:

+T/2∫

−T/2

cos
2πnt

T
cos

2πmt

T
dt =

⎧
⎨

⎩

0 for n �= m
T/2 for n = m �= 0
T for n = m = 0

, (1.10)

1 Similar to two vectors at right angles to each other whose dot product is 0, we
call a set of basis functions an orthogonal system if the integral over the product
of two different basis functions vanishes.
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+T/2∫

−T/2

sin
2πnt

T
sin

2πmt

T
dt =

{
0 for n �= m, n = 0

and/or m = 0
T/2 for n = m �= 0

, (1.11)

+T/2∫

−T/2

cos
2πnt

T
sin

2πmt

T
dt = 0 . (1.12)

The right-hand side of (1.10) and (1.11) shows that our basis system is
not an orthonormal system, i.e. the integrals for n = m are not normalised to
1. What’s even worse, the special case of (1.10) for n = m = 0 is a nuisance,
and will keep bugging us again and again.

Using the above orthogonality relations, we’re able to calculate the Fourier
coefficients straight away. We need to multiply both sides of (1.4) with cosωkt
and integrate from −T/2 to +T/2. Due to the orthogonality, only terms with
k = k′ will remain; the second integral will always disappear.

This gives us:

Ak =
2
T

+T/2∫

−T/2

f(t) cos ωkt dt for k �= 0 (1.13)

and for our “special” case:

A0 =
1
T

+T/2∫

−T/2

f(t) dt. (1.14)

Please note the prefactors 2/T or 1/T , respectively, in (1.13) and (1.14).
Equation (1.14) simply is the average of the function f(t). The “electricians”
amongst us, who might think of f(t) as current varying over time, would
call A0 the “DC”-component (DC = direct current, as opposed to AC =
alternating current). Now let’s multiply both sides of (1.4) with sinωkt and
integrate from −T/2 to +T/2.

We now have:

Bk =
2
T

+T/2∫

−T/2

f(t) sin ωkt dt for all k. (1.15)

Equations (1.13) and (1.15) may also be interpreted like: by weighting
the function f(t) with cos ωkt or sinωkt, respectively, we “pick” the spectral
components from f(t), when integrating, corresponding to the even or odd
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components, respectively, of the frequency ωk. In the following examples, we’ll
only state the functions f(t) in their basic interval −T/2 ≤ t ≤ +T/2. They
have to be extended periodically, however, as the definition goes, beyond this
basic interval.

Example 1.2 (“Constant”). See Fig. 1.4(left):

f(t) = 1
A0 = 1 “Average”
Ak = 0 for all k �= 0
Bk = 0 for all k (as f is even).

Example 1.3 (“Triangular function”). See Fig. 1.4(right):

f(t) =

⎧
⎪⎪⎨

⎪⎪⎩

1 +
2t

T
for − T/2 ≤ t ≤ 0

1 − 2t

T
for 0 ≤ t ≤ +T/2

.

Let’s recall: ωk =
2πk

T
A0 = 1/2 (“Average”).

For k �= 0 we get:

Ak =
2
T

⎡

⎢⎣
0∫

−T/2

(
1 +

2t

T

)
cos

2πkt

T
dt +

+T/2∫

0

(
1 − 2t

T

)
cos

2πkt

T
dt

⎤

⎥⎦

=
2
T

0∫

−T/2

cos
2πkt

T
dt +

2
T

+T/2∫

0

cos
2πkt

T
dt

︸ ︷︷ ︸
= 0

+
4

T 2

0∫

−T/2

t cos
2πkt

T
dt − 4

T 2

+T/2∫

0

t cos
2πkt

T
dt

� �

� �

t t

f(t) f(t)

−T
2

−T
2

+T
2

+T
2

Fig. 1.4. “Constant” (left); “Triangular function” (right). We only show the basic
intervals for both functions
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= − 8
T 2

+T/2∫

0

t cos
2πkt

T
dt.

In a last step, we’ll use
∫

x cos axdx = x
a sin ax + 1

a2 cos ax which finally
gives us:

Ak =
2(1 − cos πk)

π2k2
(k > 0),

(1.16)
Bk = 0 (as f is even).

A few more comments on the expression for Ak are in order:

i. For all even k, Ak disappears.
ii. For all odd k we get Ak = 4/(π2k2).
iii. For k = 0 we better use the average A0 instead of inserting k = 0 in

(1.16).

We could make things even simpler:

Ak =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

1
2

for k = 0

4
π2k2

for k odd

0 for k even, k �= 0

. (1.17)

The series’ elements decrease rapidly while k rises (to the power of two
in the case of odd k), but in principle we still have an infinite series. That’s
due to the “pointed roof” at t = 0 and the kink (continued periodically!)
at ±T/2 in our function f(t). In order to describe these kinks, we need an
infinite number of Fourier coefficients.

The following illustrations will show that things are never as bad as they
seem to be:

Using ω = 2π/T (see Fig. 1.5) we get:

f(t) =
1
2

+
4
π2

(
cos ωt +

1
9

cos 3ωt +
1
25

cos 5ωt + . . .

)
. (1.18)

We want to plot the frequencies of this Fourier series. Figure 1.6 shows
the result as produced, for example, by a spectrum analyser,2 if we would
use our “triangular function” f(t) as input signal.

2 On offer by various companies – for example as a plug-in option for oscilloscopes –
for a tidy sum of money.



10 1 Fourier Series

Fig. 1.5. The “triangular function” f(t) and consecutive approximations by a
Fourier series with more and more terms

Apart from the DC peak at ω = 0 we can also see the fundamental
frequency ω and all odd “harmonics”. We may also use this frequency plot to
get an idea about the margins of error resulting from discarding frequencies
above, say, 7ω. We will cover this in more detail later on.
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Fig. 1.6. Plot of the “triangular function’s” frequencies

1.1.4 Fourier Series in Complex Notation

Let me give you a mild warning before we dig into this chapter: in (1.4)
k starts from 0, meaning that we will rule out negative frequencies in our
Fourier series.

The cosine terms didn’t have a problem with negative frequencies. The
sign of the cosine argument doesn’t matter anyway, so we would be able to
go halves, like between brothers, for example, as far as the spectral intensity
at the positive frequency kω was concerned: −kω and kω would get equal
parts, as shown in Fig. 1.7.

As frequency ω = 0 – a frequency as good as any other frequency ω �= 0 –
has no “brother”, it will not have to go halves. A change of sign for the sine-
terms’ arguments would result in a change of sign for the corresponding series’
term. The splitting of spectral intensity like “between brothers” – equal parts
of −ωk and +ωk now will have to be like “between sisters”: the sister for −ωk

also gets 50%, but hers is minus 50%!

Fig. 1.7. Like Fig. 1.6, yet with positive and negative frequencies
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Instead of using (1.4) we might as well use:

f(t) =
+∞∑

k=−∞
(A

′

k cos ωkt + B
′

k sinωkt), (1.19)

where, of course, the following is true: A
′

−k = A
′

k, B
′

−k = −B
′

k. The formu-
las for the calculation of A

′

k and B
′

k for k > 0 are identical to (1.13) and
(1.15), though they lack the extra factor 2! Equation (1.14) for A0 stays un-
affected by this. This helps us avoid to provide a special treatment for the
DC-component.

Instead of (1.16) we could have used:

A
′

k =
(1 − cos πk)

π2k2
, (1.20)

which would also be valid for k = 0! To prove it, we’ll use a “dirty trick” or
commit a “venial” sin: we’ll assume, for the time being, that k is a continuous
variable that may steadily decrease towards 0. Then we apply l’Hospital’s rule
to the expression of type “0:0”, stating that numerator and denominator may
be differentiated separately with respect to k until limk→0 does not result in
an expression of type “0:0” any more. Like:

lim
k→0

1 − cos πk

π2k2
= lim

k→0

π sinπk

2π2k
= lim

k→0

π2 cos πk

2π2
=

1
2
. (1.21)

If you’re no sinner, go for the “average” A0 = 1/2 straight away!
Hint : In many standard Fourier transformation programs a factor 2 be-

tween A0 and Ak �=0 is wrong. This could be mainly due to the fact that
frequencies were permitted to be positive only for the basis functions, or pos-
itive and negative – like in (1.4). The calculation of the average A0 is easy
as pie, and therefore always recommended as a first test in case of a poorly
documented program. As B0 = 0, according to the definition, Bk is a bit
harder to check out. Later on we’ll deal with simpler checks (for example
Parseval’s theorem).

Now we’re set and ready for the introduction of complex notation. In the
following we’ll always assume that f(t) is a real function. Generalising this
for complex f(t) is no problem. Our most important tool is Euler’s identity:

eiαt = cos αt + i sin αt. (1.22)

Here, we use i as the imaginary unit that results in −1 when raised to the
power of two.

This allows us to rewrite the trigonometric functions as follows:

cos αt =
1
2
(eiαt + e−iαt),

sinαt =
1
2i

(eiαt − e−iαt).

(1.23)
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Inserting into (1.4) gives:

f(t) = A0 +
∞∑

k=1

(
Ak − iBk

2
eiωkt +

Ak + iBk

2
e−iωkt

)
. (1.24)

Using the short-cuts:

C0 = A0,

Ck =
Ak − iBk

2
, (1.25)

C−k =
Ak + iBk

2
, k = 1, 2, 3, . . . ,

we finally get:

f(t) =
+∞∑

k=−∞
Ckeiωkt, ωk =

2πk

T
. (1.26)

Caution: For k < 0 there will be negative frequencies. (No worries, accord-
ing to our above digression!) Pretty handy that Ck and C−k are conjugated
complex to each other (see “brother and sister”). Now Ck can be formulated
just as easily:

Ck =
1
T

+T/2∫

−T/2

f(t)e−iωktdt for k = 0,±1,±2, . . . (1.27)

Please note that there is a negative sign in the exponent. It will stay with
us till the end of this book. Please also note that the index k runs from −∞
to +∞ for Ck, whereas it runs from 0 to +∞ for Ak and Bk.

1.2 Theorems and Rules

1.2.1 Linearity Theorem

Expanding a periodic function into a Fourier series is a linear operation. This
means that we may use the two Fourier pairs:

f(t) ↔ {Ck;ωk} and
g(t) ↔ {C ′

k;ωk}

to form the following linear combination:

h(t) = af(t) + bg(t) ↔ {aCk + bC ′
k;ωk}. (1.28)

Thus, we may easily determine the Fourier series of a function by splitting
it into items whose Fourier series we already know.
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Fig. 1.8. “Triangular function” with average 0

Example 1.4 (Lowered “triangular function”). The simplest example is our
“triangular function” from Example 1.3, though this time it is symmetrical
to its base line (see Fig. 1.8): we only have to subtract 1/2 from our original
function. That means that the Fourier series remained unchanged while only
the average A0 now turned to 0.

The linearity theorem appears to be so trivial that you may accept it at
face-value even when you have “strayed from the path of virtue”. Straying
from the path of virtue is, for example, something as elementary as squaring.

1.2.2 The First Shifting Rule
(Shifting within the Time Domain)

Often, we want to know how the Fourier series changes if we shift the function
f(t) along the time axis. This, for example, happens on a regular basis if we
use a different interval, e.g. from 0 to T , instead of the symmetrical one from
−T/2 to T/2 we have used so far. In this situation, the First Shifting Rule
comes in very handy:

f(t) ↔ {Ck;ωk},
f(t − a) ↔

{
Cke−iωka;ωk

}
.

(1.29)

Proof (First Shifting Rule).

Cnew
k =

1
T

+T/2∫

−T/2

f(t − a)e−iωktdt =
1
T

+T/2−a∫

−T/2−a

f(t′)e−iωkt′e−iωkadt
′

= e−iωkaCold
k . �

We integrate over a full period, that’s why shifting the limits of the interval
by a does not make any difference.

The proof is trivial, the result of the shifting along the time axis not! The
new Fourier coefficient results from the old coefficient Ck by multiplying it
with the phase factor e−iωka. As Ck generally is complex, shifting “shuffles”
real and imaginary parts.
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Without using complex notation we get:

f(t) ↔ {Ak;Bk;ωk},
f(t − a) ↔ {Ak cos ωka − Bk sinωka;Ak sinωka + Bk cos ωka;ωk}.

(1.30)

Two examples follow:

Example 1.5 (Quarter period shifted “triangular function”). “Triangular func-
tion” (with average = 0) (see Fig. 1.8):

f(t) =

⎧
⎪⎪⎨

⎪⎪⎩

1
2

+
2t

T
for − T/2 ≤ t ≤ 0

1
2
− 2t

T
for 0 < t ≤ T/2

(1.31)

with Ck =

⎧
⎪⎪⎨

⎪⎪⎩

1 − cos πk

π2k2
=

2
π2k2

for k odd

0 for k even

.

Now let’s shift this function to the right by a = T/4:

fnew = fold(t − T/4).

So the new coefficients can be calculated as follows:

Cnew
k = Cold

k e−iπk/2 (k odd)

=
2

π2k2

(
cos

πk

2
− i sin

πk

2

)
(k odd) (1.32)

= − 2i
π2k2

(−1)
k−1
2 (k odd).

It’s easy to realise that Cnew
−k = −Cnew

k .
In other words: Ak = 0.
Using iBk = C−k − Ck we finally get:

Bnew
k =

4
π2k2

(−1)
k−1
2 k odd.

Using the above shifting we get an odd function (see Fig. 1.9b).

Example 1.6 (Half period shifted “triangular function”). Now we’ll shift the
same function to the right by a = T/2:

fnew = fold(t − T/2).
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The new coefficients then are:

Cnew
k = Cold

k e−iπk (k odd)

=
2

π2k2
(cos πk − i sin πk) (k odd)

(1.33)

= − 2
π2k2

(k odd)

(C0 = 0 stays).

So we’ve only changed the sign. That’s okay, as the function now is upside-
down (see Fig. 1.9c).

Warning : Shifting by a = T/4 will result in alternating signs for the
coefficients (Fig. 1.9b). The series of Fourier coefficients, that are decreasing
monotonically with k according to Fig. 1.9a, looks pretty “frazzled” after
shifting the function by a = T/4, due to the alternating sign.

Fig. 1.9. (a) “Triangular function” (with average = 0); (b) right-shifted by T/4;
(c) right-shifted by T/2
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1.2.3 The Second Shifting Rule
(Shifting within the Frequency Domain)

The First Shifting Rule showed us that shifting within the time domain leads
to a multiplication by a phase factor in the frequency domain. Reversing this
statement gives us the Second Shifting Rule:

f(t) ↔ {Ck;ωk},

f(t)ei 2πat
T ↔ {Ck−a;ωk}.

(1.34)

In other words, a multiplication of the function f(t) by the phase factor
ei2πat/T results in frequency ωk now being related to “shifted” coefficient
Ck−a – instead of the former coefficient Ck. A comparison between (1.34)
and (1.29) demonstrates the two-sided character of the two Shifting Rules. If
a is an integer, there won’t be any problem if you simply take the coefficient
shifted by a. But what if a is not an integer?

Strangely enough nothing serious will happen. Simply shifting like we did
before won’t work any more, but who is to keep us from inserting (k−a) into
the expression for old Ck, whenever k occurs.

(If it’s any help to you, do commit another venial sin and temporarily
consider k to be a continuous variable.) So, in the case of non-integer a we
didn’t really “shift” Ck, but rather recalculated it using “shifted” k.

Caution: If you have simplified a k-dependency in the expressions for Ck,
for example:

1 − cos πk =
{

0 for k even
2 for k odd

(as in (1.16)), you’ll have trouble replacing the “vanished” k with (k − a).
In this case, there’s only one way out: back to the expressions with all k-
dependencies without simplification.

Before we present examples, two more ways of writing down the Second
Shifting Rule are in order:

f(t) ↔ {Ak;Bk;ωk} ,

f(t)e
2πiat

T ↔
{

1
2
[Ak+a + Ak−a + i(Bk+a − Bk−a)]; (1.35)

1
2
[Bk+a + Bk−a + i(Ak−a − Ak+a)];ωk

}
.

Caution: This is true for k �= 0.
Old A0 then becomes Aa/2 + iBa/2 !
This is easily proved by solving (1.25) for Ak and Bk and inserting it in

(1.34):
Ak = Ck + C−k,

−iBk = Ck − C−k,
(1.36)
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Anew
k = Ck + C−k =

Ak−a − iBk−a

2
+

Ak+a + iBk+a

2
,

−iBnew
k = Ck − C−k =

Ak−a − iBk−a

2
− Ak+a + iBk+a

2
,

which leads to (1.35). We get the special treatment for A0 from:

Anew
0 = Cnew

0 =
A−a − iB−a

2
=

A+a + iB+a

2
.

The formulas become a lot simpler in case f(t) is real. Then we get:

f(t) cos
2πat

T
↔
{

Ak+a + Ak−a

2
;
Bk+a + Bk−a

2
;ωk

}
, (1.37)

old A0 becomes Aa/2 and also:

f(t) sin
2πat

T
↔
{

Bk+a − Bk−a

2
;
Ak−a − Ak+a

2
;ωk

}
,

old A0 becomes Ba/2.

Example 1.7 (“Constant”).

f(t) = 1 for − T/2 ≤ t ≤ +T/2 .

Ak = δk,0 (Kronecker symbol, see Sect. 4.1.2) or A0 = 1, all other Ak,
Bk vanish. Of course, we’ve always known that f(t) is a cosine wave with
frequency ω = 0 and therefore, only requires the coefficient for ω = 0.

Now, let’s multiply function f(t) by cos(2πt/T ), i.e. a = 1. From (1.37)
we can see:

Anew
k = δk−1,0, i.e. A1 = 1 (all others are 0),

or C1 = 1/2, C−1 = 1/2.

So, we have shifted the coefficient by a = 1 (to the right and to the left,
and gone halves, like “between brothers”).

This example demonstrates that the frequency ω = 0 is as good as any
other function. No kidding! If you know, for example, the Fourier series of a
function f(t) and consequently the solution for integrals of the form:

+T/2∫

−T/2

f(t)e−iωktdt

then you already have, using the Second Shifting Rule, solved all integrals
for f(t), multiplied by sin(2πat/T ) or cos(2πat/T ). No wonder, you only had
to combine phase factor ei2πat/T with phase factor e−iωkt!
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Example 1.8 (“Triangular function” multiplied by cosine). The function:

f(t) =

⎧
⎪⎪⎨

⎪⎪⎩

1 +
2t

T
for − T/2 ≤ t ≤ 0

1 − 2t

T
for 0 ≤ t ≤ T/2

is to be multiplied by cos(πt/T ), i.e. we shift the coefficients Ck by a = 1/2
(see Fig. 1.10). The new function still is even, and therefore we only have to
look after Ak:

Anew
k =

Aold
k+a + Aold

k−a

2
.

We use (1.16) for the old Ak (and stop using the simplified version (1.17)!):

Aold
k =

2(1 − cos πk)
π2k2

.

We then get:

Anew
k =

1
2

[
2(1 − cos π(k + 1/2))

π2(k + 1/2)2
+

2(1 − cos π(k − 1/2))
π2(k − 1/2)2

]

=
1 − cos πk cos(π/2) + sin πk sin(π/2)

π2(k + 1/2)2

+
1 − cos πk cos(π/2) − sin πk sin(π/2)

π2(k − 1/2)2
(1.38)

=
1

π2(k + 1/2)2
+

1
π2(k − 1/2)2

Anew
0 =

Aold
1/2

2
=

2(1 − cos(π/2))

2π2
(

1
2

)2 =
4
π2

.

Fig. 1.10. “Triangular function” (left);
(
cos πt

T

)
-function (middle); “Triangular

function” with
(
cos πt

T

)
-weighting (right)
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The new coefficients then are:

A0 =
4
π2

,

A1 =
1
π2

(
1

(
3
2

)2 +
1

(
1
2

)2

)
=

4
π2

(
1
9

+
1
1

)
=

4
π2

10
9

,

A2 =
1
π2

(
1

(
5
2

)2 +
1

(
3
2

)2

)
=

4
π2

(
1
25

+
1
9

)
=

4
π2

34
225

,

A3 =
1
π2

(
1

(
7
2

)2 +
1

(
5
2

)2

)
=

4
π2

(
1
49

+
1
25

)
=

4
π2

74
1225

, etc.

(1.39)

A comparison of these coefficients with the ones without the
(
cos πt

T

)
-

weighting shows what we’ve done:

without weighting with
(
cos πt

T

)
-weighting

A0
1
2

4
π2

A1
4

π2
4

π2
10
9

A2 0 4
π2

34
225

A3
4

π2
1
9

4
π2

74
1225 .

(1.40)

We can see the following:

i. The average A0 got somewhat smaller, as the rising and falling flanks
were weighted with the cosine, which, except for t = 0, is less than 1.

ii. We raised coefficient A1 a bit, but lowered all following odd coefficients
a bit, too. This is evident straight away, if we convert:

1
(2k + 1)2

+
1

(2k − 1)2
<

1
k2

to 8k4 − 10k2 + 1 > 0.

This is not valid for k = 1, yet all bigger k.
iii. Now we’ve been landed with even coefficients, that were 0 before.

We now have twice as many terms in the series as before, though they go
down at an increased rate when k increases. The multiplication by cos(πt/T )
caused the kink at t = 0 to turn into a much more pointed “spike”. This
should actually make for a worsening of convergence or a slower rate of de-
crease of the coefficients. We have, however, rounded the kink at the interval-
boundary ±T/2, which naturally helps, but we couldn’t reasonably have pre-
dicted what exactly was going to happen.
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1.2.4 Scaling Theorem

Sometimes we happen to want to scale the time axis. In this case, there is no
need to re-calculate the Fourier coefficients. From:

f(t) ↔ {Ck;ωk}
we get: f(at) ↔

{
Ck;

ωk

a

}
.

(1.41)

Here, a must be real! For a > 1 the time axis will be stretched and, hence,
the frequency axis will be compressed. For a < 1 the opposite is true. The
proof for (1.41) is easy and follows from (1.27):

Cnew
k =

a

T

+T/2a∫

−T/2a

f(at)e−iωkt dt =
a

T

+T/2∫

−T/2

f(t′)e−iωkt′/a 1
a

dt′

with t′ = at

= Cold
k with ωnew

k =
ωold

k

a
.

Please note that we also have to stretch or compress the interval limits
because of the requirement of periodicity. Here, we have tacitly assumed
a > 0. For a < 0, we would only reverse the time axis and, hence, also the
frequency axis. For the special case a = −1 we have:

f(t) ↔ {Ck, ωk},
f(−t) ↔ {Ck;−ωk}.

(1.42)

1.3 Partial Sums, Bessel’s Inequality, Parseval’s
Equation

For practical work, infinite Fourier series have to get terminated at some
stage, regardless. Therefore, we only use a partial sum, say until we reach
kmax = N . This Nth partial sum then is:

SN =
N∑

k=0

(Ak cos ωkt + Bk sinωkt). (1.43)

Terminating the series results in the following squared error:

δ2
N =

1
T

∫

T

[f(t) − SN (t)]2dt. (1.44)
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The “T” below the integral symbol means integration over a full period.
This definition will become plausible in a second if we look at the discrete
version:

δ2
N =

1
N

N∑

i=1

(fi − si)2.

Please note that we divide by the length of the interval, to compensate
for integrating over the interval T . Now we know that the following is correct
for the infinite series:

lim
N→∞

SN =
∞∑

k=0

(Ak cos ωkt + Bk sin ωkt) (1.45)

provided the Ak and Bk happen to be the Fourier coefficients. Does this
also have to be true for the Nth partial sum? Isn’t there a chance the
mean squared error would get smaller, if we used other coefficients instead of
Fourier coefficients? That’s not the case! To prove it, we’ll now insert (1.43)
and (1.44) in (1.45), leave out limN→∞ and get:

δ2
N =

1
T

⎧
⎨

⎩

∫

T

f2(t)dt − 2
∫

T

f(t)SN (t)dt +
∫

T

S2
N (t)dt

⎫
⎬

⎭

=
1
T

⎧
⎨

⎩

∫

T

f2(t)dt

− 2
∫

T

∞∑

k=0

(Ak cos ωkt + Bk sinωkt)
N∑

k=0

(Ak cos ωkt + Bk sin ωkt)dt

+
∫

T

N∑

k=0

(Ak cos ωkt + Bk sin ωkt)
N∑

k=0

(A′
k cos ω′

kt + B′
k sinω′

kt)dt

⎫
⎬

⎭

=
1
T

⎧
⎨

⎩

∫

T

f2(t)dt − 2TA2
0 − 2

T

2

N∑

k=1

(A2
k + B2

k) + TA2
0

+
T

2

N∑

k=1

(A2
k + B2

k)

}

=
1
T

∫

T

f2(t)dt − A2
0 −

1
2

N∑

k=1

(A2
k + B2

k). (1.46)

Here, we made use of the somewhat cumbersome orthogonality properties
of (1.10), (1.11) and (1.12). As the A2

k and B2
k always are positive, the mean

squared error will drop monotonically while N increases.
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Example 1.9 (Approximating the “triangular function”). The “Triangular
function”:

f(t) =

⎧
⎪⎪⎨

⎪⎪⎩

1 +
2t

T
for − T/2 ≤ t ≤ 0

1 − 2t

T
for 0 ≤ t ≤ T/2

(1.47)

has the mean squared “signal”:

1
T

+T/2∫

−T/2

f2(t)dt =
2
T

+T/2∫

0

f2(t)dt =
2
T

+T/2∫

0

(
1 − 2

t

T

)2

dt =
1
3
. (1.48)

The most coarse, meaning 0th, approximation is:

S0 = 1/2, i.e.

δ2
0 = 1/3 − 1/4 = 1/12 = 0.0833 . . .

The next approximation results in:

S1 = 1/2 + 4
π2 cos ωt, i.e.

δ2
1 = 1/3 − 1/4 − 1/2

(
4

π2

)2 = 0.0012 . . .

For δ2
3 we get 0.0001915 . . . , the approximation of the partial sum to the

“triangle” quickly gets better and better.

As δ2
N is always positive, we finally arrive from (1.46) at Bessel’s inequal-

ity:

1
T

∫

T

f2(t)dt ≥ A2
0 +

1
2

N∑

k=1

(A2
k + B2

k). (1.49)

For the border-line case of N → ∞ we get Parseval’s equation:

1
T

∫

T

f2(t)dt = A2
0 +

1
2

∞∑

k=1

(A2
k + B2

k). (1.50)

Parseval’s equation may be interpreted as follows: 1/T
∫

f2(t)dt is the
mean squared “signal” within the time domain, or – more colloquially – the
“information content”. Fourier series don’t lose this information content: it’s
in the squared Fourier coefficients.

The rule of thumb, therefore, is:

“The information content isn’t lost”
or

“Nothing goes missing in this house.”
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Here, we simply have to mention an analogy with the energy density of
the electromagnetic field: w = 1

2 (E2 + B2) with ε0 = µ0 = 1, as often is
customary in theoretical physics. The comparison has got some weak sides,
as E and B have nothing to do with even and odd components.

Parseval’s equation is very useful: you can use it to easily sum up infinite
series. I think you’d always have been curious how we arrive at formulas such
as, for example,

∞∑

k=1
odd

1
k4

=
π4

96
. (1.51)

Our “triangular function” (1.47) is behind it! Insert (1.48) and (1.17) in
(1.50), and you’ll get:

1
3

=
1
4

+
1
2

∞∑

k=1
odd

(
4

π2k2

)2

(1.52)

or
∞∑

k=1
odd

1
k4

=
2
12

π4

16
=

π4

96
.

1.4 Gibbs’ Phenomenon

So far we’ve only been using smooth functions as examples for f(t), or –
like the much-used “triangular function” – functions with “a kink”, that’s
a discontinuity in the first derivative. This pointed kink made sure that we
basically needed an infinite number of terms in the Fourier series. Now, what
will happen if there is a step, a discontinuity, in the function itself? This
certainly won’t make the problem with the infinite number of elements any
smaller. Is there any way to approximate such a step by using the Nth partial
sum, and will the mean squared error for N → ∞ approach 0? The answer is
clearly “Yes and No”. Yes, because it apparently works, and no, because
Gibbs’ phenomenon happens at the steps, an overshoot or undershoot, that
doesn’t disappear for N → ∞.

In order to understand this, we’ll have to dig a bit wider.

1.4.1 Dirichlet’s Integral Kernel

The following expression is called Dirichlet’s integral kernel:

DN (x) =
sin

(
N + 1

2

)
x

2 sin x
2

= 1
2 + cos x + cos 2x + · · · + cos Nx.

(1.53)
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The second equal sign can be proved as follows:
(
2 sin x

2

)
DN (x) = 2 sin x

2 ×
(

1
2 + cos x + cos 2x + · · · + cos Nx

)

= sin x
2 + 2 cos x sin x

2 + 2 cos 2x sin x
2 + · · ·

+ 2 cos Nx sin x
2

= sin
(
N + 1

2

)
x.

(1.54)

Here we have used the identity:

2 sin α cos β = sin(α + β) + sin(α − β)
with α = x/2 and β = nx, n = 1, 2, . . . , N.

By insertion, we see that all pairs of terms cancel out each other, except
for the last one.

Figure 1.11 shows a few examples for DN (x). Please note that DN (x) is
periodic in 2π. This is immediately evident from the cosine notation. With
x = 0 we get DN (0) = N +1/2, between 0 and 2π DN (x) oscillates around 0.

In the border-line case of N → ∞ everything averages to 0, except for
x = 0 (modulo 2π), that’s where DN (x) grows beyond measure. Here we’ve
found a notation for the δ-function (see Chap. 2)! Please excuse the two venial
sins I’ve committed here: first, the δ-function is a distribution (and not a
function!), and second, limN→∞ DN (x) is a whole “comb” of δ-functions 2π
apart.

Fig. 1.11. DN (x) = 1/2 + cos x + cos 2x + · · · + cos Nx
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1.4.2 Integral Notation of Partial Sums

We need a way to sneak up on the discontinuity, from the left and the
right. That’s why we insert the defining equations for the Fourier coefficients,
(1.13)–(1.15), in (1.43):

SN (t) =
1
T

+T/2∫

−T/2

f(x)dx

{
(k = 0)-term taken out
of the sum

+
N∑

k=1

2
T

+T/2∫

−T/2

(
f(x) cos

2πkx

T
cos

2πkt

T

+ f(x) sin
2πkx

T
sin

2πkt

T

)
dx (1.55)

=
2
T

+T/2∫

−T/2

f(x)

(
1
2

+
N∑

k=1

cos
2πk(x − t)

T

)
dx

=
2
T

+T/2∫

−T/2

f(x)DN

(
2π(x−t)

T

)
dx.

Using the abbreviation x − t = u we get:

SN (t) =
2
T

+T/2−t∫

−T/2−t

f(u + t)DN ( 2πu
T )du. (1.56)

As both f and D are periodic in T , we may shift the integration bound-
aries by t with impunity, without changing the integral. Now we split the
integration interval from −T/2 to +T/2:

SN (t) =
2
T

⎧
⎪⎨

⎪⎩

0∫

−T/2

f(u + t)DN ( 2πu
T )du +

+T/2∫

0

f(u + t)DN ( 2πu
T )du

⎫
⎪⎬

⎪⎭

(1.57)

=
2
T

+T/2∫

0

[f(t − u) + f(t + u)]DN ( 2πu
T )du.

Here, we made good use of the fact that DN is an even function (sum
over cosine terms!).
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Riemann’s localisation theorem – which we won’t prove here in the scien-
tific sense, but which can be understood straight away using (1.57) – states
that the convergence behaviour of SN (t) for N → ∞ only depends on the
immediate proximity to t of the function:

lim
N→∞

SN (t) = S(t) =
f(t+) + f(t−)

2
. (1.58)

Here t+ and t− mean the approach to t, from above and below, respec-
tivly. Contrary to a continuous function with a non-differentiability (“kink”),
where limN→∞ SN (t) = f(t), (1.58) means, that in the case of a discontinuity
(“step”) at t, the partial sum converges to a value that’s “half-way” there.

That seems to make sense.

1.4.3 Gibbs’ Overshoot

Now we’ll have a closer look at the unit step (see Fig. 1.12):

f(t) =
{
−1/2 for − T/2 ≤ t < 0
+1/2 for 0 ≤ t ≤ T/2 with periodic continuation. (1.59)

At this stage we’re only interested in the case where t > 0, and t ≤ T/4.
The integrand in (1.57) prior to Dirichlet’s integral kernel is:

f(t − u) + f(t + u) =

⎧
⎨

⎩

1 for 0 ≤ u < t
0 for t ≤ u < T/2 − t

−1 for (T/2) − t ≤ u < T/2
. (1.60)

Inserting in (1.57) results in:

Fig. 1.12. Unit step
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SN (t) =
2
T

⎧
⎪⎨

⎪⎩

t∫

0

DN ( 2πu
T )du −

T/2∫

(T/2)−t

DN ( 2πu
T )du

⎫
⎪⎬

⎪⎭

=

⎧
⎪⎨

⎪⎩
1
π

2πt/T∫

0

DN (x)dx −
0∫

−2πt/T

DN (x − π)dx

⎫
⎪⎬

⎪⎭
(with x = 2πu

T ) (with x = 2πu
T − π).

(1.61)

Now we will insert the expression of Dirichlet’s kernel as sum of cosine
terms and integrate them:

SN (t) =
1
π

{
πt

T
+

sin 2πt
T

1
+

sin 2 2πt
T

2
+ · · · +

sinN 2πt
T

N

−
(

πt

T
−

sin 2πt
T

1
+

sin 2 2πt
T

2
− · · · + (−1)N sinN 2πt

T

N

)}
(1.62)

=
2
π

N∑

k=1
odd

1
k

sin
2πkt

T
.

This function is the expression of the partial sums of the unit step. In
Fig. 1.13 we show some approximations.

Figure 1.14 shows the 49th partial sum. As we can see, we’re already
getting pretty close to the unit step, but there are overshoots and undershoots
near the discontinuity. Electro-technical engineers know this phenomenon

Fig. 1.13. Partial sum expression of unit step
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Fig. 1.14. Partial sum expression of unit step for N = 49

when using filters with very steep flanks: the signal “rings”. We could be led
to believe that the amplitude of these overshoots and undershoots will get
smaller and smaller, provided only we make N big enough. We haven’t got a
chance! Comparing Fig. 1.13 with Fig. 1.14 should have made us think twice.
We’ll have a closer look at that, using the following approximation: N is to
be very big and t (or x in (1.61), respectively) very small, i.e. close to 0.

Then we may neglect 1/2 with respect to N in the numerator of Dirichlet’s
kernel and simply use x/2 in the denominator, instead of sin(x/2):

DN (x) → sin Nx

x
. (1.63)

Therefore, the partial sum for large N and close to t = 0 becomes:

SN (t) → 1
π

2πNt/T∫

0

sin z

z
dz

(1.64)
with z = Nx.

That is the sine integral. We’ll get the extremes at dSN (t)/dt
!= 0. Dif-

ferentiating with respect to the upper integral boundary gives:

1
π

2πN

T

sin z

z

!= 0 (1.65)

or z = lπ with l = 1, 2, 3, . . . The first extreme on t1 = T/(2N) is a maximum,
the second extreme at t2 = T/N is a minimum (as can easily be seen). The
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extremes get closer and closer to each other for N → ∞. How big is SN (t1)?
Insertion in (1.64) gives us the value of the “overshoot”:

SN (t1) →
1
π

π∫

0

sin z

z
dz =

1
2

+ 0.0895. (1.66)

Using the same method we get the value of the “undershoot”:

SN (t2) →
1
π

2π∫

0

sin z

z
dz =

1
2
− 0.048. (1.67)

I bet you’ve noticed that, in the approximation of N big and t small,
the value of the overshoot or undershoot doesn’t depend on N at all any
more. Therefore, it doesn’t make sense to make N as big as possible, the
overshoots and undershoots will settle at values of +0.0895 and −0.048 and
stay there. We could still show that the extremes decrease monotonically
until t = T/4; thereafter, they’ll be mirrored and increase (cf. Fig. 1.14).
Now what about our mean squared error for N → ∞? The answer is simple:
the mean squared error approaches 0 for N → ∞, though the overshoots
and undershoots stay. That’s the trick: as the extremes get closer and closer
to each other, the area covered by the overshoots and the undershoots with
the function f(t) = 1/2 (t > 0) approaches 0 all the same. Integration will
only come up with areas of measure 0 (I’m sure I’ve committed at least a
venial sin by putting it this way). The moral of the story: a kink in the
function (non-differentiability) lands us with an infinite Fourier series, and
a step (discontinuity) gives us Gibbs’ “ringing” to boot. In a nutshell: avoid
steps wherever it’s possible!

Playground

1.1. Very Speedy
A broadcasting station transmits on 100 MHz. Calculate the angular fre-
quency ω and the period T for one complete oscillation. How far travels an
electromagnetic pulse (or a light pulse!) in this time? Use the vacuum velocity
of light c ≈ 3 × 108 m/s.

1.2. Totally Odd
Given is the function f(t) = cos(πt/2) for 0 < t ≤ 1 with periodic continua-
tion. Plot this function. Is this function even, odd, or mixed? If it is mixed,
decompose it into even and odd components and plot them.

1.3. Absolutely True
Calculate the complex Fourier coefficients Ck for f(t) = sinπt for 0 ≤ t ≤ 1
with periodic continuation. Plot f(t) with periodic continuation. Write down
the first four terms in the series expansion.
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1.4. Rather Complex
Calculate the complex Fourier coefficients Ck for f(t) = 2 sin(3πt/2) cos(πt/2)
for 0 ≤ t ≤ 1 with periodic continuation. Plot f(t).

1.5. Shiftily
Shift the function f(t) = 2 sin(3πt/2) cos(πt/2) = sin πt+sin 2πt for 0 ≤ t ≤ 1
with periodic continuation by a = −1/2 to the left and calculate the complex
Fourier coefficient Ck. Plot the shifted f(t) and its decomposition into first
and second parts and discuss the result.

1.6. Cubed
Calculate the complex Fourier coefficients Ck for f(t) = cos3 2πt for 0 ≤ t ≤ 1
with periodic continuation. Plot this function. Now use (1.5) and the Second
Shifting Rule to check your result.

1.7. Tackling Infinity
Derive the result for the infinite series

∑∞
k=1 1/k4 using Parseval’s theorem.

Hint : Instead of the triangular function try a parabola!

1.8. Smoothly
Given is the function f(t) = [1−(2t)2]2 for −1/2 ≤ t ≤ 1/2 with periodic con-
tinuation. Use (1.63) and argue how the Fourier coefficients Ck must depend
on k. Check it by calculating the Ck directly.



2 Continuous Fourier Transformation

Mapping of an Arbitrary Function f(t) to the

Fourier-transformed Function F (ω)

2.1 Continuous Fourier Transformation

Preliminary remark : Contrary to Chap. 1, here we won’t limit things to
periodic f(t). The integration interval is the entire real axis (−∞,+∞).

For this purpose we’ll look at what happens at the transition from a
series-representation to an integral-representation:

Series: Ck =
1
T

+T/2∫

−T/2

f(t)e−2πikt/T dt. (2.1)

Now: T → ∞ ωk =
2πk

T
→ ω,

discrete continuous

lim
T→∞

(TCk) =

+∞∫

−∞

f(t)e−iωtdt. (2.2)

Before we get into the definition of the Fourier transformation, we have
to do some homework.

2.1.1 Even and Odd Functions

A function is called even, if

f(−t) = f(t). (2.3)

A function is called odd, if

f(−t) = −f(t). (2.4)

Any general function may be split into an even and an odd part. We’ve
heard that before, at the beginning of Chap. 1, and of course it’s true whether
the function f(t) is periodic or not.
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2.1.2 The δ-Function

Die δ-function is a distribution,1 not a function. In spite of that, it’s always
called δ-function. Its value is zero anywhere except when its argument is
equal to 0. In this case it is ∞. If you think that’s too steep or pointed for
you, you may prefer a different definition:

δ(t) = lim
a→∞

fa(t)

(2.5)

with fa(t) =

⎧
⎪⎨

⎪⎩

a for − 1
2a

≤ t ≤ 1
2a

0 else

.

Now we have a pulse for the duration of −1/2a ≤ t ≤ 1/2a with height
a and keep diminishing the width of the pulse while keeping the area un-
changed (normalised to 1), viz. the height goes up while the width gets
smaller. That’s the reason why the δ-function often is also called impulse.
At the end of Chap. 1 we already had heard about a representation of the
δ-function: Dirichlet’s kernel for N → ∞. If we restrict things to the basis
interval −π ≤ t ≤ +π, we get:

+π∫

−π

DN (x)dx = π, independent of N, (2.6)

and thus
1
π

lim
N→∞

+π∫

−π

f(t)DN (t)dt = f(0). (2.7)

In the same way, the δ-function “picks” the integrand where the latter’s
argument is 0 during integration (we always have to integrate over the δ-
function!):

+∞∫

−∞

f(t)δ(t)dt = f(0). (2.8)

Another representation for the δ-function, which we’ll frequently use, is:

δ(ω) =
1
2π

+∞∫

−∞

eiωtdt. (2.9)

1 Generalised function. The theory of distributions is an important basis of modern
analysis, and impossible to understand without additional reading. A more in-
depth treatment of its theory, however, is not required for the applications in
this book.
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Purists may multiply the integrand with a damping-factor, for example
e−α|t|, and then introduce limα→0. This won’t change the fact that everything
gets “oscillated” or averaged away for all frequencies ω �= 0 (venial sin: let’s
think in whole periods for once!), whereas for ω = 0 integration will be over
the integrand 1 from −∞ to +∞, i.e. the result will have to be ∞.

2.1.3 Forward and Inverse Transformation

Let’s define:

Definition 2.1 (Forward transformation).

F (ω) =

+∞∫

−∞

f(t)e−iωtdt. (2.10)

Definition 2.2 (Inverse transformation).

f(t) =
1
2π

+∞∫

−∞

F (ω)e+iωtdω. (2.11)

Caution:

i. In the case of the forward transformation, there is a minus sign in the
exponent (cf. (1.27)), in the case of the inverse transformation, this is a
plus sign.

ii. In the case of the inverse transformation, 1/2π is in front of the integral,
contrary to the forward transformation.

The asymmetric aspect of the formulas has tempted many scientists to
introduce other definitions, for example to write a factor 1/

√
(2π) for forward

as well as inverse transformation. That’s no good, as the definition of the
average F (0) =

∫ +∞
−∞ f(t)dt would be affected. Weaver’s representation is

correct, though not widely used:

Forward transformation: F (ν) =

+∞∫

−∞

f(t)e−2πiνtdt,

Inverse transformation: f(t) =

+∞∫

−∞

F (ν)e2πiνtdν.

Weaver, as can be seen, doesn’t use the angular frequency ω, but rather
the frequency ν. This effectively made the formulas look symmetrical, though
it saddles us with many factors 2π in the exponent. We’ll stick to the defini-
tions (2.10) and (2.11).
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We now want to demonstrate that the inverse transformation returns us
to the original function. For the forward transformation, we often will use
FT(f(t)), and for the inverse transformation we will use FT−1(F (ω)). We’ll
start with the inverse transformation and insert:

f(t) =
1
2π

+∞∫

−∞

F (ω)eiωtdω =
1
2π

+∞∫

−∞

dω

+∞∫

−∞

f(t′)e−iωt′eiωtdt′

=
1
2π

+∞∫

−∞

f(t′)dt′
+∞∫

−∞

eiω(t−t′)dω

interchange integration (2.12)

=

+∞∫

−∞

f(t′)δ(t − t′)dt′ = f(t) . q.e.d.2

Here we have used (2.8) and (2.9). For f(t) = 1 we get:

FT(δ(t)) = 1. (2.13)

The impulse, therefore, requires all frequencies with unity amplitude for its
Fourier representation (“white” spectrum). Conversely:

FT(1) = 2πδ(ω). (2.14)

The constant 1 can be represented by a single spectral component, viz. ω = 0.
No others occur. As we have integrated from −∞ to +∞, naturally an ω = 0
will also result in infinity for intensity.

We realise the dual character of the forward and inverse transformations:
a very slowly varying function f(t) will have a very high spectral density for
very small frequencies; the spectral density will go down quickly and rapidly
approaches 0. Conversely, a quickly varying function f(t) will show spectral
density over a very wide frequency range: Fig. 2.1 explains this once again.

Let’s discuss a few examples now.

Example 2.1 (“Rectangle, even”).

f(t) =
{

1 for − T/2 ≤ t ≤ T/2
0 else .

F (ω) = 2

T/2∫

0

cos ωtdt = T
sin(ωT/2)

ωT/2
.

(2.15)

2 In Latin: “quod erat demonstrandum”, “what we’ve set out to prove”.
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Fig. 2.1. A slowly-varying function has only low-frequency spectral components
(top); a rapidly-falling function has spectral components spanning a wide range of
frequencies (bottom)

The imaginary part is 0, as f(t) is even. The Fourier transformation of
a rectangular function, therefore, is of the type sin x

x . Some authors use the
expression sinc(x) for this case. What the “c” stands for, I don’t know. The
“c” already has been “used up” when defining the complementary error-
function erfc(x) = 1 − erf(x). That’s why we’d rather stick to sin x

x . These
functions f(t) and F (ω) are shown in Fig. 2.2. They’ll keep us busy for quite
a while.

Fig. 2.2. “Rectangular function” and Fourier transformation of type
sin x

x
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Keen readers would have spotted the following immediately: if we made
the interval smaller and smaller, and did not fix f(t) at 1 in return, but let
it grow at the same rate as T decreases (“so the area under the curve stays
constant”), then in limT→∞ we would have a new representation of the δ-
function. Again, we get the case where overshoot- and undershoot on the one
hand get closer to each other when T gets smaller, but on the other hand,
their amplitude doesn’t decrease. The shape sin x

x will stay the same. As we’re
already familiar with Gibbs’ phenomenon in the case of steps, this naturally
will not surprise us any more. Contrary to the discussion in Sect. 1.4.3, we
don’t have a periodic continuation of f(t) beyond the integration interval, i.e.
there are two steps (one up, one down). It’s irrelevant that f(t) on average
isn’t 0. It is important that for:

ω → 0 sin(ωT/2)/(ωT/2) → 1

(use l’Hospital’s rule or sinx ≈ x for small x).

Now, we calculate the Fourier transform of important functions. Let us
start with the Gaussian.

Example 2.2 (The normalised Gaussian). The prefactor is chosen in such a
way that the area is 1.

f(t) =
1

σ
√

2π
e−

1
2

t2

σ2 .

F (ω) =
1

σ
√

2π

+∞∫

−∞

e−
1
2

t2

σ2 e−iωtdt (2.16)

=
2

σ
√

2π

+∞∫

0

e−
1
2

t2

σ2 cos ωt dt

= e−
1
2 σ2ω2

.

Again, the imaginary part is 0, as f(t) is even. The Fourier transform of a
Gaussian results in another Gaussian. Note that the Fourier transform is not
normalised to area 1. The 1/2 occurring in the exponent is handy (could also
have been absorbed into σ), as the following is true for this representation:

σ =
√

2 ln 2 × HWHM (half width at half maximum = HWHM)
= 1.177 × HWHM.

(2.17)

f(t) has σ in the exponent’s denominator, F (ω) in the numerator: the
slimmer f(t), the wider F (ω) and vice versa (cf. Fig. 2.3).
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Fig. 2.3. Gaussian and Fourier transform (= equally a Gaussian)

Example 2.3 (Bilateral exponential function).

f(t) = e−|t|/τ .

(2.18)

F (ω) =

+∞∫

−∞

e−|t|/τe−iωtdt = 2

+∞∫

0

e−t/τ cos ωtdt =
2τ

1 + ω2τ2
.

As f(t) is even, the imaginary part is 0. The Fourier transform of the
exponential function is a Lorentzian (cf. Fig. 2.4).

Example 2.4 (Unilateral exponential function).

f(t) =
{

e−λt for t ≥ 0
0 else . (2.19)

Fig. 2.4. Bilateral exponential function and Fourier transformation (=Lorentzian)
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Fig. 2.5. Polar representation of a complex number z = a + ib

F (ω) =

∞∫

0

e−λte−iωtdt =
e−(λ+iω)t

−(λ + iω)

∣∣∣∣
+∞

0

(2.20)

=
1

λ + iω
=

λ

λ2 + ω2
+

−iω
λ2 + ω2

. (2.21)

(Sorry : When integrating in the complex plane, we really should have used
the Residue Theorem3 instead of integrating in a rather cavalier fashion. The
result, however, is correct all the same.)

F (ω) is complex, as f(t) is neither even nor odd. We now can write the
real and the imaginary parts separately (cf. Fig. 2.7). The real part has a
Lorentzian shape we’re familiar with by now, and the imaginary part has
a dispersion shape. Often the so-called polar representation is used, too, so
we’ll deal with that one in Sect. 2.1.4.

Examples in physics: the damped oscillation that is used to describe the
emission of a particle (for example a photon, a γ-quantum) from an excited
nuclear state with a lifetime of τ (meaning, that the excited state depopulates
according to e−t/τ ), results in a Lorentzian-shaped emission line. Exponen-
tial relaxation processes will result in Lorentzian-shaped spectral lines, for
example in the case of nuclear magnetic resonance.

2.1.4 Polar Representation of the Fourier Transform

Every complex number z = a + ib can be represented in the complex plane
by its magnitude and phase ϕ:

z = a + ib =
√

a2 + b2 eiϕ with tanϕ = b/a.

This allows us to represent the Fourier transform of the “unilateral” ex-
ponential function as in Fig. 2.6.

Alternatively to the polar representation, we can also represent the real
and imaginary parts separately (cf. Fig. 2.7).

Please note that |F (ω)| is no Lorentzian! If you want to “stick” to
this property, you better represent the square of the magnitude: |F (ω)|2 =
3 The Residue Theorem is part of the theory of functions of complex variables.



2.1 Continuous Fourier Transformation 41

Fig. 2.6. Unilateral exponential function, magnitude of the Fourier transform and
phase (imaginary part/real part)

Fig. 2.7. Real part and imaginary part of the Fourier transform of a unilateral
exponential function

1/(λ2 + ω2) is a Lorentzian again. This representation is often also called the
power representation: |F (ω)|2 = (real part)2 + (imaginary part)2. The phase
goes to 0 at the maximum of |F (ω)|, i.e. when “in resonance”.

Warning : The representation of the magnitude as well as of the squared
magnitude does away with the linearity of the Fourier transformation!

Finally, let’s try out the inverse transformation and find out how we return
to the “unilateral” exponential function (the Fourier transform didn’t look
all that “unilateral”!):

f(t) =
1
2π

+∞∫

−∞

λ − iω
λ2 + ω2

eiωtdω

=
1
2π

⎧
⎨

⎩2λ

+∞∫

0

cos ωt

λ2 + ω2
dω + 2

+∞∫

0

ω sin ωt

λ2 + ω2
dω

⎫
⎬

⎭

(2.22)

=
1
π

{π

2
e−|λt| ± π

2
e−|λt|

}
, where

“+” for t ≥ 0
“−” for t < 0

is valid

=
{

e−λt for t ≥ 0
0 else .
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2.2 Theorems and Rules

2.2.1 Linearity Theorem

For completeness’ sake, once again:

f(t) ↔ F (ω),
g(t) ↔ G(ω),
a · f(t) + b · g(t) ↔ a · F (ω) + b · G(ω).

(2.23)

2.2.2 The First Shifting Rule

We already know: shifting in the time domain means modulation in the fre-
quency domain:

f(t) ↔ F (ω),
f(t − a) ↔ F (ω)e−iωa.

(2.24)

The proof is quite simple.

Example 2.5 (“Rectangular function”).

f(t) =
{

1 for T/2 ≤ t ≤ T/2
0 else .

(2.25)

F (ω) = T
sin(ωT/2)

ωT/2
.

Now we shift the rectangle f(t) by a = T/2 → g(t), and then get (see Fig. 2.8):

G(ω) = T
sin(ωT/2)

ωT/2
e−iωT/2

(2.26)

= T
sin(ωT/2)

ωT/2
(cos(ωT/2) − i sin(ωT/2)).

The real part gets modulated with cos(ωT/2). The imaginary part which
before was 0, now is unequal to 0 and “complements” the real part exactly, so
|F (ω)| stays the same. Equation (2.24) contains “only” a phase factor e−iωa,
which is irrelevant as far as the magnitude is concerned. As long as you only
look at the power spectrum, you may shift the function f(t) along the time-
axis as much as you want: you won’t notice any effect. In the phase of the
polar representation, however, you’ll see the shift again:

tan ϕ =
imaginary part

real part
= − sin(ωT/2)

cos(ωT/2)
= − tan(ωT/2)

or ϕ = −ωT/2.

(2.27)

Don’t worry about the phase ϕ overshooting ±π/2.
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Fig. 2.8. “Rectangular function”, real part, imaginary part, magnitude of Fourier
transform (left from top to bottom); for the “rectangular function”, shifted to the
right by T/2 (right from top to bottom)

2.2.3 The Second Shifting Rule

We already know: a modulation in the time domain results in a shift in the
frequency domain:

f(t) ↔ F (ω),
f(t)e−iω0t ↔ F (ω − ω0).

(2.28)

If you prefer real modulations, you may write:

FT(f(t) cos ω0t) =
F (ω + ω0) + F (ω − ω0)

2
,

(2.29)
FT(f(t) sin ω0t) = i

F (ω + ω0) − F (ω − ω0)
2

.
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This follows from Euler’s identity (1.22) straight away.

Example 2.6 (“Rectangular function”).

f(t) =
{

1 for − T/2 ≤ t ≤ +T/2
0 else .

F (ω) = T
sin(ωT/2)

ωT/2
(cf. (2.15))

and
g(t) = cos ω0t. (2.30)

Using h(t) = f(t)g(t) and the Second Shifting Rule we get:

H(ω) =
T

2

{
sin[(ω + ω0)T/2]

(ω + ω0)T/2
+

sin[(ω − ω0)T/2]
(ω − ω0)T/2

}
. (2.31)

This means: the Fourier transform of the function cosω0t within the in-
terval −T/2 ≤ t ≤ T/2 (and outside equal to 0) consists of two frequency
peaks, one at ω = −ω0 and another one at ω = +ω0. The amplitude naturally
gets split evenly (“between brothers”). If we had ω0 = 0, then we’d get the
central peak ω = 0 once again; increasing ω0 splits this peak into two peaks,
moving to the left and the right (cf. Fig. 2.9).

If you don’t like negative frequencies, you may flip the negative half-plane,
so you’ll only get one peak at ω = ω0 with twice (that’s the original) intensity.

Caution: For small frequencies ω0 the sidelobes of the function sin x
x tend

to “rub shoulders”, meaning that they interfere with each other. Even flipping
the negative half-plane won’t help that. Figure 2.10 explains the problem.

2.2.4 Scaling Theorem

Similar to (1.41) the following is true:

f(t) ↔ F (ω),

f(at) ↔ 1
|a|F

(ω

a

)
.

(2.32)

Proof (Scaling). Analogously to (1.41) with the difference that here we cannot
stretch or compress the interval limits ±∞:

F (ω)new =
1
T

+∞∫

−∞

f(at)e−iωt dt
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Fig. 2.9. Fourier transform of g(t) = cos ωt in the interval −T/2 ≤ t ≤ T/2

Fig. 2.10. Superposition of sin x
x

sidelobes at small frequencies for negative and
positive (left) and positive frequencies only (right)
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=
1
T

+∞∫

−∞

f(t′)e−iωt′/a 1
a
dt′ with t′ = at

=
1
|a|F (ω)old with ω =

ωold

a
. 	


Here, we tacitly assumed a > 0. For a < 0 we would get a minus sign in the
prefactor; however, we would also have to interchange the integration limits
and thus get together the factor 1

|a| . This means: stretching (compressing)
the time-axis results in the compression (stretching) of the frequency-axis.
For the special case a = −1 we get:

f(t) → F (ω),

f(−t) → F (−ω).
(2.33)

Therefore, turning around the time axis (“looking into the past”) results
in turning around the frequency axis. This profound secret will stay hidden
to all those unable to think in anything but positive frequencies.

2.3 Convolution, Cross Correlation,
Autocorrelation, Parseval’s Theorem

2.3.1 Convolution

The convolution of a function f(t) with another function g(t) means:

Definition 2.3 (Convolution).

f(t) ⊗ g(t) ≡
+∞∫

−∞

f(ξ)g(t − ξ)dξ. (2.34)

Please note there is a minus sign in the argument of g(t). The convolution
is commutative, distributive and associative. This means:

commutative : f(t) ⊗ g(t) = g(t) ⊗ f(t).

Here, we have to take into account the sign!

Proof (Convolution, commutative). Substituting the integration variables:

f(t) ⊗ g(t) =

+∞∫

−∞

f(ξ)g(t − ξ)dξ =

+∞∫

−∞

g(ξ′)f(t − ξ′)dξ′

with ξ′ = t − ξ . 	
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Distributive : f(t) ⊗ (g(t) + h(t)) = f(t) ⊗ g(t) + f(t) ⊗ h(t)

(Proof: Linear operation!).

Associative : f(t) ⊗ (g(t) ⊗ h(t)) = (f(t) ⊗ g(t)) ⊗ h(t)

(the convolution sequence doesn’t matter; proof: double integral with inter-
change of integration sequence).

Example 2.7 (Convolution of a “rectangular function” with another “rectan-
gular function”). We want to convolute the “rectangular function” f(t) with
another “rectangular function” g(t):

f(t) =
{

1 for − T/2 ≤ t ≤ T/2
0 else ,

g(t) =
{

1 for 0 ≤ t ≤ T
0 else .

h(t) = f(t) ⊗ g(t). (2.35)

According to the definition in (2.34) we have to mirror g(t) (minus sign in
front of ξ). Then we shift g(t) and calculate the overlap (cf. Fig. 2.11).

We get the first overlap for t = −T/2 and the last one for t = +3T/2 (cf.
Fig. 2.12).

At the limits, where t = −T/2 and t = +3T/2, we start and finish with
an overlap of 0, the maximum overlap occurs at t = +T/2: there the two

�

�

�

�

�

�
f(ξ)

g(−ξ)

f(ξ) · g(−ξ)

ξ

ξ

ξ

T

+T/2

−T/2

−T/2

Fig. 2.11. “Rectangular function” f(ξ), mirrored rectangular function g(−ξ), over-
lap (from top to bottom). The area of the overlap gives the convolution integral
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�

�

�

�

�

�

�

�

�

�

�

�
f(ξ)

g(t − ξ)

g(t − ξ)

g(t − ξ)

g(t − ξ)

g(t − ξ)

ξ

ξ

ξ

ξ

ξ

ξ

+T/2−T/2

Overlap

0%

50%

100%

50%

0%

Fig. 2.12. The convolution process of f(t) and g(t) with t = −T/2, 0, +T/2, +T ,
+3T/2 (from top to bottom)

rectangles are exactly on top of each other (or below each other?). The inte-
gral then is exactly T ; in between the integral rises/falls at a linear rate (cf.
Fig. 2.13).

Please note the following: the interval, where f(t) ⊗ g(t) is unequal to 0,
now is twice as big: 2T ! If we had defined g(t) symmetrically around 0 in the
first place (I didn’t want to do that, so we can’t forget the mirroring!), then
also f(t) ⊗ g(t) would be symmetrical around 0. In this case we would have
convoluted f(t) with itself.

Now to a more useful example: let’s take a pulse that looks like a “uni-
lateral” exponential function (Fig. 2.14 left):

f(t) =

{
e−t/τ for t ≥ 0

0 else
. (2.36)
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�

�

−T
2

T
2

3T
2

T

t

h(t)

Fig. 2.13. Convolution h(t) = f(t) ⊗ g(t)

Fig. 2.14. The convolution of a unilateral exponential function (left) with a
Gaussian (right)

Any device that delivers pulses as a function of time, has a finite
rise-time/decay-time, which for simplicity’s sake we’ll assume to be a
Gaussian (Fig. 2.14 right):

g(t) =
1

σ
√

2π
e−

1
2

t2

σ2 . (2.37)

That is how our device would represent a δ-function – we can’t get sharper
than that. The function g(t), therefore, is the device’s resolution function,
which we’ll have to use for the convolution of all signals we want to record.
An example would be the bandwidth of an oscilloscope. We then need:

S(t) = f(t) ⊗ g(t), (2.38)

where S(t) is the experimental, “smeared” signal. It’s obvious that the rise
at t = 0 will not be as steep, and the peak of the exponential function will
get “ironed out”. We’ll have to take a closer look:

S(t) =
1

σ
√

2π

+∞∫

0

e−ξ/τe−
1
2

(t−ξ)2

σ2 dξ

=
1

σ
√

2π
e−

1
2

t2

σ2

+∞∫

0

exp
[
− ξ

τ
+

tξ

σ2
− 1

2
ξ2/σ2

]

︸ ︷︷ ︸
form quadratic complement

dξ
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=
1

σ
√

2π
e−

1
2

t2

σ2 e
t2

2σ2 e−
t
τ e

σ2

2τ2

+∞∫

0

e−
1

2σ2

(
ξ−
(
t−σ2

τ

))2

dξ (2.39)

=
1

σ
√

2π
e−

t
τ e+ σ2

2τ2

+∞∫

−(t−σ2/τ)

e−
1

2σ2 ξ′2
dξ′ with ξ′ = ξ −

(
t − σ2

τ

)

=
1
2
e−

t
τ e+ σ2

2τ2 erfc
(

σ√
2τ

− t

σ
√

2

)
.

Here, erfc(x) = 1 − erf(x) is the complementary error function with the
defining equation:

erf(x) =
2√
π

x∫

0

e−t2dt. (2.40)

The functions erf(x) and erfc(x) are shown in Fig. 2.15.
The function erfc(x) represents a “smeared” step. Together with the factor

1/2, the height of the step is just 1. As the time in the argument of erfc(x) in
(2.39) has a negative sign, the step of Fig. 2.15 is mirrored and also shifted
by σ/

√
2τ . Figure 2.16 shows the result of the convolution of the exponential

function with the Gaussian.
The following properties immediately stand out:

i. The finite time resolution ensures that there also is a signal at negative
times, whereas it was 0 before convolution,

ii. The maximum is not at t = 0 any more,
iii. What can’t be seen straight away, yet is easy to grasp, is the following:

the centre of gravity of the exponential function, which was at t = τ ,
doesn’t get shifted at all upon convolution. An even function won’t shift
the centre of gravity! Have a go and check it out!

It’s easy to remember the shape of the curve in Fig. 2.16. Start out with
the exponential function with a “90◦-vertical cliff”, and then dump “gravel”

Fig. 2.15. The functions erf(x) and erfc(x)
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Fig. 2.16. Result of the convolution of a unilateral exponential function with a
Gaussian. Exponential function without convolution (thin line)

to the left and to the right of it (equal quantities! it’s an even function!):
that’s how you get the gravel-heap for t < 0, demolish the peak and make
sure there’s also a gravel-heap for t > 0, that slowly gets thinner and thinner.
Indeed, the influence of the step will become less and less important if times
get larger and larger, i.e.

1
2
erfc

(
σ√
2τ

− t

σ
√

2

)
→ 1 for t 
 σ2

τ
, (2.41)

and only the unchanged e−t/τ will remain, however, with the constant
factor e+σ2/2τ2

. This factor is always > 1 because we always have more
“gravel” poured downwards than upwards.

Now we prove the extremely important Convolution Theorem:

f(t) ↔ F (ω),

g(t) ↔ G(ω),

h(t) = f(t) ⊗ g(t) ↔ H(ω) = F (ω) · G(ω),

(2.42)

i.e. the convolution integral becomes, through Fourier transformation, a prod-
uct of the Fourier-transformed ones.

Proof (Convolution Theorem).

H(ω) =
∫ ∫

f(ξ)g(t − ξ)dξ e−iωtdt

=
∫

f(ξ)e−iωξ

[∫
g(t − ξ)e−iω(t−ξ)dt

]
dξ

↑ expanded ↑ (2.43)
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=
∫

f(ξ)e−iωξdξ G(ω)

= F (ω) G(ω). 	


In the step before the last one, we substituted t′ = t− ξ. The integration
boundaries ±∞ did not change by doing that, and G(ω) does not depend
on ξ.

The inverse Convolution Theorem then is:

f(t) ↔ F (ω),
g(t) ↔ G(ω),

h(t) = f(t) · g(t) ↔ H(ω) = 1
2π F (ω) ⊗ G(ω).

(2.44)

Proof (Inverse Convolution Theorem).

H(ω) =
∫

f(t)g(t)e−iωtdt

=
∫ (

1
2π

∫
F (ω′)e+iω′tdω′ × 1

2π

∫
G(ω′′)e+iω′′tdω′′

)
e−iωtdt

=
1

(2π)2

∫
F (ω′)

∫
G(ω′′)

∫
ei(ω′+ω′′−ω)tdt

︸ ︷︷ ︸
=2πδ(ω′+ω′′−ω)

dω′dω′′

=
1
2π

∫
F (ω′)G(ω − ω′)dω′

=
1
2π

F (ω) ⊗ G(ω). 	


Caution: Contrary to the Convolution Theorem (2.42), in (2.44) there is
a factor of 1/2π in front of the convolution of the Fourier transforms.

A widely popular exercise is the “unfolding” of data: the instruments’
resolution function “smears out” the quickly varying functions, but we
naturally want to reconstruct the data to what they would look like if the
resolution function was infinitely good – provided we precisely knew the reso-
lution function. In principle, that’s a good idea – and thanks to the Convolu-
tion Theorem, not a problem: you Fourier-transform the data, divide by the
Fourier-transformed resolution function and transform it back. For practical
applications it doesn’t quite work that way. As in real life, we can’t transform
from −∞ to +∞, we need low-pass filters, in order not to get “swamped”
with oscillations resulting from cut-off errors. Therefore, the advantages of
unfolding are just as quickly lost as gained. Actually, the following is ob-
vious: whatever got “smeared” by finite resolution, can’t be reconstructed
unambiguously. Imagine that a very pointed peak got eroded over millions of
years, so there’s only gravel left at its bottom. Try reconstructing the original
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peak from the debris around it! The result might be impressive from an
artist’s point of view, an artefact, but it hasn’t got much to do with the
original reality (unfortunately, the word artefact has negative connotations
among scientists).

Two useful examples for the Convolution Theorem:

Example 2.8 (Gaussian frequency distribution). Let’s assume we have f(t) =
cos ω0t, and the frequency ω0 is not precisely defined, but is Gaussian dis-
tributed:

P (ω) =
1

σ
√

2π
e−

1
2

ω2

σ2 .

What we’re measuring then is:

∼
f (t) =

+∞∫

−∞

1
σ
√

2π
e−

1
2

ω2

σ2 cos(ω − ω0)t dω, (2.45)

i.e. a convolution integral in ω0. Instead of calculating this integral directly,
we use the inverse of the Convolution Theorem (2.44), thus saving work and
gaining higher enlightenment. But watch it! We have to handle the variables
carefully. The time t in (2.45) has nothing to do with the Fourier transfor-
mation we need in (2.44). And the same is true for the integration variable
ω. Therefore, we rather use t0 and ω0 for the variable pairs in (2.44). We
identify:

F (ω0) =
1

σ
√

2π
e−

1
2

ω2
0

σ2

1
2π

G(ω0) = cos ω0t or G(ω0) = 2π cos ω0t.

The inverse transformation of these functions using (2.11) gives us:

f(t0) =
1
2π

e−
1
2 σ2t20

(cf. (2.16) for the inverse problem; don’t forget the factor 1/2π when doing
the inverse transformation!),

g(t0) = 2π
[
δ(t0 − t)

2
+

δ(t0 + t)
2

]

(cf. (2.9) for the inverse problem; use the First Shifting Rule (2.24); don’t
forget the factor 1/2π when doing the inverse transformation!).

Finally we get:

h(t0) = e−
1
2 σ2t20

[
δ(t0 − t)

2
+

δ(t0 + t)
2

]
.
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Now the only thing left is to Fourier-transform h(t0). The integration over
the δ-function actually is fun:

∼
f (t) ≡ H(ω0) =

+∞∫

−∞

e−
1
2 σ2t20

[
δ(t0 − t)

2
+

δ(t0 + t)
2

]
e−iω0t0dt0

= e−
1
2 σ2t2 cos ω0t.

Now, this was more work than we’d originally thought it would be. But
look at what we’ve gained in insight!

This means: the convolution of a Gaussian distribution in the frequency
domain results in exponential “damping” of the cosine term, where the damp-
ing happens to be the Fourier transform of the frequency distribution. This,
of course, is due to the fact that we have chosen to use a cosine function (i.e.
a basis function) for f(t). P (ω) makes sure that oscillations for ω �= ω0 are
slightly shifted with respect to each other, and will more and more superim-
pose each other destructively in the long run, averaging out to 0.

Example 2.9 (Lorentzian frequency distribution). Now, naturally we’ll know
immediately what a convolution with a Lorentzian distribution:

P (ω) =
σ

π

1
ω2 + σ2

(2.46)

would do:

∼
f (t) =

+∞∫

−∞

σ

π

1
ω2 + σ2

cos(ω − ω0)t dω,

h(t0) = FT−1(
∼

f(t)) = e−σt0

[
δ(t0 − t)

2
+

δ(t0 − at)
2

]
; (2.47)

∼
f (t) = e−σt cos ω0t.

This is a damped wave. That’s how we would describe the electric field
of a Lorentz-shaped spectral line, sent out by an “emitter” with a life time
of 1/σ.

These examples are of fundamental importance to physics. Whenever we
probe with plane waves, i.e. eiqx, the answer we get is the Fourier transform
of the respective distribution function of the object. A classical example is
the elastic scattering of electrons at nuclei. Here, the form factor F (q) is
the Fourier transform of the distribution function of the nuclear charge den-
sity ρ(x). The wave vector q is, apart from a prefactor, identical with the
momentum.
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Example 2.10 (Gaussian convoluted with Gaussian). We perform a convolu-
tion of a Gaussian with σ1 with another Gaussian with σ2. As the Fourier
transforms are Gaussians again – yet with σ2

1 and σ2
2 in the numerator of the

exponent – it’s immediately obvious that σ2
total = σ2

1 + σ2
2 . Therefore, we get

another Gaussian with geometric addition of the widths σ1 and σ2.

2.3.2 Cross Correlation

Sometimes, we want to know if a measured function f(t) has anything in
common with another measured function g(t). Cross correlation is ideally
suited to that.

Definition 2.4 (Cross correlation).

h(t) =

+∞∫

−∞

f(ξ) g∗(t + ξ)dξ ≡ f(t) � g(t). (2.48)

Watch it : Here, there is a plus sign in the argument of g, therefore we
don’t mirror g(t). For even functions g(t), this, however, doesn’t matter.

The asterisk * means complex conjugated. We may disregard it for real
functions. The symbol � means cross correlation, and is not to be confounded
with ⊗ for folding. Cross correlation is associative and distributive, yet not
commutative. That’s not only because of the complex-conjugated symbol,
but mainly because of the plus sign in the argument of g(t). Of course, we
want to convert the integral in the cross correlation to a product by using
Fourier transformation.

f(t) ↔ F (ω),
g(t) ↔ G(ω),

h(t) = f(t) � g(t) ↔ H(ω) = F (ω)G∗(ω).
(2.49)

Proof (Fourier transform of cross correlation).

H(ω) =
∫ ∫

f(ξ)g∗(t + ξ)dξe−iωtdt

=
∫

f(ξ)
[∫

g∗(t + ξ)e−iωtdt

]
dξ

First Shifting Rule complex conjugated with ξ = −a (2.50)

=
∫

f(ξ)G∗(+ω)e−iωξdξ

= F (ω)G∗(ω). 	


Here, we used the following identity:
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G(ω) =
∫

g(t)e−iωtdt

(take both sides complex conjugated)

G∗(ω) =
∫

g∗(t)eiωtdt (2.51)

G∗(−ω) =
∫

g∗(t)e−iωtdt

(ω to be replaced by −ω).

The interpretation of (2.49) is simple: if the spectral densities of f(t) and
g(t) are a good match, i.e. have much in common, then H(ω) will become
large on average, and the cross correlation h(t) will also be large, on average.
Otherwise, if F (ω) would be small e.g. where G∗(ω) is large and vice versa,
so that there is never much left for the product H(ω). Then also h(t) would
be small, i.e. there is not much in common between f(t) and g(t).

A, maybe, somewhat extreme example is the technique of “Lock-in am-
plification”, used to “dig up” small signals buried deeply in the noise. In
this case, we modulate the measured signal with a carrier frequency, detect
an extremely narrow spectral range – provided the desired signal does have
spectral components in exactly this spectral width – and often additionally
make use of phase information, too. Anything that doesn’t correlate with the
carrier frequency, gets discarded, so we’re only left with the noise power close
to the working frequency.

2.3.3 Autocorrelation

The autocorrelation function is the cross correlation of a function f(t) with
itself. You may ask, for what purpose we’d want to check for what f(t) has in
common with f(t). Autocorrelation, however, seems to attract many people
in a magical manner. We often hear the view, that a signal full of noise can
be turned into something really good by using the autocorrelation function,
i.e. the signal-to-noise ratio would improve a lot. Don’t you believe a word of
it! We’ll see why shortly.

Definition 2.5 (Autocorrelation).

h(t) =
∫

f(ξ)f∗(ξ + t)dξ. (2.52)

We get:

f(t) ↔ F (ω),
h(t) = f(t) � f(t) ↔ H(ω) = F (ω)F ∗(ω) = |F (ω)|2. (2.53)

We may either use the Fourier transform F (ω) of a noisy function f(t)
and get angry about the noise in F (ω), or we first form the autocorrelation
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function h(t) from the function f(t) and are then happy about the Fourier
transform H(ω) of function h(t). Normally, H(ω) does look a lot less noisy,
indeed. Instead of doing it the roundabout way by using the autocorrelation
function, we could have used the square of the magnitude of F (ω) in the
first place. We all know, that a squared representation in the ordinate always
pleases the eye, if we want to do cosmetics to a noisy spectrum. Big spectral
components will grow when squared, small ones will get even smaller (cf.
New Testament, Matthew 13:12: “For to him who has will more be given
but from him who has not, even the little he has will be taken away.”). But
isn’t it rather obvious that squaring doesn’t change anything to the signal-
to-noise ratio? In order to make it “look good”, we pay the price of losing
linearity.

Then, what is autocorrelation good for? A classical example comes from
femtosecond measuring devices. A femtosecond is one part in a thousand tril-
lion (US) – or a thousand billion (British) – of a second, not a particularly
long time, indeed. Today, it is possible to produce such short laser pulses.
How can we measure such short times? Using electronic stop-watches we can
reach the range of 100 ps; hence, these “watches” are too slow by five orders of
magnitude. Precision engineering does the job! Light travels in a femtosecond
a distance of about 300 nm, i.e. about 1/100 of a hair diameter. Today you
can buy positioning devices with nanometer precision. The trick: split the
laser pulse into two pulses, let them travel a slightly different optical length
using mirrors and combine them afterwards. The detector is an “optical co-
incidence” which yields an output only if both pulses overlap. By tuning the
optical path (using the nanometer screw!) you can “shift” one pulse over the
other, i.e. you perform a cross correlation of the pulse with itself (for purists:
with its exact copy). The entire system is called autocorrelator.

2.3.4 Parseval’s Theorem

The autocorrelation function also comes in handy for something else, namely
for deriving Parseval’s theorem. We start out with (2.52), insert especially
t = 0, and get Parseval’s theorem:

h(0) =
∫

|f(ξ)|2dξ =
1
2π

∫
|F (ω)|2dω. (2.54)

We get the second equal sign by inverse transformation of |F (ω)|2, where
for t = 0 eiωt becomes unity.

Equation (2.54) states that the “information content” of the function f(x)
– defined as integral over the square of the magnitude – is just as large as
the “information content” of its Fourier transform F (ω) (same definition, but
with 1/(2π)!). Let’s check this out straight away using an example, namely
our much-used “rectangular function”!
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Example 2.11 (“Rectangular function”).

f(t) =
{

1 for − T/2 ≤ t ≤ T/2
0 else .

We get on the one hand:

+∞∫

−∞

|f(t)|2dt =

+T/2∫

−T/2

dt = T

and on the other hand:

F (ω) = T
sin(ωT/2)

ωT/2
,

thus

1
2π

+∞∫

−∞

|F (ω)|2dω = 2
T 2

2π

+∞∫

0

[
sin(ωT/2)

ωT/2

]2

dω (2.55)

= 2
T 2

2π

2
T

+∞∫

0

(
sinx

x

)2

dx = T

with x = ωT/2.

It’s easily understood that Parseval’s theorem contains the squared mag-
nitudes of both f(t) and F (ω): anything unequal to 0 has information, re-
gardless if it’s positive or negative. The power spectrum is important, the
phase doesn’t matter. Of course, we can use Parseval’s theorem to calculate
integrals. Let’s simply take the last example for integration over

(
sin x

x

)2
.

We need an integration table for that one, whereas integrating over 1, that’s
determining the area of a square, is elementary.

2.4 Fourier Transformation of Derivatives

When solving differential equations, we can make life easier using Fourier
transformation. The derivative simply becomes a product:

f(t) ↔ F (ω),
f ′(t) ↔ iωF (ω). (2.56)

Proof (Fourier transformation of derivatives with respect to t). The abbrevi-
ation FT denotes the Fourier transformation:
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FT(f ′(t)) =

+∞∫

−∞

f ′(t)e−iωtdt = f(t)e−iωt
∣∣+∞
−∞ − (−iω)

+∞∫

−∞

f(t)e−iωtdt

partial integration
= iωF (ω). 	


The first term in the partial integration is discarded, as f(t) → 0 for
t → ∞. Otherwise f(t) could not be integratable.4 This game can go on:

FT
(

dfn(t)
dnt

)
= (iω)nF (ω). (2.57)

For negative n we may also use the formula for integration. We can also
formulate in a simple way the derivative of a Fourier transform F (ω) with
respect to the frequency ω:

dF (ω)
dω

= −iFT(tf(t)). (2.58)

Proof (Fourier transformation of derivatives with respect to ω).

dF (ω)
dω

=

+∞∫

−∞

f(t)
d
dω

e−iωtdt = −i

+∞∫

−∞

f(t)te−iωtdt = −iFT(tf(t)). 	


Weaver [2] gives a neat example for the application of Fourier transfor-
mation:

Example 2.12 (Wave equation). The wave equation:

d2u(x, t)
dt2

= c2 d2u(x, t)
dx2

(2.59)

can be made into an oscillation equation using Fourier transformation of the
local variable, which is much easier to solve. We assume:

U(ξ, t) =

+∞∫

−∞

u(x, t)e−iξxdx.

Then we get:

FT
(

d2u(x, t)
dx2

)
= (iξ)2U(ξ, t),

(2.60)

FT
(

d2u(x, t)
dt2

)
=

d2

dt2
U(ξ, t),

4 i.e. cannot be integrated according to Lebesgue.
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and all together:
d2U(ξ, t)

dt2
= −c2ξ2U(ξ, t).

The solution of this equations is:

U(ξ, t) = P (ξ) cos(cξt),

where P (ξ) is the Fourier transform of the starting profile p(x):

P (ξ) = FT(p(x)) = U(ξ, 0).

The inverse transformation gives us two profiles propagating to the left
and to the right:

u(x, t) =
1
2π

+∞∫

−∞

P (ξ) cos(cξt)eiξxdξ

=
1
2π

1
2

+∞∫

−∞

P (ξ)
[
eiξ(x+ct) + eiξ(x−ct)

]
dξ (2.61)

=
1
2
p(x + ct) +

1
2
p(x − ct).

As we had no dispersion term in the wave equation, the profiles are con-
served (cf. Fig. 2.17).

2.5 Pitfalls

2.5.1 “Turn 1 into 3”

Just for fun, we’ll get into magic now: let’s take a unilateral exponential
function:

Fig. 2.17. Two starting profiles p(x) propagating to the left and the right as
solutions of the wave equation



2.5 Pitfalls 61

f(t) =
{

e−λt for t ≥ 0
0 else

with F (ω) =
1

λ + iω
(2.62)

and |F (ω)|2 =
1

λ2 + ω2
.

We put this function (temporarily) on a unilateral “pedestal”:

g(t) =
{

1 for t ≥ 0
0 else

(2.63)

with G(ω) =
1
iω

.

We arrive at the Fourier transform of Heaviside’s step function g(t) from
the Fourier transform for the exponential function for λ → 0. We therefore
have: h(t) = f(t)+g(t). Because of the linearity of the Fourier transformation:

H(ω) =
1

λ + iω
+

1
iω

=
λ

λ2 + ω2
− iω

λ2 + ω2
− i

ω
. (2.64)

This results in:

|H(ω)|2 =
(

λ

λ2 + ω2
− iω

λ2 + ω2
− i

ω

)
×
(

λ

λ2 + ω2
+

iω
λ2 + ω2

+
i
ω

)

=
λ2

(λ2 + ω2)2
+

1
ω2

+
ω2

(λ2 + ω2)2
+

2ω

(λ2 + ω2)ω

=
1

λ2 + ω2
+

1
ω2

+
2

λ2 + ω2

=
3

λ2 + ω2
+

1
ω2

.

Now we return |G(ω)|2 = 1/ω2, i.e. the square of the Fourier transform
of the pedestal, and have gained, compared to |F (ω)|2, a factor of 3. And we
only had to temporarily “borrow” the pedestal to achieve that! Of course,
(2.64) is correct. Returning |G(ω)|2 wasn’t. We borrowed the interference
term we got when squaring the magnitude, as well, and have to return it,
too. This inference term amounts to just 2/(λ2 + ω2).

Now let’s approach the problem somewhat more academically. Assuming
we have h(t) = f(t) + g(t) with the Fourier transforms F (ω) and G(ω). We
now use the polar representation:

F (ω) = |F (ω)|eiϕf

and (2.65)

G(ω) = |G(ω)|eiϕg .
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This gives us:
H(ω) = |F (ω)|eiϕf + |G(ω)|eiϕg , (2.66)

which is, due to the linearity of the Fourier transformation, entirely correct.
However, if we want to calculate |H(ω)|2 (or the square root of it), we get:

|H(ω)|2 =
(
|F (ω)|eiϕf + |G(ω)|eiϕg

) (
|F (ω)|e−iϕf + |G(ω)|e−iϕg

)

(2.67)
= |F (ω)|2 + |G(ω)|2 + 2|F (ω)| × |G(ω)| × cos(ϕf − ϕg) .

If the phase difference (ϕf − ϕg) doesn’t happen to be 90◦ (modulo 2π),
the interference term does not cancel. Don’t think you’re on the safe side
with real Fourier transforms. The phases are then 0, and the interference
term reaches a maximum. The following example will illustrate this:

Example 2.13 (Overlapping lines). Let us take two spectral lines – say of
shape sin x

x – that approach each other. At H(ω) there simply is a linear
superposition5 of the two lines, yet not at |H(ω)|2. As soon as the two lines
start to overlap, there also will be an interference term. To use a concrete
example, let’s take the function of (2.31) and, for simplicity’s sake, flip the
negative frequency axis to the positive axis. Then we get:

Htotal(ω) = H1 + H2

= T

(
sin[(ω − ω1)T/2]

(ω − ω1)T/2
+

sin[(ω − ω2)T/2]
(ω − ω2)T/2

)
.

(2.68)

The phases are 0, as we have used two cosine functions cos ω1t and cos ω2t
for input. So |H(ω)|2 becomes:

|Htotal(ω)|2 = T 2

{(
sin[(ω − ω1)T/2]

(ω − ω1)T/2

)2

+
(

sin[(ω − ω2)T/2]
(ω − ω2)T/2

)2

+ 2
sin[(ω − ω1)T/2]

(ω − ω1)T/2
× sin[(ω − ω2)T/2]

(ω − ω2)T/2

}
(2.69)

= T 2
{
|H1(ω)|2 + H∗

1 (ω)H2(ω)

+ H1(ω)H∗
2 (ω) + |H2(ω)|2

}
.

Figure 2.18 backs up the facts: for overlapping lines, the interference term
makes sure that in the power representation, the lineshape is not the sum of
the power representation of the lines.

Fix : Show real and imaginary parts separately. If you want to keep the lin-
ear superposition (it is so useful), then you have to stay clear of the squaring!

5 i.e. addition.
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Fig. 2.18. Superposition of two
(

sin x

x

)
-functions. Power representation with (left)

and without (right) interference term

2.5.2 Truncation Error

We now want to look at what will happen if we truncate the function f(t)
somewhere – preferably where it isn’t large any more – and then Fourier-
transform it. Let’s take a simple example:

Example 2.14 (Truncation error).

f(t) =
{

e−λt for 0 ≤ t ≤ T
0 else . (2.70)

The Fourier transform then is:

F (ω) =

T∫

0

e−λte−iωtdt =
1

−λ − iω
e−λt−iωt

∣∣∣∣
T

0

=
1 − e−λT−iωT

λ + iω
. (2.71)

Compared to the untruncated exponential function, we’re now saddled
with the additional term −e−λT e−iωT /(λ + iω). For large values of T it isn’t
all that large but, to our grief, it oscillates. Truncating the smooth Lorentzian
gave us small oscillations in return. Figure 2.19 explains that (cf. Fig. 2.7
without truncation).

The moral of the story: don’t truncate if you don’t have to, and most
certainly neither brusquely nor brutally. How it should be done – if you’ve
got to do it – will be explained in Chap. 3.

Finally, an example how not to do it:

Example 2.15 (Exponential on pedestal). We’ll once again use our truncated
exponential function and put it on a pedestal, that’s only non-zero between
0 ≤ t ≤ T . Assume a height of a:
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Fig. 2.19. Fourier transform of the truncated unilateral exponential function

f(t) =
{

e−λt for 0 ≤ t ≤ T
0 else with F (ω) =

1 − e−λT e−iωT

λ + iω
,

g(t) =
{

a for 0 ≤ t ≤ T
0 else with G(ω) = a

1 − e−iωT

iω
.

(2.72)

Here, to calculate G(ω), we’ve again used F (ω), with λ = 0. |F (ω)|2 we’ve
already met in Fig. 2.19. Re{G(ω)} and Im{G(ω)} are shown in Fig. 2.20.

Finally, in Fig. 2.21 |H(ω)|2 is shown, decomposed into |F (ω)|2, |G(ω)|2
and the interference term.

For this figure we picked the function 5e−5t/T +2 in the interval 0 ≤ t ≤ T .
The exponential function, therefore, already dropped to e−5 at truncation,
the step with a = 2 isn’t all that high either. Therefore, neither |F (ω)|2 nor
|G(ω)|2 look all that terrible either, but |H(ω)|2 does. It’s the interference
term’s fault. The truncated exponential function on the pedestal is a proto-
typic example for “bother” when doing Fourier transformations. As we’ll see
in Chap. 3, even using window functions would be of limited help. That’s
only the – overly popular – power representation’s and interference term’s
fault.

Fig. 2.20. Fourier transform of the pedestal
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Fig. 2.21. Power representation of Fourier transform of a unilateral exponential
function on a pedestal (top left), the unilateral exponential function (top right);
Power representation of the Fourier transform of the pedestal (bottom left) and
representation of the interference term (bottom right)

Fix : Subtract the pedestal before transforming. Usually we’re not inter-
ested in it anyway. For example a logarithmic representation helps, giving a
straight line for the e-function, which then becomes “bent” and runs into the
background. Use extrapolation to determine a. It would be best to divide by
the exponential, too. You are presumably interested in (possible) small oscil-
lations only. In case you have no data for long times, you will run into trouble.
You will also get problems if you have a superposition of several exponentials
such that you won’t get a straight line anyhow. In such cases, I guess, you
will be stumped with Fourier transformation. Here, Laplace transformation
helps which we shall not treat here.
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Playground

2.1. Black Magic
The Italian mathematician Maria Gaetana Agnesi – appointed in 1750 to the
faculty of the University of Bologna by the Pope – constructed the following
geometric locus, called “versiera”:

(a) Draw a circle with radius a/2 at (0; a/2)
(b) Draw a straight line parallel to the x-axis through (0; a)
(c) Draw a straight line through the origin with a slope tan θ
(d) The geometric locus of the “versiera” is obtained by taking the x-value

from the intersection of both straight lines while the y-value is taken from
the intersection of the inclined straight line with the circle.

i. Derive the x-coordinate and y-coordinate as a function of θ, i.e. in para-
meterised form.

ii. Eliminate θ using the trigonometric identity sin2 θ = 1/(1 + cot2 θ) to
arrive at y = f(x), i.e. the “versiera”.

iii. Calculate the Fourier transform of the “versiera”.

2.2. The Phase Shift Knob
On the screen of a spectrometer you see a single spectral component with
non-zero patterns for the real and imaginary parts. What shift on the time
axis, expressed as a fraction of the oscillation period T , must be applied to
make the imaginary part vanish? Calculate the real part which then builds
up.

2.3. Pulses
Calculate the Fourier transform of:

f(t) =
{

sin ω0t for − T/2 ≤ t ≤ T/2
0 else with ω0 = n

2π

T/2
.

What is |F (ω0)|, i.e. at “resonance”? Now, calculate the Fourier transform
of two of such “pulses”, centered at ±∆ around t = 0.

2.4. Phase-Locked Pulses
Calculate the Fourier transform of:

f(t) =

⎧
⎨

⎩
sinω0t for −∆ − T/2 ≤ t ≤ −∆ + T/2

and + ∆ − T/2 ≤ t ≤ +∆ + T/2
0 else

with ω0 = n
2π

T/2
.

Choose ∆ such that |F (ω)| is as large as possible for all frequencies ω! What
is the full width at half maximum (FWHM) in this case?

Hint : Note that now the rectangular pulses “cut out” an integer number
of oscillations, not necessarily starting/ending at 0, but being “phase-locked”
between left and right “pulses” (Fig. 2.22).
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Fig. 2.22. Two pulses 2∆ apart from each other (top). Two “phase-locked” pulses
2∆ apart from each other (bottom)

2.5. Tricky Convolution
Convolute a normalised Lorentzian with another normalised Lorentzian and
calculate its Fourier transform.

2.6. Even Trickier
Convolute a normalised Gaussian with another normalised Gaussian and cal-
culate its Fourier transform.

2.7. Voigt Profile (for Gourmets only)
Calculate the Fourier transform of a normalised Lorentzian convoluted with
a normalised Gaussian. For the inverse transformation you need a good inte-
gration table, e.g. [9, No 3.953.2].

2.8. Derivable
What is the Fourier transform of:

g(t) =
{

te−λt for 0 ≤ t
0 else .

Is this function even, odd or mixed?

2.9. Nothing Gets Lost
Use Parseval’s theorem to derive the following integral:

∫ ∞

0

sin2 aω

ω2
dω =

π

2
a with a > 0.
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How much fun you get out of Fourier transformations will depend very much
on the proper use of window or weighting functions. F.J. Harris has compiled
an excellent overview of window functions for discrete Fourier transforma-
tions [7]. Here we want to discuss window functions for the case of a contin-
uous Fourier transformation. Porting this to the case of a discrete Fourier
transformation then won’t be a problem any more.

In Chap. 1 we learnt that we better stay away from transforming steps.
But that’s exactly what we’re doing if the input signal is available for a finite
time window only. Without fully realising what we were doing, we’ve already
used the so-called rectangular window (= no weighting) on more than a few
occasions. We’ll discuss this window in more detail shortly.

Then we’ll get into window functions where information is “switched on
and off” softly. I’ll promise right now that this can be good fun.

All window functions are, of course, even functions. The Fourier trans-
forms of the window function therefore don’t have an imaginary part. We
require a large dynamic range so we can better compare window qualities.
That’s why we’ll use logarithmic representations covering equal ranges. And
that’s also the reason why we can’t have negative function values. To make
sure they don’t occur, we’ll use the power representation, i.e. |F (ω)|2.

Note:

According to the Convolution Theorem, the Fourier transform
of the window function represents precisely the lineshape of an
undamped cosine input.

3.1 The Rectangular Window

f(t) =
{

1 for − T/2 ≤ t ≤ T/2
0 else , (3.1)

has the power representation of the Fourier transform:

|F (ω)|2 = T 2

(
sin(ωT/2)

ωT/2

)2

. (3.2)
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Fig. 3.1. Rectangular window function and its Fourier transform in power repre-
sentation (the unit dB, “decibel”, will be explained in Sect. 3.1.3)

The rectangular window and this function are shown in Fig. 3.1.

3.1.1 Zeros

Where are the zeros of this function? We’ll find them at ωT/2 = lπ with
l = 1, 2, 3, ... and without 0! The zeros are equidistant, the zero at l = 0 in
the numerator gets “plugged” by a zero at l = 0 in the denominator.

3.1.2 Intensity at the Central Peak

Now we want to find out how much intensity is at the central peak, and how
much gets lost in the sidebands (sidelobes). To get there, we need the first
zero at ωT/2 = ±π or ω = ±2π/T and:

+2π/T∫

−2π/T

T 2

(
sin(ωT/2)

ωT/2

)2

dω = T 2 2
T

2

π∫

0

sin2 x

x2
dx = 4TSi(2π) (3.3)

where ωT/2 = x.

Here Si(x) stands for the sine integral:

x∫

0

sin y

y
dy. (3.4)

The last equal sign may be proved as follows. We start out with:

π∫

0

sin2 x

x2
dx

and integrate partially with u = sin2 x and v = − 1
x :
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π∫

0

sin2 x

x2
dx =

sin2 x

x

∣∣∣∣
π

0

+

π∫

0

2 sin x cos x

x
dx

(3.5)

= 2

π∫

0

sin 2x

2x
dx = Si(2π)

with 2x = y.

Using Parseval’s theorem we get the total intensity:

+∞∫

−∞

T 2

(
sin(ωT/2)

ωT/2

)2

dω = 2π

+T/2∫

−T/2

12dt = 2πT. (3.6)

The ratio of the intensity at the central peak to the total intensity there-
fore is:

4TSi(2π)
2πT

=
2
π

Si(2π) = 0.903.

This means that ≈ 90% of the intensity is in the central peak, whereas
some 10% are “wasted” in sidelobes.

3.1.3 Sidelobe Suppression

Now let’s determine the height of the first sidelobe. To get there, we need:

d|F (ω)|2
dω

= 0 or also
dF (ω)

dω
= 0 (3.7)

and that’s the case when:

d
dx

sin x

x
= 0 =

x cos x − sinx

x2
with x = ωT/2 or x = tan x.

Solving this transcendental equation (for example graphically or by trial
and error) gives us the smallest possible solution x = 4.4934 or ω = 8.9868/T .
Inserting that in |F (ω)|2 results in:

∣∣F
(

8.9868
T

)∣∣2 = T 2 × 0.04719. (3.8)

For ω = 0 we get |F (0)|2 = T 2, the ratio of the first sidelobe’s height to
the central peak’s height therefore is 0.04719. It’s customary to express ratios
between two values spanning several orders of magnitude in decibels (short:
dB). The definition of the decibel is:

dB = 10 log10 x. (3.9)
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Quite regularly people forget to mention what the ratio’s based on, which
can cause confusion. We’re talking about intensity-ratios, (viz. F 2(ω)). If
we’re referring to amplitude-ratios, (viz. F (ω)), this would make precisely a
factor of two in logarithmic representation! Here we have a sidelobe suppres-
sion (first sidelobe) of:

10 log10 0.04719 = −13.2 dB. (3.10)

3.1.4 3 dB-Bandwidth

As the 10 log10(1/2) = −3.0103 ≈ −3, the 3 dB bandwidth tells us where
the central peak has dropped to half its height. This is easily calculated as
follows:

T 2

(
sin(ωT/2)

ωT/2

)2

=
1
2
T 2.

Using x = ωT/2 we have:

sin2 x =
1
2
x2 or sin x =

1√
2
x. (3.11)

This transcendental equation has the following solution:

x = 1.3915, thus ω3dB = 2.783/T.

This gives us the total width (±ω3dB):

∆ω =
5.566

T
. (3.12)

This is the slimmest central peak we can get using Fourier transformation.
Any other window function will lead to larger 3 dB-bandwidths. Admittedly,
it’s more than nasty to stick more than ≈ 10% of the information into the
sidelobes. If we have, apart from the prominent spectral component, another
spectral component, with – say – an approx. 10 dB smaller intensity, this
component will be completely smothered by the main component’s sidelobes.
If we’re lucky, it will sit on the first sidelobe and will be visible; if we’re
out of luck, it will fall into the gap (the zero) between central peak and
first sidelobe and will get swallowed. So it pays to get rid of these side-
lobes.

Warning : This 3 dB-bandwidth is valid for |F (ω)|2 and not for F (ω)! Since
one often uses |F (ω)| or the cosine-/sine-transformation (cf. Chap. 4.5) one
wants the 3 dB-bandwidth thereof, which corresponds to the 6 dB-bandwidth
of |F (ω)|2. Unfortunately, you cannot simply multiply the 3 dB-bandwidth
of |F (ω)|2 by

√
2, you have to solve a new transcendental equation. However,

it’s still good as a first guess because you merely interpolate linearly between
the point of 3 dB-bandwidth and the point of the 6 dB-bandwidth. You’d
overestimate the width by less than 5%.
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3.1.5 Asymptotic Behaviour of Sidelobes

The sidelobes’ envelope results in the heights decreasing by 6 dB per octave
(that’s a factor of 2 as far as the frequency is concerned). This result is easily
derived from (1.62). The unit step leads to oscillations which decay as 1

k , i.e.
in the continuous case as 1

ω . This corresponds to a decay of 3 dB per octave.
Now we are dealing with squared magnitudes, hence, we have a decay of 1

ω2 .
This corresponds to a decay of 6 dB per octave. This is of fundamental im-
portance: a discontinuity in the function yields −6 dB/octave, a discontinuity
in the derivative (hence, a kink in the function) yields −12 dB/octave and so
forth. This is immediately clear considering that the derivative of the “trian-
gular function” yields the step function. The derivative of 1

ω yields 1
ω2 (apart

from the sign), i.e. a factor of 2 in the sidelobe suppression. You remember
the

(
1
k2

)
-dependence of the Fourier coefficients of the “triangular function”?

The “smoother” the window function starts out, the better the sidelobes’
asymptotic behaviour will get. But this comes at a price, namely a worse
3 dB-bandwidth.

3.2 The Triangular Window (Fejer Window)

The first real weighting function is the triangular window:

f(t) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1 + 2t/T for − T/2 ≤ t ≤ 0

1 − 2t/T for 0 ≤ t ≤ T/2

0 else

, (3.13)

F (ω) =
T

2

(
sin(ωT/4)

ωT/4

)2

. (3.14)

We won’t have to rack our brains! This is the autocorrelation function of
the “triangular function” (cf. Sect. 2.3.1, Fig. 2.12). The only difference is
the interval’s width: whereas the autocorrelation function of the “rectangular
function” over the interval −T/2 ≤ t ≤ T/2 has a width of −T ≤ t ≤ T , in
(3.13) we only have the usual interval −T/2 ≤ t ≤ T/2.

The 1/4 is due to the interval, the square due to the autocorrelation. All
other properties are obvious straight away. The triangular window and the
square of this function are shown in Fig. 3.2.

The zeros are twice as far apart as in the case of the “rectangular
function”:

ωT

4
= πl or ω =

4πl

T
l = 1, 2, 3, . . . (3.15)

The intensity at the central peak is 99.7%.
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Fig. 3.2. Triangular window and power representation of the Fourier transform

The height of the first sidelobe is suppressed by 2 × (−13.2 dB) ≈
−26.5 dB (No wonder, if we skip every other zero!).

The 3 dB-bandwidth is calculated as follows:

sin
ωT

4
=

1
4
√

2
ωT

4
to ∆ω =

8.016
T

(full width), (3.16)

that’s some 1.44 times wider than in the case of the rectangular window.
The asymptotic behaviour of the sidelobes is −12 dB/octave.

3.3 The Cosine Window

The triangular window had a kink when switching on, another kink at the
maximum (t = 0) and another one when switching off. The cosine window
avoids the kink at t = 0:

f(t) =

⎧
⎪⎨

⎪⎩

cos
πt

T
for − T/2 ≤ t ≤ T/2

0 else

. (3.17)

The Fourier transform of this function is:

F (ω) = T cos
ωT

2
×

(
1

π − ωT
+

1
π + ωT

)
. (3.18)

The functions f(t) and |F (ω)|2 are shown in Fig. 3.3.
At position ω = 0 we get:

F (0) =
2T

π
.

For ωT → ±π we get expressions of type “0:0”, which we calculate using
l’Hospital’s rule.
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Fig. 3.3. Cosine window and power representation of the Fourier transform

Surprise, surprise: The zero at ωT = ±π was “plugged” by the expression
in brackets in (3.18), i.e. F (ω) there will stay finite. Apart from that, the
following applies:

The zeros are at:
ωT

2
=

(2l + 1)π
2

, ω =
(2l + 1)π

T
, l = 1, 2, 3, . . . , (3.19)

i.e. within the same distance as in the case of the rectangular window.
Here it’s not worth shedding tears for a lack of intensity at the central

peak any more. For all practical purposes it is ≈ 100%. We should, however,
have another look at the sidelobes because of the minorities, viz. the chance
of detecting additional weak signals.

The suppression of the first sidelobe may be calculated as follows:

tan
x

2
=

4x

π2 − x2
with the solution x ≈ 11.87. (3.20)

This results in a sidelobe suppression of −23 dB.
The 3 dB-bandwidth amounts to:

∆ω =
7.47
T

, (3.21)

a remarkable result. This is the first time we got, through the use of a some-
what more intelligent “window”, a sidelobe suppression of −23 dB – not a
lot worse than the −26.5 dB of the triangular window – and we get a better
3 dB-bandwidth compared to ∆ω = 8.016/T for the triangular window. So
it does pay to think about better window functions. The asymptotic decay of
the sidelobes is −12 dB/octave, as was the case for the triangular function.

3.4 The cos2-Window (Hanning)

The scientist Julius von Hann thought that eliminating the kinks at ±T/2
would be beneficial and proposed the cos2-window (in the US, this soon was
called “Hanning”):
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f(t) =

⎧
⎪⎨

⎪⎩

cos2
πt

T
for − T/2 ≤ t ≤ T/2

0 else

. (3.22)

The corresponding Fourier transform is:

F (ω) =
T

4
sin

ωT

2
×

(
1

π − ωT/2
+

2
ωT/2

− 1
π + ωT/2

)
. (3.23)

The functions f(t) and |F (ω)|2 are shown in Fig. 3.4.
The zero at ω = 0 has been “plugged” because of sin(ωT/2)/(ωT/2) → 1

and the zeros at ω = ±2π/T for the same reason. The example of the cosine
window is becoming popular!

The zeros are at:

ω = ±2lπ

T
, l = 2, 3, . . . (3.24)

Intensity at the central peak ≈ 100%.
The suppression of the first sidelobe is −32 dB.
The 3 dB-bandwidth is:

∆ω =
9.06
T

. (3.25)

The sidelobes’ asymptotic decay is −18 dB/octave.
So we get a considerable sidelobe suppression, admittedly to the detriment

of the 3 dB-bandwidth.
Some experts recommend to go for higher-powered cosine functions in the

first place. This would “plug” more and more zeros near the central peak, and
there will be gains both as far as sidelobe suppression as well as asymptotic
behaviour are concerned, though, of course, the 3 dB-bandwidth will get
bigger and bigger. So for the cos3-window we get:

Fig. 3.4. Hanning window and power representation of the Fourier transform
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∆ω =
10.4
T

(3.26)

and for the cos4-window:
∆ω =

11.66
T

. (3.27)

As we’ll see shortly, there are more intelligent solutions to this problem.

3.5 The Hamming Window

Mr Julius von Hann didn’t have a clue that he – sorry: his window function –
would be put on a pedestal in order to get an even better window, and to
add insult to injury, his name would get mangled to “Hamming” to boot1.

f(t) =

⎧
⎪⎨

⎪⎩

a + (1 − a) cos2
πt

T
for − T/2 ≤ t ≤ T/2

0 else

. (3.28)

The Fourier transform is:

F (ω) =
T

4
sin

ωT

2
×

(
1 − a

π − ωT/2
+

2(1 + a)
ωT/2

− 1 − a

π + ωT/2

)
. (3.29)

How come there’s a “pedestal”? Didn’t we realise a few moments ago that
any discontinuity at the interval boundaries is “bad”? Just like a smidgen of
arsenic may work wonders, here a “tiny wee pedestal” can be helpful. Indeed,
using parameter a we’re able to play the sidelobes a bit. A value of a ≈ 0.1
proves to be good. The plugging of the zeros hasn’t changed, as (3.29) shows.
Though now, however, the Fourier transform of the “pedestal” has saddled
us with the term:

T

2
a
sin(ωT/2)

ωT/2

that now gets added to the sidelobes of the Hamming window. A squaring
of F (ω) is not essential here. This on the one hand will provide interference
terms of the Hamming window’s Fourier transform, but on the other hand,
the same is true for F (ω); here all we get are positive and negative sidelobes.
The absolute values of the sidelobes’ heights don’t change. The Hamming
window with a = 0.15 and the respective F 2(ω) are shown in Fig. 3.5. The
first sidelobes are slightly smaller than the second ones! Here we have the
same zeros as (this is done by the sin ωT

2 , provided the denominators don’t

1 No kidding, Mr R.W. Hamming apparently did discover this window, and the
von Hann window got mangled later on.
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Fig. 3.5. Hamming window and power representation of Fourier transform

prevent it). For the optimal parameter a = 0.08 the sidelobe suppression is
−43 dB, the 3 dB-bandwidth is only ∆ω = 8.17/T . The asymptotic behav-
iour, naturally, got worse. Far from the central peak, it’s down to as little as
−6 dB per octave. That’s what happens when you choose a small step!

Therefore, the new strategy is: rather a somewhat worse asymptotic be-
haviour, if only we manage to get a high sidelobe suppression and, at the
same time, a decrease in 3 dB-bandwidth deterioration that’s as small as pos-
sible. How far one can go is illustrated by the following example. Plant at the
interval ends little “flagpoles”, i.e. infinitely sharp cusps with small height.
This is, of course, most easily done in the discrete Fourier transformation.
There, the “flagpole” is just a channel wide. Of course, we get no asymptotic
roll-off of the sidelobes at all. The Fourier transform of a δ-function is a
constant! However, we get a sidelobe suppression of −90 dB. Such a window
is called Dolph–Chebychev window, however, we won’t discuss it any further
here.

Before we get into more and better window functions, let’s look, just for
curiosity’s sake, at a window that creates no sidelobes at all.

3.6 The Triplet Window

The previous really set us up, so let’s try the following:

f(t) =

⎧
⎪⎨

⎪⎩

e−λ|t| cos2
πt

T
for − T/2 ≤ t ≤ T/2

0 else

. (3.30)

Deducing the expression for F (ω) is trivial, yet too lengthy (and too unim-
portant) to be dealt with here.

The expression for F (ω) – if we do deduct it – stands out, as it features
oscillating terms (sine, cosine) though there are no more zeros. If only the
λ is big enough, then there won’t even be any local minima or maxima any
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Fig. 3.6. Triplet window and power representation of the Fourier transform

more, and F (ω) decays monotonically. In the case of optimum λ we can
achieve an asymptotic behaviour of −18 dB/octave with a 3 dB-bandwidth
of ∆ω = 9.7/T (cf. Fig. 3.6).

Therefore, it wasn’t such a bad idea to re-introduce a spike at t = 0.
However, there are better window functions.

3.7 The Gauss Window

A pretty obvious window function is the Gauss function. That we have to
truncate it somewhere, resulting in a small step, doesn’t worry us any more,
if we look back on our experience with the Hamming window.

f(t) =

⎧
⎪⎪⎨

⎪⎪⎩

exp
(
−1

2
t2

σ2

)
for − T/2 ≤ t ≤ +T/2

0 else

. (3.31)

The Fourier transform reads:

F (ω) = σ

√
π

2
e−

σ2ω2
4

(
erfc

(
− iσ2ω2

√
2

+
T 2

8σ2

)
+ erfc

(
+

iσ2ω2

√
2

+
T 2

8σ2

))
. (3.32)

As the error function occurs with complex arguments, though together
with the conjugate complex argument, F (ω) is real. The function f(t) with
σ = 2 and |F (ω)|2 is shown in Fig. 3.7.

A Gauss function being Fourier-transformed will result in another Gauss
function, yet only when there was no truncation! If σ is sufficiently big,
the sidelobes will disappear: the oscillations “creep up” the Gauss function’s
flank. Shortly before this happens, we get a 3 dB-bandwidth of ∆ω = 9.06/T ,
−64 dB sidelobe suppression and −26 dB per octave asymptotic behaviour.
Not bad, but we can do better.
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Fig. 3.7. Gauss window and power representation of the Fourier transform

3.8 The Kaiser–Bessel Window

The Kaiser–Bessel window is a very useful window and can be applied to
various situations:

f(t) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

I0

(
β
√

1 − (2t/T )2
)

I0(β)
for − T/2 ≤ t ≤ T/2

0 else

. (3.33)

Here β is a parameter that may be chosen at will. The Fourier transform is:

F (ω) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2T

I0(β)

sinh
(√

β2 − ω2T 2

4

)

√
β2 − ω2T 2

4

for β ≥
∣∣ωT

2

∣∣

2T

I0(β)

sin
(√

ω2T 2

4 − β2

)

√
ω2T 2

4 − β2
for β ≤

∣∣ωT
2

∣∣

. (3.34)

I0(x) is the modified Bessel function. A simple algorithm [8, Equations
9.8.1, 9.8.2] for the calculation of I0(x) follows:

I0(x) = 1 + 3.5156229t2 + 3.0899424t4 + 1.2067492t6

+0.2659732t8 + 0.0360768t10 + 0.0045813t12 + ε,

|ε| < 1.6 × 10−7

with t = x/3.75, for the interval − 3.75 ≤ x ≤ 3.75,

or:

x1/2e−xI0(x) = 0.39894228 + 0.01328592t−1 + 0.00225319t−2
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−0.00157565t−3 + 0.00916281t−4 − 0.02057706t−5

+0.02635537t−6 − 0.01647633t−7 + 0.00392377t−8 + ε,

|ε| < 1.9 × 10−7

with t = x/3.75, for the interval 3.75 ≤ x < ∞.

The zeros are at ω2T 2/4 = l2π2 + β2, l = 1, 2, 3, . . . , and they’re not
equidistant. For β = 0 we get the rectangular window, values up to β = 9
are recommended. Figure 3.8 shows f(t) and |F (ω)|2 for various values of β.

The sidelobe suppression as well as the 3 dB-bandwidth as a func-
tion of β are shown in Fig. 3.9. Using this window function we get for
β = 9 −70 dB sidelobe suppression with ∆ω = 11/T and −38.5 dB/octave
asymptotic behaviour. In every respect, the Kaiser–Bessel windows is supe-
rior to the Gauss window.

3.9 The Blackman–Harris Window

To those of you who don’t want flexibility and want to work with a fixed good
sidelobe suppression, I recommend the following two very efficient windows
which are due to Blackman and Harris. They have the charm to be simple:
they consist of a sum of four cosine terms as follows:

f(t) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

3∑

n=0

an cos
2πnt

T
for − T/2 ≤ t ≤ T/2

0 else

. (3.35)

Please note that we have a constant, a cosine term with a full period, as
well as further terms with two and three full periods, contrary to the Sect. 3.3.
Here, the coefficients have the following values:

for −74 dB for −92 dB

a0 0.40217 0.35875

a1 0.49704 0.48829

a2 0.09392 0.14128

a3 0.00183 0.01168 .

(3.36)

Surely, you have noted that the coefficients add up to 1; at the interval
ends the terms with a0 and a2 are positive, whereas the terms with a1

and a3 are negative. The sum of the even coefficients minus the sum of the
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Fig. 3.8. Kaiser–Bessel window for β = 0, 2, 4, 6, 8 (left) and the respective power
representation of the Fourier transform (right)
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Fig. 3.9. Sidelobe suppression (bottom) and 3 dB-bandwidth (top) for Kaiser–
Bessel parameter β = 0 − 9

odd coefficients yields 0, i.e. there is a rather “soft” turning on without any
little step.

The Fourier transform of this window reads:

F (ω) = T sin
ωT

2

3∑

n=0

an(−1)n

(
1

2nπ + ωT
− 1

2nπ − ωT

)
. (3.37)

Don’t worry, the zeros in the denominator are just “healed” by the ze-
ros of the sine. The zeros of the Fourier transform are given by sin ωT

2 = 0,
i.e. they are the same as for the Hanning window. The 3 dB-bandwidth is
∆ω = 10.93/T and 11.94/T for the −74 dB-window and the −92 dB-window,
respectively; excellent performance for such simple windows. I guess, the
series expansion of the modified Bessel function I0(x) for the appropriate
values of β yields pretty much the coefficients of the Blackman–Harris win-
dows. Because these Blackman–Harris windows differ only very little from the
Kaiser–Bessel windows with β ≈ 9 and β ≈ 11.5, respectively, (these are the
values for comparable sidelobe suppression), I do without figures. However,
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the Blackman–Harris window with −92 dB has no more visible “feetlets” in
Fig. 3.10 which displays to −80 dB only.

3.10 Overview over Window Functions

In order to fill this chapter with life, we give a simple example. Given is the
following function:

f(t) = cos ωt + 10−2 cos 1.15ωt + 10−3 cos 1.25ωt (3.38)
+ 10−3 cos 2ωt + 10−4 cos 2.75ωt + 10−5 cos 3ωt.

Apart from the dominant frequency ω there are two satellites at 1.15
and 1.25 times ω, two harmonics – radio frequency technicians say first and
second harmonic – at 2ω and 3ω as well as another frequency at 2.75ω. Let’s
Fourier-transform this function. Please keep in mind that we shall look at
the power spectra right now, i.e. the amplitudes squared! Hence, the signs of
the amplitudes play no role. Apart from the dominant frequency, which we
will quote with 0 dB intensity, we expect further spectral components with
intensities of −40 dB, −60 dB, −80 dB and −100 dB.

Figure 3.11 shows what you get using different window functions. For the
purists: of course, we have used the discrete Fourier transform to be dealt
with in the next chapter, but show line-plots (we have used 128 data points,
zero-padded the data, mirrored and used a total of 4, 096 input data; now
you can repeat it yourself!).

The two satellites close to the dominant frequency cause the biggest prob-
lems. On the one hand we require a window function with a good sidelobe
suppression in order to be able to see the signals with intensities of −40 dB
and −60 dB. The rectangular window doesn’t achieve that! You only see
the dominant frequency, all the rest is “drowned”. In addition, we require a
small 3 dB-bandwidth in order to resolve the frequency which is 15% higher.
This is pretty well accomplished using the Hanning-window and above all the
Hamming-window (Parameter a = 0.08). However, the Hamming window is
unable to detect the higher spectral components which still have lower in-
tensities. This is a consequence of the poor asymptotic behaviour. We are no
better off with the component which is 25% higher because it has −60 dB
intensity only. Here, the Blackman–Harris window with −74 dB is just able
to do so. It is easy to detect the other three, still higher spectral components,
regardless of their low intensities, because they are far away from the domi-
nant frequency if only the sidelobes in this spectral range are not “drowning”
them. Interestingly enough, window functions with poor sidelobe suppression
but good asymptotic behaviour like the Hanning window are doing the job,
as do window functions with good sidelobe suppression and poor asymptotic
behaviour like the Kaiser–Bessel window. The Kaiser–Bessel window with the
parameter β = 12 is an example (the Blackman–Harris window with −92 dB
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Rectangular window

Triangular window

Cosine window

Hanning window

Hamming window

Triplet window

Gauss window

Kaiser–Bessel window

Fig. 3.10. Overview of the window functions
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Fig. 3.11. Test function from (3.38) analysed with different window functions

sidelobe suppression is nearly as good). The disadvantage: the small satellites
at 1.15-fold and 1.25-fold frequency show up as shoulders only. You see that
we should use different window functions for different demands. There is no
multi-purpose beast providing eggs, wool, milk and bacon! However, there
are window functions which you can simply forget.

What can we do if we need a lot more sidelobe suppression than −100 dB?
Take the Kaiser–Bessel window with a very large parameter β; you easily get
much better sidelobe suppression, of course with increasingly larger 3 dB-
bandwidth! There is no escape from this “double mill”! However, despite the
joy about “intelligent” window functions you should not forget that first you
should obtain data which contain so little noise that they allow the mere
detection of −100 dB-signals.
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3.11 Windowing or Convolution?

In principle, we have two possibilities to use window functions:

i. Either you weight, i.e. you multiply the input by the window function
and subsequently Fourier-transform, or

ii. You Fourier-transform the input and convolute the result with the Fourier
transform of the window function.

According to the Convolution Theorem (2.42) we get the same result.
What are the pros and cons of both procedures? There is no easy answer to
this question. What helps in arguing is thinking in discrete data. Take, e.g.
the Kaiser–Bessel window. Let’s start with a reasonable value for the para-
meter β, based on considerations of the trade-off between 3 dB-bandwidth
(i.e. resolution) and sidelobe suppression. In the case of windowing we have to
multiply our input data, say N real or complex numbers, by the window func-
tion which we have to calculate at N points. After that we Fourier-transform.
Should it turn out that we actually should require a better sidelobe suppres-
sion and could tolerate a worse resolution – or vice versa – we would have
to go back to the original data, window them again and Fourier-transform
again.

The situation is different for the case of convolution: we Fourier-transform
without any bias concerning the eventually required sidelobe suppression and
subsequently convolute the Fourier data (again N numbers, however in gen-
eral complex!) with the Fourier-transformed window function, which we have
to calculate for a sufficient number of points. What is a sufficient number?
Of course, we drop the sidelobes for the convolution and only take the cen-
tral peak! This should be calculated at least for five points, better more.
The convolution then actually consists of five (or more) multiplications and
a summation for each Fourier coefficient. This appears to be more work;
however, it has the advantage that a further convolution with another, say
broader Fourier-transformed window function, would not require to carry out
a new Fourier transformation. Of course, this procedure is but an approxi-
mation because of the truncation of the sidelobes. If we included all data of
the Fourier-transformed window function including the sidelobes, we had to
carry out N (complex) multiplications and a summation per point, already
quite a lot of computational effort, yet still less than a new Fourier trans-
formation. This could be relevant for large arrays, especially in two or three
dimensions like in image processing and tomography.

What happens at the edges when carrying out a convolution? We shall see
in the following chapter that we shall continue periodically beyond the inter-
val. This gives us the following idea: let’s take the Blackman–Harris window
and continue periodically; the corresponding Fourier transform consists of a
sum of four δ-functions, in the discrete world we have exactly four channels
which are non-zero. Where remained the sidelobes? You shall see in a minute
that in this case the points (by the way equidistant) coincide with the zeros
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of the Fourier-transformed window function, except at 0! Hence, we have to
carry out a convolution with just four points only, a rather fast procedure!
That’s why the Blackman–Harris window is called a 4-point window. So af-
ter all, convolution is better? Here comes a deep sigh: there are so many
good reasons to get rid of the periodic continuation as much as possible by
zero-padding the input data (cf. Sect. 4.6), thus our neat 4-point idea melts
away like snow in springtime sun. The decision is yours whether you prefer
to weight or to convolute and depends on the concrete case. Now it’s high
time to start with the discrete Fourier transformation!

Playground

3.1. Squared
Calculate the 3 dB-bandwidth of F (ω) for the rectangular window . Compare
this with the 3 dB-bandwidth F 2(ω).

3.2. Let’s Gibbs Again
What is the asymptotic behaviour of the Gauss window far away from the
central peak?

3.3. Expander
The series expansion of the modified Bessel function of zeroth order is:

I0(x) =
∞∑

k=0

(x2/4)k

(k!)2
,

where k! = 1× 2× 3× . . .× k denotes the factorial. The series expansion for
the cosine reads:

cos(x) =
∞∑

k=0

(−1)k x2k

(2k)!
.

Calculate the first ten terms in the series expression of the Blackman–Harris
window with −74 dB sidelobe suppression and the Kaiser–Bessel window
with β = 9 and compare the results.

Hint : Instead of pen and paper better use your PC!

3.4. Minorities
In a spectrum analyser you detect a signal at ω = 500 Mrad/s in the
|F (ω)|2-mode with an instrumental full width at half maximum (FWHM)
of 50 Mrad/s with a rectangular window.

a. What sampling period T did you choose?
b. What window function could you use if you were hunting a “minority”

signal which you suspect to be 20% higher in frequency and 50 dB lower
than the main signal. Look at the figures in this chapter, don’t calculate
too much.



4 Discrete Fourier Transformation

Mapping of a Periodic Series {fk} to the
Fourier-Transformed Series {Fj}

4.1 Discrete Fourier Transformation

Often we do not know a function’s continuous “behaviour” over time, but
only what happens at N discrete times:

tk = k∆t, k = 0, 1, . . . , N − 1.

In other words: we’ve taken our “pick”, that’s “samples” f(tk) = fk at
certain points in time tk. Any digital data-recording uses this technique. So
the data set consists of a series {fk}. Outside the sampled interval T = N∆t
we don’t know anything about the function. The discrete Fourier transfor-
mation automatically assumes that {fk} will continue periodically outside
the interval’s range. At first glance this limitation appears to be very annoy-
ing, maybe f(t) isn’t periodic at all, and even if f(t) were periodic, there’s
a chance that our interval happens to truncate at the wrong time (meaning:
not after an integer number of periods). How this problem can be allevi-
ated or practically eliminated will be shown in Sect. 4.6. To make life easier,
we’ll also take for granted that N is a power of 2. We’ll have to assume the
latter anyway for the Fast Fourier Transformation (FFT) which we’ll cover
in Sect. 4.7. Using the “trick” from Sect. 4.6, however, this limitation will
become completely irrelevant.

4.1.1 Even and Odd Series and Wrap-around

A series is called even if the following is true for all k:

f−k = fk. (4.1)

A series is called odd if the following is true for all k:

f−k = −fk. (4.2)



90 4 Discrete Fourier Transformation

� �

� �

� �

� �

� �

� �

� �

� �
�

� �

� �

� �
�

� �

� �

� �

� �
�

�

� �

� �

� �

correct

wrong

Fig. 4.1. Correctly wrapped-around (top); incorrectly wrapped-around (bottom)

Here f0 = 0 is compulsory!. Any series can be broken up into an even and an
odd series. But what about negative indices? We’ll extend the series period-
ically:

f−k = fN−k. (4.3)

This allows us, by adding N , to shift the negative indices to the right
end of the interval, or using another word, “wrap them around”, as shown in
Fig. 4.1.

Please make sure f0 doesn’t get wrapped, something that often is done by
mistake. The periodicity with period N , which we always assume as given for
the discrete Fourier transformation, requires fN = f0. In the second example
– the one with the mistake – we would get f0 twice next to each other (and
apart from that, we would have overwritten f4, truly a “mortal sin”).

4.1.2 The Kronecker Symbol or the “Discrete δ-Function”

Before we get into the definition of the discrete Fourier transformation (for-
ward and inverse transformation), a few preliminary remarks are in order.
From the continuous Fourier transformation eiωt we get for discrete times
tk = k∆t, k = 0, 1, . . . , N − 1 with T = N∆t:

eiωt → ei
2πtk

T = e
2πik∆t

N∆t = e
2πik

N ≡ W k
N . (4.4)

Here the “kernel” is:
WN = e

2πi
N (4.5)

a very useful abbreviation. Occasionally we’ll also need the discrete frequen-
cies:

ωj = 2πj/(N∆t), (4.6)
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Fig. 4.2. Representation of W k
8 in the complex plane

related to the discrete Fourier coefficients Fj (see below). The kernel WN has
the following properties:

WnN
N = e2πin = 1 for all integer n,

(4.7)
WN is periodic in j and k with the period N.

A very useful representation (Fig. 4.2) of WN may be obtained in the
complex plane as a “clock-hand” in the unity circle.

The projection of the “hand of a clock” onto the real axis results in
cos(2πn/N). Like when talking about a clock-face, we may, for example,
call W 0

8 “3:00 a.m.” or W 4
8 “9:00 a.m.”. Now we can define the discrete “δ-

function”:

N−1∑

j=0

W
(k−k′)j
N = Nδk,k′ . (4.8)

Here δk,k′ is the Kronecker symbol with the following property:

δk,k′ =

{
1 for k = k′

0 else
. (4.9)

This symbol (with prefactor N) accomplishes the same tasks the δ-
function had when doing the continuous Fourier transformation. Equa-
tion (4.9) just means that, if the hand goes completely round the clock, we’ll
get zero, as we can see immediately by simply adding the hands’ vectors in
Fig. 4.2, except if the hand stops at “3:00 a.m.”, a situation k = k′ can force.
In this case we get N , as shown in Fig. 4.3.
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Fig. 4.3. For N → ∞ (fictitious only) we quite clearly see the analogy with the
δ-function

4.1.3 Definition of the Discrete Fourier Transformation

Now we want to determine the spectral content {Fj} of the series {fk} us-
ing discrete Fourier transformation. For this purpose, we have to make the
transition in the definition of the Fourier series:

cj =
1
T

+T/2∫

−T/2

f(t)e−2πij/T dt (4.10)

with f(t) periodic in T :

cj =
1
N

N−1∑

k=0

fke−2πijk/N . (4.11)

In the exponent we find k∆t
N∆t , meaning that ∆t can be eliminated. The

prefactor contains the sampling raster ∆t, so the prefactor becomes ∆t/T =
∆t/(N∆t) = 1/N . During the transition from (4.10) to (4.11) we tacitly
shifted the limits of the interval from −T/2 to +T/2 to 0 to T , something
that was okay, as we integrate over an integer period and f(t) was assumed to
be periodic in T . The sum has to come to an end at N − 1, as this sampling
point plus ∆t reaches the limit of the interval. Therefore we get, for the
discrete Fourier transformation:

Definition 4.1 (Discrete Fourier transformation).

Fj =
1
N

N−1∑

k=0

fkW−kj
N with WN = e2πi/N . (4.12)

The discrete inverse Fourier transformation is:

Definition 4.2 (Discrete inverse Fourier transformation).

fk =
N−1∑

j=0

FjW
+kj
N with WN = e2πi/N . (4.13)
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Please note that the inverse Fourier transformation doesn’t have a pref-
actor 1/N .

A bit of a warning is called for here. Instead of (4.12) and (4.13) we
also come across definition equations with positive exponents for the forward
transformation and with negative exponent for the inverse transformation
(for example in “Numerical Recipes” [6]). This doesn’t matter as far as the
real part of {Fj} is concerned. The imaginary part of {Fj}, however, changes
its sign. Because we want to be consistent with the previous definitions of
Fourier series and the continuous Fourier transformation we’d rather stick
with the definitions (4.12) and (4.13) and remember that, for example, a neg-
ative, purely imaginary Fourier coefficient Fj belongs to a positive amplitude
of a sine wave (given positive frequencies), as i of the forward transformation
multiplied by i of the inverse transformation results in precisely a change of
sign i2 = −1. Often also the prefactor 1/N of the forward transformation is
missing (for example in “Numerical Recipes” [6]). In view of the fact that
F0 is to be equal to the average of all samples, the prefactor 1/N really has
to stay there, too. As we’ll see, also “Parseval’s theorem” will be grateful if
we take care with our definition of the forward transformation. Using rela-
tion (4.8) we can see straight away that the inverse transformation (4.13) is
correct:

fk =
N−1∑

j=0

FjW
+kj
N =

N−1∑

j=0

1
N

N−1∑

k′=0

fk′W−k′j
N W+kj

N

(4.14)

=
1
N

N−1∑

k′=0

fk′

N−1∑

j=0

W
(k−k′)j
N =

1
N

N−1∑

k′=0

fk′Nδk,k′ = fk.

Before we get into more rules and theorems, let’s look at a few examples
to illustrate the discrete Fourier transformation.

Example 4.1 (“Constant” with N = 4).

fk = 1 for k = 0, 1, 2, 3. �

� � � �

f0 f1 f2 f3

For the continuous Fourier transformation we expect a δ-function with
the frequency ω = 0. The discrete Fourier transformation therefore will only
result in F0 �= 0. Indeed, we do get, using (4.12) – or even a lot smarter using
(4.8):
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F0 = 1
44 = 1

F1 = 0
F2 = 0
F3 = 0.

�

�

� � �

F0 F1 F2 F3

As {fk} is an even series, {Fj} contains no imaginary part. The inverse
transformation results in:

fk = 1 cos
(

2π
k

4
0
)

= 1 for k = 0, 1, 2, 3.

↑
j=0

Example 4.2 (“Cosine” with N = 4).

f0 = 1
f1 = 0
f2 = −1
f3 = 0.

We get, using (4.12) and W4 = i:

F0 = 0 (average = 0!)

F1 =
1
4
(1 + (−1)(“9:00 a.m.”) =

1
4
(1 + (−1)(−1)) =

1
2

F2 =
1
4
(1 + (−1)(“3:00 p.m.”) =

1
4
(1 + (−1)1) = 0

F3 =
1
4
(1 + (−1)(“9:00 p.m.”) =

1
4
(1 + (−1)(−1)) =

1
2
.

I bet you would have noticed that, due to the negative sign in the exponent
in (4.12), we’re running around “clockwise”. Maybe those of you who’d rather
use a positive sign here, are “Bavarians”, who are well known for their clocks
going backwards (you can actually buy them in souvenir-shops). So whoever
uses a plus sign in (4.12) is out of sync with the rest of the world! What’s
F3 = 1/2? Is there another spectral component, apart from the fundamental
frequency ω1 = 2π × 1/4 × ∆t = π/(2∆t)? Yes, there is! Of course it’s the
component with −ω1, that has been wrapped-around.

We can see that the negative frequencies of FN−1 (corresponding to small-
est, not disappearing frequency ω−1) are located from the right end of the
interval decreasing to the left till they reach the center of the interval.

For real input the following applies:

FN−j = F ∗
j , (4.15)
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Fig. 4.4. Fourier coefficients with negative indices are wrapped to the right end of
the interval
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positive

frequencies frequencies

negative

coefficients for

Fig. 4.5. Positioning of the Fourier coefficients

as we can easily deduce from (4.12). So in the case of even input the right
half has exactly the same content as the left half; in the case of odd input, the
right half will contain the conjugate complex or the same times minus as the
left half. If we add together the intensity F1 and F3 = F−1 shared “between
brothers”, this results in 1, as required by the input:

fk =
1
2
ik +

1
2
i3k = cos

(
2π

k

4

)
for k = 0, 1, 2, 3.

Example 4.3 (“Sine” with N = 4).

f0 = 0
f1 = 1
f2 = 0
f3 = −1.

Again we use (4.12) and get:

F0 = 0 (average = 0)

F1 =
1
4
(1 × “6.00 a.m.” + (−1) × “12.00 noon”) =

1
4
(−i + (−1) × i) = − i

2
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F2 =
1
4
(1 × “9.00 a.m.” + (−1) × “9.00 p.m.”) =

1
4
(1 × (−1) + (−1)(−1)) = 0

F3 =
1
4
(1 × “12.00 noon” + (−1) × “6.00 a.m.”︸ ︷︷ ︸

following day

) =
1
4
(1 × i + (−1)(−i)) =

i
2

real part=0 imaginary part:

��

�

�

�

F0

F1

F2 F3

− 1
2

+ 1
2

If we add the intensity with a minus sign for negative frequencies, that
resulted from the sharing “between sisters”, to the one for positive frequen-
cies, meaning F1 + (−1)F3 = −i, we get for the intensity of the sine wave
(the inverse transformation provides us with another i!) the value 1:

fk = − i
2
ik +

i
2
i3k = sin

(
2π

k

4

)
.

4.2 Theorems and Rules

4.2.1 Linearity Theorem

If we combine in a linear way {fk} and its series {Fj} with {gk} and its series
{Gj}, the we get:

{fk} ↔ {Fj},
{gk} ↔ {Gj},

a · {fk} + b · {gk} ↔ a · {Fj} + b · {Gj}.
(4.16)

Please always keep in mind that the discrete Fourier transformation con-
tains only linear operators (in fact, basic maths only), but that the power
representation is no linear operation.

4.2.2 The First Shifting Rule
(Shifting in the Time Domain)

{fk} ↔ {Fj}
{fk−n} ↔ {FjW

−jn
N }, n integer.

(4.17)

A shift in the time domain by n results in a multiplication by the phase
factor W−jn

N .
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Proof (First Shifting Rule).

F shifted
j =

1
N

N−1∑

k=0

fk−nW−kj
N

=
1
N

N−1−n∑

k′=−n

fk′W
−(k′+n)j
N with k − n = k′ (4.18)

=
1
N

N−1∑

k′=0

fk′W−k′j
N W−nj

N = F old
j W−nj

N . ��

Because of the periodicity of fk, we may shift the lower and the upper
summation boundaries by n without a problem.

Example 4.4 (Shifted cosine with N = 2).

{fk} = {0, 1} or

fk =
1
2
(1 − cos πk), k = 0, 1

W2 = eiπ = −1

F0 =
1
2
(0 + 1) =

1
2

(average)

F1 =
1
2
(0 + 1(−1)) = −1

2
consequently

{Fj} =
{

1
2
, −1

2

}
.

Now we shift the input by n = 1:

{f shifted
k } = {1, 0} or

fk =
1
2
(1 + cos πk), k = 0, 1

{F shifted
j } =

{
1
2
W−1×0

2 ,
1
2
W−1×1

2

}
=
{

1
2
,

1
2

}
.

4.2.3 The Second Shifting Rule
(Shifting in the Frequency Domain)

{fk} ↔ {Fj}
{fkW−nk

N } ↔ {Fj+n}, n integer.
(4.19)

A modulation in the time domain with W−nk
N corresponds to a shift in

the frequency domain. The proof is trivial.
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Example 4.5 (Modulated cosine with N = 2).

{fk} = {0, 1} or

fk =
1
2

(1 − cos πk) , k = 0, 1

{Fj} =
{

1
2
, −1

2

}
.

Now we modulate the input with W−nk
N with n = 1, that’s W−k

2 =
(−1)−k, and get:

{f shifted
k } = {0, −1} or

fk =
1
2

(−1 + cos πk) , k = 0, 1

{F shifted
j } = {Fj−1} =

{
−1

2
,

1
2

}
.

Here, F−1 was wrapped to F2−1 = F1 .

4.2.4 Scaling Rule/Nyquist Frequency

We saw above that the highest frequency ωmax or also −ωmax corresponds
to the center of the series of Fourier coefficients. This we get by inserting
j = N/2 in (4.6):

ΩNyq =
π

∆t
“Nyquist frequency”. (4.20)

This frequency often is also called the cut-off frequency. If we take a
sample, say every µs (∆t = 10−6 s), then ΩNyq is 3.14 megaradians/second
(if you prefer to think in frequencies instead of angular frequencies: νNyq =
ΩNyq/2π, so here 0.5 MHz).

So the Nyquist frequency ΩNyq corresponds to taking two samples per
period, as shown in Fig. 4.6.

While we’ll get away with this in the case of the cosine, by the skin of
our teeth, it definitely won’t work for the sine! Here we grabbed the samples

Fig. 4.6. Two samples per period: cosine (left); sine (right)
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at the wrong moment, or maybe there was no signal after all (for example
because a cable hadn’t been plugged in, or due to a power cut). In fact,
the imaginary part of fk at the Nyquist frequency always is 0. The Nyquist
frequency therefore is the highest possible spectral component for a cosine
wave; for the sine it is only up to:

ω = 2π(N/2 − 1)/(N∆t) = ΩNyq(1 − 2/N).

Equation (4.20) is our scaling theorem, as the choice of ∆t allows us to
stretch or compress the time axis, while keeping the number of samples N
constant. This only has an impact on the frequency scale running from ω = 0
to ω = ΩNyq. ∆t doesn’t appear anywhere else!

The normalisation factor we came across in (1.41) and (2.32), is done
away with here, as using discrete Fourier transformation we normalise to the
number of samples N , regardless of the sampling raster ∆t.

4.3 Convolution, Cross Correlation,
Autocorrelation, Parseval’s Theorem

Before we’re able to formulate the discrete versions of the (2.34), (2.48),
(2.52), and (2.54), we have to get a handle on two problems:

i. The number of samples N for the two functions f(t) and g(t) we want to
convolute or cross-correlate, must be the same. This often is not the case,
for example, if f(t) is the “theoretical” signal we would get for a δ-shaped
instrumental resolution function, which, however, has to be convoluted
with the finite resolution function g(t). There’s a simple fix: we pad the
series {gk} with zeros so we get N samples, just like in the case of series
{fk}.

ii. Don’t forget, that {fk} is periodic in N and our “padded” {gk}, too.
This means that negative indices are wrapped-around to the right end of
the interval. The resolution function g(t) mentioned in Fig. 4.7, which we
assumed to be symmetrical, had three samples and got padded with five
zeros to a total of N = 8 and is displayed in Fig. 4.7.

Fig. 4.7. Resolution function {gk}: without wrap-around (left); with wrap-around
(right)
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Fig. 4.8. Convolution of a “rectangular function” with itself: without wrap-around
(top); with wrap-around (bottom)

Another extreme example:

Example 4.6 (Rectangle). We’ll remember that a continuous “rectangular
function”, when convoluted with itself in the interval −T/2 ≤ t ≤ +T/2, re-
sults in a “triangular function” in the interval −T ≤ t ≤ +T . In the discrete
case, the “triangle” gets wrapped in the area −T ≤ t ≤ −T/2 to 0 ≤ t ≤ T/2.
The same happens to the “triangle” in the area +T/2 ≤ t ≤ +T , which
gets wrapped to −T/2 ≤ t ≤ 0. Therefore, both halves of the interval are
“corrupted” by the wrap-around, so that the end-result is another constant
(cf. Fig. 4.8). No wonder! This “rectangular function” with periodic contin-
uation is a constant! And a constant convoluted with a constant naturally is
another constant.

As long as {fk} is periodic in N , there’s nothing wrong with the fact
upon convolution data from the end/beginning of the interval will be “mixed
into” data from the beginning/end of the interval. If you don’t like that –
for whatever reasons – rather also pad {fk} with zeros, using precisely the
correct number of zeros so {gk} won’t create overlap between f0 and fN−1

any more.

4.3.1 Convolution

We’ll define the discrete convolution as follows:

Definition 4.3 (Discrete convolution).

hk ≡ (f ⊗ g)k =
1
N

N−1∑

l=0

flgk−l. (4.21)

The “convolution sum” is commutative, distributive and associative.
The normalisation factor 1/N in context: the convolution of {fk} with the
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“discrete δ-function” {gk} = Nδk,0 is to leave the series {fk} unchanged.
Following this rule, also a “normalised” resolution function {gk} should
respect the condition

∑N−1
k=0 gk = N . Unfortunately often the convolution

also gets defined without the prefactor 1/N .
The Fourier transform of {hk} is:

Hj =
1
N

N−1∑

k=0

1
N

N−1∑

l=0

flgk−lW
−kj
N

=
1

N2

N−1∑

k=0

N−1∑

l=0

flW
−lj
N gk−lW

−kj
N W+lj

N

↑ extended ↑ (4.22)

=
1

N2

N−1∑

l=0

flW
−lj
N

N−1−l∑

k′=−l

gk′W−k′j
N with k′ = k − l

= FjGj .

In our last step we took advantage of the fact that, due to the periodicity
in N , the second sum may also run from 0 to N −1 instead of −l to N −1− l.
This, however, makes sure that the current index l has been totally eliminated
from the second sum, and we get the product of the Fourier transform Fj

and Gj . So we arrive at the discrete Convolution Theorem:

{fk} ↔ {Fj} ,
{gk} ↔ {Gj} ,

{hk} = {(f ⊗ g)k} ↔ {Hj} = {Fj · Gj} .
(4.23)

The convolution of the series {fk} and {gk} results in a product in the
Fourier space.

The inverse Convolution Theorem is:

{fk} ↔ {Fj} ,
{gk} ↔ {Gj} ,

{hk} = {fk · gk} ↔ {Hj} = {N(F ⊗ G)j} .
(4.24)

Proof (Inverse Convolution Theorem).

Hj =
1
N

N−1∑

k=0

fkgkW−kj
N =

1
N

N−1∑

k=0

fkgk

N−1∑

k′=0

W−k′j
N δk,k′

︸ ︷︷ ︸
k′-sum “artificially” introduced

=
1

N2

N−1∑

k=0

fk

N−1∑

k′=0

gk′W−k′j
N

N−1∑

l=0

W
−l(k−k′)
N

︸ ︷︷ ︸
l-sum yields Nδk,k′
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=
N−1∑

l=0

1
N

N−1∑

k=0

fkW−lk
N

1
N

N−1∑

k′=0

gk′W
−k′(j−l)
N

=
N−1∑

l=0

FlGj−l = N(F ⊗ G)j . ��

Example 4.7 (Nyquist frequency with N = 8).

{fk} = {1, 0, 1, 0, 1, 0, 1, 0},

{gk} = {4, 2, 0, 0, 0, 0, 0, 2}.
�

�
� � � �

� � � �

� � � � �

�

� �

The “resolution function” {gk} is padded to N = 8 with zeros and nor-
malised to

∑7
k=0 gk = 8. The convolution of {fk} with {gk} results in:

{hk} =
{

1
2
,

1
2
,

1
2
,

1
2
,

1
2
,

1
2
,

1
2
,

1
2

}
,

meaning, that everything gets “flattened”, because the resolution function
(here triangle-shaped) has a full half-width of 2∆t and consequently doesn’t
allow the recording of oscillations with the period ∆t. The Fourier transform
therefore is Hk = 1/2δk,0. Using the Convolution Theorem (4.23) we would
get:

{Fj} =
{

1
2
, 0, 0, 0,

1
2
, 0, 0, 0

}
.

The result is easy to understand: the average is 1/2, at the Nyquist frequency
we have 1/2, all other elements are 0. The Fourier transformation of {gk} is:

G0 = 1
(

1
8
× average

)

G1 =
1
2

+
√

2
4

(
1
8
{4 + 2 × “4:30 a.m.” + 2 × “1:30 p.m.”}

)

G2 =
1
2

(
1
8
{4 + 2 × “6:00 a.m.” + 2 × “12:00 midnight”}

)

G3 =
1
2
−

√
2

4

(
1
8
{4 + 2 × “7:30 a.m.” + 2 × “10:30 a.m. next day”}

)

G4 = 0
(

1
8
{4 + 2 × “9:00 a.m.” + 2 × “9:00 p.m. next day”}

)
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G5 =
1
2
−

√
2

4

G6 =
1
2

G7 =
1
2

+
√

2
4

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

because of real input,

hence:

{Gj} =

{
1,

1
2

+
√

2
4

,
1
2
,

1
2
−

√
2

4
, 0,

1
2
−

√
2

4
,

1
2
,

1
2

+
√

2
4

}
.

For the product we get Hj = FjGj = {1/2, 0, 0, 0, 0, 0, 0, 0}, like
we should for the Fourier transform. If we’d taken the Convolution Theorem
seriously right from the beginning, then the calculation of G0 (average) and
G4 at the Nyquist frequency would have been quite sufficient, as all other
Fj = 0. The fact that the Fourier transform of the resolution function for the
Nyquist frequency is 0, precisely means that with this resolution function we
are not able to record oscillations with the Nyquist frequency any more. Our
inputs, however, were only the frequency 0 and the Nyquist frequency.

4.3.2 Cross Correlation

We define for the discrete cross correlation between {fk} and {gk}, similar
to what we did in (2.48):

Definition 4.4 (Discrete cross correlation).

hk ≡ (f � g)k =
1
N

N−1∑

l=0

fl · g∗l+k. (4.25)

If the indices at gk go beyond N − 1, then we’ll simply subtract N (peri-
odicity). The cross correlation between {fk} and {gk}, of course, results in a
product of their Fourier transforms:

{fk} ↔ {Fj} ,
{gk} ↔ {Gj} ,

{hk} = {(f � g)k} ↔ {Hj} =
{
Fj · G∗

j

}
.

(4.26)

Proof (Discrete cross correlation).

Hj =
1
N

N−1∑

k=0

1
N

N−1∑

l=0

flg
∗
l+kW−kj

N

=
1
N

N−1∑

l=0

fl
1
N

N−1∑

k=0

g∗l+kW−kj
N

with the First Shifting Rule and complex conjugate

=
1
N

N−1∑

l=0

flG
∗
jW

−jl
N = FjG

∗
j . ��
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4.3.3 Autocorrelation

Here we have {fk} = {gk}, which leads to:

hk ≡ (f � f)k =
1
N

N−1∑

l=0

fl · f∗
l+k (4.27)

and:
{fk} ↔ {Fj} ,

{hk} = {(f � f)k} ↔ {Hj} =
{
|Fj |2

}
.

(4.28)

In other words: the Fourier transform of the autocorrelation of {fk} is the
modulus squared of the Fourier series {Fj} or its power representation.

4.3.4 Parseval’s Theorem

We use (4.27) for k = 0, that’s h0 (“without time-lag”), and get on the one
side:

h0 =
1
N

N−1∑

l=0

|fl|2. (4.29)

On the other side, the inverse transformation of {Hj}, especially for k = 0,
results in (cf. (4.13)):

h0 =
N−1∑

j=0

|Fj |2. (4.30)

Put together, this gives us the discrete version of Parseval’s theorem:

1
N

N−1∑

l=0

|fl|2 =
N−1∑

j=0

|Fj |2. (4.31)

Example 4.8 (“Parseval’s theorem” for N = 2).

{fl} = {0, 1} (cf. example for First Shifting Rule
Sect. 4.2.2)

{Fj} = {1/2, −1/2} (here there is only the average F0

and the Nyquist frequency at F1!)

1
2

N∑

l=0

|fl|2 =
1
2
× 1 =

1
2

N∑

j=0

|Fj |2 =
1
4

+
1
4

=
1
2
.

Caution: Often the prefactor 1/N gets left out when defining Parseval’s
theorem. To stay consistent with all other definitions, however, it should not
be missing here!
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4.4 The Sampling Theorem

When discussing the Nyquist frequency, we already mentioned that we need
at least two samples per period to show cosine oscillations at the Nyquist
frequency. Now we’ll turn the tables and claim that as a matter of principle
we won’t be looking at anything but functions f(t) that are “bandwidth-
limited”, meaning, that outside the interval [−ΩNyq, ΩNyq] their Fourier
transforms F (ω) are 0. In other words: we’ll refine our sampling to a degree
where we just manage to capture all the spectral components of f(t). Now
we’ll skilfully “marry” formulas we’ve learned when dealing with the Fourier
series expansion and the continuous Fourier transformation with each other,
and then pull the sampling theorem out of the hat. For this purpose we
will recall (1.26) and (1.27) which show that a periodic function f(t) can be
expanded into an (infinite) Fourier series:

f(t) =
+∞∑

k=−∞
Ckei2πkt/T

with Ck =
1
T

T/2∫

−T/2

f(t)e−i2πkt/T dt.

Since F(ω) is 0 outside [−ΩNyq, ΩNyq] we can continue this function
periodically and expand it into an infinite Fourier series. So we replace: f(t) →
F (ω), t → ω, T/2 → ΩNyq and get:

F (ω) =
+∞∑

k=−∞
Ckeiπkω/ΩNyq

(4.32)

with Ck =
1

2ΩNyq

+ΩNyq∫

−ΩNyq

F (ω)e−iπkω/ΩNyqdω.

A similar integral also occurs in the defining equation for the inverse
continuous Fourier transformation:

f(t) =
1
2π

+ΩNyq∫

−ΩNyq

F (ω)eiωtdω. (4.33)

The integrations boundaries are ±ΩNyq, as F (ω) is bandwidth-limited.
When we compare this with (4.32) we get:

2ΩNyqCk = 2πf(−πk/ΩNyq). (4.34)
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Once we’ve inserted this in (4.32) we get:

F (ω) =
π

ΩNyq

+∞∑

k=−∞
f(−πk/ΩNyq)eiπkω/ΩNyq . (4.35)

When we finally insert this into the defining equation (4.33), we get:

f(t) =
1
2π

+ΩNyq∫

−ΩNyq

π

ΩNyq

+∞∑

k=−∞
f
(

−πk
ΩNyq

)
eiπkω/ΩNyqeiωtdω

=
1

2ΩNyq

+∞∑

k=−∞
f(−k∆t)2

+ΩNyq∫

0

cos ω(t + k∆t)dω (4.36)

=
1

2ΩNyq

+∞∑

k=−∞
f(−k∆t)2

sin ΩNyq(t + k∆t)
(t + k∆t)

.

By replacing k → −k (it’s not important in which order the sums are
calculated) we get the Sampling Theorem:

Sampling Theorem: f(t) =
+∞∑

k=−∞
f(k∆t)

sin ΩNyq(t − k∆t)
ΩNyq(t − k∆t)

. (4.37)

In other words, we can reconstruct the function f(t) for all times t from
the samples at the times k∆t, provided the function f(t) is “bandwidth-
limited”. To achieve this, we only need to multiply f(k∆t) with the function
sin x

x (with x = ΩNyq(t− k∆t)) and sum up over all samples. The factor sin x
x

naturally is equal to 1 for t = k∆t, for other times, sin x
x decays and slowly

oscillates towards zero, which means, that f(t) is a composite of plenty of(
sin x

x

)
-functions at the location t = k∆t with the amplitude f(k∆t). Note

that for adequate sampling with ∆t = π/ΩNyq each k-term in the sum in
(4.37) contributes f (k∆t) at the sampling points t = k∆t and zero at all
other sampling points whereas all terms contribute to the interpolation
between sampling points.

Example 4.9 (Sampling Theorem with N = 2).

f0 = 1
f1 = 0.

We expect:

f(t) =
1
2

+
1
2

cos ΩNyqt = cos2
ΩNyqt

2
.
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The sampling theorem tells us:

f(t) =
+∞∑

k=−∞
fk

sinΩNyq(t − k∆t)
ΩNyq(t − k∆t)

with fk = δk,even (with periodic continuation)

=
sin ΩNyqt

ΩNyqt
+

+∞∑

l=1

sinΩNyq(t − 2l∆t)
ΩNyq(t − 2l∆t)

+
+∞∑

l=1

sinΩNyq(t + 2l∆t)
ΩNyq(t + 2l∆t)

with the substitution k = 2l

=
sin ΩNyqt

ΩNyqt
+

+∞∑

l=1

[
sin 2π

(
t

2∆t − l
)

2π
(

t
2∆t − l

) +
sin 2π

(
t

2∆t + l
)

2π
(

t
2∆t + l

)
]

with ΩNyq∆t = π

=
sin ΩNyqt

ΩNyqt
+

1
2π

+∞∑

l=1

(
t

2∆t + l
)
sinΩNyqt +

(
t

2∆t − l
)
sinΩNyqt(

t
2∆t − l

) (
t

2∆t + l
)

=
sin ΩNyqt

ΩNyqt
+

sin ΩNyqt

2π

2t

2∆t

+∞∑

l=1

1
(

t
2∆t

)2 − l2
(4.38)

=
sin ΩNyqt

ΩNyqt

⎛

⎜⎝1 +
(

ΩNyqt

2π

)2

2
+∞∑

l=1

1
(

ΩNyqt
2π

)2

− l2

⎞

⎟⎠

with [9, No 1.421.3]

=
sin ΩNyqt

ΩNyqt
π

ΩNyqt

2π
cot

πΩNyqt

2π

= sin ΩNyqt
1
2

cos(ΩNyqt/2)
sin(ΩNyqt/2)

= 2 sin(ΩNyqt/2) cos(ΩNyqt/2)
1
2

cos(ΩNyqt/2)
sin(ΩNyqt/2)

= cos2 (ΩNyqt/2) .

Please note that we actually do need all summation terms of k = −∞ to
k = +∞! If we had only taken k = 0 and k = 1 into consideration, we would
have got:

f(t) = 1
sinΩNyqt

ΩNyqt
+ 0

sin ΩNyq(t − ∆t)
ΩNyq(t − ∆t)

=
sin ΩNyqt

ΩNyqt

which wouldn’t correspond to the input of cos2(ΩNyqt/2). We still would
have, as before, f(0) = 1 and f(t = ∆t) = 0, but for 0 < t < ∆t, we wouldn’t
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have interpolated correctly, as sin x
x slowly decays for big x, while we, however,

want to get a periodic oscillation that doesn’t decay as input. You will realise
that the sampling theorem – similar to Parseval’s equation (1.50) – is good
for the summation of certain infinite series.

What happens if, for some reason or other, our sampling happens to be
to coarse and F (ω) above ΩNyq was unequal to 0? Quite simple: the spectral
density above ΩNyq will be “reflected” to the interval 0 ≤ ω ≤ ΩNyq, meaning
that the true spectral density gets “corrupted” by the part that would be
outside the interval.

Example 4.10 (Not enough samples). We’ll take a cosine input and a bit less
than two samples per period (cf. Fig. 4.9).

Here there are eight samples for five periods, and that means that ΩNyq

has been exceeded by 25%. The broken line in Fig. 4.9 shows that a function
with only three periods would produce the same samples within the same
interval.

Therefore, the discrete Fourier transformation will show a lower spectral
component, namely at ΩNyq − 25%. This will become quite obvious, indeed,
when we use only slightly more than one sample per period.

Here {Fj} produces only a very low-frequency component (cf. Fig. 4.10).
In other words: spectral density that would appear at ≈ 2ΩNyq, appears at
ω ≈ 0! This “corruption” of the spectral density through insufficient sampling
is called “aliasing”, similar to someone acting under an assumed name. In a
nutshell: when sampling, rather err on the fine side than the coarse one!
Coarser rasters can always be achieved later on by compressing data sets,
but it will never work the other way, round!

� �

� �

�

F0 F0F1 F1F2 F2F3 F3ΩN ΩN

“correct” “wrong”

Fig. 4.9. Less than two samples per period (top): cosine input (solid line); “appar-
ently” lower frequency (dotted line). Fourier coefficients with wrap-around (bottom)
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� �

� �� �

�

ΩNyq ΩNyq2ΩNyq 2ΩNyq

“correct” “wrong”

Fig. 4.10. Slightly more than one sample per period (top): cosine input (solid line);
“apparently” lower frequency (dotted line). Fourier coefficients with wrap-around
(bottom)

4.5 Data Mirroring

Often we have a situation where, on top of the samples {fk}, we also
know that the series starts with f0 = 0 or at f0 with horizontal tangent
(∧= slope = 0). In this case we should use data mirroring forcing a situation
where the input is an odd or an even series (cf. Fig. 4.11):

odd:
f2N−k = −fk k = 0, 1, . . . , N − 1, here we put fN = 0;
even:
f2N−k = +fk k = 0, 1, . . . , N − 1, here fN is undetermined!

(4.39)

For odd series we put fN = 0, as would be the case for periodic continu-
ation anyway. For even series this is not necessarily the case. A possibility to
determine fN would be fN = f0 (as if we wanted to continue the non-mirrored
data set periodically). In our example of Fig. 4.11 this would result in a δ-spike
at fN , which wouldn’t make sense. Equally, in our example fN = 0 can’t be
used (another δ-spike!). A better choice would be fN = fN−1, and even better
fN = −f0. The optimum choice, however, depends on the respective problem.
So, for example, in the case of a cosine with window function and subsequently
plenty of zeros, fN = 0 would be the correct choice (cf. Fig. 4.12).

Now the interval is twice as long! Apply the normal fast Fourier transfor-
mation and you’ll have a lot of fun with it, even if (or maybe exactly because
of it?) the real part (in the case of odd mirroring) or the imaginary part (in
the case of even mirroring) is full of zeros. If you don’t like that, use a more ef-
ficient algorithm using the fast sine-transformation or cosine-transformation.
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Fig. 4.11. Odd/even input, forced by data mirroring

Fig. 4.12. Example for the choice of fN

Fig. 4.13. Basis functions for cosine-transformation (left) and for sine-
transformation (right)

As we can see in Fig. 4.13, for these sine-transformations or cosine-
transformations other basis functions are being used than the fundamental
and harmonics of the normal Fourier transform, to model the input: also all
functions with half the period will occur (the second half models the mirror
image). The normal Fourier transformation of the mirrored input reads:

Fj =
1

2N

2N−1∑

k=0

fkW−kj
2N =

1
2N

(
N−1∑

k=0

fkW−kj
2N +

2N−1∑

k=N

fkW−kj
2N

)

=
1

2N

(
N−1∑

k=0

fkW−kj
2N +

1∑

k′=N

f2N−k′W
−(2N−k′)j
2N

)

sequence irrelevant
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=
1

2N

(
N−1∑

k=0

fkW−kj
2N +

N∑

k′=1

(±)fk′ W−2Nj
2N︸ ︷︷ ︸

W+k′j
2N

)

for
(

even
odd

)
= e−2πi 2Nj

2N = 1

=
1

2N

{(
1
−i

)N−1∑

k=0

fk × 2

(
cos 2πkj

2N

sin 2πkj
2N

)
+ fNe−iπj − f0

}

=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1
N

N−1∑

k=0

fk cos
πkj

N
+

1
2N

(
fNe−iπj − f0

)
even

−i
N

N−1∑

k=0

fk sin
πkj

N
odd

.

The expressions (1/N)
∑N−1

k=0 fk cos(πkj/N) and (1/N)
∑N−1

k=0 fk

sin(πkj/N) are called cosine-transformation and sine-transformation. Please
note:

i. The arguments for the cosine-function/sine-function are πkj/N and not
2πkj/N ! This shows, that half periods as basis function are also allowed
(cf. Fig. 4.13).

ii. In the case of the sine transformation shifting of the sine boundaries
from k′ = 1, 2, . . . , N towards k′ = 0, 1, . . . , N − 1 is no problem, as the
following has to be true: fN = f0 = 0. Apart from the factor −i the sine
transformation is identical to the normal Fourier transformation of the
mirrored input, though it only has half as many coefficients. The inverse
sine transformation is identical to the forward transformation, with the
exception of the normalisation.

iii. In the case of the cosine transformation, the terms (1/2N)(fNe−iπj −f0)
stay, except if they happen to be equal to 0. That means, that generally
the cosine transformation will not be identical to the normal Fourier
transformation of the mirrored input!

iv. Obviously Parseval’s theorem does not apply to the cosine transforma-
tion.

v. Obviously the inverse cosine transformation is not identical to the forward
transformation, apart from factors.

Example 4.11 (“Constant”, N = 4).

{fk} = 1 for all k (Fig. 4.14 left).

The normal Fourier transformation of the mirrored input is:

F0 =
1
8
8 = 1, all other Fj = 0 (Fig. 4.14 right).
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� ��

�

� � � � � � � � � � �

f0 f0f1 f1f2 f2f3 f3 f4 f5 f6 f7

best choice is f4 = 1

Fig. 4.14. Input without mirroring (left); with mirroring (right)

Cosine transformation:

Fj =
1
4

3∑

k=0

cos
πkj

4
=

⎧
⎨

⎩

1
44 = 1 for j = 0

1
4δj,odd for j �= 0

.

Here the flip-side is that, because of cos(πkj/N), the clock-hand or its
projection onto the real axis only run around half as fast, and consequently
relation (4.8) becomes false.

The extra terms can be omitted only if f0 = fN = 0 is true, as for example
in Fig. 4.15.

If you insist on using the cosine transformation, “correct” it using the
term:

1
2N

(fNe−iπj − f0).

Then you get the normal Fourier transformation of the mirrored data set,
and no harm was done. In our above example, the one with the constant
input, this would look as shown in Fig. 4.16.

4.6 How to Get Rid of the “Straight-jacket”
Periodic Continuation?
By Using Zero-padding!

So far, we had chosen all our examples in a way where {fk} could be con-
tinued periodically without a problem. For example, we truncated a cosine

N = 4

Fig. 4.15. Input (left); with correct mirroring (right)
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Fig. 4.16. Cosine transformation with correcting terms

precisely where there was no problem continuing the cosine-shape periodi-
cally. In practice, this often can’t be done:

i. We’d have to know the period in the first place to be able to know where
to truncate and where not;

ii. If there are several spectral components, we’d always cut off a component
at the wrong time (for the purists: except if the sampling interval can be
chosen to be equal to the smallest common denominator of the single
periods).

Example 4.12 (Truncation). See what happens for N = 4:
Without truncation error:

With maximum truncation error:



114 4 Discrete Fourier Transformation

Fig. 4.17. Decomposition of the input into an even and an odd portion

W4 = eiπ/2 = i

F0 =
1
4

(average)

F1 =
1
4

(
1 +

(
− 1√

2

)
× “6:00 a.m.” +

(
+

1√
2

)
× “12:00 noon”

)

=
1
4

(
1 +

i√
2

+
i√
2

)
=

1
4

+
i

2
√

2

F2 =
1
4

(
1 +

(
− 1√

2

)
× “9:00 a.m.” +

(
+

1√
2

)
× “9:00 p.m.”

)

=
1
4

(
1 +

1√
2
− 1√

2

)
=

1
4

F3 = F ∗
1 .

(4.40)

Two “strange findings”:

i. Through truncation we suddenly got an imaginary part, in spite of using
a cosine as input. But our function isn’t even at all, because we continue
using fN = −1, instead of fN = f0 = +1, as we originally intended to
do. This function contains an even and an odd portion (cf. Fig. 4.17).

ii. We really had expected a Fourier coefficient between half the Nyquist
frequency and the Nyquist frequency, possibly spread evenly over F1 and
F2, and not a constant, like we would have had to expect for the case of
a δ-function as input: but we’ve precisely entered this as “even” input.

The “odd” input is a sine wave with amplitude −1/
√

2 and there-
fore results in an imaginary part of F1 = 1/2

√
2; the intensity −1/2

√
2,

split “between sisters”, is to be found at F3, the positive sign in front of
Im{F1} means negative amplitude (cf. the remarks in (4.14) about Bavarian
clocks).

Instead of more discussions about truncation errors in the case of cosine
inputs, we recall that ω = 0 is a frequency “as good as any”. So we want to



4.6 Zero-padding 115

discuss the discrete analog to the function sin x
x , the Fourier transform of the

“rectangular function”. We use as input:

fk =

⎧
⎨

⎩

1 for 0 ≤ k ≤ M
0 else
1 for N − M ≤ k ≤ N − 1

(4.41)

and stick with period N . This corresponds to a “rectangular windows” of
width 2M + 1 (M arbitrary, yet < N/2). Here, the half corresponding to
negative times has been wrapped onto the right end of the interval. Please
note, that we can’t help but require an odd number of fk �= 0 to get an even
function. An example with N = 8, M = 2 is shown in Fig. 4.18.

For general M < N/2 and N the Fourier transform is:

Fj =
1
N

(
M∑

k=0

W−kj
N +

N−1∑

k=N−M

W−kj
N

)

=
1
N

(
2

M∑

k=0

cos(2πkj/N) − 1

)
.

The sum can be calculated using (1.53), which we came across when
dealing with Dirichlet’s integral kernel . We have:

1
2

+
1
2

+ cos x + cos 2x + . . . + cos Mx =
1
2

+
sin
(

M +
1
2

)
x

2 sin
x

2
with x = 2πj/N,

thus:

Fj =
1

N

⎛

⎝1 +
sin
(
M +

1

2

)
2πj

N

sin
2πj

2N

− 1

⎞

⎠ =
1

N

⎛

⎝
sin

2M + 1

N
πj

sin
πj

N

⎞

⎠ (4.42)

for j = 0, . . . , N − 1.

�

� � � � �

� � �

� �

f0f−2 f−1 f1 f2 f3 f4 f5 f6 f7 f8

�

Fig. 4.18. “Rectangular” input using N = 8, M = 2
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Fig. 4.19. Equation (4.42) (points); 2M+1
N

sin x
x

with x = 2M+1
N

πj (thin line)

This is the discrete version of the function sin x
x which we would get in

the case of the continuous Fourier transformation (cf. Fig. 2.2 for our above
example). Figure 4.19 shows the result for N = 64 and M = 8 in comparison
to sin x

x .
What happens at j = 0? There’s a trick: j temporarily is treated like a

continuous variable and l’Hospital’s rule is applied:

F0 =
1
N

(
2M + 1

N

)
π

π/N
=

2M + 1
N

“average”. (4.43)

We had used 2M + 1 series elements fk = 1 as input. Only in this range
the denominator can become 0.

Where are the zeros of the discrete Fourier transform of the discrete
“rectangular window”? Funny, there is no Fj , that is exactly equal to 0,
as 2M+1

N πj = lπ, l = 1, 2, . . . or j = l N
2M+1 and j = integer can only be

achieved for l = 2M +1, and then j already is outside the interval. Of course,
for M 
 1 we may approximately put j ≈ l N

2M and then get 2M − 1 “quasi-
zero transitions”. This is different compared to the function sin x

x , where there
are real zeros. The oscillations around zero next to the central peak at j = 0
decay only very slowly; even worse, after j = N/2 the denominator starts
getting smaller, and the oscillations increase again! Don’t panic: in the right
half of {Fj} there is the mirror image of the left half! What’s behind the
difference to the function sin x

x ? It’s the periodic continuation in the case of
the discrete Fourier transformation! We transform a “comb” of “rectangular
functions”! For j � N , i.e. far from the end of the interval, we get:
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Fj =
1
N

sin
2M + 1

N
πj

πj/N
=

2M + 1
N

sin x

x
with x =

2M + 1
N

πj, (4.44)

and that’s exactly what we’d have expected in the first place. In the extreme
case of M = N/2 − 1 we get for j �= 0 from (4.42):

Fj =
1
N

sin
N − 1

N
πj

sin(πj/N)
= − 1

N
eiπj ,

which we can just manage to compensate by plugging the “hole” at fN/2

(cf. Sect. 4.5, cosine transformation). Let’s take a closer look at the extreme
case of large N and large M (but with 2M � N). In this limit we really
get the same “zeros” as in function sin x

x . Here we have a situation somewhat
like the transition from the discrete to the continuous Fourier transformation
(especially so if we only look at the Fourier coefficients Fj with j � N). Now
we also understand why there are no sidelobes in the case of a discrete Fourier
transformation of a cosine input without truncation errors and without zero-
padding: the Fourier coefficients neighbouring the central peak are precisely
where the zeros are. Then the Fourier transformation works like a – meanwhile
obsolete – vibrating-reed frequency meter. This sort of instrument was used
in earlier times to monitor the mains frequency of 50 cycles (60 cycles in
the US and some other countries). Reeds with distinctive eigen-frequencies,
for example 47, 48, 49, 50, 51, 52, 53 cycles, are activated using a mains-
driven coil: only the reed with the proper eigen-frequency at the current
mains-frequency will start vibrating, all others will keep quiet. These days,
no energy supplier will get away with supplying 49 or 51 cycles, as this would
cause all inexpensive (alarm)clocks (without quartz-control) to get out of
sync. What’s true for the frequency ω = 0, of course also is true for all other
frequencies ω �= 0, according to the Convolution Theorem. This means that
we can only get a consistent line profile of a spectral line that doesn’t depend
on truncation errors if we use zero-padding, and make it plenty of zeros.

So here is the 1st recommendation:

Many zeros are good! N very big; 2M � N .

The economy and politics also obey this rule.
2nd recommendation:

Choose your sampling-interval ∆t fine enough, so that your
Nyquist frequency is always substantially higher than the ex-
pected spectral intensity, meaning, you need Fj only for j � N .
This should get rid of the consequences of the periodic continua-
tion approximately!
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In Chap. 3 we quite extensively discussed continuous window functions. A
very good presentation of window functions in the case of the discrete Fourier
transformation can be found in F.J. Harris [7]. We’re happy to know, however,
that we may transfer all the properties of a continuous window function to
the discrete Fourier transformation straight away, if, by using enough zeros
for padding and using the low-frequency portion of the Fourier series, we aim
for the limes discrete → continuous.

So, here comes the 3rd recommendation:

Do use window functions!

These three recommendations are illustrated in Fig. 4.20 in an easy-
to-remember way. If you know that the input is even or odd, respectively,
data mirroring is always recommended.

If the input is neither even nor odd, you can force the input to become
even or odd, respectively, provided all spectral components have the same
phase. The situation is more complicated if the input contains even and
odd components, i.e. the spectral components have different phases. If these
components are well separated you can shift the phase for each component
individually. If these components are not well separated use the full window
function, i.e. don’t mirror the data, than zero-padd and Fourier transform.
Now, the real and the imaginary part depend on where you zero-padd: at
the beginning, at the end, or both. In this case the power representation is
recommended.

In spite of the fact that today’s fast PCs won’t have a problem transform-
ing very big data sets any more, the application of the Fourier transformation
got a huge boost from the “Fast Fourier transformation” algorithm by Coo-
ley and Tukey, an algorithm that doesn’t grow with N2 calculations but only
N ln N .

We’ll have a closer look at this algorithm in the next section.

4.7 Fast Fourier Transformation (FFT)

Cooley and Tukey started out from the simple question: what is the Fourier
transform of a series of numbers with only one real number (N = 1)? There
are at least 3 answers:

i. Accountant :
From (4.12) with N = 1 follows:

F0 = 1
1f0W

−0
1 = f0. (4.45)

ii. Economist :
From (4.31) (Parseval’s theorem) follows:
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Fig. 4.20. “Cooking recipe” for the Fourier transformation for an even input; in
case of an odd input invert the mirror image

|F0|2 = 1
1 |(f0)|2. (4.46)

Using the services of someone into law : f0 is real and even, which leads
to F0 = ±f0, and as F0 is also to be equal to the average of the series of
numbers, there’s no chance of getting a minus sign.
(A layperson would have done without all this lead-in talk!)

iii. Philosopher :
We know that the Fourier transform of a δ-function results in a constant
and vice versa. How do we represent a constant in the world of 1-term
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series? By using the number f0. How do we represent in this world a
δ-function? By using this number f0. So in this world there’s no difference
any more between a constant and a δ-function. Result: f0 is its own
Fourier transform.

This finding, together with the trick to achieve N = 1 by smartly halving the
input again and again (that’s why we have to stipulate: N = 2p, p integer),
(almost) saves us the Fourier transformation. For this purpose, let’s first have
a look at the first subdivision. We’ll assume as given: {fk} with N = 2p. This
series will get cut up in a way that one subseries will only contain the even
elements and the other subseries only the odd elements of {fk}:

{f1,k} = {f2k} k = 0, 1, . . . ,M − 1,
{f2,k} = {f2k+1} M = N/2.

(4.47)

Both subseries are periodic in M .

Proof (Periodicity in M).

f1,k+M = f2k+2M = f2k = f1,k

because of 2M = N and f periodic in N.

Analogously for f2,k. ��

The respective Fourier transforms are:

F1,j =
1
M

M−1∑

k=0

f1,kW−kj
M ,

F2,j =
1
M

M−1∑

k=0

f2,kW−kj
M ,

j = 0, . . . ,M − 1. (4.48)

The Fourier transform of the original series is:

Fj =
1
N

N−1∑

k=0

fkW−kj
M

=
1
N

M−1∑

k=0

f2kW−2kj
N +

1
N

M−1∑

k=0

f2k+1W
−(2k+1)j
N (4.49)

=
1
N

M−1∑

k=0

f1,kW−kj
M +

W−j
N

N

M−1∑

k=0

f2,kW−kj
M , j = 0, . . . , N − 1.

In our last step we used:

W−2kj
N = e−2×2πikj/N = e−2πikj/(N/2) = W−kj

M ,

W
−(2k+1)j
N = e−2πi(2k+1)j/N = W−kj

M W−j
N .
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Together we get:

Fj = 1
2F1,j + 1

2W−j
N F2,j , j = 0, . . . , N − 1,

or better:

Fj = 1
2 (F1,j + F2,jW

−j
N ),

Fj+M = 1
2 (F1,j − F2,jW

−j
N ), j = 0, . . . , M − 1.

(4.50)

Please note that in (4.50) we allowed j to run from 0 to M − 1 only. In
the second line in front of F2,j there really should be the factor:

W
−(j+M)
N = W−j

N W−M
N = W−j

N W
−N/2
N = W−j

N e−2πi N
2 /N

= W−j
N e−iπ = −W−j

N .

(4.51)

This “decimation in time” can be repeated until we finally end up with 1-
term series whose Fourier transforms are identical to the input number, as we
know. The normal Fourier transformation requires N2 calculations, whereas
here we only need pN = N ln N .

Example 4.13 (“Saw-tooth” with N = 2).

f0 = 0, f1 = 1.
��

�

Normal Fourier transformation:

W2 = eiπ = −1

F0 =
1
2
(0 + 1) =

1
2

F1 =
1
2
(
0 + 1 × W−1

2

)
= −1

2
.

(4.52)

Fast Fourier transformation:

f1,0 = 0 even part → F1,0 = 0

f2,0 = 1 odd part → F2,0 = 1, M = 1.
(4.53)

From formula (4.50) we get:

F0 =
1
2

⎛

⎝F1,0 + F2,0 W 0
2︸︷︷︸

=1

⎞

⎠ =
1
2

F1 =
1
2
(
F1,0 − F2,0W

0
2

)
= −1

2
.

(4.54)

This didn’t really save all that much work so far.
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Example 4.14 (“Saw-tooth” with N = 4).

f0 = 0
f1 = 1
f2 = 2
f3 = 3.

��

�

�

�

The normal Fourier transformation gives us:

W4 = e2πi/4 = eπi/2 = i

F0 =
1
4
(0 + 1 + 2 + 3) =

3
2

“average”

F1 =
1
4
(
W−1

4 + 2W−2
4 + 3W−3

4

)
=

1
4

(
1
i

+
2
−1

+
3
−i

)
= −1

2
+

i
2

F2 =
1
4
(
W−2

4 + 2W−4
4 + 3W−6

4

)
=

1
4
(−1 + 2 − 3) = −1

2

F3 =
1
4
(
W−3

4 + 2W−6
4 + 3W−9

4

)
=

1
4

(
−1

i
− 2 +

3
i

)
= −1

2
− i

2
.

(4.55)

This time we’re not using the trick with the clock, yet another playful
approach. We can skillfully subdivide the input and thus get the Fourier
transform straight away (cf. Fig. 4.21).

Using 2 subdivisions, the Fast Fourier transformation gives us:
1st subdivision:

N = 4 {f1} = {0, 2} even,
M = 2 {f2} = {1, 3} odd.

(4.56)

2nd subdivision (M ′ = 1):

f11 = 0 even ≡ F1,1,0,
f12 = 2 odd ≡ F1,2,0,
f21 = 1 even ≡ F2,1,0,
f22 = 3 odd ≡ F2,2,0.

Using (4.50) this results in (j = 0,M ′ = 1):

upper part lower part

F1,k =
{

1
2
F1,1,0 +

1
2
F1,2,0,

1
2
F1,1,0 −

1
2
F1,2,0

}
= {1,−1},

F2,k =
{

1
2
F2,1,0 +

1
2
F2,2,0,

1
2
F2,1,0 −

1
2
F2,2,0

}
= {2,−1}
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const.

δ-function �

�
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from all Fj subtract 1
2
.

real part:

F0 = 8
4

= 2

F1 = F2 = F3 = 0

imaginary part:

F1 = + 1
2

F3 = − 1
2

F0 = 0 (always)

F2 = 0 (Nyquist)

Fig. 4.21. Decomposition of the saw-tooth into an odd part, constant plus δ-
function. Add up the Fk, and compare the result with (4.55)

and finally, using (4.50) once again:

upper part

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

F0 =
1
2
(F1,0 + F2,0) =

3
2
,

F1 =
1
2
(
F1,1 + F2,1W

−1
4

)
=

1
2

(
−1 + (−1) × 1

i

)
= −1

2
+

i
2
,

lower part

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

F2 =
1
2
(F1,0 − F2,0) = −1

2
,

F3 =
1
2
(
F1,1 − F2,1W

−1
4

)
=

1
2

(
−1 − (−1) × 1

i

)
= −1

2
− i

2
.

We can represent the calculations we’ve just done in the following dia-
gram, where we’ve left out the factors 1/2 per subdivision – they can be taken
into account at the end when calculating the Fj (Fig. 4.22).

Here
→
↗ ⊕ means add and

↘→ � subtract and W−j
4 multiply with weight

W−j
4 . This subdivision is called “decimation in time”; the scheme:
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Fig. 4.22. Flow-diagram for the FFT with N = 4
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⊕

W−j
N

is called “butterfly scheme”, which, for example, is used as a building-block
in hardware Fourier analysers. Figure 4.23 illustrates the scheme for N = 16.

Those in the know will have found that the input is not required in the
normal order f0 . . . fN , but in bit-reversed order (arabic from right to left).

Example 4.15 (Bit-reversal for N = 16).

k binary reversed results in k′

0 0000 0000 0
1 0001 1000 8
2 0010 0100 4
3 0011 1100 12
4 0100 0010 2
5 0101 1010 10
6 0110 0110 6
7 0111 1110 14
8 1000 0001 1
9 1001 1001 9

10 1010 0101 5
11 1011 1101 13
12 1100 0011 3
13 1101 1011 11
14 1110 0111 7
15 1111 1111 15

Computers have no problem with this bit-reversal.

At the end, let’s have a look at a simple example:
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Fig. 4.23. Decimation in Time with N = 16

with for example 7 = W−7
16 .

Example 4.16 (Half Nyquist frequency).

fk = cos(πk/2), k = 0, . . . , 15, i.e.
f0 = f4 = f8 = f12 = 1,

f2 = f6 = f10 = f14 = −1,
all odd ones are 0.

The bit-reversal orders the input in such a way that we get zeros in the
lower half (cf. Fig. 4.24). If both inputs of the “butterfly scheme” are 0, i.e.
we surely get 0 at the output, we do not show the add-/subtract-crosses.
The intermediate results of the required calculations are quoted. The weights
W 0

16 = 1 are not quoted for the sake of clarity. Other powers do not show up in
this example. You see, the input is progressively “compressed” in four steps.
Finally, we find a number 8 at negative and positive half Nyquist frequency
each, which we are allowed to add and subsequently have to divide by 16,
which finally yields the amplitude of the cosine input, i.e. 1.
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Fig. 4.24. Half Nyquist frequency

Playground

4.1. Correlated
What is the cross correlation of a series {fk} with a constant series {gk}?
Sketch the procedure with Fourier transforms!

4.2. No Common Ground
Given is the series {fk} = {1, 0,−1, 0} and the series {gk} = {1,−1, 1,−1}.

Calculate the cross correlation of both series.
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4.3. Brotherly
Calculate the cross correlation of {fk} = {1, 0, 1, 0} and {gk} = {1,−1, 1,−1},
use the Convolution Theorem.

4.4. Autocorrelated
Given is the series {fk} = {0, 1, 2, 3, 2, 1}, N = 6.

Calculate its autocorrelation function. Check your results by calculating
the Fourier transform of fk and of fk ⊗ fk.

4.5. Shifting around
Given the following input series (see Fig. 4.25):

f0 = 1, fk = 0 for k = 1, . . . , N − 1.

a. Is the series even, odd, or mixed?
b. What is the Fourier transform of this series?
c. The discrete “δ-function” now gets shifted to f1 (Fig. 4.26).

Is the series even, odd, or mixed?
d. What do we get for |Fj |2?

4.6. Pure Noise
Given the random input series containing numbers between −0.5 and 0.5.

a. What does the Fourier transform of a random series look like (see
Fig. 4.27)?

b. How big is the noise power of the random series, defined as:

N−1∑

j=0

|Fj |2? (4.57)

Compare the result in the limiting case of N → ∞ to the power of the input
0.5 cos ωt.

�

�

. . .
0 1 2 N − 2 N − 1 N k

Fig. 4.25. Input-signal with a δ-shaped pulse at k = 0

�

�

. . .
0 1 2 N − 2 N − 1 N k

Fig. 4.26. Input-signal with a δ-shaped pulse at k = 1
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Fig. 4.27. Random series

Fig. 4.28. Input function according to (4.58)

4.7. Pattern Recognition
Given a sum of cosine functions as input, with plenty of superposed noise

(Fig. 4.28):

fk = cos
5πk

32
+ cos

7πk

32
+ cos

9πk

32
+ 15(RND − 0.5) (4.58)

for k = 0, . . . , 255,

where RND is a random number1 between 0 and 1.
How do you look for the pattern Fig. 4.29 that’s buried in the noise, if it

represents the three cosine functions with the frequency ratios ω1 : ω2 : ω3 =
5 : 7 : 9?

4.8. Go on the Ramp (for Gourmets only)
Given the input series:

fk = k for k = 0, 1, . . . , N − 1.

Is this series even, odd, or mixed? Calculate the real and imaginary part
of it’s Fourier transform. Check your results using Parseval’s theorem. Derive
the results for

∑N−1
j=1 1/ sin2(πj/N) and

∑N−1
j=1 cot2(πj/N).

1 Programming languages such as, for example Turbo-Pascal, C, Fortran, . . . fea-
ture random generators that can be called as functions. Their efficiency varies
considerably.
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0 1 2 3 4 5 6 7 8 9

Fig. 4.29. Theoretical pattern (“toothbrush”) that is to be located in the data set

4.9. Transcendental (for Gourmets only)
Given the input series (with N even!):

fk =
{

k for k = 0, 1, . . . , N
2 − 1

N − k for k = N
2 , N

2 + 1, . . . , N − 1
. (4.59)

Is the series even, odd, or mixed? Calculate its Fourier transform. The
double-sided ramp is a high-pass filter (cf. Sect. 5.2). Use Parseval’s theo-
rem to derive the result for

∑N/2
k=1 1/ sin4(π(2k − 1)/N). Use the fact that

a high-pass does not transfer a constant in order to derive the result for∑N/2
k=1 1/ sin2(π(2k − 1)/N).
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In this chapter we’ll discuss only very simple procedures, such as smoothing
of data, shifting of data using linear interpolation, compression of data, dif-
ferentiating data and integrating them, and while doing that, describe the
filter effect – something that’s often not even known to our subconscience.
For this purpose, the concept of the transfer function comes in handy.

5.1 Transfer Function

We’ll take as given, a “recipe” according to which the output y(t) is made
up of a linear combination of f(t) including derivatives and integrals:

y(t)︸︷︷︸
“output”

=
+k∑

j=−k

aj f [j](t)︸ ︷︷ ︸
“input”

with f [j] =
djf(t)

dtj
(negative j means integration).

(5.1)

This rule is linear and stationary, as a shift along the time axis in the
input results in the same shift along the time axis in the output.

When we Fourier-transform (5.1) we get with (2.57):

Y (ω) =
+k∑

j=−k

ajFT
(
f [j](t)

)
=

+k∑

j=−k

aj(iω)jF (ω) (5.2)

or
Y (ω) = H(ω)F (ω)

with the transfer function H(ω) =
+k∑

j=−k

aj(iω)j .
(5.3)

When looking at (5.3), we immediately think of the Convolution Theorem.
According to this, we may interpret H(ω) as the Fourier transform of the
output y(t) using δ-shaped input (that is F (ω) = 1). So weighted with this
transfer function, F (ω) is translated into the output Y (ω). In the frequency
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domain, we can easily filter if we choose an adequate H(ω). Here, however,
we want to work in the time domain.

Now we’ll get into number series. Please note that we’ll get derivatives
only over differences and integrals only over sums of single discrete numbers.
Therefore, we’ll have to widen the definition (5.1) by including non-stationary
parts. The operator V l means shift by l:

V lyk ≡ yk+l. (5.4)

This allows us to state the discrete version of (5.1) as follows:

yk︸︷︷︸
“output”

=
+L∑

l=−L

al V lfk︸ ︷︷ ︸
“input”

. (5.5)

Here, positive l stand for later input samples, and negative l for earlier
input samples. With positive l, we can’t process a data-stream sequentially in
“real-time”, we first have to buffer L samples, for example in a shift-register,
which often is called a FIFO (first in, first out). These algorithms are called
acausal. The Fourier transformation is an example for an acausal algorithm.

The discrete Fourier transformation of (5.5) is:

Yj =
+L∑

l=−L

alFT
(
V lfk

)
=

+L∑

l=−L

al
1
N

N−1∑

k=0

fk+lW
−kj
N

=
+L∑

l=−L

al
1
N

N−1+l∑

k′=l

fk′W−k′j
N W+lj

N

=
+L∑

l=−L

alW
+lj
N Fj = HjFj .

Yj = HjFj

with Hj =
+L∑

l=−L

alW
+lj
N =

+L∑

l=−L

aleiωj l∆t and ωj = 2πj/(N∆t). (5.6)

Using this transfer function, which we assume to be continuous out of
pure convenience,1 that’s H(ω) =

∑+L
l=−L aleiωl∆t, it’s easy to understand

the “filter effects” of the previously defined operations.

5.2 Low-pass, High-pass, Band-pass, Notch Filter

First we’ll look into the filter effect when smoothing data. A simple 2-point
algorithm for data-smoothing would be, for example:
1 We can always choose N to be large, so j is very dense.
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yk =
1
2
(fk + fk+1) (5.7)

with a0 =
1
2
, a1 =

1
2
.

This gives us the transfer function:

H(ω) =
1
2

(
1 + eiω∆t

)
. (5.8)

|H(ω)|2 =
1
4
(1 + eiω∆t)(1 + e−iω∆t) =

1
2

+
1
2

cos ωt = cos2
ω∆t

2

and finally:

|H(ω)| = cos
ω∆t

2
.

Figure 5.1 shows |H(ω)|.
This has the unpleasant effect that a real input results in a complex

output. This, of course, is due to our implicitly introduced “phase shift” by
∆t/2.

It looks like the following 3-point algorithm will do better:

yk =
1
3

(fk−1 + fk + fk+1) (5.9)

with a−1 =
1
3
, a0 =

1
3
, a1 =

1
3
.

This gives us:

H(ω) =
1
3

(
e−iω∆t + 1 + e+iω∆t

)
=

1
3
(1 + 2 cos ω∆t). (5.10)

Figure 5.2 shows H(ω) and the problem that for ω = 2π/3∆t there is
a zero, meaning that this frequency will not get transferred at all. This fre-
quency is (2/3)ΩNyq. Above that, even the sign changes. This algorithm is
not consistent and therefore should not be used.

Fig. 5.1. Modulus of the transfer function for the smoothing-algorithm of (5.7)
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Fig. 5.2. Transfer function for the 3-point smoothing-algorithm as of (5.9)

The “correct” smoothing-algorithm is as follows:

yk =
1
4

(fk−1 + 2fk + fk+1) low-pass.

with a−1 = +1/4, a0 = +1/2, a1 = +1/4.

The transfer function now reads:

H(ω) =
1
4

(
e−iω∆t + 2 + e+iω∆t

)

=
1
4
(2 + 2 cos ω∆t) = cos2

(
ω∆t

2

)
.

(5.11)

Figure 5.3 shows H(ω): there are no zeros, the sign doesn’t change. Com-
paring this to (5.8) and Fig. 5.1, it’s obvious that the filter effect now is
bigger: cos2(ω∆t/2) instead of cos(ω∆t/2) for |H(ω)|.

Using half the Nyquist frequency we get:

H(ΩNyq/2) = cos2
π

4
=

1
2
.

Therefore, our smoothing-algorithm is a low-pass filter, which, admittedly,
doesn’t have a “very steep edge”, and which, at ω = ΩNyq/2, will let only
half the amount pass. So at ω = ΩNyq/2 we have −3 dB attenuation.

logo:

Fig. 5.3. Transfer function for the low-pass
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If our data is corrupted by low-frequency artefacts (for example slow
drifts), we’d like to use a high-pass filter. Here’s how we design it:

H(ω) = 1 − cos2
ω∆t

2
= sin2 ω∆t

2

=
1
2
(1 − cos ω∆t)

=
1
2

(
1 − 1

2
e−iω∆t − 1

2
e+iω∆t

)
. (5.12)

So we have: a−1 = −1/4, a0 = +1/2, a1 = −1/4, and the algorithm is:

yk =
1
4

(−fk−1 + 2fk − fk+1) high-pass. (5.13)

From (5.13) we realise straight away: a constant as input will not get
through because the sum of the coefficients ai is zero.

Figure 5.4 shows H(ω). Here, too, we can see that at ω = ΩNyq/2 half
the amount will get through only. The experts talk of −3 dB attenuation
at ω = ΩNyq/2. We discussed in Example 4.14 the “saw-tooth”. In the fre-
quency domain this is a high-pass, too! In a certain image reconstruction
algorithm from many projections taken at different angles, as required in
tomography, exactly such high-pass filters are in use. They are called ramp
filters. They naturally show up when transforming from cartesian to cylinder
coordinates. In this algorithm, called “backprojection of filtered projections”,
one does not really filter in the frequency domain but rather carries out a
convolution in real space with the Fourier-transformed ramp function. To
be precise, we require the double-sided ramp function for positive and neg-
ative frequencies: H(ω) = |ω| up to ±ΩNyq. With periodic continuation,
the result is very simple: apart from the non-vanishing average, this is our
“triangular function” from Fig. 1.9c)! Instead of using only fk−1, fk and
fk+1 for our high-pass we could build a filter from the coefficients of (1.5)
and terminate at a sufficiently large value for k. Exactly this is done in
practice.

If we want to suppress very low as well as very high frequencies, we need
a band-pass. For simplicity’s sake we take the product of the previously de-
scribed low-pass and high-pass (cf. Fig. 5.5):

logo:

Fig. 5.4. Transfer function for the high-pass
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logo:

Fig. 5.5. Transfer function of the band-pass

H(ω) = cos2
ω∆t

2
sin2 ω∆t

2
=

(
1
2

sin ω∆t

)2

=
1
4

sin2 ω∆t =
1
4

1
2

(1 − cos 2ω∆t)

=
1
8

(
1 − 1

2
e−2iω∆t − 1

2
e+2iω∆t

)
. (5.14)

So we have a−2 = −1/16, a+2 = −1/16, a0 = +1/8 and:

fk =
1
16

(−fk−2 + 2fk − fk+2) band-pass. (5.15)

Now, at ω = ΩNyq/2 we have H(ΩNyq/2) = 1/4, that’s −6 dB attenua-
tion.

If we choose to set the complement of the band-pass to 1:

H(ω) = 1 −
(

1
2

sin ω∆t

)2

, (5.16)

we’ll get a notch filter that suppresses frequencies around ω = ΩNyq/2, yet
lets all others pass (cf. Fig. 5.6).

H(ω) can be transformed to:

H(ω) = 1 − 1
8

+
1
16

e2iω∆t +
1
16

e−2iω∆t (5.17)

with a−2 = +1/16, a−2 = +1/16, a0 = +7/8

and yk =
1
16

(fk−2 + 14fk + fk+2) notch filter. (5.18)

The suppression at half the Nyquist frequency, however, isn’t exactly im-
pressive: only a factor of 3/4 or −1.25 dB.

Figure 5.7 gives an overview/recaps all the filters we’ve covered.
How can we build better notch filters? How can we set the cut-off fre-

quency? How can we set the edge steepness? Linear, non-recursive filters
won’t do the job. Therefore, we’ll have to look at recursive filters, where part
of the output is fed back as input. In RF-engineering this is called feedback.
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logo:

Fig. 5.6. Transfer function of the notch filter

Fig. 5.7. Overview of the transfer functions of the various filters

Live TV-shows with viewers calling in on their phones know what (acoustic)
feedback is: it goes from your phone’s mouthpiece via plenty of wire (copper
or fibre) and various electronics to the studio’s loudspeakers, and from there
on to the microphone, the transmitter and back to your TV-set (maybe us-
ing a satellite for good measure) and on to your phone’s handset. Quite an
elaborate set-up, isn’t it. No wonder we can have lots of fun letting rip on
talkshows using this kind of feedback! Video-experts may use their cameras
to achieve optical feedback by pointing it at the TV-screen that happens to
show exactly this camera and so on. (This is the modern, yet chaos-inducing,
version of the principle of the never-ending mirroring, using two mirrors op-
posite to each other, like, for example, in the Mirror Hall of the Castle of
Linderhof).

It’s not appropriate to discuss digital filters in depth here. We’ll only look
at a small example to glean the principles of a low-pass with a recursive
algorithm. The algorithm may be formulated in a general manner as follows:

yk =
L∑

l=−L

alV
lfk −

M∑

m=−M
m �=0

bmV myk (5.19)
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with the definition: V lfk = fk+l (as above in (5.4)). We arbitrarily chose
the sign in front of the second sum to be negative; and for the same reason,
we excluded m = 0 from the sum. Both moves will prove to be very useful
shortly.

For negative m the previous output is fed back to the right-hand side of
(5.19), for the calculation of the new output: the algorithm is causal . For
positive m the subsequent output is fed back for the calculation of the new
output: the algorithm is acausal . Possible work-around: input and output are
pushed into memory (register) and kept in intermediate storage as long as
M is big.

We may transform (5.19) into:

M∑

m=−M

bmV myk =
L∑

l=−L

alV
lfk. (5.20)

The Fourier transform of (5.20) may be rewritten, like in (5.6) (with
b0 = 1):

BjYj = AjFj (5.21)

with Bj =
M∑

m=−M

bmW+mj
N and Aj =

L∑

l=−L

alW
+lj
N .

So the output is Yj = Aj

Bj
Fj , and we may define the new transfer function

as:

Hj =
Aj

Bj
or H(ω) =

A(ω)
B(ω)

. (5.22)

Using feedback we may, via zeros in the denominator, create poles in
H(ω), or better, using somewhat less feedback, create resonance enhance-
ment .

Example 5.1 (Feedback). Let’s take our low-pass from (5.11) with 50% feed-
back of the previous output:

yk =
1
2
yk−1 +

1
4

(fk−1 + 2fk + fk+1) or

(
1 − 1

2
V −1

)
yk =

1
4

(
V −1 + 2 + V +1

)
fk.

(5.23)

This results in:

H(ω) =
cos2(ω∆t/2)

1 − 1
2
e−iω∆t

. (5.24)

If we don’t care about the phase shift, caused by the feedback, we’re only
interested in:
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|H(ω)| =
cos2(ω∆t/2)√(

1 − 1
2

cos ω∆t

)2

+
(

1
2

sin ω∆t

)2
=

cos2(ω∆t/2)√
5
4
− cos ω∆t

. (5.25)

The resonance enhancement at ω = 0 is 2, |H(ω)| is shown in Fig. 5.8,
together with the non-recursive low-pass from (5.11). We can clearly see that
the edge steepness got better. If we’d fed back 100% instead of 50% in (5.23), a
single short input would have been enough to keep the output “high” for good;
the filter would have been unstable. In our case, it decays like a geometric
series once the input has been taken off.

Here we’ve already taken the first step into the highly interesting field of
filters in the time domain. If you want to know more about it, have a look at,
for example, “Numerical Recipes” and the material quoted there. But don’t
forget that filters in the frequency domain are much easier to handle because
of the Convolution Theorem.

5.3 Shifting Data

Let’s assume you have a data set and you want to shift it a fraction δ of the
sampling interval ∆t, say, for simplicity’s sake, using linear interpolation. So
you’d rather have started sampling δ later, yet won’t (or can’t) repeat the
measurements. Then you should use the following algorithm:

yk = (1 − δ)fk + δfk+1, 0 < δ < 1
“shifting with

linear interpolation”. (5.26)

Fig. 5.8. Transfer function for the low-pass (5.11) and the filter with feedback
(5.25)
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The corresponding transfer function reads:

H(ω) = (1 − δ) + δeiω∆t. (5.27)

Let’s not worry about a phase shift here; so we look at |H(ω)|2:

|H(ω)|2 = H(ω)H∗(ω)

= (1 − δ + δ cos ω∆t + δi sin ω∆t)(1 − δ + δ cos ω∆t − δi sin ω∆t)

= (1 − δ + δ cos ω∆t)2 + δ2 sin2 ω∆t

= 1 − 2δ + δ2 + δ2 cos2 ω∆t + 2(1 − δ)δ cos ω∆t + δ2 sin2 ω∆t

= 1 − 2δ + 2δ2 + 2(1 − δ)δ cos ω∆t

= 1 + 2δ(δ − 1) − 2δ(δ − 1) cos ω∆t

= 1 + 2δ(δ − 1)(1 − cos ω∆t)

= 1 + 4δ(δ − 1) sin2 ω∆t

2

= 1 − 4δ(1 − δ) sin2 ω∆t

2
. (5.28)

The function |H(ω)|2 is shown in Fig. 5.9 for δ = 0, δ = 1/4 and δ = 1/2.
This means: apart from the (not unexpected) phase shift, we have a low-

pass effect due to the interpolation, similar to what happened in (5.11),
which is strongest for δ = 1/2. If we know that our sampled function f(t) is
bandwidth-limited, we may use the sampling theorem and perform the “cor-
rect” interpolation, without getting a low-pass effect. Reconstructing f(t)
from samples fk, however, requires quite an effort and often is not necessary.
Interpolation algorithms requiring much effort are either not necessary (in
case the relevant spectral components are markedly below ΩNyq), or they
easily result in high-frequency artefacts. So be careful! Boundary effects have
to be treated separately.

Fig. 5.9. Modulus squared of the transfer function for the shifting-algorithm/
interpolation-algorithm (5.26)
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5.4 Data Compression

Often we get the problem where data sampling had been too fine, so data
have to be compressed. An obvious algorithm would be, for example:

yj ≡ y2k =
1
2
(fk + fk+1), j = 0, ..., N/2 “compression”. (5.29)

Here, data set {yk} is only half as long as data set {fk}. We pretend to
have extended the sampling width ∆t by the factor 2 and expect the average
of the old samples at the sampling point. This inevitably will lead to a phase
shift:

H(ω) =
1
2

+
1
2
ei∆t. (5.30)

If we do not want that, we better use the smoothing-algorithm (5.11),
where only every other output is stored:

yj ≡ y2k =
1
4
(fk−1 + 2fk + fk+1), j = 0, ..., N/2 “compression”. (5.31)

Here, there is no phase shift, the principle is shown in Fig. 5.10.
Boundary effects have to be treated separately.
So we might assume, for example, f−1 = f0 for the calculation of y0. This

also applies to the end of the data set.

5.5 Differentiation of Discrete Data

We may define the derivative of a sampled function as:

df

dt
≡ yk =

fk+1 − fk

∆t
“first forward difference”. (5.32)

The corresponding transfer function reads:

H(ω) = 1
∆t

(
eiω∆t − 1

)
= 1

∆te
iω∆t/2

(
eiω∆t/2 − e−iω∆t/2

)

= 2i
∆t sin ω∆t

2 eiω∆t/2

= iωeiω∆t/2 sin ω∆t
2

ω∆t/2 .

(5.33)

Fig. 5.10. Data compression algorithm of (5.31)
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The exact result would be H(ω) = iω (cf. (2.56)), the second and the third
factor are due to the discretisation. The phase shift in (5.33) is a nuisance.

The “first backward difference”:

yk =
fk − fk−1

∆t
. (5.34)

has got the same problem. The “first central difference”:

yk =
fk+1 − fk−1

2∆t
(5.35)

solves the problem with the phase shift. Here the following applies:

H(ω) =
1

2∆t

(
e+iω∆t − e−iω∆t

)

= iω
sinω∆t

ω∆t
.

(5.36)

Here, however, the filter effect is more pronounced, as is shown in Fig. 5.11.
For high frequencies the derivative becomes more and more wrong.

Fix : Sample as fine as possible, so that within your frequency realm
ω � ΩNyq is always true.

The “second central difference” is as follows:

yk =
fk−2 − 2fk + fk+2

4∆t2
. (5.37)

It corresponds to the second derivative. The corresponding transfer func-
tion is as follows:

Fig. 5.11. Transfer function of the “first central difference” (5.35) and the exact
value (thin line)
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H(ω) =
1

4∆t2
(
e−iω2∆t − 2 + e+iω2∆t

)

=
1

4∆t2
(2 cos 2ω∆t − 2) = − 1

∆t2
sin2 ω∆t (5.38)

= −ω2

(
sin ω∆t

ω∆t

)2

.

This should be compared to the exact expression H(ω) = (iω)2 = −ω2.
Figure 5.12 shows −H(ω) for both cases.

5.6 Integration of Discrete Data

The simplest way to “integrate” data is to sum them up. It’s a bit more
precise if we interpolate between the data points. Let’s use the Trapezoidal
Rule as an example: assume the area up to the index k to be yk, in the next
step we add the following trapezoidal area (cf. Fig. 5.13):

yk+1 = yk +
∆t

2
(fk+1 + fk) “Trapezoidal Rule”. (5.39)

Fig. 5.12. Transfer function of the “second central difference” (5.38) and exact
value (thin line)
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Fig. 5.13. Concerning the Trapezoidal Rule
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The algorithm is:
(
V 1 − 1

)
yk = (∆t/2)

(
V 1 + 1

)
fk, V l is the shifting

operator of (5.4).
So the corresponding transfer function is:

H(ω) =
∆t

2

(
eiω∆t + 1

)

(eiω∆t − 1)

=
∆t

2
eiω∆t/2

(
e+iω∆t/2 + e−iω∆t/2

)

eiω∆t/2
(
e+iω∆t/2 − e−iω∆t/2

) (5.40)

=
∆t

2
2 cos(ω∆t/2)
2i sin(ω∆t/2)

=
1
iω

ω∆t

2
cot

ω∆t

2
.

The “exact” transfer function is:

H(ω) =
1
iω

see also (2.63). (5.41)

Heaviside’s step function has the Fourier transform 1/iω, we get that when
integrating over the impulse (δ-function) as input. The factor
(ω∆t/2) cot(ω∆t/2) is due to the discretization. H(ω) is shown in Fig. 5.14.

The Trapezoidal Rule is a very useful integration algorithm.
Another integration algorithm is Simpson’s 1/3-rule, which can be derived

as follows.
Given are three subsequent numbers f0, f1, f2 and we want to put a

second order polynomial through these points:

y = a + bx + cx2

with y(x = 0) = f0 = a,
y(x = 1) = f1 = a + b + c,
y(x = 2) = f2 = a + 2b + 4c .

(5.42)

Fig. 5.14. Transfer function for the Trapezoidal Rule (5.39) and exact value (thin
line)
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The resulting coefficients are:

a = f0,

c = f0/2 + f2/2 − f1,

b = f1 − f0 − c = f1 − f0 − f0/2 − f2/2 + f1

= 2f1 − 3f0/2 − f2/2.

(5.43)

The integration of this polynomial of 0 ≤ x ≤ 2 results in:

I = 2a + 4
b

2
+ 8

c

3
= 2f0 + 4f1 − 3f0 − f2 +

4
3
f0 +

4
3
f2 −

8
3
f1

=
1
3
f0 +

4
3
f1 +

1
3
f2 =

1
3

(f0 + 4f1 + f2) .

(5.44)

This is called Simpson’s 1/3-rule. As we’ve gathered up 2∆t, we need the
step-width 2∆t. So the algorithm is:

yk+2 = yk +
∆t

3
(fk+2 + 4fk+1 + fk) “Simpson’s 1/3-rule”. (5.45)

This corresponds to an interpolation with a second-order polynomial. The
transfer function is:

H(ω) =
1
iω

ω∆t

3
2 + cos ω∆t

sinω∆t

and is shown in Fig. 5.15.
At high frequencies, Simpson’s 1/3-rule gives grossly wrong results. Of

course, Simpson’s 1/3-rule is more exact than the Trapezoidal Rule, given

Fig. 5.15. Transfer function for Simpson’s 1/3-rule compared to the Trapezoidal
Rule and the exact value (thin line)
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medium frequencies, or the effort of interpolation with a second-order poly-
nomial would be hardly worth it.

At ω = ΩNyq/2 we have, relative to H(ω) = 1/iω:

Trapezoid:

ΩNyq∆t

4
cot

ΩNyq∆t

4
=

π

4
cot

π

4
=

π

4
= 0.785 (too small),

Simpson’s-1/3:

ΩNyq∆t

6
2 + cos(ΩNyq∆t/2)

sin(ΩNyq∆t/2)
=

π

6
2 + 0

1
=

π

3
= 1.047 (too big).

Simpson’s 1/3h-rule also does better for low frequencies than the Trape-
zoidal Rule:

Trapezoid:

ω∆t

2

(
1

ω∆t/2
− ω∆t/2

3
+ · · ·

)
≈ 1 − ω2∆t2

12
,

Simpson’s-1/3:

ω∆t

3

(
2 + 1 − 1

2
ω2∆t2 +

ω4∆t4

24
+ · · ·

)

ω∆t

(
1 − ω2∆t2

6
+

ω4∆t4

120
+ · · ·

)

=
1 − ω2t2

6
+

ω4t4

72
+ · · ·

1 − ω2t2

6
+

ω4t4

120
+ · · ·

≈ 1 +
ω4∆t4

180
+ · · ·

The examples in Sects. 5.2–5.6 would point us in the following direction,
as far as digital data processing is concerned:

The rule of thumb, therefore, is:

Do sample as fine as possible!
Keep away from ΩNyq!

Do also try out other algorithms, and have lots of fun!
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Playground

5.1. Image Reconstruction
Suppose we have the following object with two projections (smallest, non-

trivial symmetric image):

If it helps, consider a cube of uniform density and its shadow (=projection)
when illuminated with a light-beam from the x-direction and y-direction. 1 =
there is a cube, 0 = there is no cube (but here we have a 2D-problem).

Use a ramp filter, defined as {g0 = 0, g1 = 1} and periodic continuation
in order to convolute the projection with the Fourier-transformed ramp-filter
and project the filtered data back. Discuss all possible different images.

Hint : Perform convolution along the x-direction and y-direction consecu-
tively.

5.2. Totally Different
Given is the function f(t) = cos(πt/2), which is sampled at times tk = k∆t,
k = 0, 1, . . . , 5 with ∆t = 1/3.

Calculate the first central difference and compare it with the “exact”
result for f ′(t). Plot your results! What is the percentage error?

5.3. Simpson’s-1/3 vs. Trapezoid
Given is the function f(t) = cos πt, which is sampled at times tk = k∆t,
k = 0, 1, . . . , 4 with ∆t = 1/3.

Calculate the integral using the Simpson’s 1/3-rule and the Trapezoidal
Rule and compare your results with the exact value.

5.4. Totally Noisy
Given is a cosine input series that’s practically smothered by noise (Fig. 5.16).

fi = cos
πj

4
+ 5(RND − 0.5), j = 0, 1, . . . , N. (5.46)

In our example, the noise has a 2.5-times higher amplitude than the cosine
signal. (The signal-to-noise ratio (power!) therefore is 0.5 : 5/12 = 1.2, see
playground 4.6.)

In the time spectrum (Fig. 5.16) we can’t even guess the existence of the
cosine component.
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Fig. 5.16. Cosine signal in totally noisy background according to (5.46)

Fig. 5.17. Discrete line on slowly falling background

(a). What Fourier transform do you expect for series (5.46)?
(b). What can you do to make the cosine component visible in the time spec-

trum, too?

5.5. Inclined Slope
Given is a discrete line as input that’s sitting on a slowly falling ground
(Fig. 5.17).

(a). What’s the most elegant way of getting rid of the background?
(b). How do you get rid of the “undershoot”?
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Playground of Chapter 1

1.1 Very Speedy

ω = 2πν with ν = 100 × 106 s−1

= 628.3Mrad/s

T =
1
ν

= 10ns ; s = cT = 3 × 108 m/s × 10−8 s = 3m.

Easy to remember: 1 ns corresponds to 30 cm, the length of a ruler.

1.2 Totally Odd
It is mixed since neither f(t) = f(−t) nor f(−t) = −f(t) is true.

Decomposition:

f(t) = feven(t) + fodd(t) = cos
π

2
t in 0 < t ≤ 1

feven(t) = feven(−t) = feven(1 − t)
fodd(t) = −fodd(−t) = −fodd(1 − t)

feven(1 − t) − fodd(1 − t) = feven(t) + fodd(t) = cos
π

2
t = sin

π

2
(1 − t).

Replace 1 − t by t:

feven(t) − fodd(t) = sin
π

2
t (A.1)

feven(t) + fodd(t) = cos
π

2
t (A.2)

(A.1) + (A.2) yields : feven(t) =
1
2

(
cos

π

2
t + sin

π

2
t
)

(A.1) − (A.2) yields : fodd(t) =
1
2

(
cos

π

2
t − sin

π

2
t
)

.

The graphical solution is shown in Fig. A.1.
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Fig. A.1. f(x) = cos(πt/2) for 0 ≤ t ≤ 1, periodic continuation in the interval
−1 ≤ t ≤ 0 is dotted ; the following two graphs add up correctly for the interval 0 ≤
t ≤ 1 but give 0 for the interval −1 ≤ t ≤ 0; the next two graphs add up correctly
for the interval −1 ≤ t ≤ 0 and leave the interval 0 ≤ t ≤ 1 unchanged; the bottom
two graphs show feven(t) = feven,1(t) + feven,2(t) and fodd(t) = fodd,1(t) + fodd,2(t)
(from top to bottom)
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1.3 Absolutely True
This is an even function! It could have been written as f(t) = | sin πt| in
−∞ ≤ t ≤ +∞ as well. It is most convenient to integrate from 0 to 1, i.e. a
full period of unit length.

Ck =

1∫

0

sinπt cos 2πktdt

=

1∫

0

1
2

[sin(π − 2πk)t + sin(π + 2πk)t] dt

=
1
2

{
(−1)

cos(π − 2πk)t
π − 2πk

∣∣∣∣
1

0

+(−1)
cos(π + 2πk)t

π + 2πk

∣∣∣∣
1

0

}

=
1
2

{
(−1) cos π(1 − 2k)

π − 2πk
+

1
π − 2πk

+
(−1) cos π(1 + 2k)

π + 2πk
+

1
π + 2πk

}

=
1
2

{
(−1)

⎡

⎣
=(−1)
cos π

=1

cos 2πk +
=0

sinπ sin 2πk

π − 2πk

⎤

⎦

+(−1)

⎡

⎣
=(−1)
cos π

=1

cos 2πk −
=0

sin π sin 2πk

π + 2πk

⎤

⎦+
2π

π2 − 4π2k2

}

=
1
2

{
1

π − 2πk
+

1
π + 2πk

+
2π

π2 − 4π2k2

}

=
2

π − 4πk2
=

2
π(1 − 4k2)

f(t) =
k=0
2
π

−
k=±1

4
3π

cos 2πt −
k=±2

4
15π

cos 4πt −
k=±3

4
35π

cos 6πt − . . .

1.4 Rather Complex
The function f(t) = 2 sin(3πt/2) cos(πt/2) for 0 ≤ t ≤ 1 can be rewritten
using a trigonometric identity as f(t) = sin πt + sin 2πt. We have just calcu-
lated the first part and the linearity theorem tells us that we only have to
calculate Ck for the second part and then add both coefficients. The second
part is an odd function! We actually do not have to calculate Ck because the
second part is our basis function for k = 1. Hence,

Ck =

⎧
⎨

⎩

i/2 for k = +1
−i/2 for k = −1

0 else
.
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Together:

Ck =
2

π(1 − 4k2)
+

i
2
δk,1 −

i
2
δk,−1.

1.5 Shiftily
With the First Shifting Rule we get:

Cnew
k = e+i2πk 1

2 Cold
k

= e+iπkCold
k = (−1)kCold

k .

Shifted first part:
even terms remain unchanged, odd
terms get a minus sign. We would
have to calculate:

Ck =

1/2∫

−1/2

cos πt cos 2πkt dt.

Shifted second part:
imaginary parts for k = ±1 now get
a minus sign because the amplitude
is negative.

Figure A.3 illustrates both shifted parts. Note the kink at the center of the
interval which results from the fact that the slopes of the unshifted function
at the interval boundaries are different (see Fig. A.2).

1.6 Cubed
The function is even, the Ck are real. With the trigonometric identity
cos3 2πt = (1/4)(3 cos 2πt + cos 6πt) we get:

C0 = 0 A0 = 0
C1 = C−1 = 3/8 or A1 = 3/4.

C3 = C−3 = 1/8 A3 = 1/4

Check using the Second Shifting Rule: cos3 2πt = cos 2πt cos2 2πt. From (1.5)
we get cos2 2πt = 1/2 + (1/2) cos 4πt, i.e. Cold

0 = 1/2, Cold
2 = Cold

−2 = 1/4.
From (1.36) with T = 1 and a = 1 we get for the real part (the Bk are 0):

C0 = A0; Ck = Ak/2; C−k = Ak/2,

Cold
0 = 1/2 and Cold

2 = Cold
−2 = 1/4

with Cnew
k = Cold

k−1:

Cnew
0 = Cold

−1 = 0

Cnew
1 = Cold

0 = 1/2 Cnew
−1 = Cold

−2 = 1/4

Cnew
2 = Cold

1 = 0 Cnew
−2 = Cold

−3 = 0

Cnew
3 = Cold

2 = 1/4 Cnew
−3 = Cold

−4 = 0.
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Fig. A.2. sin πt (top); sin 2πt (middle); sum of both (bottom)

Note that for the shifted Ck we do no longer have Ck = C−k! Let us construct
the Anew

k first:
Anew

k = Cnew
k + Cnew

−k
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Fig. A.3. Shifted first part, shifted second part, sum of both (from top to bottom)

Anew
0 = 0; Anew

1 = 3/4; Anew
2 = 0; Anew

3 = 1/4. In fact, we want to have
Ck = C−k, so we better define Cnew

0 = Anew
0 and Cnew

k = Cnew
−k = Anew

k /2.
Figure A.4 shows the decomposition of the function f(t) = cos3 2πt using

a trigonometric identity.
The Fourier coefficients Ck of cos2 2πt before and after shifting using the

Second Shifting Rule as well as the Fourier coefficients Ak for cos2 2πt and
cos3 2πt are displayed in Fig. A.5.

1.7 Tackling Infinity
Let T = 1 and set Bk = 0. Then we have from (1.50):

1∫

0

f(t)2dt = A2
0 +

1
2

∞∑

k=1

A2
k.
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Fig. A.4. The function f(t) = cos3 2πt can be decomposed into f(t) = (3 cos 2πt+
cos 6πt)/4 using a trigonometric identity
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Fig. A.5. Fourier coefficients Ck for f(t) = cos2 2πt = 1/2 + (1/2) cos 4πt and
after shifting using the Second Shifting Rule (top two). Fourier coefficients Ak for
f(t) = cos2 2πt and f(t) = cos3 2πt (bottom two)

We want to have A2
k ∝ 1/k4 or Ak ∝ ±1/k2. Hence, we need a kink in

our function, like in the “triangular function”. However, we do not want the
restriction to odd k. Let’s try a parabola. f(t) = t(1 − t) for 0 ≤ t ≤ 1.
For k �= 0 we get:

Ck =

1∫

0

t(1 − t) cos 2πktdt

=

1∫

0

t cos 2πktdt −
1∫

0

t2 cos 2πktdt

=
cos 2πkt

(2πk)2

∣∣∣∣
1

0

+
t sin 2πkt

2πk

∣∣∣∣
1

0

−
(

2t

(2πk)2
cos 2πkt +

(
t2

2πk
− 2

(2πk)3

)
sin 2πkt

) ∣∣∣∣
1

0

= −
(

2
(2πk)2

× 1 +
(

1
2πk

− 2
(2πk)3

)
× 0 −

(
0 − 2

(2πk)3

)
× 0
)

= − 1
2π2k2

.
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For k = 0 we get:

C0 =

1∫

0

t(1 − t)dt =

1∫

0

tdt −
1∫

0

t2 dt

=
t2

2

∣∣∣∣
1

0

− t3

3

∣∣∣∣
1

0

=
1
2
− 1

3

=
1
6
.

From the left hand side of (1.50) we get:

1∫

0

t2(1 − t)2 dt =

1∫

0

(t2 − 2t3 + t4) dt

=
t3

3
− 2

t4

4
+

t5

5

∣∣∣∣
1

0

=
1
3
− 1

2
+

1
5

=
10 − 15 + 6

30

=
1
30

.

Hence, with A0 = C0 and Ak = Ck + C−k = 2Ck we get:

1
30

=
1
36

+
1
2

∞∑

k=1

(
1

π2k2

)2

=
1
36

+
1

2π4

∞∑

k=1

1
k4

or
(

1
30

− 1
36

)
2π4 =

∞∑

k=1

1
k4

=
36 − 30
1080

2π4

=
6π4

540
=

π4

90
.

1.8 Smoothly
From (1.63) we know that a discontinuity in the function leads to a

(
1
k

)
-

dependence, a discontinuity in the first derivative leads to a
(

1
k2

)
-dependence,

etc.
Here, we have:

f = 1 − 8t2 + 16t4 is continuous at the boundaries

f ′ = −16t + 64t3 = −16t(1 − 4t2) is continuous at the boundaries

f ′′ = −16 + 192t2 is still continuous at the boundaries

f ′′′ = 384t is not continuous at the boundaries

f ′′′ (− 1
2

)
= −192 f ′′′ (+ 1

2

)
= +192.

Hence, we should have a
(

1
k4

)
-dependence.
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Check by direct calculation. For k �= 0 we get:

Ck =

+1/2∫

−1/2

(1 − 8t2 + 16t4) cos 2πktdt

= 2

1/2∫

0

(cos 2πkt − 8t2 cos 2πkt + 16t4 cos 2πkt) dt with a = 2πk

= 2
[
sin at

a
− 8
[

2t

a2
cos at +

(
t2

a
− 2

a3

)
sin at

]

+t4
sin at

a
− 4

a

[(
3t2

a2
− 6

a4

)
sin at −

(
t3

a
− 6t

a3

)
cos at

]] ∣∣∣∣
1/2

0

= 2
[
−8
(

1
a2

(−1)k

)
+ 16

1
2a4

(−1)k(a2 − 24)
]

= 2(−1)k

(
8
a2

+
8
a4

(a2 − 24)
)

= 16(−1)k

(
− 1

a2
+

1
a2

− 24
a4

)

= −16 × 24
(−1)k

a4

= −384
(−1)k

a4

= −24(−1)k

π4k4
.

For k = 0 we get:

C0 = 2

1/2∫

0

(1 − 8t2 + 16t4) dt

= 2
(

t − 8
3
t3 +

16
5

t5
) ∣∣∣∣

1/2

0

= 2
(

1
2
− 8

3
1
8

+
16
5

1
32

)

= 2
(

1
2
− 1

3
+

1
10

)
= 2

15 − 10 + 3
30

=
8
15

.
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Playground of Chapter 2

2.1 Black Magic
Figure A.6 illustrates the construction:

i. The inclined straight line is y = x tan θ, the straight line parallel to the
x-axis is y = a. Their intersection yields x tan θ = a or x = a cot θ.
The circle is written as x2 + (y − a/2)2 = (a/2)2 or x2 + y2 − ay = 0.
Inserting x = y cot θ for the inclined straight line yields y2 cot2 θ+y2 = ay
or – dividing by y �= 0 – y = a/(1 + cot2 θ) = a sin2 θ (the trivial solution
y = 0 corresponds to the intersection at the origin and ±∞).

ii. Eliminating θ we get y = a/(1 + (x/a)2) = a3/(a2 + x2).
iii. Calculating the Fourier transform is the reverse problem of (2.17):

F (ω) = 2

∞∫

0

a3

a2 + x2
cos ωx dx

= 2a3

∞∫

0

cos ωax′

a2 + a2x′2 adx′ with x = ax′

= 2a2

∞∫

0

cos ωax′

1 + x′2 dx′

= a2πe−a|ω|

the double-sided exponential. In fact, what mathematicians call the “versiera”
of Agnesi is – apart from constants – identical to what physicists call a
Lorentzian.

What about “Black magic”? A rational function, the geometric locus of
a simple problem involving straight lines and a circle, has a transcendental
Fourier transform and vice versa! No surprise, the trigonometric functions
used in the Fourier transformation are transcendental themselves!

Fig. A.6. The “versiera” of Agnesi: a construction recipe for a Lorentzian with
rule and circle
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2.2 The Phase Shift Knob
We write f(t) ↔ Re{F (ω)} + i Im{F (ω)} before shifting. With the First
Shifting Rule we get:

f(t − a) ↔ (Re{F (ω)} + i Im{F (ω)}) (cos ωa − i sin ωa)

= Re{F (ω)} cos ωa + Im{F (ω)} sin ωa

+ i (Im{F (ω)} cos ωa − Re{F (ω)} sin ωa).

The imaginary part vanishes for tanωa = Im{F (ω)}/Re{F (ω)} or a =
(1/ω)×arctan(Im{F (ω)}/Re{F (ω)}). For a sinusoidal input with phase shift,
i.e. f(t) = sin(ωt−ϕ), we identify a with ϕ/ω, hence ϕ = a arctan(Im{F (ω)}/
Re{F (ω)}). This is our “phase shift knob”. If, e.g. Re{F (ω)} were 0 before
shifting, we would have to turn the “phase shift knob” by ωa = π/2 or –
with ω = 2π/T – by a = T/4 (or 90◦, i.e. the phase shift between sine and
cosine). Since Re{F (ω)} was non-zero before shifting, less than 90◦ is suf-
ficient to make the imaginary part vanish. The real part which builds up
upon shifting must be Re{Fshifted} =

√
Re{F (ω)}2 + Im{F (ω)}2 because

|F (ω)| is unaffected by shifting and Im{Fshifted} = 0. If you are skeptic insert
tan ωa = Im{F (ω)}/Re{F (ω)} into the expression for Re{Fshifted}:

Re{Fshifted} = Re{F (ω)} cos ωa + Im{F (ω)} sin ωa

= Re{F (ω)} 1√
1 + tan2 ωa

+ Im{F (ω)} tan ωa√
1 + tan2 ωa

=
Re{F (ω)} + Im{F (ω)} Im{F (ω)}

Re{F (ω)}√
1 + Im{F (ω)}2

Re{F (ω)}2

=
√

Re{F (ω)}2 + Im{F (ω)}2.

Of course, the “phase shift knob” does the job only for a given frequency ω.

2.3 Pulses
f(t) is odd; ω0 = n 2π

T/2 or T
2 ω0 = n2π.

F (ω) = (−i)

T/2∫

−T/2

sin(ω0t) sin ωt dt

= (−i)
1
2

T/2∫

−T/2

(cos(ω0 − ω)t − cos(ω0 + ω)t) dt

= (−i)

T/2∫

0

(cos(ω0 − ω)t − cos(ω0 + ω)t) dt
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= (−i)

(
sin(ω0 − ω)T

2

ω0 − ω
−

sin(ω0 + ω)T
2

ω0 + ω

)

= (−i)

⎛

⎜⎝

=0

sinω0
T
2 cos ω T

2 −
=1

cos ω0
T
2 sin ω T

2

ω0 − ω

−
=0

sin ω0
T
2 cos ω T

2 +
=1

cos ω0
T
2 sin ω T

2

ω0 + ω

⎞

⎟⎠

= i sin ω
T

2

(
1

ω0 − ω
+

1
ω0 + ω

)
= 2i sin

ωT

2
× ω0

ω2
0 − ω2

.

At resonance: F (ω0) = −iT/2; F (−ω0) = +iT/2; |F (±ω0)| = T/2. This is
easily seen by going back to the expressions of the type sin x

x .
For two such pulses centered around ±∆ we get:

Fshifted(ω) = 2i sin
ωT

2
× ω0

ω2
0 − ω2

(
eiω∆ + e−iω∆

)

= 4i sin
ωT

2
× ω0

ω2
0 − ω2

cos ω∆ ←− “modulation”.

|F (ω0)| = T if at resonance: ω0∆ = lπ. In order to maximise |F (ω)| we
require ω∆ = lπ; l = 1, 2, 3, . . .; ∆ depends on ω!

2.4 Phase-Locked Pulses
This is a textbook case for the Second Shifting Rule! Hence, we start with
DC-pulses. This function is even!

FDC(ω) =

−∆+ T
2∫

−∆−T
2

cos ωt dt +

+∆+ T
2∫

+∆−T
2

cos ωt dt = 2

∆+ T
2∫

∆−T
2

cos ωt dt

with t′ = −t we get a minus sign from dt′ and another one from
the reversal of the integration boundaries

= 2
sin ωt

ω

∣∣∣∣
∆+ T

2

∆−T
2

= 2
sin ω

(
∆ + T

2

)
− sin ω

(
∆ − T

2

)

ω

=
4
ω

cos ω∆ sin ω
T

2
.

With (2.29) we finally get:

F (ω) = 2i

[
sin(ω + ω0)T

2 cos(ω + ω0)∆
ω + ω0

−
sin(ω − ω0)T

2 cos(ω − ω0)∆
ω − ω0

]
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= 2i

⎡

⎢⎢⎢⎢⎣

cos(ω + ω0)∆

(
sin ω T

2

=1

cos ω0
T
2 + cos ω T

2

=0

sinω0
T
2

)

ω + ω0

−
cos(ω − ω0)∆

(
sin ω T

2

=1

cos ω0
T
2 − cos ω T

2

=0

sin ω0
T
2

)

ω − ω0

⎤

⎥⎥⎥⎥⎦

= 2i sin ω
T

2

[
cos(ω + ω0)∆

ω + ω0
− cos(ω − ω0)∆

ω − ω0

]

=
2i sin ω T

2

ω2 − ω2
0

((ω − ω0) cos(ω + ω0)∆ − (ω + ω0) cos(ω − ω0)∆).

In order to find the extremes it suffices to calculate:

d
d∆

((ω − ω0) cos(ω + ω0)∆ − (ω + ω0) cos(ω − ω0)∆) = 0

(ω − ω0)(−1)(ω + ω0) sin(ω + ω0)∆ − (ω + ω0)(ω − ω0) sin(ω − ω0)∆ = 0
or (ω2 − ω2

0)(sin(ω + ω0)∆ − sin(ω − ω0)∆) = 0
or (ω2 − ω2

0) cos ω∆ sin ω0∆ = 0.

This is fulfilled for all frequencies ω if sin ω0∆ = 0 or ω0∆ = lπ. With this
choice we get finally:

F (ω) =
2i sin ω T

2

ω2 − ω2
0

[
(ω − ω0)

(
cos ω∆ cos ω0∆ − sinω∆

=0

sin ω0∆

)

−(ω + ω0)
(

cos ω∆ cos ω0∆ + sinω∆
=0

sin ω0∆

)]

=
2i sin ω T

2

ω2 − ω2
0

(−1)l cos ω∆ × 2ω0

= 4iω0(−1)l sin ω T
2 cos ω∆

ω2 − ω2
0

.

At resonance ω = ω0 we get:

|F (ω)| = 4ω0 lim
ω→ω0

sinω T
2

ω2 − ω2
0

with T =
4π

ω0

= 4ω0 lim
ω→ω0

sin 2π ω
ω0

ω2
0

(
ω2

ω2
0
− 1
) with α =

ω

ω0

=
4
ω0

lim
α→1

sin 2πα

(α − 1)(α + 1)
with β = α − 1
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=
2
ω0

lim
β→0

sin 2π(β + 1)
β

=
2
ω0

lim
β→0

⎛

⎝ sin 2πβ
=1

cos 2π + cos 2πβ
=0

sin 2π

β

⎞

⎠

=
2
ω0

lim
β→0

2π cos 2πβ

1
=

4π

ω0
= T.

For the calculation of the FWHM we better go back to DC-pulses!
For two pulses separated by 2∆ we get:

FDC(0) = 4
T

2
lim
ω→0

sinω T
2

ω T
2

= 2T

and |FDC(0)|2 = 4T 2.

From
(

4
ω cos ω∆ sin ω T

2

)2
= 1

2 |FDC(0)|2 = 2T 2 we get (using ∆
T = l

4 ):

16 cos2
ωT l

4
sin2 ωT

2
= 2T 2ω2 with x =

ωT

4
cos2 xl sin2 2x = 2x2.

For l = 1 we get:

cos2 x sin2 2x = 2x2

or cos x sin 2x =
√

2x

cos x × 2 sin x cos x =
√

2x

cos2 x sin x =
x√
2
.

The solution of this transcendental equation yields:

∆ω =
4.265

T
with ∆ =

T

4
.

For l = 2 we get:

cos2 2x sin2 2x = 2x2

or cos 2x sin 2x =
√

2x
1
2

sin 4x =
√

2x

sin 4x = 2
√

2x.

The solution of this transcendental equation yields:

∆ω =
2.783

T
with ∆ =

T

2
.

These values for the FWHM should be compared with the value for a single
DC-pulse (see (3.12)):
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∆ω =
5.566

T
.

The Fourier transform of such a double pulse represents the frequency
spectrum which is available for excitation in a resonant absorption experi-
ment. In radiofrequency spectroscopy this is called the Ramsey technique,
medical doctors would call it fractionated medication.

2.5 Tricky Convolution
We want to calculate h(t) = f1(t) ⊗ f2(t). Let’s do it the other way round.
We know from the Convolution Theorem that the Fourier transform of the
convolution integral is merely a product of the individual Fourier transforms,
i.e.

f1,2(t) =
σ1,2

π

1
σ2

1,2 + t2
↔ F1,2(ω) = e−σ1,2|ω|.

Check:

F (ω) =
2σ

π

∞∫

0

cos ωt

σ2 + t2
dt

=
2

πσ

∞∫

0

cos ωt

1 + (t/σ)2
dt

=
2

πσ

∞∫

0

cos(ωσt′)
1 + t′2

σdt′ with t′ =
t

σ

=
2
π

π

2
e−σ|ω| = e−σ|ω|.

No wonder, it is just the inverse problem of (2.18).
Hence, H(ω) = exp(−σ1|ω|) exp(−σ2|ω|) = exp(−(σ1 + σ2)|ω|). The in-

verse transformation yields:

h(t) =
2
2π

∞∫

0

e−(σ1+σ2)ω cos ωt dω

=
1
π

σ1 + σ2

(σ1 + σ2)2 + t2
,

i.e. another Lorentzian with σtotal = σ1 + σ2.

2.6 Even Trickier
We have:

f1(t) =
1

σ1

√
2π

e−(1/2)(t2/σ2
1) ↔ F1(ω) = e−

1
2 σ2

1ω2
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and:

f2(t) =
1

σ2

√
2π

e−(1/2)(t2/σ2
2) ↔ F2(ω) = e−

1
2 σ2

2ω2
.

We want to calculate h(t) = f1(t) ⊗ f2(t).
We have H(ω) = exp

(
1
2

(
σ2

1 + σ2
2

)
ω2
)
. This we have to backtransform in

order to get the convolution integral:

h(t) =
1
2π

+∞∫

−∞

e−
1
2 (σ2

1+σ2
2)ω2

e+iωtdω

=
1
π

∞∫

0

e−
1
2 (σ2

1+σ2
2)ω2

cos ωtdω

=
1
π

√
π

2 1√
2

√
σ2

1 + σ2
2

e−t2/4 1
2 (σ2

1+σ2
2)

=
1√
2π

1√
σ2

1 + σ2
2

e−(1/2)(t2/(σ2
1+σ2

2))

=
1√
2π

1
σtotal

e−(1/2)(t2/σ2
total) with σ2

total = σ2
1 + σ2

2 .

Hence, it is again a Gaussian with the σ’s squared added. The calculation of
the convolution integral directly is much more tedious:

f1(t) ⊗ f2(t) =
1

σ1σ22π

+∞∫

−∞

e−(1/2)(ξ2/σ2
1)e−(1/2)((t−ξ)2/σ2

2)dξ

with the exponent:

− 1
2

[
ξ2

σ2
1

+
ξ2

σ2
2

− 2tξ

σ2
2

+
t2

σ2
2

]

= −1
2

[(
1
σ2

1

+
1
σ2

2

)(
ξ2 − 2tξ

σ2
2

1
1

σ2
1

+ 1
σ2
2

)
+

t2

σ2
2

]

= −1
2

[(
1
σ2

1

+
1
σ2

2

)(
ξ2 − 2tξσ2

1

σ2
1 + σ2

2

+
t2σ4

1

(σ2
1 + σ2

2)2
− t2σ4

1

(σ2
1 + σ2

2)2

)
+

t2

σ2
2

]

= −1
2

[(
1
σ2

1

+
1
σ2

2

)(
ξ − tσ2

1

σ2
1 + σ2

2

)2

− (σ2
1 + σ2

2)
σ2

1σ2
2

t2σ4
1

(σ2
1 + σ2

2)2
+

t2

σ2
2

]

= −1
2

[(
1
σ2

1

+
1
σ2

2

)(
ξ − tσ2

1

σ2
1 + σ2

2

)2

− t2σ2
1

σ2
2(σ2

1 + σ2
2)

+
t2

σ2
2

]

= −1
2

[(
1
σ2

1

+
1
σ2

2

)(
ξ − tσ2

1

σ2
1 + σ2

2

)2

+
t2

σ2
2

(
1 − σ2

1

σ2
1 + σ2

2

)]
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= −1
2

[(
1
σ2

1

+
1
σ2

2

)(
ξ − tσ2

1

σ2
1 + σ2

2

)2

+
t2

σ2
2

σ2
2

σ2
1 + σ2

2

]

= −1
2

[(
1
σ2

1

+
1
σ2

2

)(
ξ − tσ2

1

σ2
1 + σ2

2

)2

+
t2

σ2
1 + σ2

2

]

hence:

f1(t) ⊗ f2(t) =
1

σ1σ22π
e
− 1

2
t2

σ2
1
+σ2

2

+∞∫

−∞

e
− 1

2

(
1

σ2
1
+ 1

σ2
2

)(
ξ−

tσ2
1

σ2
1
+σ2

2

)2

dξ

with ξ − tσ2
1

σ2
1 + σ2

2

= ξ′

=
1

σ1σ22π
e
− 1

2
t2

σ2
1
+σ2

2

+∞∫

−∞

e
− 1

2

(
1

σ2
1
+ 1

σ2
2

)
ξ′2

dξ′

=
1

σ1σ22π
e
− 1

2
t2

σ2
1
+σ2

2

√
π

2
2

1√
2

√
1

σ2
1

+ 1
σ2
2

=
1√
2π

e
− 1

2
t2

σ2
1
+σ2

2
1

σ1σ2

σ1σ2√
σ2

1 + σ2
2

=
1√
2π

1
σtotal

e
− 1

2
t2

σ2
total with σ2

total = σ2
1 + σ2

2 .

2.7 Voigt Profile (for Gourmets only)

f1(t) = σ1
π

1
σ2
1+σ2

2
↔ F1(ω) = e−σ1|ω|

f2(t) = 1
σ2

√
2π

e
− 1

2
t2

σ2
2 ↔ F2(ω) = e−

1
2 σ2

2ω2

H(ω) = e−σ1|ω|e−
1
2 σ2

2ω2
.

The inverse transformation is a nightmare! Note that H(ω) is an even func-
tion.

h(t) =
1
2π

2

∞∫

0

e−σ1ωe−
1
2 σ2

2ω2
cos ωt dω

=
1
π

1

2
(
2 1

2σ2
2

) 1
2

exp
(

σ2
1 − t2

8 1
2σ2

2

)

×Γ (1)

⎧
⎨

⎩exp
(
− iσ1t

4 1
2σ2

2

)
D−1

⎛

⎝ σ1 − it√
2 1

2σ2
2

⎞

⎠
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+ exp
(

iσ1t

4 1
2σ2

2

)
D−1

⎛

⎝ σ1 + it√
2 1

2σ2
2

⎞

⎠

⎫
⎬

⎭

=
1
2π

1
σ2

exp
(

σ2
1 − t2

4σ2
2

){
exp
(
− iσ1t

2σ2
2

)
D−1

(
σ1 − it

σ2

)
+ c.c.

}

with D−1(z) denoting a parabolic cylinder function. The complex conjugate
(“c.c.”) ensures that h(t) is real. A similar situation shows up in (3.32) where
we truncate a Gaussian. Here, we have a cusp in H(ω). What a messy line-
shape for a Lorentzian spectral line and a spectrometer with a Gaussian
resolution function!

Among spectroscopists, this lineshape is known as the “Voigt profile”.
The parabolic cylinder function D−1(z) can be expressed in terms of the
complementary error function:

D−1(z) = e
z2
4

√
π

2
erfc

(
z√
2

)
.

Hence, we can write:

h(t) =
1

2πσ2

√
π

2
e
(

σ1−it
σ2

)2 1
4 erfc

(
σ1 − it√

2σ2

)
e
+

σ2
1−t2

4σ2
2 e

− iσ1t

2σ2
2

+
1

2πσ2

√
π

2
e
(

σ1+it
σ2

)2 1
4 erfc

(
σ1 + it√

2σ2

)
e
+

σ2
1−t2

4σ2
2 e

+
iσ1t

2σ2
2

=
1√

2π2σ2

{
e

1
4σ2

2
[σ2

1−2itσ1−t2+σ2
1−t2−2iσ1t]

erfc
(

σ1 − it√
2σ2

)

+e
1

4σ2
2
[σ2

1+2itσ1−t2+σ2
1−t2+2iσ1t]

erfc
(

σ1 + it√
2σ2

)}

=
1√

2π2σ2

{
e

1
2σ2

2
(σ2

1−2itσ1−t2)
erfc

(
σ1 − it√

2σ2

)

+e
1

2σ2
2
(σ2

1+2itσ1−t2)
erfc

(
σ1 + it√

2σ2

)}

=
1√

2π2σ2

⎧
⎨

⎩e

(
σ1−it√

2σ2

)2

erfc
(

σ1 − it√
2σ2

)
+ e

(
σ1+it√

2σ2

)2

erfc
(

σ1 + it√
2σ2

)⎫⎬

⎭

=
1√

2π2σ2

erfc
(

σ1 − it√
2σ2

)
e

(
σ1−it√

2σ2

)2

+ c.c.
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2.8 Derivable
The function is mixed. We know that dF (ω)

dω = −iFT(tf(t)) with f(t) = e−t/τ

for t ≥ 0 (see (2.58)), and we know its Fourier transform (see (2.21)) F (ω) =
1/(λ + iω).

Hence:

G(ω) = i
d
dω

(
1

λ + iω

)

= i
(−i)

(λ + iω)2
=

1
(λ + iω)2

=
(λ − iω)2

(λ + iω)2(λ − iω)2
=

λ2 − 2iωλ − ω2

(λ2 + ω2)2

=
λ2 − ω2

(λ2 + ω2)2
− 2iωλ

(λ2 + ω2)2

=
(λ2 − ω2) − 2iωλ

(λ2 + ω2)2
.

Inverse transformation:

g(t) =
1
2π

∞∫

−∞

eiωt

(λ + iω)2
dω

Real part:
1
2π

2

∞∫

0

cos ωt
λ2 − ω2

(λ2 + ω2)2
dω

Imaginary part:
1
2π

2

∞∫

0

sin ωt
(−2)ωλ

(λ2 + ω2)2
dω; (ω sin ωt is even in ω!).

Hint : Reference [9, Nos 3.769.1, 3.769.2] ν = 2; β = λ; x = ω:

1
(λ + iω)2

+
1

(λ − iω)2
=

2(λ2 − ω2)
(λ2 + ω2)2

1
(λ + iω)2

− 1
(λ − iω)2

=
−4iωλ

(λ2 + ω2)2
∞∫

0

(λ2 − ω2)
(λ2 + ω2)2

cos ωtdω =
π

2
te−λt

∞∫

0

−2iωλ

(λ2 + ω2)2
sinωtdω =

π

2
ite−λt
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from real part

1
π

π

2
te−λt +

from imaginary part

1
π

π

2
te−λt = te−λt for t > 0.

2.9 Nothing Gets Lost
First, we note that the integral is an even function and we can write:

∞∫

0

sin2 aω

ω2
dω =

1
2

+∞∫

−∞

sin2 aω

ω2
dω.

Next, we identify sin aω/ω with F (ω), the Fourier transform of the “rectan-
gular function” with a = T/2 (and a factor of 2 smaller).

The inverse transform yields:

f(t) =
{

1/2 for − a ≤ t ≤ a
0 else

and

+a∫

−a

|f(t)|2 dt =
1
4
2a =

a

2
.

Finally, Parseval’s theorem gives:

a

2
=

1
2π

+∞∫

−∞

sin2 aω

ω2
dω

or

∞∫

−∞

sin2 aω

ω2
dω =

2πa

2
= πa

or

∞∫

0

sin2 aω

ω2
dω =

πa

2
.

Playground of Chapter 3

3.1 Squared
f(ω) = T sin(ωT/2)/(ωT/2). At ω = 0 we have F (0) = T . This function
drops to T/2 at a frequency ω defined by the following transcendental equa-
tion:

T

2
= T

sin(ωT/2)
ωT/2

with x = ωT/2 we have x/2 = sinx with the solution x = 1.8955, hence
ω3dB = 3.791/T . With a pocket calculator we might have done the following:
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x sin x x/2

1.5 0.997 0.75
1.4 0.985 0.7
1.6 0.9995 0.8
1.8 0.9738 0.9
1.85 0.9613 0.925
1.88 0.9526 0.94
1.89 0.9495 0.945
1.895 0.9479 0.9475
1.896 0.9476 0.948
1.8955 0.94775 0.94775

The total width is ∆ω = 7.582/T .
For F 2(ω) we had ∆ω = 5.566/T ; hence the 3 dB-bandwidth of F (ω) is

a factor of 1.362 larger than that of F 2(ω), about 4% less than
√

2 = 1.414.

3.2 Let’s Gibbs Again
There are tiny steps at the interval boundaries, hence we have −6 dB/octave.

3.3 Expander
Blackman–Harris window:

f(t) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

3∑

n=0

an cos
2πnt

T
for − T/2 ≤ t ≤ T/2

0 else

.

From the expansion of the cosines we get (in the interval −T/2 ≤ t ≤ T/2):

f(t) =
3∑

n=0

an

(
1 − 1

2!

(
2πnt

T

)2

+
1
4!

(
2πnt

T

)4

− 1
6!

(
2πnt

T

)6

+ . . .

)

=
∞∑

k=0

bk

(
t

T/2

)2k

.

Inserting the coefficients an for the −74 dB-window we get:

k bk

0 +1.0000
1 −4.3879
2 +8.7180
3 −10.4711
4 +8.5983
5 −5.2835
6 +2.6198
7 −1.0769
8 +0.3655
9 −0.1018
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Fig. A.7. Expansion coefficients bk for the Blackman–Harris window (−74 dB)
(dotted line) and expansion coefficients br for the Kaiser–Bessel window (β = 9)
(solid line). There are even powers of t only, i.e. the coefficient b6 corresponds to t12

The coefficients are displayed in Fig. A.7. Note that at the interval boundaries
t = ±T/2 we should have

∑∞
k=0 bk = 0. The first ten terms add up to −0.0196.

Next, we calculate:

I0(z) =
∞∑

k=0

(
1
4z2
)k

(k!)2

for z = 9.

k (4.5k/k!)2

0 1.000
1 20.250
2 102.516
3 230.660
4 291.929
5 236.463
6 133.010
7 54.969
8 17.392
9 4.348

Summing up the first ten terms, we get 1, 092.537, close to the exact value
of 1, 093.588.
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Next, we have to expand the numerator of the Kaiser–Bessel window
function.

I(9)f(t) =
∞∑

k=0

[
81
4

(
1 −
(

2t
T

)2)]k

(k!)2

=
∞∑

k=0

(
81
4

)k

(k!)2

(
1 −
(

2t

T

)2
)k

with
(

2t

T

)2

= y

=
∞∑

k=0

[(
9
2

)k

k!

]2

(1 − y)k

[
with binomial formula (1 − y)k =

k∑

r=0

(
k

r

)
(−1)ryr =

k∑

r=0

k!
r!(k − r)!

(−y)r

]

=
∞∑

k=0

[(
9
2

)k

k!

]2 k∑

r=0

k!
r!(k − r)!

(−y)r

=

∞∑

k=0

[(
9
2

)k

k!

]2

r=0

+
∞∑

k=1

[(
9
2

)k

k!

]2
=k︷ ︸︸ ︷
k!

(k − 1)!
(−y)1

r=1

+
∞∑

k=2

[(
9
2

)k

k!

]2
=k(k−1)/2
︷ ︸︸ ︷

k!
2!(k − 2)!

y2

r=2

+
∞∑

k=3

[(
9
2

)k

k!

]2
=k(k−1)(k−2)/6
︷ ︸︸ ︷

k!
3!(k − 3)!

(−y)3

r=3

+ · · ·

=
∞∑

r=0

br

(
t

T/2

)2r

(Note: For integer and negative k we have k! = ±∞ and 0! = 1.).

Here, the calculation of each expansion coefficient br requires (in principle)
the calculation of an infinite series. We truncate the series at k = 9. For r = 0
up to r = 9 we get:
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r br

0 +1.0000
1 −4.2421
2 +8.0039
3 −8.9811
4 +6.7708
5 −3.6767
6 +1.5063
7 −0.4816
8 +0.1233
9 −0.0258

These coefficients are displayed in Fig. A.7. Note, that at the interval
boundaries t = ±T/2 the coefficients br do no longer have to add up to 0
exactly. Figure A.7 shows why the Blackman–Harris (−74 dB) window and
the Kaiser–Bessel (β = 9) window have similar properties.

3.4 Minorities

a. For a rectangular window we have ∆ω = 5.566/T = 50 Mrad/s from
which we get T = 111.32 ns.

b. The suspected signal is at 600 Mrad/s, i.e. 4 times the FWHM away from
the central peak.

The rectangular window is not good for the detection. The triangular window
has a factor 8.016/5.566 = 1.44 larger FWHM, i.e. our suspected peak is 2.78
times the FWHM away from the central peak. A glance to Fig. 3.2 tells you,
that this window is also not good. The cosine window has only a factor of
7.47/5.566 = 1.34 larger FWHM, but is still not good enough. For the cos2-
window we have a factor of 9.06/5.566 = 1.63 larger FWHM, i.e. only 2.45
times the FWHM away from the central peak. This means, that −50 dB, 2.45
times the FWHM higher than the central peak, is still not detectable with
this window. Similarly, the Hamming window is not good enough. The Gauss
window as described in Sect. 3.7 would be a choice because ∆ωT ∼ 9.06, but
the sidelobe suppression just suffices.

The Kaiser–Bessel window with β = 8 has ∆ωT ∼ 10, but sufficient
sidelobe suppression, and, of course, both Blackman–Harris windows would
be adequate.

Playground of Chapter 4

4.1 Correlated
hk = (const./N)

∑N−1
l=0 fl, independent of k if

∑N−1
l=0 fl vanishes (i.e. the

average is 0) then hk = 0 for all k, otherwise hk = const. × 〈fl〉 for all k
(see Fig. A.8).
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Fig. A.8. An arbitrary fk (top left) and its Fourier transform Fj (top right). A
constant gk (middle left) and its Fourier transform Gj (middle right). The product
of Hj = FjGj (bottom right) and its inverse transform hk (bottom left)

4.2 No Common Ground

hk =
1
N

N−1∑

l=0

flg
∗
l+k

we don’t need ∗ here.

h0 =
1
4
(f0g0 + f1g1 + f2g2 + f3g3)

=
1
4
(1 × 1 + 0 × (−1) + (−1) × 1 + 0 × (−1)) = 0

h1 =
1
4
(f0g1 + f1g2 + f2g3 + f3g0)

=
1
4
(1 × (−1) + 0 × 1 + (−1) × (−1) + 0 × 1) = 0

h2 =
1
4
(f0g2 + f1g3 + f2g0 + f3g1)

=
1
4
(1 × 1 + 0 × (−1) + (−1) × 1 + 0 × (−1)) = 0

h3 =
1
4
(f0g3 + f1g0 + f2g1 + f3g2)

=
1
4
(1 × (−1) + 0 × 1 + (−1) × (−1) + 0 × 1) = 0

f corresponds to half the Nyquist frequency and g corresponds to the
Nyquist frequency. Their cross correlation vanishes. The FT of {fk} is
{Fj} = {0, 1/2, 0, 1/2}, the FT of {gk} is {Gj} = {0, 0, 1, 0}. The multi-
plication of {FjGj} shows that there is nothing in common:
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{FjGj} = {0, 0, 0, 0} and, hence, {hk} = {0, 0, 0, 0}.

4.3 Brotherly

F0 =
1
2

F1 =
1
4

(
1 + 0 × e−

2πi×1
4 + 1 × e−

2πi×2
4 + 0 × e−

2πi×3
4

)

=
1
4
(1 + 0 + (−1) + 0) = 0

F2 =
1
4

(
1 + 0 × e−

2πi×2
4 + 1 × e−

2πi×4
4 + 0 × e−

2πi×6
4

)

=
1
4
(1 + 0 + 1 + 0) =

1
2

F3 = 0
{Gj} = {0, 0, 1, 0} Nyquist frequency

{Hj} = {FjGj} = {0, 0, 1/2, 0} .

Inverse transformation:

hk =
N−1∑

j=0

HjW
+kj
N W+kj

4 = e
2πikj

N .

Hence:

hk =
3∑

j=0

Hje
2πikj

4 =
3∑

j=0

Hjei πkj
2

h0 = H0 + H1 + H2 + H3 =
1
2

h1 = H0 + H1 × i + H2 × (−1) + H3 × (−i) = −1
2

h2 = H0 + H1 × (−1) + H2 × 1 + H3 × (−1) =
1
2

h3 = H0 + H1 × (−i) + H2 × (−1) + H3 × i = −1
2
.

Figure A.9 is the graphical illustration.

4.4 Autocorrelated
N = 6, real input:

hk =
1
6

5∑

l=0

flfl+k

h0 =
1
6

5∑

l=0

f2
l =

1
6
(1 + 4 + 9 + 4 + 1) =

19
6
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Fig. A.9. Nyquist frequency plus const.= 1/2 (top left) and its Fourier transform
Fj (top right). Nyquist frequency (middle left) and its Fourier transform Gj (middle
right). Product of Hj = FjGj (bottom right) and its inverse transform (bottom left)

h1 =
1
6
(f0f1 + f1f2 + f2f3 + f3f4 + f4f5 + f5f0)

=
1
6
(0 × 1 + 1 × 2 + 2 × 3 + 3 × 2 + 2 × 1 + 1 × 0)

=
1
6
(2 + 6 + 6 + 2) =

16
6

h2 =
1
6
(f0f2 + f1f3 + f2f4 + f3f5 + f4f0 + f5f1)

=
1
6
(0 × 2 + 1 × 3 + 2 × 2 + 3 × 1 + 2 × 0 + 1 × 1)

=
1
6
(3 + 4 + 3 + 1) =

11
6

h3 =
1
6
(f0f3 + f1f4 + f2f5 + f3f0 + f4f1 + f5f2)

=
1
6
(0 × 3 + 1 × 2 + 2 × 1 + 3 × 0 + 2 × 1 + 1 × 2)

=
1
6
(2 + 2 + 2 + 2) =

8
6

h4 =
1
6
(f0f4 + f1f5 + f2f0 + f3f1 + f4f2 + f5f3)

=
1
6
(0 × 2 + 1 × 1 + 2 × 0 + 3 × 1 + 2 × 2 + 1 × 3)

=
1
6
(1 + 3 + 4 + 3) =

11
6
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h5 =
1
6
(f0f5 + f1f0 + f2f1 + f3f2 + f4f3 + f5f4)

=
1
6
(0 × 1 + 1 × 0 + 2 × 1 + 3 × 2 + 2 × 3 + 1 × 2)

=
1
6
(2 + 6 + 6 + 2) =

16
6

.

FT of {fk}: N = 6, fk = f−k = f6−k → even!

Fj =
1
6

5∑

k=0

fk cos
2πkj

6
=

1
6

5∑

k=0

fk cos
πkj

3

F0 =
1
6
(0 + 1 + 2 + 3 + 2 + 1) =

9
6

F1 =
1
6

(
1 cos

π

3
+ 2 cos

2π

3
+ 3 cos

3π

3
+ 2 cos

4π

3
+ 1 cos

5π

3

)

=
1
6

(
1
2

+ 2 ×
(
−1

2

)
+ 3 × (−1) + 2 ×

(
−1

2

)
+ 1 × 1

2

)

=
1
6

(
1
2
− 1 − 3 − 1 +

1
2

)
=

1
6
(−4) = −4

6

F2 =
1
6

(
1 cos

2π

3
+ 2 cos

4π

3
+ 3 cos

6π

3
+ 2 cos

8π

3
+ 1 cos

10π

3

)

=
1
6

(
−1

2
+ 2 ×

(
−1

2

)
+ 3 × 1 + 2 ×

(
−1

2

)
+ 1 ×

(
−1

2

))

=
1
6
(−1 − 2 + 3) = 0

F3 =
1
6

(
1 cos

3π

3
+ 2 cos

6π

3
+ 3 cos

9π

3
+ 2 cos

12π

3
+ 1 cos

15π

3

)

=
1
6
(−1 + 2 × 1 + 3 × (−1) + 2 × 1 + 1 × (−1))

=
1
6
(−5 + 4) = −1

6
F4 = F2 = 0

F5 = F1 = −4
6
.

{F 2
j } =

{
9
4
,
4
9
, 0,

1
36

, 0,
4
9

}
.

FT({hk}):

H0 =
1

6

(
19

6
+

16

6
+

11

6
+

8

6
+

11

6
+

16

6

)
=

81

36
=

9

4
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H1 =
1

6

(
19

6
+

16

6
cos

π

3
+

11

6
cos

2π

3
+

8

6
cos

3π

3
+

11

6
cos

4π

3
+

16

6
cos

5π

3

)

=
4

9

H2 =
1

6

(
19

6
+

16

6
cos

2π

3
+

11

6
cos

4π

3
+

8

6
cos

6π

3
+

11

6
cos

8π

3
+

16

6
cos

10π

3

)

= 0

H3 =
1

6

(
19

6
+

16

6
cos

3π

3
+

11

6
cos

6π

3
+

8

6
cos

9π

3
+

11

6
cos

12π

3
+

16

6
cos

15π

3

)

=
1

36
H4 = H2 = 0

H5 = H1 =
4

9
.

4.5 Shifting around

a. The series is even, because of fk = +fN−k.
b. Because of the duality of the forward and inverse transformations (apart

from the normalization factor, this only concerns a sign at e−Iωt → e+Iωt)
the question could also be: which series produces only a single Fourier
coefficient when Fourier-transformed, incidentally at frequency 0? A con-
stant, of course. The Fourier transformation of a “discrete δ-function”
therefore is a constant (see Fig. A.10).

c. The series is mixed. It is composed as shown in Fig. A.11.
d. The shifting only results in a phase in Fj , d.h., |Fj |2 stays the same.

4.6 Pure Noise

a. We get a random series both in the real part (Fig. A.12) and in the
imaginary part (Fig. A.13). Random means the absence of any structure.
So all spectral components have to occur, and they in turn have to be
random, otherwise the inverse transformation would generate a structure.

b. Trick : For N → ∞ we can imagine the random series as the discrete
version of the function f(t) = t for −1/2 ≤ t ≤ 1/2. For this purpose we
only have to order the numbers of the random series according to their
magnitudes! According to Parseval’s theorem (4.31) we don’t have to do
a Fourier transformation at all. So with 2N + 1 samples we need:

�

�
� � � � � � � � � �

· · ·

F (j)

j

Fig. A.10. Answer b)
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· · ·�

�

� � � �

1 N − 1N

· · ·�

�

� � � �

�

1 N − 1

· · ·�

�

� � � �

�

1 N − 1

=
+

Fig. A.11. Answer c)

Fig. A.12. Real part of the Fourier transform of the random series

Fig. A.13. Imaginary part of the Fourier transform of the random series

2
2N + 1

N∑

k=0

(
k

N

)2

=
2

2N + 1
1

4N2

(2N + 1)N(N + 1)
6

(A.3)

=
N + 1
12N

; lim
N→∞

N + 1
12N

=
1
12

.

We could have solved the following integral instead:

+0.5∫

−0.5

t2 dt = 2

+0.5∫

0

t2 dt = 2
t3

3

∣∣∣∣
0.5

0

=
2
3

1
8

=
1
12

. (A.4)

Let’s compare: 0.5 cos ωt has, due to cos2 ωt = 0.5, the noise power 0.52×
0.5 = 1/8.

4.7 Pattern Recognition
It’s best to use the cross correlation. It is formed with the Fourier transform
of the experimental data Fig. A.14 and the theoretical “frequency comb”, the
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Fig. A.14. Real part of the Fourier transform according to (4.58)

pattern (Fig. 4.29). As we’re looking for cosine patterns, we only use the real
part for the cross correlation.

Here, channel 36 goes up (from 128 channels to ΩNyq). The right half is
the mirror image of the left half. So the Fourier transform suggests only a
spectral component (apart from noise) at (36/128)ΩNyq = (9/32)ΩNyq. If we
search for pattern Fig. 4.29 in the data, we get something totally different.

The result of the cross correlation with the theoretical frequency comb
leads to the following algorithm:

Gj = F5j + F7j + F9j . (A.5)

The result shows Fig. A.15.
So the noisy signal contains cosine components with the frequencies

5π(4/128), 7π(4/128), and 9π(4/128).

4.8 Go on the Ramp (for Gourmets only)
The series is mixed because neither fk = f−k nor fk = −f−k is true.

Decomposition into even and odd part.
We have the following equations:

k = f even
k + fodd

k

f even
k = f even

N−k for k = 0, 1, . . . , N − 1.

fodd
k = −fodd

N−k

The first condition gives N equations for 2N unknowns. The second and third
equations give each N further conditions, each appears twice, hence we have

Fig. A.15. Result of the cross correlation: at the position of the fundamental
frequency at channel 4 the “signal” (arrow) is clearly visible; channel 0 also happens
to run up, however, there is no corresponding pattern
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N additional equations. Instead of solving this system of linear equations, we
solve the problem by arguing.

First, because of fodd
0 = 0 we have f even

0 = 0. Shifting the ramp down-
wards by N/2 we already have an odd function with the exception of k = 0
(see Fig. A.16):

Fig. A.16. One-sided ramp for N = 4 (periodic continuation with open circles);
decomposition into even and odd parts; ramp shifted downwards by 2 immediately
gives the odd part (except for k = 0) (from top to bottom)
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f shifted
k = k − N

2
for k = 0, 1, 2, . . . , N − 1.

f shifted
−k = f shifted

N−k = (N − k) − N

2
=

N

2
− k

= −
(

k − N

2

)
.

So we have already found the odd part:

fodd
k = k − N

2
for k = 1, 2, . . . , N − 1

fodd
0 = 0

and, of course, we have also found the real part:

f even
k =

N

2
for k = 1, 2, . . . , N − 1 (compensates for the shift)

f even
0 = 0 (see above).

Real part of Fourier transform:

Re{Fj} =
1
N

N−1∑

k=1

N

2
cos

2πkj

N
.

Dirichlet: 1/2 + cos x + cos 2x + . . . + cos Nx = sin[(N + 1/2)x]/(2 sin[x/2]);
here we have x = 2πj/N and instead of N we go until N − 1:

N−1∑

k=1

cos kx =
sin(N − 1

2 )x
2 sin x

2

− 1
2

=

=0

sin Nx cos x
2−

=1

cos Nx sin x
2

2 sin x
2

− 1
2

= −1
2
− 1

2
= −1.

Re{F0} =
1
N

N

2
(N − 1)︸ ︷︷ ︸

number of terms

=
N − 1

2
, Re{Fj} = −1

2
.

Check:

Re{F0} +
N−1∑

j=1

Re{Fj} =
N − 1

2
− 1

2
(N − 1) = 0.

Imaginary part of Fourier transform:

Im{Fj} =
1
N

N−1∑

k=1

(
k − N

2

)
sin

2πkj

N
.
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For the sum over sines we need the analogue of Dirichlet’s kernel for sines. Let
us try an expression with an unknown numerator but the same denominator
as for the sum of cosines:

sin x + sin 2x + . . . + sin Nx =
?

2 sin x
2

2 sin
x

2
sinx + 2 sin

x

2
sin 2x + . . . + 2 sin

x

2
sin Nx

= cos
x

2
− cos

3x

2
+ cos

3x

2︸ ︷︷ ︸
=0

− cos
5x

2
+ . . . + cos

(
N − 1

2

)
x

︸ ︷︷ ︸
=0

− cos
(

N +
1
2

)
x

= cos
x

2
− cos

(
N +

1
2

)
x

−→
N−1∑

k=1

sin kx =
cos x

2 − cos
(
N − 1

2

)
x

2 sin x
2

=
cos x

2−
=1

cos Nx cos x
2−

=0

sinNx sin x
2

2 sin x
2

= 0.

Hence, there remains only the term with k sin(2πkj/N). We can evaluate
this sum by differentiating the formula for Dirichlet’s kernel (Use the general
formula and insert x = 2πj/N into the differentiated formula!):

d

dx

N−1∑

k=1

cos kx = −
N−1∑

k=1

k sin kx

=
1

2

(
N − 1

2

)
cos
[(

N − 1
2

)
x
]

sin x
2 − sin

[(
N − 1

2

)
x
]

1
2 cos x

2

sin2 x
2

=
1

2

(
N − 1

2

)( =1
cos Nx cos x

2

)
sin x

2 −
(

=0
sin Nx cos x

2 −
=1

cos Nx sin x
2

)
1
2 cos x

2

sin2 x
2

=
1

2

((
N −

1

2

)
cos x

2

sin x
2

+
1

2

cos x
2

sin x
2

)

=
N

2

cos x
2

sin x
2

=
N

2
cot

πj

N

Im{Fj} =
1
N

(−1)
N

2
cot

πj

N
= −1

2
cot

πj

N
, j �= 0, Im{F0} = 0,
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finally together:

Fj =

⎧
⎪⎪⎨

⎪⎪⎩

−1
2
− i

2
cot

πj

N
for j �= 0

N − 1
2

for j = 0

.

Parseval’s theorem:

left hand side:
1

N

N−1∑

k=1

k2 =
1

N

(N − 1)N(2(N − 1) + 1)

6
=

(N − 1)(2N − 1)

6

right hand side:
(

N − 1

2

)2

+
1

4

N−1∑

j=1

(
1 + i cot

πj

N

)(
1 − i cot

πj

N

)

=
(

N − 1

2

)2

+
1

4

N−1∑

j=1

(
1 + cot2

πj

N

)

=
(

N − 1

2

)2

+
1

4

N−1∑

j=1

1

sin2 πj
N

hence:

(N − 1)(2N − 1)
6

=
(

N − 1
2

)2

+
1
4

N−1∑

j=1

1
sin2 πj

N

or
1
4

N−1∑

j=1

1
sin2 πj

N

=
(N − 1)(2N − 1)

6
− (N − 1)2

4

= (N − 1)
(2N − 1)2 − (N − 1)3

12

=
N − 1

12
(4N − 2 − 3N + 3)

=
N − 1

12
(N + 1) =

N2 − 1
12

and finally:
N−1∑

j=1

1
sin2 πj

N

=
N2 − 1

3
.

The result for
∑N−1

j=1 cot2(πj/N) is obtained as follows: we use Parseval’s
theorem for the real/even and imaginary/odd parts separately. For the real
part we get:

left hand side:
1
N

(
N

2

)2

(N − 1) =
N(N − 1)

4

right hand side:
(

N − 1
2

)2

+
N − 1

4
=

N(N − 1)
4

.
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The real parts are equal, so the imaginary parts of the left and right hand
sides have to be equal, too.

For the imaginary part we get:

left hand side:

1

N

N−1∑

k=1

(
k − N

2

)2

=
1

N

N−1∑

k=1

(
k2 − kN +

N2

4

)

=
1

N

(
(N − 1)N(2N − 1)

6
− N(N − 1)N

2
+

N2(N − 1)

4

)

=
(N − 1)(N − 2)

12
right hand side:

1

4

N−1∑

j=1

cot2
πj

N

from which we get
∑N−1

j=1 cot2 πj
N = (N − 1)(N − 2)/3.

4.9 Transcendental (for Gourmets only)
The series is even because:

f−k = fN−k
?= fk.

Insert N − k into (4.59) on both sides:

fN−k =
{

N − k for N − k = 0, 1, . . . , N/2 − 1
N − (N − k) for N − k = N/2, N/2 + 1, . . . , N − 1

or fN−k =
{

N − k for k = N,N − 1, . . . , N/2 + 1
k for k = N/2, N/2 − 1, . . . , 1

or fN−k =
{

k for k = 1, 2, . . . , N/2
N − k for k = N/2 + 1, . . . , N ,

a. For k = N we have f0 = 0, so we could include it also in the first line
because fN = f0 = 0.

b. For k = N/2 we have fN/2 = N/2, so we could include it also in the
second line.

This completes the proof. Since the series is even, we only have to calculate
the real part:

Fj =
1
N

N−1∑

k=0

fk cos
2πkj

N

=
1
N

⎛

⎝
N
2 −1∑

k=0

k cos
2πkj

N
+

N−1∑

k= N
2

(N − k) cos
2πkj

N

⎞

⎠ with k′ = N − k
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=
1
N

⎛

⎝
N
2 −1∑

k=0

k cos
2πkj

N
+

1∑

k′= N
2

k′ cos
2π(N − k′)j

N

⎞

⎠

=
1
N

⎛

⎝
N
2 −1∑

k=0

k cos
2πkj

N

+

N
2∑

k′=1

k′

⎛

⎜⎜⎝cos
2πNj

N︸ ︷︷ ︸
=1

cos
2πk′j

N
+ sin

2πNj

N︸ ︷︷ ︸
=0

sin
2π(−k′)j

N

⎞

⎟⎟⎠

⎞

⎟⎟⎠

=
1
N

⎛

⎝
N
2 −1∑

k=0

k cos
2πkj

N
+

N
2∑

k′=1

k′ cos
2πk′j

N

⎞

⎠

=
1
N

⎛

⎝2

N
2 −1∑

k=1

k cos
2πkj

N
+

N

2
cos πj

⎞

⎠ with
2π N

2 j

N
= πj

=
2
N

N
2 −1∑

k=1

k cos
2πkj

N
+

1
2
(−1)j .

This can be simplified further.
How can we get this sum? Let us try an expression with an unknown

numerator but the same denominator as for the sum of cosines (“sister”
analogue of Dirichlet’s kernel):

N
2 −1∑

k=1

sin kx =
?

2 sin x
2

with x =
2πj

N
.

The numerator of the right hand side is:

2 sin
x

2
sin x + 2 sin

x

2
sin 2x + . . . + 2 sin

x

2
sin
(

N

2
− 1
)

x

= cos
(x

2

)
− cos

(
3x

2

)
+ cos

(
3x

2

)

︸ ︷︷ ︸
=0

− . . .

− cos
(

N

2
− 3

2

)
x + cos

(
N

2
− 3

2

)
x

︸ ︷︷ ︸
=0

− cos
(

N

2
− 1

2

)
x

= cos
x

2
− cos

N − 1
2

x.

Finally we get:
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N
2 −1∑

k=1

sin kx =
cos

x

2
− cos

N − 1
2

x

2 sin
x

2

, N = even, do not use forx = 0.

Now we take the derivative with respect to x. Let us exclude the special case
of x = 0. We shall treat it later.

d

dx

N
2 −1∑

k=1

sin kx =

N
2 −1∑

k=1

k cos kx

=
1

2

[
−

1

2
sin

x

2
+

(
N − 1

2

)
sin

(
N − 1

2

)
x

]
sin

x

2
−
[
cos

x

2
− cos

(
N − 1

2

)
x

]
1

2
cos

x

2

sin
2 x

2

=
1

2

−
1

2
sin

2 x

2
−

1

2
cos

2 x

2
+

(
N − 1

2

)( =0

sin
Nx

2
cos

x

2
− cos

Nx

2
sin

x

2

)
sin

x

2

sin
2 x

2

+
1

2

(
cos

Nx

2
cos

x

2
+

=0

sin
Nx

2
sin

x

2

)
cos

x

2

with x =
2πj

N
, cos

Nx

2
= cos πj = (−1)

j
, sin

Nx

2
= sin πj = 0

=
1

2

−
1

2
+

N − 1

2
(−1)

j+1
sin

2 x

2
+

1

2
(−1)

j
cos

2 x

2

sin
2 x

2

=
1

2

−
1

2
+ (−1)

j+1 N

2
sin

2 x

2
−

1

2
(−1)

j

(
−

=−1

cos
2 x

2
− sin

2 x

2

)

sin
2 x

2

=
1

2

(
1

2 sin
2 x

2

(
(−1)

j − 1
)

+ (−1)
j+1 N

2

)

⇒ Fj =
2
N

⎛

⎜⎝
(−1)j − 1

2
1
2

1

sin2 πj

N

+ (−1)j+1 N

4

⎞

⎟⎠+
1
2
(−1)j

=
(−1)j − 1

2N sin2 πj

N

=

⎧
⎪⎨

⎪⎩

− 1

N sin2 πj

N

for j = odd

0 else

.
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The special case of j = 0 is obtained from:

N
2 −1∑

k=1

k =

(
N

2
− 1
)

N

2
2

=
N2

8
− N

4
.

Hence:

F0 =
2
N

(
N2

8
− N

4

)
+

1
2

=
N

4
.

We finally have:

Fj =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

− 1

N sin2 πj

N

for j = odd

0 for j = even, j �= 0
N

4
for j = 0

.

Now we use Parseval’s theorem:

l.h.s.
1
N

⎡

⎢⎢⎣2

(
N

2
− 1
)

N

2

(
2
(

N

2
− 1
)

+ 1
)

6
+

N2

4

⎤

⎥⎥⎦

=
1
N

⎡

⎢⎣2
1
2

(N − 2)
1
2
N(N − 1)

6
+

N2

4

⎤

⎥⎦

=
1
N

[
N(N − 1)(N − 2) + 3N2

12

]
=

(N − 1)(N − 2) + 3N
12

=
N2 + 2

12

r.h.s.
N2

16
+

N−1∑

j=1
odd

1

N2 sin4 πj

N

with j = 2k − 1

=
N/2∑

k=1

1

N2 sin4 π(2k − 1)
N

+
N2

16

which gives:

N2

12
+

1
6

=
N/2∑

k=1

1

N2 sin4 π(2k − 1)
N

+
N2

16

and finally:
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N/2∑

k=1

1

sin4 π(2k − 1)
N

=
N2(N2 + 8)

48
.

The right hand side can be shown to be an integer! Let N = 2M .

4M2(4M2 + 8)
48

=
4M24(M2 + 2)

48
=

M2(M2 + 2)
3

=
M(M − 1)M(M + 1) + 3M2

3

= M
(M − 1)M(M + 1)

3
+ M2.

Three consecutive numbers can always be divided by 3!
Now we use the high-pass property:

N−1∑

j=0

Fj =
N

4
− 1

N

N−1∑

j=1
odd

1

sin2 πj

N

with j = 2k − 1

=
N

4
− 1

N

N
2∑

k=1

1

sin2 π(2k − 1)
N

.

For a high-pass filter we must have
∑N−1

j=0 Fj = 0 because a zero frequency
must not be transmitted (see Chap. 5). If you want, use definition (4.13) with
k = 0 and interpret fk being the filter in the frequency domain and Fj its
Fourier transform. Hence, we get:

N/2∑

k=1

1

sin2 π(2k − 1)
N

=
N2

4
.

Since N is even, the result is always integer!
These are nice examples how a finite sum over an expression involving a

transcendental function yields an integer!

Playground of Chapter 5

5.1 Image Reconstruction
FT of ramp filter: (N = 2)

G0 =
1
2
(g0 + g1) =

1
2

G1 =
1
2

(
g0e−

2πi0
2 + g1e−

2πi1
2

)

=
1
2
(0 × 1 + 1 × (−1)) = −1

2
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G0 is the average and the sum of G0 and G1 must vanish! The convolution
is defined as follows:

hk =
1
2

1∑

l=0

flGk−l.

Image # 1:

Convolution:

x-direction: f0 = 1 f1 = 0

h0 =
1
2
(f0G0 + f1G1) =

1
2

(
1 × 1

2
+ 0 × −1

2

)
= +

1
4

h1 =
1
2
(f0G1 + f1G0) =

1
2

(
1 × −1

2
+ 0 × 1

2

)
= −1

4

y-direction: f0 = 1 f1 = 0

h0 =
1
2

(
1 × 1

2
+ 0 × −1

2

)
= +

1
4

h1 =
1
2

(
1 × −1

2
+ 0 × 1

2

)
= −1

4

convoluted: backprojected:

+ 1
4 + 1

4 ←
− 1

4 − 1
4 ←

x +

y
↓ ↓

+ 1
4 − 1

4

+ 1
4 − 1

4

=
+ 1

2 0

0 − 1
2

The box with −1/2 is an reconstruction artefact. Use a cutoff: all negative
values do not correspond to an object.
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Image # 2:

convoluted: backprojected:
y

↓ ↓
+ 1

2 + 1
2 ←

− 1
2 − 1

2 ←
x

Here, we have an interesting situation: the filtered y-projection vanishes
identically because a constant – don’t forget the periodic continuation – can-
not pass through a high-pass filter. In other words, a uniform object looks
like no object at all! All that matters is contrast!

Image # 3:

This “diagonal object” cannot be reconstructed. We would require pro-
jections along the diagonals!

Image # 4:
1 1

1 0
is the “reverse” of image # 1.

Image # 5:
1 1

1 1
is like a white rabbit in snow or a black panther in

the dark.
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5.2 Totally Different
The first central difference is:

“exact”

yk =
fk+1 − fk−1

2∆t
f ′(t) = −π

2
sin

π

2
t

y0 =
f1 − f−1

2/3
=

f1 − f5

2/3
=

1 +
√

3/2

2/3
= 2.799 f ′(t0) = 0

y1 =
f2 − f0

2/3
=

1/2 − 1

2/3
= −0.750 f ′(t1) = −π

2
sin

π

2

1

3
= −0.7854

y2 =
f3 − f1

2/3
=

0 −
√

3/2

2/3
= −1.299 f ′(t2) = −π

2
sin

π

2

2

3
= −1.3603

y3 =
f4 − f2

2/3
=

−1/2 − 1/2

2/3
= −1.500 f ′(t3) = −π

2
sin

π

2

3

3
= −1.5708

y4 =
f5 − f3

2/3
=

−
√

3/2 − 0

2/3
= −1.299 f ′(t4) = −π

2
sin

π

2

4

3
= −1.3603

y5 =
f6 − f4

2/3
=

f0 − f4

2/3
=

1 + 1/2

2/3
= 2.250 f ′(t5) = −π

2
sin

π

2

5

3
= −0.7854.

Of course, the beginning y0 and the end y5 are totally wrong because of
the periodic continuation. Let us calculate the relative error for the other
derivatives:

k = 1
exact − discrete

exact
=

−0.7854 + 0.750
−0.7854

= 4.5% too small

k = 2 4.5% too small
k = 3 4.5% too small
k = 4 4.5% too small.

The result is plotted in Fig. A.17.

5.3 Simpson’s-1/3 vs. Trapezoid
The exact, trapezoidal, and Simpson’s-1/3 calculations are illustrated in
Fig. A.18.

Trapezoid:

I =

(
f0

2
+

3∑

k=1

fk +
f4

2

)

=
(

1
2

+ 0.5 − 0.5 − 1 − 0.5
2

)
= −0.75,

Simpson’s-1/3:

I =
(

f2 + 4f1 + f0

3

)
+
(

f4 + 4f3 + f2

3

)

=
(
−0.5 + 4 × 0.5 + 1

3

)
+
(
−0.5 + 4 × (−1) + (−0.5)

3

)
= −0.833.



Appendix: Solutions 193

Fig. A.17. Input fk = cos πtk/2, tk = k∆t with k = 0, 1, . . . , 5 and ∆t = 1/3 (top).
First central difference (bottom). The solid line is the exact derivative. y0 and y5

appear to be totally wrong. However, we must not forget the periodic continuation
of the series (see open circles in the top panel)

In order to derive the exact value we have to convert fk = cos(kπ∆t/3) into
f(t) = cos(πt/3). Hence, we have

∫ 4

0
cos(πt/3)dt = −0.82699.

The relative errors are:

1 − trapezoid
exact

= 1 − −0.75
−0.82699

⇒ 9.3% too small,

1 − Simpson’s-1/3
exact

= 1 − −0.833
−0.82699

⇒ 0.7% too large.

This is consistent with the fact that the Trapezoidal Rule always underes-
timates the integral whereas Simpson’s 1/3-rule always overestimates (see
Figs. 5.14 and 5.15).
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Fig. A.18. Input fk = cos πtk, tk = k∆t, k = 0, 1, . . . , 4, ∆t = 1/3 (top). Area
of trapezoids to be added up. Step width is ∆t (middle). Area of parabolically
interpolated segment in Simpson’s 1/3-rule. Step width is 2∆t (bottom)

5.4 Totally Noisy

a. You get random noise, and additionally in the real part (because of the
cosine!), a discrete line at frequency (1/4)ΩNyq (see Figs. A.19 and A.20).

b. If you process the input using a simple low-pass filter (5.11), the time
signal already looks better as shown in Fig. A.21. The real part of the
Fourier transform of the filtered function is shown in Fig. A.22.

5.5 Inclined Slope

a. We simply use a high-pass filter (cf. (5.12)). The result is shown in
Fig. A.23.
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Fig. A.19. Real part of the Fourier transform of the series according to (5.46)

Fig. A.20. Imaginary part of the Fourier transform of the series according to (5.46)

Fig. A.21. Input that has been processed using a low-pass filter according to (5.46)

Fig. A.22. Real part of the Fourier transform of the filtered function yk according
to Fig. A.21

Fig. A.23. Data from Fig. 5.17 processed using the high-pass filter yk =
(1/4)(−fk−1 + 2fk − fk+1). The “undershoots” don’t look very good
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Fig. A.24. Data according to Fig. 5.17, processed with the modified high-pass
filter according to (A.6). The undershoots get a bit smaller and wider. Progress
admittedly is small, yet visible

b. For a “δ-shaped line” as input we get precisely the definition of the high-
pass filter as result. This leads to the following recommendation for a
high-pass filter with smaller undershoots:

yk =
1
8
(−fk−2 − fk−1 + 4fk − fk+1 − fk+2). (A.6)

The result of this data processing is shown in Fig. A.24. If we keep go-
ing, we’ll easily recognise Dirichlet’s integral kernel (1.53), that belongs
to a step. The problem here is that boundary effects are progressively
harder to handle. Using recursive filters, naturally, is much better suited
to processing data.
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sidelobe suppression, 71
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