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L) y o JS le sz 3 dadlly L BIU) dlne s Lte x
RUIRVIEY-S VPN g QUoF SN

suls deud I)las Jias Luame x 9 X7 -y =10 dalaadt 1 141 JGie
R R | AN SR
s sl slace WY 1S D ga Jleadl Ly =210 Dslasdl
il am o e eS y aaedl Bds1 g K-y =10 Dolaed)
g ¥ A Ly aseld BB IS me x e Olaed 8L Gl
RN

X =4 10+y 3 x=—/10+y

Example 1-1: The ecquation x* - y = 10, with x the independent variable
associates one value of y with each value of x. The function can calculated
with the formula y = x> — 10. The domain is the set of all real numbers.
The same equations, x* -y = 10, with y taken as the independent variable,
sometimes associates two values of x with each value y. Thus, we must

distinguish two functions of y.

x=4/10+y and x ==/ 10+y

OY cy 210 0} e y od JS3is 5on I sle Sl
S04y <0 Wis > 345 Cemd 104y

ez ) dail] £(b) pellavand) o end e Sl D) Usa o
DI G W L Fdlame B b aaadl o f Gk s lede
f(x) = x* - 10 Gl U Sy . () e uedd o s Lhsl,
Gy O (Seud DN i L 11 Jadl U B ek s
Cy=x2-10 Dolaadb Uaf



D12 Ja
f(x)=x"-4x +2 e
Example 1-2:
(1) if f(x) = x* - 4x + 2, then
O3}
f() =1 -4 +2=1-4+2=-1
f(-2)=(-2)°-4(2) +2=-8+8+2=2
f(a) =a’ - 4a + 2
Soe oa 18x-3x7 s Ll Oy x SO &m0 f(x) = 18x - 3x% W11 (2)
y%éjﬁﬁ\ﬂ‘d\:@aéu.ﬁsgi_ﬁ.bb.i.cj.axa.w\rbbd&ﬂ.b-
. daiamd) slae Y
5 IS slhanoy x as Moo bidgw&ma}u@A@
e se LS00 Ay A x e WS Bl odia b A= 18x- 3%
A>0 065 Sy . A=-3(x-3)+27 TL;M@_AJ\JLJQ
ol el 6 oo J5Ls x dosd damey s 3(x-3)2<27 368 of LY
eSlome 25 (0,6) & gdo 5,5 L A oy 1 D11 . D<x<6
L (0,27) 5@l ga W g0 OF 141 IS8 o oS . Ui
A

27




Graph of a Function &l Sbud! aupll o

(%, Y) Sgimadt o Bld) o i2d) Glo pey oo £ DI SLI] —
cy =1(x) dolaadl G s

D 1-3 Je
y= x| dslaad ooy g2 SL Loy - (0O = |x] SIa) el ()
. 1—2Ji.‘l:.3o.'._.:.¢”

Example 1-3:
(1) Consider the function f(x} = | X | . Its graph is the graph of the equation
y= ‘ X | , shown in Figure 1-2.

1-2 J8&
xS0 065 Leis 0 =% Ofy « x20 3555 Lokze 0 =x O L

s on Lol =g Ly stas NI JS e 05 f Jlay
R TU - N K

3 sg—amadl s 5ol 2 alos wodins L oy gy y=2x+3 Jolaedl

Cg A gdes e 06T A shae Y JS &8 Ly Hgee o
(2) The formula g(x) = 2x + 3 defines a function g. The graph of this
function is the graph of the equation y = 2x + 3, which is the straight line
with slope 2 and y intercept 3. The set of all real numbers is both the domain
and range of g.



Infinite Sequence dwilg ! AUt o

c Ao gadl Doemaald Slue W A% ga Lgdlae Do a D5 W daglizal!

PRV JUPS S 4.3 .2, 19 adn s Lie s ey
. 111 1 e e
L;b.auj ..... ‘ E‘Z‘_?)-‘E cu\d__vud.bj l/(n+1) M\J

C S d dr e Y al GUD ey Lalg W e liiad )y lizad)
D) e s, 4 s 2\ dulized gl aodl 5 pladl 1ol
s L L3l dlizad) G s b Wley L dmylined) s !
et e 308 0SSl bh ol {50 ) pewss JED Ll Lo
sl b Lalied) sy oLl dsd s W3 Jliey . JoY) asgas
‘%‘5‘% o (UM + D) 503 Dslaadd 5o 59 n+1) gon Li L)l

1
. ‘5
Limit of Sequence dalite dlg o

peS D e Coll dde o @ {5 ) doled) ssd> oS 13
lima =c ol a —c eSSy dmluadl Ll B e OB . JS\_g J.S‘

. aadl Lalio >0 e & Yo ¢ |a -cl<e ulu...u | ia g
il el 1 1-4 Jta

Example 1-4: Consider the sequence

1,3/2,5/3,7/4,9/5, . ..... 2-1n, ... .. (1-1)
. 1-3 J,S...uu.sd\.ul rUaaulﬁ \Jb)j.l?- Ul ) LS'JU
0 T| J'rz mY o 2 ¢



3laad) 0585 A dys 2 ikl olowl 4 luad) i) Jiumes n 3435\
Pl Gaas 48 Corge sas of e BT 2 ity LUl sdia oy
Lladl 1S5 2- 171001 = 200171001 dlaid) U id Jlies) . ol 5!
e = 171000 &1 smes] 2 @id) 10 171000 o J5f Ble e L Leel)
oo S8l @Bl due Llead) LLadt S5 20 000 001710 000 001 Lol

15}« [1iSas £=1/10000 000 O _xea] 2 &l oo 1710 000 000

lim (2-4)=2 o (2-1n}) -2

¢ 6, LU o9 - 2 Woly d e gge Y (1-1) deoluzell
Aol Wasgd= 1S9 1 Weoly 1, 1/2,1,3/4,1,5/6,1,... .. FPREENY
c oS lened) gy g OF oSy dnlaal &g S L 1 sl

0555 1C 1) dnliaall Joo ¢ Llg ) e bl o sy
i Yo ml o1 g JoLedl Ladis R L LA
C el sae ol Oy

Limit of Function dJis dlg e

S 13 L Ao Of o im0 = A Jgis 13 ¢ Dls T eslS 13)

X—a
D955 130 v a e x i Ladis A o Usl bl oo i f(x) dad

9 ye L,.a\fﬂ i xP O) Gas limx*=9 1 1-5 Jle
’ Xx—3
Example 1-5: lim x*= 9, since x° gets arbitrarily close to 9 as x.

x—3

Dk WS Ty ST Gl 0585 OF Sy
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(i)

1-4 JS&
ST+ 8 slom ) Sy 034 (D) 5,81 Hlast am 1] & last aw
Xg Lemsd (D) 8l 3 0S5 x#a wie U [() 5 x8l sl | Sas
Axg) daes (i) 5l 6 O4ST f(x) O3
Ldd= limfx)=A OS5 Y of 05 Loie &1 doged! il o>y
Ol s gl Yasle (0 Ldsdl 4. x=a W 1) Jo deay Y
CX=a ds LB
D 1-6 Sl

2
lim X =4

=4
x—2 X—2

Of s x=2 s Bmo b (- 4M(x-2) Of o

x2—4  (x=2)x+2)

Xx=2  (x=2) =X+2

c 2 e Xl badis 4 u" WY (x* - D)/(x - 2) of Sp OS]
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ol e ddaeadl Ly e o i Les 1 1-7 JGa

Example 1-7: Let us use the precise definition to show that

lim (x2+3x)=10

X-32
C0< [x-21 <8 es\s s 8>0 ol o WY e>0 e Les
Sf B :in .l +3x)-10] <€ 03)
I(x2+3x) - 101 = I(x - 2)2 + T(x - 2)| < Ix - 21 + 7ix - 2

BloUW . 82 <8 13l0<d< 10l o Ual. [x-21<8 wum
L0< Ix-2] <8 el e o8 51 e J5l 09 8 Ldsd

(x2+3x)-101<82+78<d3+706=80<¢

Right and Left Limits sl doxdiy Geutl ol dilgs o

x oy ladie A e o (0 OF g A<wo o lim f()=A

J;lad\._g.)L‘f)\i@?yAQngﬂ‘xdiLgiayJﬂﬁid%a&o
Eigbo,oao,oxyf.&' LAJ.&AJoufm f(x) ufu...-u lim f(x)=A

X—a+

Lo o piied] opoellavacld ¢ 91 lim ()= A petbauaall . el
lim f(x)=A 3 lim_ f(x)=A

5 dad 0555 O ¥ x—a wie f(x) DIV LG A OS5 S

_)L.......J‘ 0 L_m‘,?‘g ‘—’_AA,GJ Ny u_,«o...“ P A.JLG_J\ dg>9 . B3 oen

QS! ¢ a dates) B.L_r\_gl_e:g- oy f &l L.3ja.) Leis . Coga.”w&-.!b
. 839 g0 ColS ‘.)l ii.k:-b VES u.Ot-uL@.: Ojl Fro) lim f(x)

O3 il ey g Laid £ e 1B f) =V x DI 1 1-8 St
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Lo L o lim Vx Ly L dim Y = lim VX =0

x—0+ x—0 x—0+

- X<0 ks DB ,a0 L8 Vx Oiu;';..g,:-—_g

Example 1-8: The function f(x) = f(x) = vx ; th_cn f'is defined only to the
right of zero. Hence, limv'x =0= lim vx =0. Of course lim Vx

x>0 x—0+ x—0—

does not exist, since v x is not defined when x < 0.

Theorems on Limits QU OU 4ad o
dduitand] dar el e f 25 Y Wl ol L

im0 =c 13}« ol a g f)=c cols 15) 1 1-1 A e

X—a

DBl D AB<o G limg)=B 5 limf)=A cilS 1)

X—>a X—a

el sl A kO o ¢ lim KGO =KA T 1-2 T il

X—a

lim [f0)tg(x)] = Iimf(x) + limgx)=A+B : 1-3 &kl

X—a X—>a

lim [f(x) e g()] = lim f(x) olim g(x) = A B : 1-4 4 yJailf

X—>a

. f(x)_]imf(x)_é C o= % e
)}(l_l)r;],g(x)—limg(x)_B , B#0 ! ISAJ“MI

- i e ga VA ¢ Bim 0 =pflim ) =¥A 2 1-6 Gy

X~—3a

Continuity Jlad¥! e

: QJ@EMJSJ»M@\SJJMf(x)U\MW'
DI G f(xg) cilS 1B] x=x, die dlaane f(x) D1

hm f(x)=f(x)) 5 534290 lim f(x)

x—)xo X—)ao

- 13 —



3 A colsT 13 fa,b) dilkad) s i) IV s e f &1
PEPNTINFY b]d_éLhEsJ.SJK_me[a,b]J\.cfQ,@égios.x}
3685 fx) 1l b M,,_}Jba)\,.{k;ga.\,q, o Jog W) o 51
g o Il ST T Gty s O xmxy e a2

D ¥l e 1 179 Yl

Example 1-9: Determine the continuity of:

f(x)=’§(”_"24 (o) ‘ f(x)z;i—z— (1)

pliall) 3 pme b (2) OF x = 2 e dbae é DlWleds (1)
Uoane DNV 5655 (00 So\ld) 8347 g0 b li_]gf(x) O (\JM 0559
, Uithe JLai¥l L6 055 bdiss « x=2 ks fasle Lladl JS7 s

. l-SJ&.:,L‘:J\

YS) i ae ok f(2) 0¥ x = 2 2e dlane 8 DIl ods (o)
Climfe) =4 U5 mey ¢ (Giwo pliadly bud)

Xx—2

o) LW e Jguamld G Lyl 100 DI iy 831e
- 14 -



L x=2 e daawd!

x4 _ (x+2)x-2) _
X—2 X—2
g2)=2+2=4

. 839> 9o o= ML@J‘Q‘Y &buim P ( i ) ;-J'.>.=.H u.?d\-a-:ﬂ\ r_,u
AN ld! ew !

X+2

gx)=

.4

f(x) = ’; 5 g(x)=x +2

J—i-‘ J—L”‘) €ty ae 0‘9&_ dﬂ\_g e x=2 Je ldele J,u,
el » s o dblay e Jlail r_\.a.l S (1-6

v

1-6 S5
Properties of Continuous Functions aaill Jigdt ale>
fx) @slS 13) @3l L dhaadl Jla 8l ol ki JY bl ol e 55e
f(x) e g(x) « X)) Ual UsSy x=a Lie Olduase OLSs g(x)
13 Ol G ilS Lagy | dleaza x 39dm O3} ¢ g@)#0 ¢ f(x)/a(x)
PLiadl Ladie 0585 (S x o lasle oslS Lo | dluaio doilared]
Vi

DA e detsuinad) dlanedl Jlgadl Gl
_15 -



cilS 3lga < x b i@ 3 dlae f(x) wslS 13) 1 1-1 dwals
e Y e Sla (D) 5 fla) g ¢ sae Y Sy ¢ () # f(b)
. a<x,Sb g f(x)=c Cum x=x, 5509 ¢ X iiedd 501

s e 17 (S o gred) o] Gy Sl Uay | B ,a5 171 o
G 055y ) O SLar¥) OF s 198 1S5 Lol 0g)

v

NS
s L e A1) =0 () (@)
x=b 5 x=a om 1-7 J&&

o

&.

v ¥

i
SN s lo 1(a)
N b

s W =0 () /o

x=b_3x=acﬁ._; e

e —————— — ——

{a)
1-8 JS&
colS 13 v a < x < b sl B dlame f(x) oS 13) 1 1-2 Auels
Cipdl S M e el m i 31 Al ofo

s dduaze WY 1-8 JSa 3L 110 ) 1-8 ;e JISSYY Ll
x=d gx=c MQM‘MMuLciij&TcanSbB}xﬂ\

doae BV 129 IS5 3. 5l IV 8 udaad) DS Cui i) e
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(c)

1-9 JS&
.L_;;c,».,\x';i.c..,;éulsiLuﬁ‘xzawc;M'l«ﬂstianSbu.é
cx=c Lo Jlail pde da g 110 S 5L 5l s S x=c
e el Y e oS0 x=a e DI e il a<c<b Of o
sds sl e of Foasxsbigdl 8 das f(x) colS 3] 1 1-3 dnals
¢ WlS g &) G A>0 D4 g 3 ¢ f(0)> 0 CslS b,a 'y
c 1710 S B g0 Gl 0d f(X)> 0 04T ¢ -A<x<cH A

fle+ )
{C))
fle—=N)

.




Solved Problems dglxe Jilus o

2 Ll e 2000t Lo Aglains o) el 111 Aghne Wi
r.\.am) y s il (r.uﬂb,) x ol d1 O 13 . ab-Y
LI s e x uiaadl B 1S (g0l

Solves problem 1-1 : A rectangular  plot requires 2000 ft of fencing to
enclose it. if one of its dimensions is X (in feet), cxpress its arca y {Iin
square feet) as a function of x, and determine the domain of the function.
D A0S ¢ x Y NV ERTIRCI
1(2000-2x) = 1000 - x

L 0<x< 1000 ¢n A1 odg Jlmadly y = x(1000 - x) Ll 045 3

e 121nuudjbéﬁéjj\c;d\wt¢,o:1—zmwwm
B S
L (SPI-1 JS) fob Sadis gread S dny il o 50)) bl

Solves problem 1-2 : From each corner of a square of tin, 12 1n on a side
small squares of side x(in inches) are removed, and the edges are turned up
{0 form an open box (Figure SP1-1). Express the volume V of the box (in
cubic inches) as a function of x, and determine the domain of the function

SP1-1 J&&




cx glaisle 12 - 2x galo Jg b da e sue s o Gadall @ g
5l ga Jloadl L Vo= x(12- 207 = 4x(6- 07 g8 Gydiall po
bl o Lo c3g) Voslag ¢ Ll e x @l WIS . 0<x <
M S el a g ¥ 5sUiall sda y U L S e,
“adgn Ladie b x Ded Wuswdl sl ) 559,80 e M e s

. Vool

. f(a+h)—f(a)

2 At f00 =X+ 2% OIS 15] 1 1-3 Agkxe Wi

Solves problem 1-3 : I f(x) = x* + 2x, find X@*W (2

and interpret

the result

s Jadf

Qla+hk,f(a+k))

/4

L—h-—q
SP1-2 JS&

+f(a+h) ~ f(a)
x

P(a, f(a))

315 Q 5 P LLad) w5y« (SP12 1Sa) A L1 )
SH=1s @) ga P Jlamls . ath sa sax jme o o
O3l fathy gn W1 Q

~ 19 —



Sl Ot flarh - )
AU Sl Y O ks "

flath)-fla) _[la+hF+2(ath)]-(a+2a) 5 5 1

h h

PQ Juo =

LT dalize SO plall asdl aS) D104 Agloue P

Solves problem 1-4 : Write the general term of each of the following
sequences:

5a Pl amll ¢ doenall Lo, a0 olas W Lsly sgaxdl (1)

1
" 2n-1

slae Y o Jals Sl (L 9edls L)) slay e I (&)
n+l 1 1 n-1 1

Lo gall i) Slas W e g Ldh 5L e o (=)
o1 dagds oy o) deeal) slae Y sda CaSe o» er\j

. (*-1)"”-}1%]?- o ru\ o)

- 20 -



D Jadd! 1da 8
. dasdy o
L Jokau v

. Jali dsted ¢
. dSall Jott
L Jukad| Basld V1
P (T3 (N 7

. il Jatai ¢
. Y RS GlEide ¢

L Wt Pl V7

The Derivative diidl( o

Lyl ap e (B x=xg g x=xp (pied X phiall 8 k)

JUETIN x,=x0+AXg._,.;:§5Qio.§Ag_ .

Ax=X-%; ¢ Loguas . Ax

w_i'..!_g x:xo-i-AX g_.u.i.:uzl ¢ X=X, 4.‘3\_1‘_,] Mu.nAx JJ‘J..JL: X

- 21 -




X = Xg + AX § X = Xg e 8yiedl y =1(x) PNV RE) g
. Ao} C)\_-:v O3 Ay = f(xg + Ax) - f(xp) bl e

ﬂﬂyuﬁﬁﬁﬂ

Ax XLF‘B}JLJ*
: x:x0+Ax‘5x:x0L'ngB‘,;:.éﬂLjé3\.U\ ),.’-.J ijmww\ s

N1 hai ¢ xp=1 o Ax=05 a5l x ot Lok w21 JGu
O3 . Ay = f(1 +0.5)-f(1)=5.25-3=2.25 LAl y =00 =x"+2x
ga x=15 9 x=1 o 5ol 2y PURVIRUECS RN SOWPEIN] J el
Ay _225

Ax 0.5

Example 2.1: When x is given the increment Ax = 0.5 from x, = 1. the
function y = [(x)= x> + 2x is given the increment Ay = f(1 +0.5)- K1) =
505 . 3 =225, Thus, the average rate of change of y on the interval between

4.5

x=landx=151s
)
,é}'_:_z_‘.‘:‘ir_grj
Ax 0.5

S D s x =g il e x J) Ll y =10 V) A
f{x,+Ax - f(x, ]

Vo

. A .
him 8y - him
Ax—0 AX Ax-30 AX

ot sl Jaee Uil o Dol odn - Bl g 24
.x=x0..\;_cxuji'&.¢wd\.3ym.xﬂ

e x ) FEALE y = f(x) = x* + 3x A dinia J.?-_gi :2-2 JUa
Dodus ddnied) deud ey SIS rm\ L X=X,

. Xg=-4 (?)Jxo:?‘(i)

Example 2-2: Find the derivative of y = {(x) = x* + 3x with respect to x at
x = X, Use this (o find the value of the derivative at (a) x,= 2 and (b) x,= -4.

- 22 —



fix,)=x"+ 3x,

f(x, + Ax) = (x_ + Ax )? + 3(x, + Ax)
= X,? + 2x_ AX + (Ax)? + 3x_+ 3 Ax
Ay = f(x, + Ax) - f(x)) = 2x_ AX + 3 Ax + (Ax)?

Ay _ f(xD+Ax)—f(x

- =2x_+3+Ax

Ax AX
DL D TR S N
: Ay )
lIim — = lim (2x0+3+Ax)=2x0+3
ax—0 AX Ax—0

C22)+3=7 P diied) dagd o xp=2 ( b )

C2A) +3=-5 o diiedl ded o xp=-4 ()

Btadl iy 0 i) o3 i OF sline liniall slow | S
C 5L WS x il y =t Dl

)
hm Ay_ = lim f(X+AX,. f(X)
Ax—0 AX Ax—50 AX
FaS I et e b L) Bl oS 1 ) el y= 10 G
d dy d
=Y. ==, D y . f'(x) . —fix
dx y dx X y ( ) dx ( )

Differentiation J&lailf o

o Linto Sl 1) x=x, dhi e Flas W A6 i D1 UG,
Slas W ALt Wil D1 J Vsl dbad! sds sue 53 42 g0 1]
s spdlodn bs 1S 4 e Gl L6 Wi 68 I3
& Aol Badl sie hae Lo Glaa N a6 s s LY slae Yl
1> 0585 OF 28 Blas MU EL DIl cslS 13) . 25 nal) L) 8
el as DI Dz slon | ddes . Dlaue

- 23 —



Differentiation Rules J&laidl Jaigd o
¢ X juriald (J.a\.a.,.U) Blas D AL Bl o v w as Y C“"” =

LobkbUm g c

—d—(c)=0 1 sasld
dx
—d—(x)=1 P RAL
dx
E—(U+V+"')=E—(u)+9—(v)+-~ CIFRYAL
dx X dx
d—(cu)=c9——(u) 4 5.s\8
dx dx
— (uv )-ui(v)+v9—-(u) 554518
X X dx
_(UVW )=uv—-(W)+uwi-(v)+vw-—(u) 6 5Js\8
dx X dx dx
*g—(i —l——d—(u), c#0 7 s ls
dx \c ¢ dx
'g“(i):c—d—(l}:—c—*i(u), u=0 8 sue @
dx \u dx \u u? dx

vi—(u)—u-(—lm(v)
i‘(i} dx dx ,v#0 9 sasls
dx\v v?
E-—(x“‘ )=mx™"! 10 54s 8
dx
4y )emumt S (u) 1 5acl
dx dx

y=4+2x-3x2-5x3-8x4 + 9x° I fols 1 2-3 Jie
Example 2-3: Differentiate y = 4 + 2x - 3x? - 5x* - 8x* + 9%’

- 24 -



§1=0+2(1 )—3(2x )-5(3x?)-8({4x*)+9(5x*)
X

=2-6x—15x>-32x*+45x*

J..a\.a 2-4 JG&
3+2x
Example 2-4: Differentiate y=——2X
3+2x
d d |
(3+2x )—(3-2x)-{3-2x )—(3+2x)
y'= dx dx
(3+2x |
(3+2x( 2 )- (3~2x)(2)= —~12
(3+2x F (342x f

Inverse Functions duwSall Jigddl o

- Ol Se OUdIs Ol @) =y 3 gfX)) =X Gz g 3 F OLIIIT
g JS il S deSat Jla

gby=a 13 « f(a) O 13} dul>

D 2-5 Sl

cgy)=y-1 DI ga fx)=x+ 1 DI g (1)

DI s ga fx) = x DI gSne ()

(20 o) B0} g =y DA g2 f0= Vi DI usSan (=)
e =y =Y30 DI a0 =2x-1 BN LugSns ()
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L&JJ._J fx) = x> Al 25 Jle @&nd\admd\sjfwd
gl = 1 e g ke &S Al L D =1CD=1 O) G o S
20 el 0= € DI baie o) oS L e 05 D)=
RS R R VoS Q_ﬂsjfuxmafﬂs;m@g(y):yz DI OS5
e ded e sSae g 050 S ol La boadls . y=2vx

L f(x) # (xy) O3 X # X, o f Il B % 3 X TR LTS
Ly o= ) OLS L FT e bl LS BIBTERE. -2
S ol Jolad) A6 Bl £ ool 1B x=1(y) <55 U

L) e 9 F(x) diied

slon Y O3] ¢ f(X) Arne Luug anSe i LY f FUIRVICRICRREY)
JUunS Ly 230> S y=1X) Aolandt Joo ! Sl Aol dae
O3 y=5x+2 el fO=5x+2 P

y-2
5

w\d\ﬂ\w&‘}MLyJEWLij

. X=

O g By el Dl

dy dx
dy 1
—== 12 s4e
dx  (dx/dy) °

x=4y +5 Bl %‘;— Al L 276 Ji

Example 2-6; Find dy/dx, given x = \/—)T+5
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%:zu-s) 13 ¢ y=(x- 57 doleed] U o dgd) A e

sl Y Jols [ Aol Al plab

Ao [y =2(x=5)
dx

The chain Rule Jubudd! tdcls o

13 8 0 0L fex) o 31 DN) i g 5 1 pudin]
LS W i e Jgaandl oSl 13) ¢ Joledd B g gt 00
fg(x) DN Lies Lo Sl a0 Jo W iyl Lol

VS VeSO

D3 g =2x+1 3 f(x)=x2+3 &sl§ 13] 1 2-7 JGu

9 _ gx+4 3 y=fgx)=2x+1)2+3=4x2+4x + i

dx
Example 2-7: If f(x) = x> + 3 and g(x) = 2x + 1, then

y=f(g(x) = (2x+ 1 +3=4x2 +dx +4 glzgx+4
X

Do sae P ade Jguamdl Sy 45 631 DI Jols
D (f(g(x))) = f'(g(x))g'(x) J....L...;:Jl saeld I 13 sas

D (Fg()) 03} ¢« A1 DIa0L g s i, DI0L F e 13!

Jolis [g00 we o] LI DI Loy Oye Jols s
AR R



g = 2 5 fe(x)=2g(x) O3 « F=2x 27 Jle b : 2-8 JEa
. J._..L-.J‘ sae\8 cda...u‘yj

Example 2-8: In Example 2-7, f(x) = 2x. Therefore, f'(g(x)) = 2g(x) and
g'(x) = 2. Hence by the chain rule.

D (f(g(x))) = f'(g(x)g'(x) = 2g(x) * 2 = 4g(x)=4(2x + 1) =8x + 4

u=4x>-2x+5 gy=vu’ ga 129 JGe
D ogn Lol y=04x"-2x+5) a 45 W0 03}

Example 2.9: Let y = u' and u = 4x* - 2x + 5. Then the composite
function y = (4x” - 2x + 5)” has the derivative:

dy _dy du_ . ozigr 2)=3(dxi—2x+5 F(8x~2)
dx du dx
Pl as @ 4! daaad) 5 ¢ Waodla

dy_ dy du
dx du dx’

Lo ¢ X piiadd 5,010 DIAY J) o WV st 3 Gy a0
L)) VR TN U S W [ S IRV S PN [ NSHLE S e B LR 73
- (i, DIIL D b les
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y=(+42x - 1) Joli 1 2-10 JUe
Example 2-10: Differentiate y = (x> + 4)% (2x* - 1)°.

y' =(x2+4)2i (2x*~ 17+ {2x’-1 )‘—d—(x2+4)2
dx dx

= (x4 P32 =1 P 2o D (260-17 (2) (4 4) L (e s
dx dx

=(xC+4V(3) (2= 1 F6x* )+ (2x° =1 F(2)(x*+4)(2x)
=2x (x*+4)(2x’ =1 )2(13x3+36x-—2)

Higher Derivatives Je¥ OUELL o

o Lo g9 X paiel) Sl W ALG 81> 0S5 O y=ftx) ¢ 5
S el oS 3] L DI (oW Jealadl) Jo ¥ i)
DIl (W Joladl) dold danaaly uinte ons Joolid) o
DL e ) asl L e A

dy

dx’

(Gl Jooladl) il dinzall oy S Joled) dicze SUIL
e eds uald e se DI

Ly orf"{x)

3

d)i y",orf"(x)
dx

RARLEP
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V0 amgl flx)= 1:=2(1—x)‘1 D 2-11 Jue

2 n
Example 2-11: Given  flx}=~ —2(1=xJ", find {"(x).
—-X

f'(x‘>:2(~-1)(1—x)‘2(-—1):.2(1—x)‘2-_—2(1!)(1—:()'2
frix)=2(10)(=2)1=x P (= 1)=2(20) (1-x )"
fv(x)=2(20)(=3)(1—x J* (= 1)=2(31)(1-xJ"
ST Sy domad) 0ds ) =2 (1 -0 i Sl
L Ol Ol Lol
Y f0x) = 2k} - xy&*D

s () = - 20k Dk + DL - x)®* 21y = 2[(e + DI - x)yE?
Implicit Differentiation (seiad! Jall) o

& pescald dds e W 0550 OF Joomadl oo (%, ) = 0 &alaad]
L x b DI Lo y i ad o

s 2-12 St
) B x =2 ma xy +x-2-1=0 dslaadl ( )
Example 2-12:

(a) The equation Xy + X - 2y -1=0, withx# 2, defines the function
y= 1-x
x—2
A1l O a5 4xP +9y"-36=0 dsdt (w)
(b) The equation 4x2 + 9x> - 36 = 0, defines the function

2
== 49-x’
d 3
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Bdls y=0 o x| s

el uaj\_:tlﬁgn_,@ lda .y<0 9 g|x| <3 dﬁSJ Lo @
(-3,0) ekl e Oy g 0 80 (s 31y sllamalt dolan
(3000

Xy+y-2y-1=0 U.L.u‘g y' .szi . 2-13 JL:J
Example 2-13: (a) Find y', given xy + y - 2y - 1 = 0.

XY +y+1-2y'=0 o

A 49y’ -36=0 neg x=vV5 0580 bedie y uxsl ()

(b) Find y' when x=+/5 , given 4x* + 9)/2 -36=0
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Ly

d d d d dy \
49 (x)49-S (y? )+ -5 (- 36 )=8x+9—(y* )= =8x+18yy'=0
dx(x ) dx(y ) dx( ) 5" Yy

Sesil e (V5 ,413) dkidl we y=2473 x=v5 Lsy .—.% o
sl e (V5 43y i) wisyy =5 /3 (@ ahill 55
Cy=v5173 JLad

Derivatives of Higher Order As¥} 4yl Oliida o

Doy Je Y 45 3 olinie e J g S
oty 5,50e 5 Lo M Diniie Gaod Joolis of sV il .
Canlll L Y
2-13 (1) Jlis ope & 2-14 JUia
Example 2-14: From example 2-13 (a)

_ l+y
y 2—x

Ly =y i(“y )= (2-x)y-{1+y)(=1) _ (2_“(;1 }+1+y

_&F =dx 2—X (2-—)()2 - (2—)()2
242y

(2-x ¥
Uslaedd psladl MsS enadl Joladh ol -1 L\ gy L) e
JS Gy dyghlaedt dizzedl o J geal el e dda) lanel!
o) de L@ doade 4 k) eds . R RCHERCAY:ELINT
ilans dhadd) el Ly Ofd Linie
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Xy +3y-4=0 goiedd (1, 1) daid) die y" degd dmgl 1 2715 Jle
Example 2-15: Find the value of y" at the point (-1, 1) of the curve

Xy+3y-4=0

S s e x B Dby o Jo

(X%y' +2xy) +3y' =0

[(x?y" + 2xy") + 2xy' + 2y)] + 3y" =0
D238 3 Y= E e Jeasd JoVI BN S y=10x=-1 Lo
L Y'=0 e Juamdd BN Gy= L cy=1ox

Solved Problems dglxe filus o

AyIAX 3 Ay dorgl . y=f(X)=x7+5x-8 laao | 2-1 Wplne Wlies
C X =Xt Ax =12 S x=1 e x as Lo
Solves problem 2-1: Given .y = f(x) = x* + 5x - 8, find Ay and Ay/Ax -

x changes fromx,=1tox, =x,+Ax=1.2 .

Ax =X, -X,=12-1=0.2  JJ

el Ay =f(x + Ax) - f(xg) = £(1.2) - f(1) = 0.56 - (-2) = 1.2 .
ﬂ_ 1.4427.2
Ax O

ool 1 2-2 Wylma Wi
Solves problem 2-2 : Differentiate

y=i+—-3?+—2~3-=x”'+3x“2+ 2x7°
X x* x
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4y _ 23— 2x)+2(-3x74)
dx

=—x2-6x7-6x""

1 66
e °© 5

Solves problem 2-3 : Differentiate
s={t:=3)
Dt
ds

95 _4(e-3Y(2t)=8t(2-3)
dt

Jole T 2-4 Webe Al
Solves problem 2-4 Differentiate

f(x) = x2 + x* + x°

- Jaudt
. d d d d
£ (x )= — (X1 x4 X8 J=— (X} H+— 4+ —(x®
_ dx( ) dx( ) dX( ) dx( )
= 2x+4x3+6x°
Jold 1 275 Wglone Al
Solves problem 2-5 : Differentiate
f{x)= (xh-{:z) , x>0
X
- Jaudt
£ lx )= () (2x )= (+2)(2x) _ 2x°-2%°—d4x | 4x
(xz)z xd x4
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@) 5 F4) Ayl L ) =100 e | 276 Wghne Wleas
Solves problem 2-6 : Given f(x) = 1 - x*, find f(-4) and f(4)
00 D) folis slomy | comy Vsl 2 gt
f'(x )=~3x*
231

f'(-4)=—3{-4V=-3-16=—48

f'{4)=-3(4F=-3-16=—48
DAL ol 2-7 Wekne Wi
Solves problem 2-7 : Differentiate the function:

_ax’+bx+c

fx J=—=
dx +ex+1f

Bl dzrie Jo foamd docl] o5 5ac s pdieiad OF Y 1 ol
. f(x)

£ (x )= (dxX+ex+f){2ax+b )- (ax®+bx+c )(2dx+e)
| (d+ex+f)

| fmed 8,50 d b 8 ) Jdeo ope 278 Wglne Wises
L o~ L’_.S > e
. R=5 ke adl Jame ussf Cal . R s L3 Caoai

Solves problem 2-8 : Determine the rate of change of the area of a circle
with respect to its radius, R. Also, evaluate the rate of change when R = 5.

AT Laddons n kb Chuaty 5 315 G Lo &5 ¢ o
A =nR?
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Eé:an
dR

. R=5 &Ls . SJSL\ bms J..m ‘_giﬂj
gﬁmanEZn(S )=10m
dR
39 b h P LW sl Jume s 1 279 Wglan Wl
=5 gt lnamm OUS o g 515 Bl ) R i)

problem 2-9 : Determine the rate of change of the height h, in
f the radius, R, for the volume of a circular cylinder assuming
mt volume as R increases. The formula of a circular cylinder is

%’i-

V = nR%h
Al i ] Ll Bk Y1 e i lad T
S fotad!
iy-m(rch)—dﬂ+h—d~(nR2')=(nR2)—c—i?-+21tRh
dR dR  dR dR

5 s V o] O ansy

g dv _
) ® P
nRz—d—h—Jrzrthao
dR
: ulauj 7R L;\.r- Lowndlly
Rﬂ-ﬁh:@
dR
. dh . .
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dh_ 2h

dR R
D ks -g}{- g5 ¢ 2710 Wb Al

Solves preblem 2-10 : Determine —% given:

i
U= 3 y:4uz+4
s O i = Clod s el el oy a2 Jaudl
du  dy
"dx 2 du

_ 8 o du_ 1
du x+17 dx  (x+1}

Jodecd 5456 otz 03

ge oy 1)
dx du dx {x+1 (x+1J (x+1F

-37 =

. R sl

Solves p
terms ol
a constal

V = 7R}






D Jedd laa 2
L Oluadl V7
. ses¥t
. bl gy v
Ty (RPN TP L TIPS TR Vg
L ) Aol el bl e Aadidad it
. Mol Slws ¢

Tangents bl o
el 058 ¢ x=x s f(xg) sgdoes dinie f(x) DIal cilS 13)
98 oy Pi(x vy e ules y=1(x)

m = tan 0 = ["(x,)

Joo e Py dis y=y, adolan B e goedd 0585« m=0 S 1)
2 ovbesdl Bslee (g5 Ly of L 3-1 IS $ ECA bl we
Y - Yo = mUX - Xg)

Q589 lim F'(x) = o0 I x=x; die Waze s ) DI 23S 1]

X -—)XO
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5D 5B Lidl Jrox=x, Dalaadl ame guls polas meial
L 3-1 8

Normals sdas¥! ©
by ey AV Lasl gn abad S| s gouadl Je S5 gand
J__‘_.aj_»mOLf RO RN FRES NP VON | S RN VIPEVY
P Polxgyp) e S3gendt Wslae . (390l |0 98 -1/m 03} peleed]
Cail oleedl OIS

X-‘—'XO
Y=Y, Ualy olewndt OIS 9
y—y0=—%(x—-x0 S e ji

2, 4) ibidl e y=x -2 +4
Example 3-1: Find the equations of the tangent and normal to

y=x-2x"+4 at(2,4)
m=fQ2)=4 ¢ (2,4) L wleadl oo O3] f'(x) = 3x* - 4x
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y=dx-4 o y-4=4(x-2) & pleadl Polro

P 63 gendl Dol

y—4= —-}T(x—z) of x+4y=18

Seans (2,-2) i) e gy s Lol dobes dm9l 1 273 JUa
. xX-yr=16 w84 CL:.E.H

Example 3-2: Find the equations of the line containing the point (2, -2),
which is tangent to the hyperbola x:-y* = 16.

03} ¢ Wikl Je a8 P 031 . eledl @i on Py(xgyp) £2

x -y =16 (3-1)
: Ul
dy_x
dx vy
35 (2,-2) 3 Py o Jeol gl L3 oo (oY) Sie O3]
X, Yom (=2
mE——s———m—m—"—
Yo X2
03]

x0+y0=8 3i 2X_0+2y0=}((2)"'y(2)—_—16 (3'2)

s b (3-2) Dslaelly G-D) slaadl Jo 98 (5,3) peled) dat

5
~3==(x-5
y-3=71 )

5% - 3y = 16
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Angle of Intersection paoliill dugly o

Srowiall g releadl (e G ol Ll O pms cppimied pbladt &gl

L el CLLA.J\ Ligs opnd

- pbladl i sy Ge w¥sleadl Jo 1

bl dhi e ppeaal) wlesd my 5 my Led) assl 22
m=-— O ] . ¢=0 b lad) &l 0585 my =m, OIS 15) - 3

2
- 0=90° abladl & 5l5 0SS

oo bl | Sy g5 LU o0 9
( m,—m,
an @=————=-—
¢ l+mm,

180° - ¢ gtan ¢ > 0 de dldl abladl L9l & ¢ O) G
> 3 3 PO 0) S
. tan b <0 Jue 33l CLLAJ\ 4ol

FEYOS I Sl OJ.A..CL }.,,a.‘.o d.l:u ngjg e JJ\S . 33 Jﬁ-ﬂ
o 50 Mt das ik Jauly (38 akié S8 e gle L 25011
c ey SO g Dol sl L et il

Example 3-3: A cable of a certain suspension bridge is attached to sup-
porting pillars 250 feet (ft) apart. If it hangs in the form of a parabola with
the lowest point 50 ft below the point of suspensions, find the angle between
the cable and the pillar.

phedl) Uslas . 32 J S (LS alaill s e oY1 ilas Js
O3-S (125, 50) de y' = 4x/625 5y = (2/625)%7 a5
Lolhadl Lsl 1 Of Gom . B=38° 40' 5 m = 4(125)/625 = 0.80
. 0=900"-90=51°200
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32 K&

@Y dolly adY doell ud e
Maximum and Minimum Values
dusalSUTH Jigddlg dudat il Jigu
Increasing and Decreasing Functions
andio U < v OLS B3] do grdadl 5l 8 A3 e f00) DI
X=X, i Huyls o T(x) Db L 5 2! SV au V‘B JKJ flu) < fiv
DI Jaad s xg By gimo dom giad) 5 28l 5 slay (0 2olS 131
fu) > £(v) Laniza u>v O 1) - griadl 5,230 3 duaBlS o fin,
B x = %y e LBl and £00 WAL 8l B v 5 u e S
- X & gime d guaedl 5l B abley f(x) cols
x = e by B o 100 OF s OF (San 03] £xg >0 wails 131
x= e LaBly D f(x) 065 O3] ¢ Fx) <0 colS 13) Jaadlis
c B yhias B> oa f(x) O3] ¢ fi(x)=0 <SS 13 o
) (B (Ll W) adiny =600 (ied! 393 S
cr < x<tipdl 8 (daasly D1L) seedl bp g t<x<u ga<xa
BT ploe imtol) 3sSos x=t 5 x=5 5 x=r die § ks DI
OF @] 8 LI 0655 Lo (4 x, % ad . T.S,R Laadl s
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o (TS, R) W dlaad) Ladly dIul i b 2 [fx) =0

Muﬂ\bw\wwl
v R
: U
| i
N |
I | l [
o |
g ! | : | .
O} r [ 2 u
A T

3.3 5%
isdd ! (o 3W ey ] e W]

Relative Maximum and Minimum
Values of a Function W\ aud

f(xg) 2 £(x) O 34 x = %y die s ] dom W OF Ity ) 101
15 a5l imas ¢ 3y 1oy gl o giad | 85} jany b x o IS0
i i) bl S0 ) dedd g9l of e ST H(xg) desd wals
JS3 ) <100 OF o) x=x, dze s g3l 1 f00) D14 0450
ol ) wf sl ¢ xy o & giomal) i grdall 2l ey b X b
S Al Ll S ke £ ded ol ol e 5T fx) ded
fr) > f(x) Qlcﬁ_?umﬂiﬂ‘d\gjﬁlw\uhR(r,f(r)) ¢ 3-3
Sy = f(x) of JJ.EJ C0<|x-r] <8u.é S b i Hlas Lgi Jus
c X=1 Lo (=f(r) aeud UA“JL}A.QST S

S ¢ goeiadd Lol St daidd o T Ay « S s
y O Jgs . 0<lx-tl <8 3 WS L lum ol e 50> 00 O
Jai R 01 LY L x=t e (= () ad s ol do g =1(x)
c (F(x)<0) b G RB usdlly (F(x)>0) 25 UV AR il
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SOV TU ugdls (F(x) < 0) Jagy s3IV CT ugdl Joad T Lo

OVuaiey Ollags LeadS SC 5 BS Olugill . S wie (F(0>0) pis »

o o) L ol daB Yy B (S gea8 i o S daiid) Lo
a3 0 O Blsasxsb g Joladl A fix) <S8 1)

Cf(x) =0 13] « a<xy<b Of G x=x, s (u”i 91) u’“"";

First Derivative Test J¢¥1 dadilll Lot

(9 D) s Y1 Aol 8 pase i O Sy I ol gl

Lre () @1 (G (il 8T) ool ponn Bgms o) o

Muﬁ&\u}_fﬂ\wlc‘

e ) ol F(0=0 Jo

col ) e sds ddeen iy X g o dr 2l f"""” By -

Lo S e Fx) sl e 2

O3« x=%g dz - dad IS I L x ga -

(34 S - ]+ o o 100 ef(xg) 5o dn W) fx) (1)

1
@ 3-4 S5
+ S e s £X) ¢ ¢ f(xg) dagd ¥V LY 00K 100 (&)
(35 )
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X,

b) 3-5 J&&
V00 o x = % L e ol o el 100 D148 048, ¥ ()
c(3-6 JS) L eols) s

()

¢

3-6 S5
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D ame 1 4-3 JLa
y=ix3+—1—x2—-6x+8
3 2
Loty y b ol ) () ¢ ol s (1)

Cy Bl o sty gl () ¢ Ll
Example 3-4: Given:

y=ix3+ix2-6x+8
3 2

find (a) the critical points; (b) the intervals on which is increasing and
decreasing; and (¢) the maximum and minimum values of y.

G ol il Jlam Y20 by y=xt4x-6=(x+3x-2) (1)
L (2,23) 3 (:3,432) » i) il L x=2 ¢ x=-3

Wl y OS5 by L5 y 055 « Large ¥ U095 Leis ()
Chalpy s Y=OO=+ . x=-4 N x<3 Ls
il y 9 Y= =- x=0c$)b".n 3<x<2 Ls

Chulyy s Y= = x=3 ¢ e x>2 Lis

L 377 S b g sl ol
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x<-3 x=-3 ~-3I<x<? x=2 x>2

y'=+ y'=- y'=+
y increases y decreases y increases
ol a8 Sl 5
(—8,48/2) ¥
0 {2,2/8)
x

¢ Xx=-3 .L.cd,U..\J ¢« - szl + P L@JJL&! J‘w Y' ¢ -3 J)L" X J‘J}"'
ey B e ¢ 2 0 x Ll WIS L 4372 Al sl Wy
L 23 Eed g3l Wy e x=2 Le 03) + ) -
. {""Bu’"’b u.,asﬁﬁ y=|x]| sl D 3-5 Ja

Example 3-5: Examine y = | x| for maximum and minimum values.
S L x=0 lae Lox o8 JS3 Ginie Ly O IS 3 3 me D11

0555 % >0 @iy £(0=-1 055 x<0 o)+ Lr > dod 2 x=0
. x=0 Xis (=0) u_‘»afr._,,’s' W DI, oo =+1

Concavity il
dte BN OLS 8 e Y akad y =100 gomiall 8 pogf ot
Lol £(x) 0555« x @by LS. daidl oda pules Ggb ady ibs IS
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LS b . (c<x<uBJ:_éJ\u_§);.,._>,-3,cu_31;’,J\_.u&nB)Li}ﬂ
L0 >0 W ) oo Mg e el

Lis S cils 1) Jawd jaiedl y=fx) powiedl oo (sl oy
Lol F100 065G x waly WS .+ dhid) odg) elaadl Jiul adi o sl
J,_bis'_gi(3-3J_§.i-u..§s<x<cBJ.;'.éHué)JB_g‘éJL:L}Hw.ésL@J
ol L b:lfé(a<x<b34,:.&l\£) R RWEIVIRNE P13 |
L0 <0 9 Ji £ S

Point of Infection wH&Y! dad

L B.S,C a oY) bli 33 JSa b . meaall oSl 5l JaY
S F ) =0 ) oMbl LS x = xp ablis s y =100 _goeinl)
LJ...“) . X> Xy 8 X<X, M‘UA \.@J_)L.«i oL Y] fnz(x) _94.9‘)_:.0,.9
(539090 £(xg) 055 Ladis (x) 20 138 4l Sy e
CoMEY blay aidl LU e y=xt-6x+2 -l 396 Jtie

Example 3-6: Examine y = x* - 6x + 2 for concavity and points of inflection.

. 3-8 Sl e ge A1) St o]
v

(0, 2)

3.8 JS&
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) 8. x=0 b o LSt WYY bl Lyt =12 %2 Lo
8 yads ujga x=0 u_uLa- u‘j“' w\jﬁl SUA y'=+¢x>0 3 x<0
- @) dhii e (0,2) Zhaid) Y Je Y
Second Derivative Test doll 2455 ,Las
c Y sy e Y1 asls SU lasl Sia
Al il By e b 0555 Tk il s £xg) Jo - 1
« X=Xp 4.:-).9- 4.&.».9 JQ -2

- (34 IS (xg) ¢ flxg) bl a L f(0)

- (34 JS) 110> 0 ¢ fixg) Lis] - L f(x)

odor 6. (3-6 JS) Byae b ol £k =0 o LLasY sy
P9I el las pudial o Y Dl
ety Sl adly eV ol f0 = x(12- 207 © 3-7 Jis
. @Lﬂl T l\ a_a-"')b

Example 3-7: Examine f(x) = x(12 - 2x)? for maxima and minima using the
second-derivative method.

X s ol ) S ()= 120 - 8x + 12) = 12(x - 2)(x - 6) Lia
f(x) « £'2) <00Y . £ = 1202x -8)=24(x-4) U | x=6 =2
S W1 1650 0Y L x=2 wie (= 128) sl s

- X=06 Le (=0)
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¥ g el dadl e Alilad Jiliwe @
Applied Problems Involving Maxima and Minima
o, bl il 5,0 g i) dsdly Je V) o) daillaed) (o8 ol
DG sl e W dmmaall L e sl J ) L DR L pasd
IS e y =100 DI Gagd oo oF - C dr ol ) JS 20m Yol

RS VR PR P VS [ I B O]
f I P s ol O) G opiisr J) 120 daad) s 1 3-8 JU
: uh:;}!\ dodl 068G Sl s sl &9 Js Yl

Example 3-8: Divide the number 120 into two parts such that the product
P of one part and the square of the other is a maximum.

P=(120-x)x* O3 « W81 sl 2 120-x 5 ¥ 55l 2 x g0
e x=0 o» 4 2} ol o dP/dx = 3x(80 - x) O) G 0Sx <120
> wd O3] . P(120)=0 5 P(80) = 256000 « P(0)=0 o9l x=80
L 40 ¢ 80 Lon esthedl 3l L x=80 e S Je Y

(i) EaS gy 64 anem &yl saell glghad sley 1 3-9 JUe
i gl Odnald Lmbad) Ll 28 3555 (S ol d s
r@.@_uﬂ(g)‘cy_uﬁ);ujnojsiu.wos&_uyi
s A ogdl tl_és'ﬂ\ sae il lb caval bes Coi 3 e hog
bl e V5 Odaed) Dbt i L]

Example 3-9: A cylindrical container with a circular base is to hold 64
cubic inches (in®). Find its dimensions so that the amount (surface area).
of metal required is a minimum when the container is (a) an open cup and
(b) a closed can.
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d-l S BIuS A gy . V=2mh+n? 5 V=rch=64in’ ( 1)
23 o (Jeel 3 0Y) B3 sl 5 h o 0 el

—(i-é=——1—2-§-+2nr=———————2(n13-64) 3 A=21tr—6i+1tr2=-—-—128+m2
dr r r e r

t=h=4/n 03 h=64/m?=4/¥n Blr=4/¥n dx ol dagdlly

b AA/dr <0 5 i o) dadll o el igadl 8 dA/E> 0 O
O5Ss s Titadl HLasy 13 . o o) desdll s (G el dganl]
O il i e g ¥ ] oy el 50 ] g

. ikl dagd ga ] 55V s

oS« Varrth=64in’ 5,51 5,0 L drgs (o)
A = 2nrh + 20 = 2nr(64/mr”) + 2 = 128/7 + 2nr?

dA 128 4(rnr-32)
———:-—.—..__+41rr=-_-——_ LI -
i 2 2 . Ul bt

.Y h=64/m? =W dm O3] . r=Xn i sl el
(1) sl by WS oY1 o) dilleo dad Gors. b =2r =4V 4/m

5(mi) dsy o320 L SE P die Chdad )8 3 o, 0 3-10 JUae
(bl Jo B &l Juay OF 9 ¢ L) e A i O 3 oo JLo]
S 3o OF 4 Y OIS sl 3+ ey 5T 3 A 0 6 (mi) dileo ey

¢ 4mih sl of (mit) deldl b sabe Baar o) ¢ LI

Example 3-10: A man inarowboat at p in Figure 3-9, 5 miles (mi from
the nearest point A on a straight shore, wishes to reach a point B, 6 mi
from A along the shore, in the shortest time. Where should he land if he
can row 2 miles per hour (mi/h) and walk 4 mi/h?
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. AC;XE_JJJ—?JH \JMJMJ;JHHUBJAUAMC&Q
. o glaadl Ly daadl 039 PC=V25+x> \ghir o3t Bluall

P
sl \yBTe
c B
A"z 6—%
3.9 JS&
= Bl e
‘ et 2
WA . =(6- 04 wglladl ) 03 CB=6-x & pdl Bl
 ollaadt JSIY

t=t,+t2=—;- 25+x2+—;—(6—x) 9

dt _ X 1 2x—425+x2

dx 2425+ 4 4425+%

2x - V254 x2 =0 3o Gds Jaases dx 2l 4yl

x=—43 ~2.89
3

Solved Problems dlgbxs filu ©
ol el um ad pud y=x'-8 oetadl OF (1 371 Wbt Wies

P e
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Solves problem 3-1 : Show that the curve y =X’ - 8 has no maximum or
minimum value,

y' > 0 S .x=02£_>‘-)>J‘LA¢bj|u_La.¢,‘y'=3x2=Ot,bIMl
JQ_AT,\_,@\@J,_J)/QAQ.DO Loy x<0 GoST Lodie
L x=0 Lo Ol dhi o zeadly L sl us

by il y=3x"-10x7 - 1263 4 12¢ -7 sl 0 32 Wglons Wl
o sy

Solves problem 3-2 : Examine y=3x"-10x*- 12x* + 12x - 7 for concavity
and points of inflection.

Lood o ot
y'=12x*-30x2-24x + 12
y"+36x2—60x-24=12(3x+1)()(-2)
3} x=2_gx=—-% LSandt MW L sbm Y Jog v =0 £
D R PR SN [ PRV IR < x<-1 we
.J@S!deb;:.dby”z-gjix —%<x<2_1.;.p
: GLFHJ.MAWJLB YV'=+ 055 x>2 Ls

v

(—1/8, —822/2T)

{2,—88)

SP3-1 J&&
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oy s s ks 1 322 TR
S UL:L}” oy U! S (2,-63) (—'5,—27—) Vi u)k_a.;ﬂ‘ ik

. SP3-1 s sl x=2 X:_%
P Al Je YW ol y = x2 4250/ L) D 3.3 Wabne Al

Solves problem 3-3 : Examine y = x* + 250/x for maxima and manima
using the second-derivative method.

3 3
L x=5 r el el 1) yre2xn B0 _2002125) gy

X X
(=75) aind gl d Wy o x=5 Le y'>0 O y =24+ 5)20 L |
| L X=5 ke

oSSt &5 . I Ot A 200 pluely |34 Wglone Wil
ElA ol ol Colgar @0 e 06 ildains G s Ol
ST s o e bl s b Ul Lo gl ge g4

. iiSas doLone

Solves problem 3-4 : Using 200 feet of wire, Alexandra would like to
construct a rectangular garden consisting of three sides with the fourth side
against a wall of the house. What are the dimensions of the garden that yield
the maximum possible areca?

iy T Vsl 1 Joul
el e bl dgy dsdl il Jgb = x
died) et b dsdl Ll Jgb =y
O3} 4 28 200 L) JSSE gl Lanas
2X +y = 200 (1)
k) iy doddt dLne Uiy
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A =Xy (2)

.x;gbuéyﬁﬂ(l)ﬂbw‘ﬁ

y =200 - 2x (3)
(2) b (3) Dolandl Lo gany
A = x(200 - 2x) (4)

i Lal) Do ST slomy Y Eomd oo ¢ 0S X100 5,281 o 4 yaa

Do) oda 5 (0,100] 5l 3 x o] A =1(x) =x(200-2%)
A = f(x) = 200x - 2x*

| A ol -G
f'(x) =200 - 4x
f(x)=0 c.bjg
200-4x=0
4x =200
x=50ft

L (3) Dolaall b degill ogy L gadlly
y = 200 - 2(50) = 200 - 100 = 100 feet

Joby s 5—iadl B 93 o ngyn dnbid aws T 3.5 Adglone diuas
Lol pay Bpiies L i OF g a5+ G 16 g0 e D]
o ankis gl @,d\ solie a L. Gl S aie dly c Wl

SSar Lo ST Godiall pm 0550 S
Solves problem 3-5 : Given a square piece of cardboard with sides equal to
16 inches, Laura would like to construct a box by cutting out four squares,

one from each corner. What is the size of the square that should be cut
out in order to maximize the volume of the box?
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Gya3) iakadl Ggly IS oy g shiall myadl J gk i pay fus 1 et
SRR PYNIRUIT @,oyt\..b‘_}fiﬁl o x il (g gdel!
16 -2x = J 4kl
DS ale Sy S Badine e ORY
(CL&-,\M) (L2,4) (k) = V() = ol
= (16 - 2x)(16 - 2x) (x)
= 4x> - 64x* - 256x

Sass 10,81 5l b oSy Lo ST Godial) e S5 (B x ded

Girs I A 2l saeY 2w Jos ol 8, 0 o0 Lo om0

Y c¥lhamY e gV e b cn ¥ 8,0 ad . V(=0 Shlus!
o° T aay (=

o ) ) s OF Y
Vi(x)=12x>~128x+256

=4 (3x? - 32x + 64)
=4 (3x-8)(x-8)

Jolaad!
V(x)=4(3x-8)(x-8)=0

IR e

ST G ) X dad OS5 ¢ D B i W8 x=8 O Co
Tallae

oo

x=8 3§ x=

x=3
Sl @zl
v (—E-‘- ):4 (5 j—m (ﬁ ]+256 (ﬁ ):455.2 in’
3] |3 3 3
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s Jadd! 14 (3
RS et Jalas v
Sl AL Jloldt Jsls v

B WCTHT PR W% (PR g
Ll Jlgd Jals ¢
 dusSalt il Jaudt Jalas ¢
. Alghone filuwe (V4
S ol Jiolal o
Differentiation of Trigonometric Function
Radian Measure ((5adll) il bl
igsl ) als G ysamall AB usdll 3hs 5a )0 e s
&LJ:J:‘J\ -l I e i s gagr Lo kb Ciwas 5,410) AOB 435 e
(41 s kil) AoB
130 . (1° e AOB 4ol 3}l 03} ¢ Jagmad) o 17360 = 5 cilS 13)
Lo OF Loy . (rad) S i 1 ol Wld 065 ¢ s=1 eslS
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4-1 S5

(42)3) 180/m=1rad G O Say O3] « 2mrad ga Lol 5 5101
¢ 45° = /4 rad « 30° = 6 rad . 0°=0rad U 1°= /180 rad A
. (360°=2ntad « 180° = rad

Jsb sl | (Sas 03] ¢ @ layliiag il yab cond AOB Of o il
Db WS il iy e sl

M2 __ _
s—360ar 9 S=139 T (4 I)
13 Orad Lgzads g 510 o 0i8l cod AOB O 5 il

s =—0r? 3 s=0r (4—2)

Trigonometric Functions &3tit J1gulf

e Lesady Orad Leuld 1 Gl ooyl L i sae T 0 50
oY Yl 395 Gy 30lnzadl | glomall Pls 8 Lo ik

(42 S ki) x jgeee o gulaie
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P(z,v)

4
\
A z
4-2 S5
Dblaed] 549 dny o Lol sl c\.aj\ s P, ) sl Js
.cosO=x gsin@=y Jlgl a5 03} . 0y
Gy ¢ i) 3las Yl i ga cosO g sin po JSI s el J s

u.aejhsi Laglasy . -1€x<1 gacos® gdoy-1sysl 4a sin @
O3) ¢ (43 JSa Jkif) ABC Ul clied) 8ol 4515

J;,Ls.dt Al
sin 0 = - CLG} = BC
Sl AB

oabreadl ALl
cos 0= = AC
S AB

AP :.L.a.‘ |
tan 0 = JJ - BC

29tamad! il ~ AC

it e
4-3 S8

wS.cuéuﬂuﬁl.w\jadl&_?-tanaj_AJJw\L_&;U m el
. JS\AJ\ Las | gsll g_.o-‘,a.“ X _)Wundsu‘uJLu— a\.qd\
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O 472 Jadmry Ll el J1sadl Lam Gyn 0 401 Jgum
- Gtlaed| J1all degod ol aa,

sin® 8 + cos? 6 = 1

sin (~@) = —sin 6, cos (—6) =cos #

sin (@ + B) =sin a cos B + cos a sin B

sin (a — B) =sin a cos B — cos a sin B

cos (a + B) = cos a cos B —sin a sin B

¢os (a — B) = cos a cos B + sin a sin 8

sin 2a = 2 sin a cos a

cos2a =cos’ @ —sina=1-2sina=2cos’ & ~ 1

sin (@ + 27) =sin a, cos (a + 27) = cos a

sin (@ + ) = —sin a, cos (a + m) = —cos a, tan (a + 7) = tan

(3 -<) e cn(5 o)
sin 2 aj = Cos a, Cos 2 a sin a

sin (m — a) =sina, cos (7 ~ a) = ~cos a
sec’ @ =1+ tan’ a
tan a + tan 8

tan (a + B) = 1—tan a tan 8
N tan a — tan B
tan(a — B8) = 1+ tan atan g8
4-1 Jedr
X sin x cOs x tan x
0 0 1 0
w6 1/2 V372 V3/3
/4 V212 V212 L
m/3 V3i2 1/2 V3
/2 1 0 ®
11' 0 —1 0
3m/2 -1 0 %
4-2 Jgd
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Differentiation Formulas 4ol Auall
1 el e k) x iseld Ztliadl Jsalt G Of oSy OV

(8 50 L 4l

d . R W

—{cos x )=—sin x 15 cdald — (sin x)=cos x 14 cJiald
dx dx

d 2 . . d ( 2 e

—{cot x J=—csc” x 17 sdald — (tan x )=sec” x 16 sdeld
dx dx

| -
Ed—(csc X J=—csc X cot x 19 ddeld *d—(SeC X )=sec x tan x 18 ddeld
X X

y = sin 3x + cos 2x Jslael] u.b’}'\ ddial) .b,-_gi - 4-1 Ju.n
Example 4-1: Find the first dertvative of y = sin 3x + cos 2x.

y'=cos 3x-—g- (3x )~sin 2xi(2x }=3 cos 3x — 2 sin 2x
dx dx

A0 =S8 Gl Ja YW Dinnadl sl 1 4-2 e

X
Example 4-2: Find the first derivative of f(x)= COSX
d \ d
x— {cos x)—cos x— (x ) _
£ (x )= dx dx _ —xsinx-cos x
X = 2 - 2
X X

doSal! dudil) Jgddt Juaalad e
Differentiation of Inverse Trigonometric Functions
The Inverse Trigonometric Functions dueSal! 4 Hddl Jigult
Jo b i ,as) y=arcsin x oSy DI jugSae « x=siny <olS 13
csiny D10 e gag -1 <x ST ga arcsinx Jloe . (y=sin' x 4o
Jlows . osin y oo o o1 Lid il stae ¥i sz gm arcsin x (G
skl it ool S 48T Sl 2tkidl Jipdl sikes
) @l g Sl W . ) Baaie Sl Likied] Il
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gordl 44 Jsa b |3 (bYWl g i1 o) 473 Jgur
B COPUN| RCHIEREN P SR U Y

Function Principal Branch

y = arcsin x —imsy=sin

Yy = arccos x Osy=mxn

y = arctan x —-ir<y<in

y = arccot x O<y<n

y = arcsec x —TEy<-im 0=y<in
y = arccsc x —r<ys-iw 0<ysin

4-3 Jed>
v v

0
y = arctan x y=arccosx ¥y = arcsin x
44 JSi

Differentiation Formulas 4ol fwali
— (arcsin x )= 20 ddald

dx 1-x*
(arccos x ) ! .
X l_xz 21 U“u
(arctan x )=— Y
X arctan x 1+x2 22 cusle



9 (arccot x )=— 2 23 busld
dx I+x

d 1
., —{arcsec x )=

dx xm 24 ousld

i(arccsc X )=———1-— 25 sdeld
dx x4x-1

.y = arctan 3x* dslaed L}Jjﬁ}“ Liciadl ol 1 4-3 U

Example 4-3: Find the first derivative of y = arctan 3x”,

1

dy + 1
1+ (3x2)

d (3X2 ).... 6)(
dx

dax T 149x¢

f(x)=x 4 a— x? +a’arcsin — DI quS“ diziall damsl ¢ 4-4 JUe
a

Example 4-4: Find the first derivative of f(x)=x 4 a*—x* +a%arcsin X
a

f'{x)=x -1—(a2—x2 V2% ) |+ (a2 %2 )”2+a2—-1--——l
a

=24 at—x?

Differentiation  dueda)léshdly duddl Jlglll JaliD o
of Exponential and Logarithmic Functions
Joleadly ¢ ) B s

e = lim(l-i--—l—j
h—y400 h
5 0F Ul Sy 8oVl lim (1410 Dl s OF Sag ¢ 03]

e= 14+ 4 b - b= 2,71828
20 3t Tl
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s e LaS pasid Ggwe ¢ ol sae 5l « Ll suadl > ey
N VN AT WS PN (IS [P

Logarithmic Functions dueiy et Jigdl!

diu__.uuu cy=logx A O3 a=x o L azl 5 a>0 uaJ.BT
LS Jlgy ay=logx g x=a’

L.,a..f JUSTIN X el u.whl‘ P.:UL'Q}U\W‘ Inx 03} . Inx=logx g>
- Azt sl W D ga Jladls x>0 48 logx Jloee . 4-5 e

.

¥ ¥ v

(¢} 1
1 1
\ _/ .
O x (7]
y=e™ = y=Inz
4-5 S5

Differentiation Formulas 4oy sl

—C—L(logax ):-l—logae, a>0,a#l 26 sdeld
dx X

1
xIna

d 1 ,
E;(ln X)=; 27 5aald

—(a*)=a*lna a>0 28 sdetd

—(e*)=¢" 29 ueld



L y=1log,(3x*- 5) olaeld Js W Lizzadl sl 1 4-5 Jiia
Example 4-5: Find the first derivative of: y = log (3x” - 5).

6x 6x

dy_ (logae )—d—(3x2—~5 )= ——log,e=

dx  3x*-5 dx 3x2-5 (3x*~5)In a

. y=Insin3x d1.l U‘Jj‘ﬂ\ diiall J.?-ji : 4-6 JUa
Example 4-6: Find the first derivative of: y = In sin 3x.
\ 1

y'=— —(-j-ﬂ(sin 3x J=3=
sin 3x dx sin 3x

cos 3x =3 cot 3x

Logarithmic Differentiation (. lselt Jalaif
P Jool oa B oSy Blas D @6 y = oo DIt eols 1)
b OF oSy Jolid) ddes OB Jalgal) o Sy o cobs sl
O o ¢ Jopladh 15 ) ! 6 g0 3L

d 1 d
= .t Y
dx(ny) y dx (y)

: Zif_.'s@\ a2l Ledden, lé,U.l._.j
—d—(y)=y—d~(ln y) 30 sudeldlt
dx dx

Dl Jo W daadt sl Y Jolid] e e g0 pasaand T 47 JUa

Cy=(F+2P e (1 + X
Example 4-7: Use logarithmic differentiation to find the first derivative
given the function y = (x*+2) e (1 + x3)4.

In y=ln(x2+2)3(l-—x3 )4=3 ln(x2+2)+4 ln(lmxa)

oyl mlio0 2 o0 S 1

xX*+2  1-x’

=6x (x’+2 )V (1-x* V' (1-4x-3x%)
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A Jgddl Jalad e
Differentiation of Hyperbolic Functions

Definitions of Hyperbolic Functions dudii)) Jigul way jad
IS Gt By« M3 0 S b lasle x i dae sy

X -X X -X
) e —e 1 e +e
sinh x = coth x = =— —, x#0
7 tanh x e'-e
X -X
e +e 1 2
cosh x = sechx = =
/) coshx e'+e
- X -X
sinhx e —¢ 1 2
tanh x = = — csch x = — =—7, x*0
cosh X e'+e sinhx e'—e

Differentiation Formulas dudalail! tualf

4 (sinh x )=cosh x 31 dJeld

dx

-E:— (cosh x )=sinh x 32 oueld

dx

—d—-(tanh x J=sech’ x 33 sdeld

dx-

-Eig—(coth x J=—csch® x 34 cueld
X

?d~ (sech x )J=—sech x tanh x 35 sdcld
X

-(-l(—l—(csch x }=—csch x coth x 36 suald
X

Cy=sinh3x D) FE sl 1 48 Sl

Example 4-8: Find % given the function: y = sinh 3x
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.EI“Y._—_cosh 3x 9 (3x )=3 cosh 3x
dx dx

_ 1 . Ql e &
y—cothx IRV i d>3l I 4-9 JCa

Example 4-9: Find % given the function: y = coth%
dy 21 d (1 1 2 1
——~=-—¢s¢ch ——|—I|=—csch —
dx O Y ax (x) R

Ml '2\,3..\3!}" Jlgddl Jalis o
Differentiation of Inverse Hyperbolic Functions
daSal! Tadit 1 Sl i a3
Definitions of Inverse Hyperbolic Functions

sinh !x=1In (x+4 1+x? ) I X b S coth“x=%ln x+1 , x> 1

x—1
cosh'x=1n (x+,Jx2-1 ), x21 sech“x=1n1+—-—— 'lhr, O<x<1
X
2
tanh"x=iln L+x , X2 1 csch'x=1In (-1—-+ I+x ], x#0
1-x X x|
Differentiation Formulas ddaliil! fual!
4 (sinhix )= 37 sueld
dx 1+x°
d -l ! 38 Buold
—(cosh™'x )= , x> 1 °
dx x'-1
—d—(tanh"x )= 1 ,x< 1 39 cdald
dx 1-x°
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dx Co=xt 40 odald

4 (sech 'x)z . , D<x<ld 41 susld

dx x4 1—x° °

d ( 1 -1

—lcsch x)— x=0 -

dx 'X’ 1+x 42 Qdﬁu
i(sinh"x):: l 1 eiad © 4-10 JUA
dX 1+X2 EA—A-\.‘JI .

d, . . _
Example 4-10: Derive d_x(smh 'x )= m

W) Joladlg sinhy = x \.:\ . y=sinh’ x g2
dy
cosh y —==1
y dx
CIRY
dy 1 1

1
dx coshy ﬁ+sinh2y »fl+:'¢2

Bl 9 sl 411 Y

Example 4-11: Find g—i given the function

y = cosh’! e
dy 1 i
dx er___l dx er__I
Solved Problems dglxs ol o
cy=tanx? S Lizse Aol | 4-1 Welne Wlaa

Solves problem 4-1 : Find the first derivative of: y =tan x*.
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2 2 @ o9 22
y =sec’x -&'—(x j=2x sec’x
X

.y =tanx = (tan x)° DI L Aol 1 4-2 Aekne Aie
Solves problem 4-2 : Find the first derivative of: y= tan’x = (tan x)* .

L i

\ d 5
ythanxg(tanx)zZtanxsec X

Cy=x-sinxcosx DIW| Linie Jorol | 4-3 Welne Al
Solves problem 4-3 : Find the first derivative of:  y = x - sin x cos x.
et

Ey—:l~i(sin X COSs X )

dx dx

T(Sin X COS X )=cos X cos X+ (—sin x )sin x
X

2 .2
= COS X—SIn X

SIS Giniadl s} o Say B Bslaadl 3 i gadls

d i 2 2
—yzl—(coszx—smzx)ml— COS X+sin X
dx
d [esc x . . .
dx | Jx ddnie Jo-gl | 4-4 Aglows Al
i L d {cse x
Solves problem 4-4 : Find the derivative of: “"'( )
dx ,,/;
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—dl: l—j—(sin X COS X )
dx dx

d ;. ) .
T(Sm X COS X )=co0s X cos x+ (~sin X )sin x
X

2 .2
= COs X-SIn x

e Jrai Bl

d(cscx) —CSC X CcOt X CsC X

dx 4/; J; - 25372

cy=x33 B Jo Wl dite sl 1 4-5 Wplne Wik

Solves problem 4-5 : Find the first derivative of: y=x"3*.
: i
d

y’=x2-§£(3" )+3‘-a—;(x2)=x23" In 3+32x=x3*{x In 3+2)

Cfx) =sin?3x A1) Lizie ool | 4-6 Al Ao
Solves problem 4-6 : Find the derivative of. f(x) = sin® 3x .

i sl e &S e Al dinta 1 Jou

2

y=u‘u=sinv, v=3x
33}
d ;. d ; ovd ;. d
—sin"3x J=—{u" )—(sin v ]— (3x
dx( ) x( )dx( )dx( )
=(2u)(cosv)(3)
= 6u cos v
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L (sin*3x )=6 siﬁ V COS V
dx
= 6 sin 3x cos 3x

5x

y=sin"(—g—J Aol dacee .L‘a-ji 427 W Wi

Solves problem 4-7 : Find the derivative of:  y=sin™' (—56i ]

iadl e s 13Sagy pedls e 45 e il D11 Jodd

WU NV R
5x -
u=*g- G Y =SINTU
du_ 5 4 dy 1
dx 6 du 1—=u?
dy _dydu
dx du dx

L y=sec! 6x DN ddxce dosl o 4-8 Wl dliuw

Solves problem 4-8 : Find the derivative of: y =sec” 6x.

g I 5delE I > Lo dliadl oda 1 Jaxdf
N

u=06x Gu> y=sec’ 6x
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dy _

dx Iu‘ﬂ’u_

|
6
f6x|4f36 x*-1

1
= o=
|6|lx|436 x*—1 x|436 x*~1
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D Jaddt (o B
ey Al v
bt e V7
 Ane palt JSEY V1
Aoy v
 aliodd! e v
L Wb St V7
Rolle’s Theorem gy 4 das o

fla) = f(b) = 0 <il.Syasx<b szl 3 dans dls f(x) el 13
e Lo bl I O gl 3 bagargo (%) disiad) calS 3]
eiial) 5y e Y e £0 =0 03] ¢ bl b £ las|
u.au.achmyau\u,x I o L;..,.L:.nb,aoﬁ:x:xo\.@ﬂ»__.}:x

.03 b,a hidl IS L s dg x=b ¢« x=a dis x 5o Juaus
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(51 S k) L ox ) geeed
fix) = x’ - 12x Al gy &k B Ao aedl xg ded do-al 1 571 JEa
L0sx< 23 sl

Example 5-1: Find the value of x, prescribed in Rolle’s theorem for f(x)
— x*- 12x on the interval 0 < x < 2v3

. do g hall dadl) B xp =2 13 x=22 ae fx)=3x2-12x=0

The Law of the Mean lawgil! )¢l o

b B350 (0 gy asxsbspdl B daw I oa f(x) calS 1)

541 S O3 . ) i Wless! lae Lzl § O o
S T

Ql&ﬂ?f-jbjﬂ&ﬁx=xob\j2&.ﬂ§

f(b)—f(a)=f(xo)
b-a

bea Py 5 P, wilS 13 Unvdin . ooy grad] dedll & lay B ay Uiyl
5Py e A gie b S e yeles dly Juans s Yo Ol
P, 5 Py oot oy gimindl e 5ty Wi YV Je s gy O3] Py
APy o Py & leadl b o Lasd) Jae ol pomiadl ae Ladiey

(573 s
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O

o
»

-
|

|
~
3
|

[



S e IECE I SV WUY RPN PICPIRL U MR [IVIRIE
- b-a s g
f(b) = f(a) + (b - a) f (x,) b ¢ a X ad Land (5-1)
cx kst dad oY plbaas J) s By el B day iy
f(b) = f(a) + (x - a) f(x,) X 0 g Xy b yand (5-2)
V65 i b grall gl pasenl 1 522 JUa

Example 5-2: Use the law of the mean to approximate 365 .

S5 Joars L (51 Dslaadl by b=65 < a=64 ¢ f00=Y% g
65~ 64

56
o

£(65)=f(64 )+ 64< x < 65

6x
com 8L O3] g =64 Ja UL doglan b xp O) G

W65 =564 +1/(6%64° }=2+1/192=2.00521
. MJMM&&W 1 ft adesy din o kb 5315 iy ¢ 5-3 Jle
Odnedl a8 ot L 41200 () 008 8303 (5T 80 g o5 3
SVE LS} TN PO
Example 5-3: Circular hole with a diameter of 4 in and adepthof 1 ftina

metal block is rebored to increase to 4-12 in. Estimate the amount of metal
removed.

PR K PN u_‘Lu.a 12 in adesg X oJLﬁ Caaas () Ls_).ﬂ.l.H g_.‘_b.j\ >
o b giadl g6t g9 £(2.06) - f(2) onms Bge . V=f(x)= 12 13

f(2.06) - f(2) = 0.06 f '(x,) =0.06(24 nt X,) . 2<x, <206
. g'_‘uJ.a..JLt u:! XO =2 .L‘>-
f(2.06) - f(2) = 0.06(24 n)(2) = 2.88 1t in?
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(lawgidt 908 auead) aladl lawgid! g0l
Generalized Law of the Mean

() g9 a<x<bs,adl 5 el 5l g0 5 () cols 1]
et 1asle il JM= O sf b g0 %0 5 idsr 50 21002
boa e X=X, 05553 X dly ded BYY Je dm g O3] . LAY s
O ey

f(b)-fla) _£'(x)

glbl-gla) g'(x,)
o gred) Ol Bl oda 055 g0 =x Al

Extended Law of the Mean Jiad! lawgil! eld
colSgasx<b il S pudiaze n-l Ja Yl Loy f(x) <olS™ 1)
i) s ) lae Loapdl b O sl B 8sgr ge 1700

Ol Gy b2 oy Xx=xg J 9 « xB.L:-bMJ.S‘}H S ey 03]
f'(a)

(b—-a)+£2(-?—)(b—a)2+---

f((nn;nl(?v) (b—a '+ ; n;('xo) (b—a)" (5-3)

D 58 53 dslaad) s x predl b s e

f(x)=f(a)+i%?~)-(x~—a )+%%—l(x—a Py

£0-1 () e f(")(xo)
(n—1)! (x=a " n!

~+

(x-a)’ (5-4)

+

X « awxo{..,,'éub.a.ﬁ
D 53K 54 ZJ;LAAJ\@@' 0 sdadlia Py s
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(n )' X (5'5)

Indeterminate Forms Wuae pilf JISEY1 o

DI O e las W LW k) D10 Haa

fim f(x+Ax )~ f(x) (5-6)
a0 {x+Ax)-x

(5-6) dalwall ¢ i A Sl r\.&db Ll oy F Llg o) cumyg
Some Jiadly L 00 g o) e dime b e A Ll I s
S L s O

) 3x-2
lim
e  IX+7

LgJ_>-t 33939 ofes < 0/0 550 3 0dn . ocofoo Eodl o lime Ll
¥ LY eUs A Leie oS8 By 115 (0%0, w0 - o0, 07, o0, 17)
o Sl Aaide bbb ¢ by tas L) dr gy ¥ Ui A g

- bl Ol s

JUeagd Sueld © 0/0 peidl e P VRS I PR
Indeterminate Type 0/0; L’Hospital’s Rule
g0) # 0 5 3laad L6 Jlgs ™ 8X) 5 f(x) g sue gaa OIS 13)
$30<|x-a] <8 s il Gam S x ded U3
}(I_I)T;ll g(x)=0 L) )1:1:; f(x)=0
oSS ¢ aaall f anlize & of 53 9> 90 J oS lim ﬁ—))b_\.& U3}

X—ra
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(Jlin ga 545 )

: 5-4 JGe

4-—
5V 000 ¢ 531 oo rpns b GaS po lim x -8l

x—3 x-3

=108

4_-
Example 5-4: lim = 81 =108 is indeterminate of type 0/0. Because

x—3 X—
~9—-(x4—81 J
lim ———————=1im 4x*= 108
x-23 ——(X—3) x—3

Indeterminate Types sofoo  cofoo paill 3o Aigae pb dyelt

S i ol il dm ] OF ) i Y Sl gr 5B (g o D)
Caaeldl o e o e 5]

1- « lim f(x)=0, limgx)=0»
x—3a

« Hm f(x) =0 , lim g(x)=oco»
X—a X-—a

2 - K a=-00  -00 _9i o0 » L}.»S!\S 0y P.: « u.a.u:? dAs a »
C«xl>M» uﬁ'?\f 0yt r.o « 0lx-al<d» s
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3o Gy = g gl : 5-5 JGa

X+ @ X

2
Example 5-5; Iim 2 is indeterminate of type — . Applying I’Hospital’s

X-3teo @ X
rule twice gives us

2
. X ) 2x ) 2
Im —=lim —=1lm — =20
Xtes X X—rtoa ¥ x—eo @t

000 § 000 divdd pill dueldl
Indeterminate Types 0 « o and o -

. oofoo ﬂ 0/0 Cbﬂ\ do | Pl Y_gl Ly gy Cj»v’oy-” s Jgles

LS5 Jliay

SNg 0eco C_}J‘ o xl_ig}mx%_"
2

u_(lj oofoo tj.J\ lim l(—

KT . xﬂsinx)
0/0 Cj.J\ e lim (_——xsinx

X—>oo
lim(x”1In x) .lz‘gi . 5-6 JL:!'J
X &—oco

Example 5-6: Evaluate lim(x*Inx) .
X¢—oo0

Lime o b daS & DX 53 x e 532550 ¢ x> 0t O Ly

1/x
. oofea &j.J\ Oy

lim () = lim 2% = gim —L/X =1im(—lx2):()

1/x? -2/%3

x—0+ x~30+ x—0
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17 g oo” ¢ 00 gaill jo Woae pdll duneSlt

Indeterminate Types 0°, ? and 17
. Qeoo &9"'” 0 0SS lim (Iny) O3 . E«-\y;}“ sda Jo | o limy )
lim(sec? 2x)“°‘ dol 1 577 Ja

x—0

cot x

Example 5-6: Evaluate hm(sec 2x)

x—0

:(sec32x)"°[23x J:o;\ .17 e tyﬂ BT

In y=cot’3xln se82x=3—1—llfcl)-{- < a5l
tan“3x g
CIP sAs\8a 0/0 | liml
hrs Sl gn 5as By 0/0 ¢ g} oo limIny g
. 3lnsec2x .. 6 tan 2x . tan2x
lim —————=lm =]im
o tam3x o 6tan3x se3x ., tan3x

sacld O3) . 0/0 t_j.J\ o5 gkl Ll limsec?3x =1 O} Sz

x—0
. tan2x . 2 sec’2x 2
lim =lim —_—'“”_z—
2
limy = lim (Sec32X)coi 31___,_.32 u_}‘ ¢ limlny= %— U,‘_ o> 9
x>0

x—0 x—0

Differentials dkalaidl o

DS Gy = fx) dlal

cdx=Ax B Jamey x Al e dx - |

dy = (0dx BIY  Jeny y dols s dy -2
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baad) 13 ) ols Wl i) anedd dlolad) iy
. (5-4 JSa k)

Q{x+aAzx, y+Aay)

5-4 JS5&
el st b g Bhad) il e Ll I BLaed) iy Ay l5)
a5V 53 %y e A M Bl e dy Aol ety ¢ y=1(0)
L%y s gimiad) elead)
bocw dy =2xdx « y=x" co\S 13) 1 5-8 J\iﬁ
u_;.sud\ _9? CJ_.‘."J\ . Ay = (X + Ax)? - X% = 2xAX + (Ax)? = 2xdx + (dx)®
Oﬂu)w;&udyjAydic«bﬁ_w L 555 S B dane dewdigl)
- (dx) b peal) A lwd b Leguan

Example 5-8: When y = X%, dy = 2x while Ay = (x + Ax)” - x* = 2x Ax + (Ax)°
= 2x dx + (dx)*. A geometric interpretation is given in Figure 5-5, where it
can be that Ay and dy differ by the small square of area (dx)™.

ddy =zdx gy

dx ( X % 'g
e % ) s
/4 2.
r ;éz/‘ :: "*'S-SJS‘G
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daty ol dy=F00dx Gyl plaseaaly Laslon | (Say dy o)
L SIS iy olindadl sl el o Lde Jaass sl g

dic)=0 d(cu)=c du d (uv)=udv+v du
d(ﬂ}:vdu—zudv d{sinu)=cosudu d (In u)z—(-i—y-w
\Y \Y u

D b e S0 dy Aol 159 Sl

Example 5-9: Find dy for each of the following:
(1) y=x'+4x2-5x+6
dy = d(x?) + d(4x?) - d(5x) + d(6) = (3x* + 8x - 5)dx
(w) y=(2x>+5)"
dy=—;— (2x3+5)7%d(2x*+5 )=%(2x3+5 )2 (6x2 dx )=9x2 (2x*+5 ) *dx

Approximations by Differentials d&aily o yadi
S 4,40 dy OS5 ¢ X & GHlaed b \.;.....J 5 e dx = Ax CS\S 13
lim Ay =dy 8] L;i ¢ Ay o S

Ax—0
cx=201 JI x=2 50 ek x Jamly y=xtex 1 ds 15010 Sl
. Ay = [(201) + 201 +11-(2°+2+1)=0.0501 gay 5 Jadl ,cdl
s dx=001 5 x=2 il Wl Ly § 0@l Ladly

dy = f (x)dx = (2x + 1)dx = [2(2) + 1] (0.01) = 0.05

Example 5-10: Take y = x* + x + 1, and let x change from x = 2 to x = 2.01.
The actual change iny is Ay =[(2.01)%+2.01 +1]- (2% +2 + 1) =0.0501.
The approximate change in y, obtained by taking x = 2 and dx = 0.01, is

dy = f'(x)dx = (2x + Ddx = [2(2) + 1] (0.01) = 0.05
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Approximations of Roots of Equations G¥alall jgd wu pdd
Jarlyy = f00 = 0 Dotaadd 1 Hdadt e Vi dpjie x =%, Joor]
S, X o) O L B e 4SS 0 e il y, O8] L fix) =y, 20
) s oL L Ay =y e f(x) B bUedl L) 068 1 J)

o Fx)d xy = -y) Dadly Jany x, 8

¥y
dx =—
xl fl(xl)
il Lasls U coLi « U
y f(x,
S e
! 1
sk U o B
f(xz)
e )
2
(576 JSa ) L 13y
v
: Qz1, f(x1))
P(r, 0) ]V(zl,O) o
0 //‘L(fh, 0

5-6 S
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s e il 3| idae S Loy - %, Vege D!
P BV e 5 o O bl 058 Wley .+ Lok

L 2cosx-x2=0 yadsdl i 1 5-11 JUe
Example 5-11: Approximate the roots of 2 cos x - x*=0.
\A..g_»\..b-\ Sl o8 olablin y=x* 5 y=2c0sx Olimisll

j_A-rQSl J_>-‘5JJ~_>-‘5_AI“9JQTJ::_>Y) . -1 jlj.bu.dﬁ‘ﬁ\
R QORISR PR

b x =1 f‘“"“““‘
o] 2cosl-l 142005403 )1 6002102
2 —2 sin 1-2 2(0.8415)+2 ' '
O3}
O 102-—2 cos(1.02)-(102F _ | o, 00064

~25sin{1.02)-2(1.02) ' 3.7442
~= 1.02+0.0017 = 1.0217

L0217 o 10217 Obydedt 0680 & he alb,l iy ¢ 35
3 -2 LA peE 29D 2D !

Curve Sketching Qldoud! ew) ©

Symmetry JSted!

D) At ilene omial) 055

giny_Agﬁ.,\_g-y L g \Slﬁiﬂ\idawﬂycxﬁm_l
LS b g (0 =y 5 (0 =y O
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S st ey oo Yo ox Loy o) i ¥ adsbas OF o)« y ygmma = 2
f(-x) = f(x)
o Yy 5 X Lnasy 5 Lo ¥ adabas O 33 ¢ oo i _ 3
A0 =0 O gl ¢ sy iy by e -y
Olil ey x i ¥ Lie i J adsbes OF o8 y=x Lzl _ 4
. x=1(y) Ol ‘-;‘Mrﬁiﬁj y = f(x)

Intercepts 5jpant! dadill

SR 4 e So Sl ] el gee e dhE a6 gasmed] 2]
B Y20 pis ke Jaamd x 5 guamead GRES] . ap iy ] Dslael]
Jrarss 53 ammadl y Bl L (580 ) x ool ooy ieiell Dlas

Y el Jos x=0 ro g Leds

Extent 3fJie¥!

SNaxadl . pociall 392y Com o X andl oy sioeia) BY e
Bosnadl by g (x5 Zatd) .y lomadly any giomiad o] )
iz ¥ Laty poviadl B3lan oo Lglilas| colS 13] il
el o1 i

Asymptotes 4;)Lal1 Laglasel!

G ol Tar e ol 8l oo oa imeied o)liall L]
o RO S ES PNV (R R KPS RV - [ TRV
HWU\ oliadl Ll y = f(x) goeed] Ll L 4l Yle

 Jte dim =teo Lo sgusdl Ciw gy O ey X=a

X—a
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S e ssudly O, Of Sy = b Y1 Ol
sriadd aidly CBY) Ly Liddly el Lid! . Lim f0=b

X—yteo

) el b a s

Y430 = K1 - %) goradl q)ly 286 1 512 Jlie

Example 5-12: Discuss and sketch the curve yz(l +X) = xz(l - X).

L 5T S pge o oeiad)

y¥l+zx)= 241 —2x)
5.7 JS&
W daaall goied) Dolee oSS OF Sy

yzz xz(l—x)
I+x

X gmeed Ll Bilaze goetad T JHle

bygvamall y dadig x=1 5 x=0 8 5)ygeamall x s | Byparnd! dadldl
L y=0

sowedl Je Lad dr g ¥ x=-1 Leaillg y=0 ¢ x=1 Leudl) 1 dladlf
T-x 3 Lox A Zargo 0585 OF ¥ Y 0 x Ol pasnedd (6,5 Y1 0l
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5585 miadl e 1 Laild 03] LY s Lagd O350 OF Y

Calex<l YL lex<el Joad x deud

=X 0] g G taghail

1+x
el sl s s x=-1 1Sy L x ol Ledie y >0 03

.Qg}?‘}ougaad\djﬁqi QL”U‘,G&U|EEQI

xA4l=X xA4l—Xx
3 y=
14+x 1+x

y=-
dja\ggdbidgj
d%r_ x—2 dy 1-x-x
dx? (1+x P2 (1-x)P? ¥ dx  (1+xP*(1-x)"
ihidl . (C14V5)/2 3 x=1 g dr 2l ]
145 (1445 )45 -2
2 ]

2
LY aie Ul 55l
L}a&‘lﬁﬁ.hpgrbun.kyhiv.L}o%‘ﬁdﬁgngJnggd\)Jq
Y =-X s y=X J:’&L:?J \(jb

y= T sl ey S8 1 5413 JGa

Example 5-13: Discuss and sketch the curve y = lix)i :
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(e,1/¢)
l/——:_}—_—-x
5.8 S5

R VIVCRNUEI I P
. x=1 u.b'o'_)j,@cd"é_\:?-—jﬂ aaadyo: SM‘ aagid
. x>0 V"‘J WPV IRESS I 3 e

Inx

Tx
ol oylis s ga o gall X pgme O3] X b O s
Cy=0 Ll OF e 1das

Lyl o oldudly Lulall Jadidl
dy 2Inx-3 , dy l-Inx

3 - 2
dx’ X dx X

dhaidl die (e, l/e) o ar ol dadd) O3

: 1
-Ei—-y—=—~——<0

2 3
dx e
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u_l.cﬁ gy yy O<x<e2 HUJA_‘YJWMI (2, éez)
. x<e§ r...aJJ

Solved Problems dlglxe Ll o
y=4x-x+5 Il da gadl Lol G,k 5i> ! 5-1 Wglne Al
[1 4] of.a.H us

solved problem 5-1 : Verify the mean value theorem for the function
y =4x’ - x + 5 on the interval [1, 4].

cb=d i a=1 5 G i s DI ded i Yol 1
f@ay=f(1)=4(1®-1+5=4-1+5=8§
f(by=1(4)=4(4)-4+5=256-4+5=257

@ 1) Lo grdell 58 5 Al se gy o gl el & (2
523

£(c)= f(b)—f(a)=257—8=249
b-a 4-1 3
- C e B el o Y1 DI Gt i . Uieds C slow Y

=83

F(x)=12x%- 1= 83

SV . YR RTY

x=%+ 7
bl C g Olady 15V Vs Uym . (1,7) J5 +V7 0) cos
e grad) dad] & L
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13 . (e ISa) Ly OS5 1l o Dy sy S 1 572 Wghne Ml
o diied) () « F00 Jedd (0) ¢ e M pgadl (1) 0K

g £ (X)
solved problem 5-2 : In graphing a function, what holds true if (a) the

ordinate f(x), (b) the slope f(x), and (c) the second derivative f'(x) are positive?
© gl
L x goen b e I O3Sy ¢ D gn 00 OS5 Lois (1)
LY I e 0580« T Joedl 058 Lok ()
Y e w1 OS5 ¢ Lo ge 1100 L) Aiiad) OS5 Lois (=)
A gl S o5 52 Jglomall DLl Jo el 1 5-3 Wglone Wlus
solved problem 5-3: Repeat solved problem 5-2, assuming all entities

described are negative?
L i
Cx s o e 10550 LIl ol I 5 pmall 0080 oie (1)
Y e I e 0550 Il 10 feedl 0580 Lass ()
i mis oeadl S Al (%) Lol Dl 055G Lodis (=)
ferd) 1S o i 52 J el BLadl Jo de 1 574 Wglne Wls
Cola] s

solved problem 5-4: Repeat solved problem 5-2, assuming all entities

described change sign?
L Jadl
L X ogeen po e ) bl 4L () ol I ogmeadl i Leis (1)
iy B ules vl 0080 a5} 10 Jued) oty iz (&)
i § o (§ 513 B gadae
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) JolS o V7

L Gl Jatsa o

RGN Jewt oSS @

WS Jleudt augad ¢

gl ppuSIy Jelsth v/

. degide Obiaigas ¢

LG Cliaagas v

L dai gl JotsS &

. (aguee pall) Gllall JolSH ol Sliadad &

L Wene Jilue v
X symeed Hipme 58 @ F(x)=f(x) guinze s o £ 258 13)
JolSl L ) DIl gl JalSS 51 S ol gaws F(X) O3
LS -4 5 X2+ 5 I Jlies 10y e D1 3llaall
O G ¢ f(x) =2x DN glhao oSS
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d (x? )=i (x2+5 ):—q— (x2—4 )=2x
dx dx dx

rL,J\ JSaI U S % g0 g0 f(x) = 2x D10 dallaadt oo MolSleald Js
P I RO T RPTY)
c eSS 03 (LolSs s gllaall) ialSL f(x) 101

J2x dx = x%+C
cx Gl aedl dsg WS S o s dx O e

Au b ¥ JolS da
Fundamental Integration Formulas

J gadll = Al Jeladl & PO &5 RN c...a.” Jpo dde
25 el L foladl o)l o Sy 53 oardl Lo ¢ L]l
POk byl Sy JUeS o il e ged

qa (ixn./az—«x2 +-;—azarcsin Xic ):,J a?—x*
a

dx\2

[2x dx=x*+C
5 pall SIS Jlies L 5,08 pe b Al dilbal @t ol
S5y ¢ Jhaly does gl

(9 1n fxf+C
X Z
o Y

jﬂzln (-x )+C JSIx<0 jgﬁzln x+C W x>0
X X
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[

.jdi[f(x)]dhf(x)m (JalSilty Jaliilt wilun! Dokl 4 J301)
X

2. [{f{x)+g(x)]dx=[f(x)dx+ [g(x )dx

3. [af(x)dx=a [f(x )dx, a= &4 &
xm+l

4. [x"dx= +C, m=-1
m+1

5. 1% in |x|+C

X

6. [a'dx=——+C, a>0, a+1
Ina

7. [e’dx=e"+C

8. [sin x dx=-cos x + C

9. [cos x dx=sin x+ C

10. [tan x dx=In|sec x|+ C

11. Jcot x dx=In|sin x|+ C

12. [sec x dx=In|sec x+tan x|+ C
13. fesc x dx=In|cse x—cot x|+ C
14. fsec2 x dx=tan x4+ C

15. fese’ x dx=—cot x+ C
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16. [sec x tan x dx=sec x+ C

17. Jcsc x cot x dx=—csc x+ C

dx

X

18. [—=—===arcsin ~+C
Ja’-x’ a

19. [ dx 2=iarctan 2+cC

2
a +Xx a a

20. Ii———:—l—arcsec Xic

? 2
X4 X ~a a a

a1 o L pxmal o
Xx'—a 2a X+a

2 (= L atx] e
a—x- 2a a-—-x

23. ”—-‘35-—=1n (x+ Jx+al +C

dx S 5
24, j—_xﬁ?:—lnlx-*- xz—az |+C

25. [Ha’-x° dx=~—;-x'\la2—x2 +-§—azarcsin 2+c

a

26. [4x*+a’ dx=%x«’x2+a2+—;—a21n(x+4x2+a2 )+C

The Method of Substitution (aysaid! i

el 0 B [y Jdu= [ £(g( x)dx St foladt sy
. du=g(x) dx, u=g(x) ua_,ydb U Jdsde e g(x) O )
IEAPINY

[flu)du=[fg(x))g’ (x )dx (6-1)
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IS g(x) puds (6-1) Dolaadl yo paed! bl 2w} dms - i
X eieed) ido Y ISPV e | DU iy WES UL P
D Of L3 (6-1) Dolasd! oo

F(x)=[f(x)dx, "~

%F(x)=§;F(x)§€=f(x)g'(u)=f(g(u))g'(u) 53l
F(x)=[flg(u))g {u)du B\

G € Gansad) S u > e i Jall eda (6-1) Dolaadl 29
Dslnadl 5 iy paadl Jlpadh JS2 e 0585 Ay LSl e
D10 e Gihall Joded 1 5056 a0l 1a J3) (6-1)
. (Fg) &S 1
fxenlax sl 671 ke

Example 6-1: Evaluate [(x+3)"'dx.
dx=du O3} u=x+3 Jams sl x+3 oy Y u i JolSH1 slom

S Jeamis
f(x+3)"dx= ju”du=#1—1j2-u”+C=Tl2*(x+3 J2+C
Quick Integration by Inspection 2wl jaxall Jalsa
il s ey LS lizall Sl | g0 WSS Ot Olin
S
1

o' (x)lg(x)fax=——[g(xJI"'+C, rr=1 (6-2)

O i Yy Uaj e Ligaad) oda
—“—{—‘—[gu)}”'%g'(x)[g(x)r
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Ca I OIS gi 1 62 Jie

Example 6-2: Evaluate the following integrals:

(1) f(lnxx)zdx ¢ (@) [x4x+3dx (J*"L“"JL’&‘-’)

(1) fde— (ln x Pdx=-L (InxP+C
X 3

(@) [xAx'+3 dxz—é-f(zx)( 243 )25 l{;/z X+3)3/2’
=-§[m13+c
LT PRI LN
I z'((::)) dx=1In|g(x)|+C (6-3)

OF i Moy s, 1 i) oin
4 (Inlg(x)])=£ )
dx

LY OBl ux ol 1 6-3 e
Example 6-3: Evaluate the following integrals:

(i) feotx dx «

(1) Jeot x dx= | C_OS xdx—lnlsm x|+C
sin x

(@) [ dx——-f

dx:—l-lnlxtshc
-5 3

Integration by Parts el oSSl o
O ¢ x jeraald Jolasl) 8 Jlgs v ¢ u 0485 Loie
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d(uv)=udv+vdu or udv=d{uv)-vdu (6-4)

Geind] o NS JalSins

fudv=uv—[vdu (6-5)

o SV S ey OF Y Oglhall JalS31 b galaseiad s
ol St cadl g L dv 09 dx e S 6 sudly v J g ¥ 5 sl
eebe pideld L il el ey (6-5) Dalaad plasely
Plegdle] (Swe

CabolSs Sy OF WY dv et 1

fvdu e ST dane 0555 ¥ Y Jvdu 2

. fx3e"2dx Al o 6-4 JUa

Example 6-4: Find jx3e"2dx .

V=—-12—ex2 s dv=2xdx 03} . dv=e*"x dx 3 u=x Sl

2 1
[xe’dx= L xeer- Jxe"zdx=l x’e¥ ——e“ +C
2 2 2

([xe* dx JolSdl sl Y s gxdl u g 5150 gdasy)

I +2)dx dal 1 6-5 Je
Example 6-4: Find [In(x?+2)dx .

dolaadt danly o v=x 5 du = 224X OM dv=dx ¢ u=In(x’+2) Js

X242
. (6-5)

2x°

X 42

dx

{In{x’+2)dx=x In(x’+2)- |
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=x1n(x2+2)-j(2— xzi2 }:)x

=x In(x*+2 )—2x+2,j_2_arctan-~§—+c

J2
Reduction Formulas (5 puaiill) dadsd! fuall

| kbl gl plidenaly adis

[ dx b X 2m—-3f dx
(A2+x® 2’| 2m-2)(a%sx* "7 2m-27 (Pux* T
m# ] (6-7)
2 2y x(azixz)m 2ma’ 2 2in-1 1
a +x ) dx= + a“+Xx dx, m#—— 6-8
Ja'ex’) om+ 1 2m+1f( =’ f > (6-5)
[ dx 1 X +2m—-3I dx }
(xz—-az)m a’ (2m-—2)(x2—-a2)m_] 2m--12 (xz—az)m_1 ,
m#1 (6-9)

2 2 . .
O

J’x"‘ef"‘dx-—zixmea"—E fx™ le™dx 611
a a
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m

. -1 _
[sin™x dx=-- Sip xcosx W 1 [sin™ x dx (6-12)
m m
~1 - _
[cos™x dx= cos” X sin X +2 ! fcos™%x dx (6-13)

m

sin™*! x cos!x . n—1

[sin™x cos™x dx= [sin™x cos" ’x dx

m-n m+n

c mel +1 —
__sin®" x cosT X + = 1 [sin®’x cos'x dx, m#—-n  (6-14)

m-+n m+n

m

{x™sin bx dx=—x?cos bx+~rbE [x™'cos bx dx (6-15)

m

fx™cos bx dx=-—sin bx—% [x™'sin bx dx (6-16)

[O+x)%dx (o) jm%%— (1) axsl : 6-6 JEie

Example 6-6: Find (a) j’ﬁﬁ and (b) I(9+X2)3’2dx
X

Pt 1 gy Wi oSy pliadl B 4N DI O) o (1)
&;MU‘QJOM\LLA

dx__ _ X +£ dx
(1427 301+x2P" 37 (1+x2)"
= 2 +3 a +C

3(1+x2P% 3 (1+x2)"?

Sl o il s i plasinct ()

I (9+x2 )yzdx:%x (9+x2 )3f2+—24-2—_[ (9+ x: )mdx

=—§r—x(9+x2 ):”24»%[)((9“(2 )4+9 In (x+49+x2 )]J+C
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LA

Trigonometric Integrals 4diit! Jigddl JolSS o

S R I L IS PR [ S T R I PR T
el e 8 dataadl Jlsah o Malss

.2 2
I. sin" x+cos x=1

2 2
2. l+tan"x=secx

2 2
3. 1+cot'x=csc'x

4, sinzxzé(l—cos 2x )
5. coszxzé(l+cos 2x )
6. sin x cos x=%sin 2x
7. sin X cos yzé[sin (x~y )+sin(x+y)]
) ) 1
8. sin x sin y=—2—[cos (x-—y)-~cos(x+y)]
9. cos X cos y=%[cos(x—y)+cos(x+y)]
10. 1-cos x=2 sin?’—l—x
2
2 1
11. 1+cos x=2 cos —2-x

12, 1 +sin X=IiCOS(‘%ﬂ$—X)
n uf‘gi U=COSX 1og25 ¢ (65,8 dde m o) [sin™xcos" x dx JelSl _ 1
C USSINX 5 gmi (63,8 sis
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UStanx oam ¢ r3) SN ¥ o 1 Jtan™xsec” x dx Jol&d -2
L USSECX Loam ¢ (532 dde m ol Iy
[sin? xdx  JolSdl s sl 1 6-7 JUha

Example 6-7: Evaluate the integral [sin® x dx..

[sin’x dx= j—l— (1-cos 2x)dx=-1—x——1—-sin 2x+C
2 2 4

Trigonometric Substitutions ALl J1gddt yadgad
DY wla gl Lhaead Se ID VILCI P

Cx—asing yosm « Val-x’ s ilalSl g o -

L X=atanz Loam a2+ x2 s a8t ggumd o) - 2

L X=aASeCLZ Lbem ¢ K -a? s LSl g o -3

LI IS a ] e sy ) Lol Yge ST
Jeban I g oSy (o) i 2 Jolas 5T Slin o S0

Sl LS dpir e ) tlsd) Jlgall 5T

Sy Al e Jpardd
Va® - b*x? x=%sinz aV1-sinz=acosz
Va + bix? x=%tanz aV1l+tan’z=asecz
Vbix® - a’ x=%secz aVsec’z—1=atanz
6-1 Jgu
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Jliadl mlaadlly . 2 janedl § allas oSl lony ¢ D> SO
LS (W1 cdiodl plasenly ade J gandt (Say Ao Y1 azad) b
DWWl moge g

dx £ s
f—E  iasl : 68 JUe
xX* A 4+ %
: dx
Example 6-8: Find |————
x? A4 4+x2
c 671 a8 WS legaang Ve g 2. x OY ¢« x=2tanz !
03
| dx 2 sec’z dz ——l—f sec z .
XX A4+x? (4 tan’z)(2 sec z) 4 tan’z
2
=ijsin'2z cos z dz=— 1 +C=- dtx +C
4 4 sin z 4x

[ Y
+
&

2
6-1 J&
A il Hpusil JolS o

Integration by Partial Fractions

JSl e 055 x aned) sgusdl sadane Dy

ax'+axi+eseta x+a,
23 J_g.L_>=“ EJ.LA.';.A ;{.?-JJ s T a,#0 « &._,u‘j.: > a d! >
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(J3Y o U) Lol Koy G & Volnay 25 Boanio JS
o s Jelmns axe b JS e et Joloo w5 JuolS
PR N u.l.c—i _9i 1 dx s l3 39dsdl sodaza) ax?+bx+c Kl
il . (57 G s ol a9 Bddaie ) 4S8 Say o 13) 8 juaibes
sl u.e) b2 —4ac<0 Loid oy o beambes il ax®+bxtc Ly sl

. (Lid> e ax®+bx+c=0 dododl sadaie j3da D)

P 4101 = -3 <0 G ¢ bpuaiben i X-x+1 (1) 1 6-9 JGa
(P-4 =550 G (B paties b X -x- 1 ()
Example 6-9: (a) x* - x + 1 is irreducible, since (-1)* - 4(1)(1} = -3 <0.
(b) x* - x - 1 is not irreducible, since (-1)* - 4(1)(-1) =5 > 0.

G b

e S
X—x—l=|x~- X—

2 2
LSS 9 Ypaa) JPERNEEY g(x)‘ 9 f(X) G ¢ F(X) = f(x)/g(x) &1}
ot 800 B3 oo P81 Ay OF L sl eSOL Bl e
C:A 3_9.\._>r_3\ 0D =0 &j_a.ms 4.>L4u.n_uh“ ug.cu cow J.‘.J‘ LSSJZH




g eamaS (J3Y1 e (k) rbiad (Say e Jir oS S

‘ (ax2+bx+c)"3(ax+b)“J_§.iulp Lgolie (45> 53=5) Lol 9S

e o c}:..,a dJ4e n

- plaadl O oles Bl etz Y )

Ty o> Jolas @ T Wi

S S a3 5419 5,0 Cudimy ax + b B el SO
A . .

T S s i S ey

] f"4 drsl 1 6-10 Jte
N

dx

Example 6-10: Find .
1Y sz 2

S5 (x-D(x +2) ) pliadl P

1 _ A B
x2_4_x—2+x+2

R WErS T VIPIN [ ST

1= A(x +2)+ B(x - 2) (6-17)

I=(A+B)x+(2A-2B) 9l

(6-18) Dslan ¥l s L ) X Moln ilgleney © Bolall B
QS! . s_,q‘j,.,U d=1 g g_...‘!_gusJ)Jb
2A-2B=1 9 A+B=0

sk ldag
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__1 =1
B=-3 2 A%y

X =-2 gx = Zr.,..'a')l_g(6-17) obedl 8 yoge 1 Dpuadll A yladi
O3 ¢ 1=-4B 5 1=4A Jo Jguxl

_1 -_1
A-—4 L) B=

351
dx 1,dx 1, dx
jx2_4_4'[x-2 4Jx+2

:llnlx-—2|—iln|x+2|+c
4 4

=—1-ln
4

Xx—2
X+2

+C

By, Audaddi Jelgadl o IT Wl
J-"S\’Li"u—éc”‘r"‘“&““ SAe Odom ax+b b Lol |

A A
. o
ax+b {ax+b) (ax+b ]
Wasloms ] Sy Ctlgh p A
(kSR 6 S
X —xP—x+1

Example 6-11; Find [_13%+5)dx
X -x'—x+1
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>{3-)(2-;(Jr1=(x+l)(x-l)2
O3}

3x+5 A B C
= + +
—x*-x+1 x+1 x=-1 (x=1F

3x+5=A(x- 1Y +Bx+ D(x-1)+C(x + 1)
& _1 _ _ £
. C=4 38=2 «x=1 J—=1V. A=Z 92=4x « x=-1 J=1

cx =0 Mo ex praeld 5,5 e ol pases LI el ) Gl
1

O3 . B=-7 5=A-B+C«x=0 |>Y
3x+5 1 . dx 1, dx dx
J ko [ g
X =X =x+1 27 x+1 27 x-1 (x—1)
=—I~ln|x+l|—lln]x—1[—- +C
2 2 x—1
=_-_4——+—1—1 x+1 +C
x-1 2 ix-1

Tty A Jolas o TIT Wi

f“grLuuss°J” Codow ax®+bx+c ol gk an i Jelas SO

Ax+B
ax’+bx+c¢

. MLDOSVHQL--._,UB,A 3 e

X+ X +x+2
x*+3x%+2

3 2
Example 6-12: Find XX FXF2 dx
4 T
X*'+3x°+2

dx  Jesf 1 6-12 JGie
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X3 2=+ DX+ 2)

X+x’+x+2  Ax+B LCx+D
x*+3x°+2 X+l x*+2

X+ +x+2=(Ax +B)x?+2) + (Cx + D}x2+ 1)
=(A+Ox3+B+D)x2+ CA+CO)x + 2B+ D)
J=L 2B+ D=2 «2A+C=1.B+D=1.A+C=1
LMY D=0.C=1¢B=1.A=0 J& | las

3 2
X +X+Xx4+2 dx x dx 1
Z 2 dx=| + | =arctan X+ —In (x2+2)+C
X +3x°+2 2

J

3050 ) Jelaa © IV W

J...Sr\i,ouésjnn&bq ax>+bx+c PO Ty ST e W J,OLLOJQ
L sl

A x+B, Ax+B, A x+B,
- + RN
ax’+bx+c  {ax*+bx+c) (ax’+bx+c)

-x*+4x—4x*+8x—4
f 3
(x3+2)

dx  dx>sl ¢ 6-13 JGu

5 4 3 2
Example 6-13: Find | XX HAx —4x +8x—4 dx
(x2+2 )
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X —x*+4x°-4x*+ 8x—4 Ax+B  Cx+D Ex+F
(x*+2) xX4+2  (x+2)  (x*#2)

O3}

X —x'+4x’ - 4x%+ 8x—4=(Ax+B ) (x2+2 F+ (Cx+D ) (x*+2 )+ Ex+F
=Ax’+Bx*+ (4A+C )x’+ (4B+D )x?
+(4A+2C+E )x+ (4B+2D+F)

UIU .F=0.E=4.,D=0.C=0¢B=-1, A=1 iy

0550 glaned) JalS]

x—1 X
dx+4 dx=
J X2+2 J- (x2+2)3 -
1 2 X 1
—In (x*+2)- arctan——— +C
2 42 (X427

Miscellaneous Substitutions dsgide Cladgad
DI Sl e dde Dl e dbelS csls 1)
v dodod ) Bl OIS sy ax+b=2" goem O3« noacip - |

O Ss 259 q + px + x* = (z-x) P4 051 ‘ «/q+px+x2 -2
el {elSCS

J29m O3}« Jq+px—x2=J(a+x)(B—x) -3
q+px-=B-xH22 o qepx-x=(a+x)2

iy ) Aol O Lgmniais
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dx £ &
J T J

dx
Example 6-14: Find [——
P leﬂx

. dx =-2zdz « x=1-2° QSL L 1-x=2 t}

[ dx =] —22clz=_2J. dz
XA 1=x (1-2})z 1-2°
TR L2 PPN Rk Al P
1-z T+41-x

Other Substitutions §y>} Gladead

cos x g sinx .4 S Al L;\Jzn&u Bgw x=2arctan z ya gaill

, 22 -z’ 2 dz
sin X = T, €OS X= > dx= >
1+z 1+z 1+z

Joolin il (6-2) JS.‘ o0 egde La> &8s u’:L‘?) dji

r.&.&ou\ ¢ JoS) Jay . x=2arcton z

L}.L..a»’\i\ J..a...d\ gale Y z=tan-)1(—x

2z
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S S dsai 1 6-15 Jlie

Example 6-15: Evaluate the following integral

2 dz
dx 3 1+2 3 dz
1+sin x—cos x {422 _1=-Z z{1+z)
1422 1+7
tan%x
=In|z|-In{1+zl+C=In|—2— |+ C=In|—=—|+C
142 1
1+tan5x

il M1 JIgdl JalSS e
Integration of Hyperbolic Functions
c Ul Ladt 5 ) gl oo lid 550 doeis o 45V gl
[ sinh x dx=cosh x+C

[cosh x dx=sinh x+C

[tanh x dx=1n cosh x+C
fcoth x dx=In |sinh x|+ C

[secl x dx=tanh x+C

[cscH x dx=—coth x+C

[ sech x tanh xdx=-sech x+C

Jesch x coth x de=—csch x+C

dx —sinh' 2 4 C

/ A X2+ 2 a
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X
=cosh'=+C, x>a>0
X —a a

fdx 2=ltanh“—x—+C, X< &

a—x? a a

dx 1 X
— =——coth 'Z4C, x> &
x’—a a a

IR ICTS WAL VY B T3 (v )

Example 6-16: Evaluate the following integral

J’sinh—%x dx and [ sect? (2x~ 1 )dx
| sinh 1, dx=2 [ sinh —-Lx d(—l-—x):Z cosh—-l—x+C
2 2 2 2
[sect (2x—1 )dx=%fseclf(2x—l )d(2x-1 )=—§-tanh(2x—l )+ C

(39udma pill) @lladl Jolll e Qliuudad @
Applications of Indefinite Integrals

e m el u_b.u ¢ Loglao gowiad y=1(x) Aalaadl 0555 Leus
S 055 Ladie ,oSadly - m= (0 Dslaally P(x, y) ki s

O.i;uu :d—y—f (x) @Mbulamm.l_cl)(x y)wuw\

w Mj\-i_’-l.w U‘° ..La\J uW\ “‘3‘“‘"‘ u.o .Jc>-\ )Lz:"ﬂ
)LA.HM‘ L..a_..a_g sd:a_..u\yct_.\.a&u_ib.» \.th Cg.,uw 4.4..3.)
M‘MY‘ djjub d_g_)_a.o L.Ub_g ana.A” A.L:.AJ d)‘o—
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st iz Ll 31 Olomiad) s gamed Dslaadl dmsl 1 6-17 Jta
s gazall odn o ool Polre dx sl . m=3x%y 4a P(x, y) dhis
. (0,8) daidly ey I

Example 6-17: Find the equation of the family of curves whose slope at
any point P(x, y) is m = 3x’y. Find the equation of the curve of the family
which passes through the point (0, 8)

Iny=x’+C=x'+InC 33 d;=3x2dx Lol . ng—)}(’:?;xzy Conm

s glhadl Dslaadl L 8=ce®=c 03] y=8 ¢ x=0 pe y=c:¢.=,x3 3
-3 p dalae o) Bllaoll JalSH) s Ul Sy + y =86
da.a.au,or....ar.ltu.o)\g))b- ZéL.dlu.asQ!a._p- ¢ s=1) dolead!
ds ol el 8 Uy e (s ba5) Lajlue o il

Pt el e dloeally

a=m="m=f() 5 v=3=f()

31) LS ao t o5 die Hoghao (madl 5T) o1 O J Sl
e Js—andl Say L 120 wis Bale ¢ slans dasd 6 e (i
o & et Aol

P8 25 A5l de o it gotas Jo 58 o > 1 6-18 JGe
. 6 fusec” Juney do ) 88 IS W i . (ftfsec) b s
¢ 5,50 o i dils s S

Example 6-18: A ball is rolled over a level lawn with initial velocity 25

feet per second (ft/sec). Due to friction velocity decreases at the rate of 6
fi/sec’. How far with the ball roll?

3C=2503) 0 V=25« 1=0 s V=sbeaC 2l Pog

. V=-06t+25
- 116 -



—_ 2 , ~ds
. §=-3t"+25t+C, = JolS3L V= =o6i+25 oo

. S=-3C+25t 3 C,=0 U (520, t=0 oo

- 55 OF 13 Bsec iuad 5,50 o s O3 t=2 . V=0 ws

Bl ojg‘ o ) UAJJ‘ fda u.s

2
62 2
s=-3(—26£) +25(26§)=_625+ 5=65 ft

12 6 12

Solved Problems dlgixa Jiluwo o
Flhadl ol da sl ¢ 6-1 Wplons Wiaas
solved problem 6-1: Evaluate the indefinite integral

dx

f:/;z

et
1
-2 3 A
| dx =[x ddx=2—+C=3x’+C
Ix 1

3
53 9deadl Ml s gl 1 6-2 Wobne Wiias
solved problem 6-2: Evaluate the indefinite integrals

(1) Jtan x dx ( o ) [tan 2x dx

sin x —sin x
dx=— [
Ccos X Cos X

(i)j'tanxdx=j dx

=-~In|cos x|+ C=Inlsec x/+C

(@) [tan 2x dx=-;—j(tan 2x )(2 dx)=%ln|sec 2x|+C
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oS! sl 1 6-3 Wekne Wi

solved problem 6-3: Evaluate the integral

[sin?Bcos0dB
LW Cisladl s g Tud o Jadt
2 BN
du = cos 6 do ji u =sin 6
IR
[sin” 8 cos 0 dB = [u® du
3
=L 4C
3
-3
_sin 9+C
3

JolS) sl o 6-4 Welne Wi
solved problem 6-4: Evaluate the integral

J{1+x3 Px? dx
u=1+x" Cdyau I.Ju ‘Y‘gi D Jadt

S g
dT“ = x2dx o du = 3xdx
03}
f(1+%° Px dx= [’ %
1 .5
=— [u'du
3f
6
=il+C
36
3\6
B lrsx e



JolSl sl 1 65 Wgkna Wik

solved problem 6-5: Evaluate the integral

jxlnxdx
u=Inx «a adl ’\lji iJw ot
) 6;0‘3
_ dx
d(ln x) = "
054

fxlnxdx:J(ln x)(x dx)
=5 &I Jo&dly . dv=xdx gu=Inx S
fxInx dx={(In x ) {x dx)

=(1nx)(-’%}»1(x—;)d—;

2
x Inx x dx
|

2 2
2 2
X lnx__x_+c
2 4

JolS) ol 1 6-6 Wploue Wi
solved problem 6-6: Evaluate the integral
J X" dx
el s ) el ) b dSCie 0da T ol
u=x> du=2xdx

dv = e* dx v = e*

[x%e* dx=x"e*— [¢e* 2x dx=x%"—2 [xe" dx
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Brd Sl ol plisealy oy U f [xe™dx JalSd)

[ xe* dx = xe* - &*

G
fx%e" dx=x2e"—2[xe"—e"]+C
=x"e*~2xe"+2e*+C

JolSdl aamsf 1 647 Wplons Wies

solved problem 6-7: Evaluate the integral
3 xM+ 1
I
1 2)( - 3

u=2x-3 s el Ta o Jadt

dx

du = 2dx ; dx = — ; X =

GVRY

2
=4 +3u+13ln|u|+C
16 4 8

2 |
{x-3F .3 (2x=3 )+ nj2x—3[+C
16 4 8

|
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JolLS slow | oS O3} . JelSdl | ‘abd\ Jsadt A oYl

5 2 5
= *1ogx= (2—""—3)i+—3’-(2x-3)+-131n|2x—3l+c
| 2x—3 16 4 8 ,
2
=[ 72 B —[ﬂﬁ--3-+1—31n 1+C
6 4 8 6 4 8
=9+ 3407
8
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ey pgame V/

L agddt Jelsit ¢

. JSHL ddass Ollae V7

. (e yill) Jall Jatsity &
R TREP PN T4

Riemann Sums jledly goexe o
n S s dhaie () slanad) D) Lgd 5,8 a<x<b g2
Co B e & b e (1) poghy hy. hy s, d ol sl e
9 & ihilbal,jsa <§<f<. . g <bOle~E ...
Ax =& - & ;a0 by de At sl dsb J) jaje . & didl b
o) Ax = & - &, dwedlh, .. cAx=§ - o)l
g0 Lo JS 5,00 wlilie o JIsb YL 741 JSaIb e ga
x) ikt st de 358 IS 5 (@l olsladl J) B3L
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Oj_fr_i‘(hnu_lpxn‘....‘h26J;x2¢h11_¢;JjJ|Bj;éJ\uLp
- Olaal) £ gazms

Sﬁé‘l F{x JAX=F(x, JAX+£(x,)Ax+ - +£(x, )A x (7-1)

LLidl e D oy Lo, dll 5,50 Ugb o Jool> 52 d S

L pipd dgbl Jlh, 50U 5as . Lo il sl e 5l

Vg4 dlajn L dl) ot zdll sue £ O . (7-1) Dalasdt P

O IS taany A5 Joud 301 ax-0) L A 0wy O ) sgus
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y = f(x)

a )/ b
Jq )///

y = g(x)

7-3 5

cytEx et sl 5 b i laadl da ol 1 722 JUe

Example 7-2: Find the arca enclosed by the curve y* = x* - x*.
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Solves Problems dJglxe Jiluo o
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solved problem 7-1: Given the region bounded by the curve y = x*, and

the line y = ~%x , and the line x = 3, find the area of the region.
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Polynomial Functions agdodt sadade (/g2

E%—(aox“) =nax""

d ny n—-1 __d_u
=—(a,u") =nau" []

dx
Trigonometric Functions & fa Jigs
4 i = cosn (8
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d , du
-(K(cosu) = — sinu [-a]

d _ 2 du
H;(tanu)—sec u[dx]

d ) u
—d;(cotu) = — CSC u[—d-;]

d du
H;—(sec u) = — secutanu [E]

d du
a(cscu) = — ¢scucotu [E;]
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Logarithmic Functions Zueduy&ge J1g2
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