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Preface
to the English Translation

This is a concise guide to basic sections of modern functional analysis. Included are
such topics as the principles of Banach and Hilbert spaces, the theory of multinormed
and uniform spaces, the Riesz-Dunford holomorphic functional calculus, the Fredholm
index theory, convex analysis and duality theory for locally convex spaces.

With standard provisos the presentation is self-contained, exposing about a hun-
dred famous “named” theorems furnished with complete proofs and culminating in
the Gelfand-Naimark-Segal construction for C*-algebras.

The first Russian edition was printed by the Siberian Division of “Nauka” Pub-
lishers in 1983. Since then the monograph has served as the standard textbook on
functional analysis at the University of Novosibirsk.

This volume is translated from the second Russian edition printed by the Sobolev
Institute of Mathematics of the Siberian Division of the Russian Academy of Sciences
in 1995. It incorporates new sections on Radon measures, the Schwartz spaces of
distributions, and a supplementary list of theoretical exercises and problems.

This edition was typeset using AMS-TEX, the American Mathematical Society’s
TEX system.

To clear my conscience completely, I also confess that := stands for the definor,
the assignment operator, < marks the beginning of a (possibly empty) proof, and o
signifies the end of the proof.

S. Kutateladze



Preface
to the First Russian Edition

As the title implies, this book treats functional analysis. At the turn of the century
the term “functional analysis” was coined by J. Hadamard who is famous among
mathematicians for the formula of the radius of convergence of a power series. The
term “functional analysis” was universally accepted then as related to the calculus of
variations, standing for a new direction of analysis which was intensively developed by
V. Volterra, C. Arzela, S. Pincherle, P. Levy, and other representatives of the French
and Italian mathematical schools. J. Hadamard’s contribution to the present discipline
should not be reduced to the invention of the word “functional” (or more precisely to
the transformation of the adjective into a proper noun). J. Hadamard was fully aware
of the relevance of the rising subject. Working hard, he constantly advertised problems,
ideas, and methods just evolved. In particular, to one of his students, M. Fréchet, he
suggested the problem of inventing something that is now generally acclaimed as the
theory of metric spaces. In this connection it is worth indicating that neighborhoods
pertinent to functional analysis in the sense of Hadamard and Volterra served as
precursors to Hausdorff’s famous research, heralding the birth of general topology.

Further, it is essential to emphasize that one of the most attractive, difficult, and
important sections of classical analysis, the calculus of variations, became the first
source of functional analysis.

The second source of functional analysis was provided by the study directed to
creating some algebraic theory for functional equations or, stated strictly, to simplify-
ing and formalizing the manipulations of “equations in functions” and, in particular,
linear integral equations. Ascending to H. Abel and J. Liouville, the theory of the
latter was considerably expanded by works of I. Fredholm, K. Neumann, F. Noether,
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A. Poincaré, et al. The efforts of these mathematicians fertilized soil for D. Hilbert’s
celebrated research into quadratic forms in infinitely many variables. His ideas, devel-
oped further by F. Riesz, E. Schmidt, et al., were the immediate predecessors of the
axiomatic presentation of Hilbert space theory which was undertaken and implemented
by J. von Neumann and M. Stone. The resulting section of mathematics has vigor-
ously influenced theoretical physics, first of all, quantum mechanics. In this regard
it is instructive as well as entertaining to mention that both terms, “quantum” and
“functional,” originated in the same year, 1900.

The third major source of functional analysis encompassed Minkowski’s geometric
ideas. His invention, the apparatus for the finite-dimensional geometry of convex bod-
ies, prepared the bulk of spatial notions ensuring the modern development of analysis.
Elaborated by E. Helly, H. Hahn, C. Carathéodory, I. Radon, et al., the idea of convex-
ity has eventually shaped the fundamentals of the theory of locally convex spaces. In
turn, the latter has facilitated the spread of distributions and weak derivatives which
were recognized by S. L. Sobolev as drastically changing all tools of mathematical
physics. In the postwar years the geometric notion of convexity has conquered a new
sphere of application for mathematics, wviz., social sciences and especially economics.
An exceptional role in this process was performed by linear programming discovered
by L. V. Kantorovich.

The above synopsis of the history of functional analysis is schematic, incomplete,
and arbitrary (for instance, it casts aside the line of D. Bernoulli’s superposition prin-
ciple, the line of set functions and integration theory, the line of operational calculus,
the line of finite differences and fractional derivation, the line of general analysis, and
many others). These demerits notwithstanding, the three sources listed above reflect
the main, and most principal, regularity: functional analysis has synthesized and pro-
moted ideas, concepts, and methods from classical sections of mathematics: algebra,
geometry, and analysis. Therefore, although functional analysis verbatim means anal-
ysis of functions and functionals, even a superficial glance at its history gives grounds
to claim that functional analysis is algebra, geometry, and analysis of functions and
functionals.

A more viable and penetrating explanation for the notion of functional analy-
sis is given by the Soviet Encyclopedic Dictionary: “Functional analysis is one of the
principal branches of modern mathematics. It resulted from mutual interaction, unifi-
cation, and generalization of the ideas and methods stemming from all parts of classical
mathematical analysis. It is characterized by the use of concepts pertaining to various



Preface xiii
abstract spaces such as vector spaces, Hilbert spaces, etc. It finds diverse applications
in modern physics, especially in quantum mechanics.”

The S. Banach treatise Thedrie des Operationes Linéares, printed half a century
ago, inaugurated functional analysis as an essential activity in mathematics. Its influ-
ence on the development of mathematics is seminal: Omnipresent, Banach’s ideas,
propounded in the book, captivate the realm of modern mathematics.

An outstanding contribution toward progress in functional analysis was made by
the renowned Soviet scientists: I. M. Gelfand, L. V. Kantorovich, M. V. Keldysh, A.
N. Kolmogorov, M. G. Krein, L. A. Lyusternik, and S. L. Sobolev. The characteristic
feature of the Soviet school is that its research on functional analysis is always con-
ducted in connection with profound applied problems. The research has expanded the
scope of functional analysis which becomes the prevailing language of the applications
of mathematics.

The next fact is demonstrative: In 1948 even the title of Kantorovich’s insightful
article Functional Analysis and Applied Mathematics was considered paradoxical, but
it provided a basis for the numerical mathematics of today. And in 1974 S. L. Sobolev
stated that “to conceive the theory of calculations without Banach spaces is just as
impossible as trying to conceive of it without the use of computers”.

The exponential accumulation of knowledge within functional analysis is now
observed alongside a sharp rise in demand for the tools and concepts of the discipline.
The resulting conspicuous gap widens permanently between the current level of anal-
ysis and the level fixed in the literature accessible to the reading community. To alter
this ominous trend is the purpose of the present book.

Preface
to the Second Russian Edition

For more than a decade the monograph has served as a reference book for compul-
sory and optional courses in functional analysis at Novosibirsk State University. This
time span proves that the principles of compiling the book are legitimate. The present
edition is enlarged with sections addressing the fundamentals of distribution theory.
Theoretical exercises are supplemented and the list of references is updated. Also,
inaccuracies, mostly indicated by my colleagues, have been corrected.

I seize the opportunity to express my gratitude to all those who helped me in the
preparation of the book. My pleasant debt is to acknowledge the financial support of
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the Sobolev Institute of Mathematics of the Siberian Division of the Russian Acade-
my of Sciences, the Russian Foundation for Fundamental Research, the International
Science Foundation and the American Mathematical Society during the compilation
of the second edition.

March, 1995 S. Kutateladze



Chapter 1
An Excursion into Set Theory

1.1. Correspondences

1.1.1. DEFINITION. Let A and B be sets and let F be a subset of the product
Ax B:= {(a, b): a € A, b € B}. Then F is a correspondence with the set
of departure A and the set of arrival B or just a correspondence from A (in)to B.

1.1.2. DEFINITION. For a correspondence F' C A X B the set
dom F:=D(F):={a€ A: (3b€ B) (a, b) € F}
is the domain (of definition) of F' and the set
im F:=R(F):={be B: (3a€ A) (a, b) € F}

is the codomain of F, or the range of F, or the image of F.

1.1.3. EXAMPLES.
(1) If F is a correspondence from A into B then

Fl':={(b,a)e BxA: (a, b) € F}

is a correspondence from B into A which is called inverse to F or the inverse of F.
It is obvious that F is the inverse of F~!,

(2) A relation F on A is by definition a subset of A%, i.e. a correspondence
from A to A (in words: “F acts in A”).

(3) Let FF C A x B. Then F is a single-valued correspondence if for all
a € A the containments (a, b;) € F and (a, b;) € F imply b; = b,. In particular,
if U C Aand Iy:= {(a, a) € A2 : a € U}, then Iy is a single-valued correspond-
ence acting in A and called the identity relation (over U on A). A single-valued
correspondence F' C A x B with dom F' = A is a mapping of A into B or a map-
ping from A (in)to B. The terms “function” and “map” are also in current usage.
A mapping F C Ax B is denoted by F' : A — B. Observe that here dom F always
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coincides with A whereas im F may differ from B. The identity relation Iy on A is
a mapping if and only if A = U and in this case Iy is called the identity mapping
in U or the diagonal of U%. The set Iy may be treated as a subset of U x A.
The resulting mapping is usually denoted by ¢ : U — A and is called the identical
embedding of U into A. It is said that “F is a correspondence from A onto B”
if im F' = B. Finally, a correspondence F' C X x Y is one-to-one whenever the
correspondence F~! C B x A is single-valued.

(4) Occasionally the term “family” is used instead of “mapping.” Namely,
amapping F': A — Bisa family in B (indexed in A by F), also denoted by (8, )ac4
or a — by (a € A) or even (b,). Specifically, (a, b) € F if and only if b = b,.
In the sequel, a subset U of A is often treated as indexed in itself by the identical
embedding of U into A. It is worth recalling that in set theory a is an element or
a member of A whenever a € A. In this connection a family in B is also called
a family of elements of B or a family of members of B. By way of expressiveness
a family or a set of numbers is often addressed as numeric. Also, common abusage
practices the identification of a family and its range. This sin is very enticing.

(5) Let F C Ax B be a correspondence and U C A. The restriction of F
to U, denoted by F|y, is the set FN(U x B) C U x B. The set F(U):=im F|y
is the image of U under F.

If a and b are elements of A and B then F(a) = b is usually written instead
of F({a}) = {b}. Often the parentheses in the symbol F(a) are omitted or replaced
with other symbols. For a subset U of B the image F~}(U) of U under F~! is
the inverse image of U or the preimage of U under F. So, inverse images are just
images of inverses.

(6) Given a correspondence F' C A x B, assume that A is the product
of A; and Aj,ie. A= A; x A;. Fixing a; in A; and a; in A,, consider the sets

F(ay, -):={(a2, b) € Ay x B: ((a1, az), b) € F};
F(-, az):={(a1, b) € A1 x B: ((a1, a2), b) € F}.

These are the partial correspondences of F. In this regard F itself is often sym-
bolized as F(-, -) and referred to as a correspondence in two arguments. This
beneficial agreement is effective in similar events.

1.1.4. DEFINITION. The composite correspondence or composition of corre-
spondences F' C A X B and G C C x D is the set

GoF:={(a, d € AxD: (3b) (a, b) € F & (b, d) € G}.

The correspondence G o F' is considered as acting from A into D.

1.1.5. REMARK. The scope of the concept of composition does not diminish
if it is assumed in 1.1.4 from the very beginning that B = C.
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1.1.6. Let F be a correspondence. Then F o F~! > I;m r. Moreover, the
equality F o F~! = I;, p holds if and only if F|qom F is 2 mapping. 4>

1.1.7.Let F C A x B and G C B x C. Further assume U C A. Then the
correspondence G o F C A x C satisfies the equality Go F(U) = G(F(U)). <>

1.1.8. Let F C AxB,G C BxC,and H C C xD. Then the correspondences
Ho(GoF)CAxDand(HoG)oF C AxD coincide. <>

1.1.9. REMARK. By virtue of 1.1.8, the symbol H o G o F' and the like are
defined soundly.

1.1.10. Let F, G, and H be correspondences. Then

HoGoF= |J F7'(b) x H(c).
(b,c)€G

a(a, d) € HoGoF & (3(b, ¢) € G) (¢, d) € H & (a, b) € F &
(30, c)eG)aeF1(b)&de H(c)v

1.1.11. REMARK. The claim of 1.1.10, together with the calculation intended
as its proof, is blatantly illegitimate from a formalistic point of view as based on
ambiguous or imprecise information (in particular, on Definition 1.1.1!). Experi-
ence justifies treating such a criticism as petty. In the sequel, analogous convenient
(and, in fact, inevitable) violations of formal purity are mercilessly exercised with
no circumlocution.

1.1.12. Let G and F be correspondences. Then

GoF= (] F7'(b)x G(d).

bEim F

< Insert H:= G, G:= I; F and F:= F into 1.1.10. &

1.2. Ordered Sets

1.2.1. DEFINITION. Let o be a relation on a set X, i.e. 0 C X2. Reflez-
ivity for ¢ means the inclusion ¢ D Ix; transitivity, the inclusion g 0 0 C o}
antisymmetry, the inclusion o N 0~! C Ix; and, finally, symmetry, the equality
o=o0"1l.

1.2.2. DEFINITION. A preorder is a reflexive and transitive relation. A sym-
metric preorder is an equivalence. An order (partial order, ordering, etc.) is
an antisymmetric preorder. For a set X, the pair (X, o), with ¢ an order on X, is
an ordered set or rarely a poset. The notation z <, y is used instead of y € o(z).
The terminology and notation are often simplified and even abused in common
parlance: The underlying set X itself is called an ordered set, a partially ordered
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set, or even a poset. It is said that “z is less than y,” or “y is greater than z,”
or “ < y,” or “y > z,” or “z is in relation o to y,” or “z and y belong to ¢,”
etc. Analogous agreements apply customarily to a preordered set, i.e. to a set
furnished with a preorder. The convention is very propitious and extends often
to an arbitrary relation. However, an equivalence is usually denoted by the signs
like ~.
1.2.3. EXAMPLES.

(1) The identity relation; each subset X, of a set X bearing a relation o
is endowed with the (induced) relation og:= o N Xy X Xj.

(2) If o is an order (preorder) in X, then 0! is also an order (preorder)
which is called reverse to o.

(3) Let f: X — Y be a mapping and let 7 be a relation on Y. Consider
the relation f~1 o 7o f appearing on X. By 1.1.10,

florof= |J fw)xf ()

(y1,92)€T

Hence it follows that (z1, z2) € f~lo7 0o f & (f(z1), f(z2)) € 7. Thus, if 7
is a preorder then f~! o 7o f itself is a preorder called the preimage or inverse
image of 7 under f. It is clear that the inverse image of an equivalence is also
an equivalence. Whereas the preimage of an order is not always antisymmetric.
In particular, this relates to the equivalence f~! o f (= f~! o Iy o f).

(4) Let X be an arbitrary set and let w be an equivalence on X. Define
a mapping ¢ : X — P(X) by ¢(z) := w(z). Recall that P(X) stands for
the powerset of X comprising all subsets of X and also denoted by 2X. Let
X := X/w := im ¢ be the quotient set or factor set of X by w or modulo w.
A member of X/w is usually referred to as a coset or equivalence class. The
mapping ¢ is the coset mapping (canonical projection, quotient mapping, etc.).
Note that ¢ is treated as acting onto X. Observe that

w=ypTlop= ] ¢7(@) x @)
TEX

Now let f : X — Y be a mapping. Then f admits factorization through X; i.e.,
there is a mapping f : X — Y (called a quotient of f by w) such that fop = f
if and only if w C f~1o f. @
(5) Let (X, o) and (Y, 7) be two preordered sets. A mapping f: X - Y
is increasing or isotone (i.e., z <, y = f(z) <, f(y)) whenever 0 C f~loro0 f.
That f decreases or is antitone means 0 C f~1 o7 1o f. >
1.2.4. DEFINITION. Let (X, o) be an ordered set and let U C X. An ele-
ment z of X is an upper bound of U (write z > U) if U C 7 !(z). In particular,
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z > @. An element r of X is a lower bound of U (write z < U) if z is an upper
bound of U in the reverse order o~!. In particular, z < @.

1.2.5. REMARK. Throughout this book liberties are taken with introduc-
ing concepts which arise from those stated by reversal, i.e. by transition from
a (pre)order to the reverse (pre)order. Note also that the definitions of upper and
lower bounds make sense in a preordered set.

1.2.6. DEFINITION. An element z of U is greatest or last if > U and z € U.
When existent, such element is unique and is thus often referred to as the greatest
element of U. A least or first element is defined by reversal.

1.2.7. Let U be a subset of an ordered set (X, o) and let 7,(U) be the
collection of all upper bounds of U. Suppose that a member x of X is the greatest
element of U. Then, first, z is the least element of 7,(U); second, o(z) N U =
{z}. @

1.2.8. REMARK. The claim of 1.2.7 gives rise to two generalizations of the
concept of greatest element.

1.2.9. DEFINITION. Let X be a (preordered) set and let U C X. A supremum
of U in X is a least upper bound of U, i.e. a least element of the set of all upper-
bounds of U. This element is denoted by supyx U or in short supU. Certainly,
in a poset an existing supremum of U is unique and so it is in fact the supremum
of U. An infimum, a greatest lower bound inf U or inf x U is defined by reversal.

1.2.10. DEFINITION. Let U be a subset of an ordered set (X, o). A member =
of X is a mazimal element of U if o(z) NU = {z}. A minimal element is again
defined by reversal.

1.2.11. REMARK. It is important to make clear the common properties and
distinctions of the concepts of greatest element, maximal element, and supremum.
In particular, it is worth demonstrating that a “typical” set has no greatest element
while possibly possessing a maximal element.

1.2.12. DEFINITION. A lattice is an ordered set with the following property:
each pair (1, z2) of elements of X has a least upper bound, z,Vz, := sup{z;, =2},
the join of £y and z2, and a greatest lower bound, 1 A z3:= inf{z;, z2}, the meet
of z; and z,.

1.2.13. DEFINITION. A lattice X is complete if each subset of X has a supre-
mum and an infimum in X.

1.2.14. An ordered set X is a complete lattice if and only if each subset of X
has a least upper bound. @

1.2.15. DEFINITION. An ordered set (X, o) is filtered upward provided that

X? =071 oo0. A downward-filtered set is defined by reversal. A nonempty poset
is a directed set or simply a direction if it is filtered upward.
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1.2.16. DEFINITION. Let X be a set. A net or a (generalized) sequence in X
is a mapping of a direction into X. A mapping of the set N of natural numbers,
N={1,2,3...}, furnished with the conventional order, is a (countable) sequence.

1.2.17. A lattice X is complete if and only if each upward-filtered subset of X
has a least upper bound. <>

1.2.18. REMARK. The claim of 1.2.17 implies that for calculating a supre-
mum of each subset it suffices to find suprema of pairs and increasing nets.

1.2.19. DEFINITION. Let (X, o) be an ordered set. It is said that X is
ordered linearly whenever X? = ¢ Uo~!. A nonempty linearly-ordered subset
of X is a chain in X. A nonempty ordered set is called inductive whenever its

every chain is bounded above (i.e., has an upper bound).

1.2.20. Kuratowski—Zorn Lemma. Each inductive set contains a maximal
element.

1.2.21. REMARK. The Kuratowski-Zorn Lemma is equivalent to the axiom
of choice which is accepted in set theory.

1.3. Filters

1.3.1. DEFINITION. Let X be a set and let &, a nonempty subset of 2(X),
consist of nonempty elements. Such # is said to be a filterbase (on X) if #
is filtered downward. Recall that 2(X) is ordered by inclusion. It means that
a greater subset includes a smaller subset by definition; this order is always pre-

sumed in Z(X).
1.3.2. A subset # of P(X) is a filterbase if and only if
(1) B+ @ and & ¢ B,
(2) B, B,€c #= (3B € #) BC B1NB,.

1.3.3. DEFINITION. A subset # of #(X) is a filter (on X) if there is a fil-
terbase & such that & is the set of all supersets of &; i.e.,

F=fil B:={Cec PX): 3BecB)BcCC).

In this case 4 is said to be a base for the filter F (so each filterbase is a filter
base).

1.3.4. A subset & in P(X) is a filter if and only if
(1) F #£#3 and O ¢ F;
(2) Ace F&ACBCX)=>Be %
(3) Al, A2€9=>A10A2€.¥.<1>
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1.3.5. EXAMPLES.

(1) Let F C X xY be a correspondence and let # be a downward-filtered
subset of 2(X). Put F(#):= {F(B): B € #}. It is easy to see that F(&) is
filtered downward. The notation is alleviated by putting F(#):= fil F(%). If #
is a filter on X and B Ndom F # & for all B € &, then F(&) is a filter (on Y')
called the image of # under F. In particular, if F' is'a mapping then the image
of a filter on X is a filter on Y.

(2) Let (X, o) be a direction. Clearly, Z:= {o(z): = € X} is a filter-
base. For anet F: X — Y, the filter fil F(%) is the tail filter of F. Let (X, 7)
and F : X — Y be another direction and another net in Y. If the tail filter of F
includes the tail filter of F then F is a subnet (in a broad sense) of the net F.
If there is a subnet (in a broad sense) G : X — X of the identity net ((z)zex
in the direction (X, o)) such that F = F oG, then F is a subnet of F (sometimes
F is addressed as a Moore subnet or a strict subnet of F'). Every subnet is a subnet
in a broad sense. It is customary to speak of a net having or lacking a subnet with
some property.

1.3.6. DEFINITION. Let #(X) be the collection of all filters on X. Take
F1, F2 € F(X). Say that # is finer than £ or £, refines #; (in other words,
&, is coarser than %, or % coarsens F,) whenever F; D %,.

1.3.7. The set #(X) with the relation “to be finer” is a poset. <>

1.3.8. Let A be a direction in #(X). Then A has a supremum %y :=
sup A". Moreover, %y =U{Z : F € A}.

4 To prove this, it is necessary to show that % is a filter. Since .4 is not
empty it is clear that %y # & and @ ¢ Fy. If A € %y and B D A then, choosing
Z in A for which A € &, conclude that B € & C %. Given A;, 4, € F,
find an element % of A satisfying A;, A; € &, which is possible because 4 is
a direction. By 1.3.4, 4, NA; € & C Z. >

1.3.9. DEFINITION. An wultrafilter is a maximal element of the ordered set
F(X) of all filters on X.

1.3.10. Each filter is coarser than an ultrafilter.

4 By 1.3.8, the set of filters finer than a given filter is inductive. Recalling the
Kuratowski~Zorn Lemma completes the proof. >

1.3.11. A filter & is an ultrafilter if and only if for all A C X either A € &
or X\Ae #Z.

4 =: Suppose that A ¢ & and B:= X \ A ¢ &. Note that A # & and
B#@. Put #:={C € ZX): AUC € F}. Then A¢ F = @ ¢ % and
B € % = %, # 9. The checking of 1.3.4 (2) and 1.3.4 (3) is similar. Hence, .%#;
is an ultrafilter. By definition, % O %. In addition, % is an ultrafilter and so
F = Z. Observe that B ¢ & and B € %, a contradiction.
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<:Take #; € F(X)andlet F;, D F. fA€ Frand A¢ F then X\A e F
by hypothesis. Hence, X\A € #;ie., @ = AN(X\A) € &£, which is impossible. >

1.3.12. If f is a mapping from X intoY and & is an ultrafilter on X then
f(ZF) is an ultrafilteron Y. <>

1.3.13. Let & := Xg,:={F € F(X): & C Fo} for y € F(X). Then
& is a complete lattice.

4 It is obvious that % is the greatest element of 2" and {X} is the least
element of 2". Therefore, the empty set has a supremum and an infimum in 2
in fact, sup@ = inf & = {X} and inf @ = sup 2" = F. By 1.2.17 and 1.3.8,
it suffices to show that the join %V %; is available for all %, %, € & . Consider
F:={A1NA;: A € F1, Ay € £}, Clearly, F C £, while & > £ and
F D %,;. Thus to verify the equality F = #; V £, it is necessary to establish
that & is a filter.

Plainly, # # @ and @ ¢ #. It is also immediate that (B;, B, € & =
By N By € #). Moreover, if C D A; N Ay where 4; € &%, and A; € %,, then
C = {Al ﬂAg}UC: (A1UC)0(A2 UC) Since 4, UC € &#; and 4, UC € ?2,
conclude that C' € #. Appealing to 1.3.4, complete the proof. >

Exercises

1.1. Give examples of sets and nonsets as well as set-theoretic properties and non-set-
theoretic properties.

1.2. Is it possible for the interval [0, 1] to be a member of the interval [0, 1]? For the
interval [0, 2]7

1.3. Find compositions of the simplest correspondences and relations: squares, disks
and circles with coincident or distinct centers in RM x R¥ for all feasible values of M and N.

1.4. Given correspondences R, S, and T, demonstrate that

(RusS)"!=R1us ! (RNS)"1=R'ns-1,;
(RUS)oT =(RoT)U(SoT); Ro(SUT)=(RoS)U(RoT);
(RNS)oT C(RoT)N(SoT); Ro(SNT)C (RoS)N(RoT).

1.5. Assume X C X x X. Prove that X = &.

1.6. Find conditions for the equations A = B and AZ = B to be solvable for &
in correspondences or in functions.

1.7. Find the number of equivalences on a finite set.

1.8. Is the intersection of equivalences also an equivalence? And the union of equiva-
lences?

1.9. Find conditions for commutativity of equivalences (with respect to composition).

1.10. How many orders and preorders are there on two-element and three-element sets?
List all of them. What can you say about the number of preorders on a finite set?

1.11. Let F be an increasing idempotent mapping of a set X into itself. Assume that F'
dominates the identity mapping: F > Ix. Such an F is an abstract closure operator or, briefly,
an (upper) envelope. Study fixed points of a closure operator. (Recall that an element z is a fized
point of F if F(z) =z.)
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1.12. Let X and Y be ordered sets and M (X, Y), the set of increasing mappings from
X to Y with the natural order (specify the latter). Prove that
(1) (M(X, Y) is a lattice) ¢ (Y is a lattice);
(2) (M(X, Y) is a complete lattice) < (Y is a complete lattice).

1.13. Given ordered sets X, Y, and Z, demonstrate that
(1) M(X, Y x Z) is isomorphic with M(X, Y) x M(Y, Z);
(2) M(X xY, Z)is isomorphic with M(X, M(Y, Z)).
1.14. How many filters are there on a finite set?
1.15. How do the least upper and greatest lower bounds of a set of filters look like?

1.16. Let f be a mapping from X onto Y. Prove that each ultrafilter on Y is the image
of some ultrafilter on X under f.

1.17. Prove that an ultrafilter refining the intersection of two filters is finer than either
of them.

1.18. Prove that each filter is the intersection of all ultrafilters finer than it.

1.19. Let & be an ultrafilter on N containing cofinite subsets (a cofinite subset is
a subset with finite complement). Given z, y € s:=RY, put z ~y y:= (34 € &) 2|4 = y|4.
Denote *R:= RN/~ . Fort € R the notation *t symbolizes the coset with the constant sequence
defined as {(n):=t (n € N). Prove that *R\ {xt : t € R} # &. Furnish *R with algebraic and

order structures. How are the properties of R and *R related to each other?



Chapter 2
Vector Spaces

2.1. Spaces and Subspaces

2.1.1. REMARK. In algebra, in particular, modules over rings are studied.
A module X over a ring A is defined by an abelian group (X, +) and a repre-
sentation of the ring A in the endomorphism ring of X which is considered as left
multiplication - : A x X — X by elements of A. Moreover, a natural agreement is
presumed between addition and multiplication. With this in mind, the following
phrase is interpreted: “A module X over a ring A is described by the quadruple
(X, A, +, -).” Note also that A is referred to as the ground ring of X.

2.1.2. DEFINITION. A basic field is the field R of real numbers or the field C
of complex numbers. The symbol F stands for a basic field. Observe that R is
treated as embedded into C in a standard (and well-known) fashion so that the
operation Re of taking the real part of a number sends C onto the real azis, R.

2.1.3. DEFINITION. Let F be a field. A module X over F is a vector space
(over F). An element of the ground field F is a scaler in X and an element of X
is a vector in X or a point in X. So, X is a vector space with scalar field F.
The operation + : X X X — X is addition in X and - : F x X — X is scalar
multiplication in X. We refer to X as a real vector space in case F = R and as
a complex vector space, in case F = C. A more complete nomenclature consists
of (X, F, +, -), (X, R, 4, -), and (X, C, +, -). Neglecting these subtleties,

allow X to stand for every vector space associated with the underlying set X.

2.1.4. EXAMPLES.

(1) A field F is a vector space over F.

(2) Let (X, F, +, ) be a vector space. Consider (X, F, +, -.), where
« (A, £) = A*z for A € Fand z € X, the symbol A* standing for the conventional
complex conjugate of A\. The so-defined vector space is the twin of X denoted
by X,. If F:= R then the space X and the twin of X, the space X,, coincide.

(3) A vector space (Xo, F, +, -) is called a subspace of a vector space
(X, F, +, +), if Xy is a subgroup of X and scalar multiplication in X is the re-
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striction of that in X to F x Xy. Such a set Xy is a linear set in X, whereas X is
referred to as an embient space (for Xo). It is convenient although not perfectly
puristic to treat X itself as a subspace of X. Observe the important particularity
of terminology: a linear set is a subset of a vector space (whose obsolete title is
a linear space). To call a subset of whatever space X a set in X is a mathematical
idiom of long standing. The same applies to calling a member of X a point in X.
Furthermore, the neutral element of X, the zero vector of X, or simply zero of X,
is considered as a subspace of X and is denoted by 0. Since 0 is not explicitly
related to X, all vector spaces including the basic fields may seem to have a point
in common, zero.

(4) Take (X¢)¢e=, a family of vector spaces over F, and let 2 := [Mee= Xe
be the product of the underlying sets, i.e. the collection of mappings z : =& —
UgesX¢ such that z¢ := 2(§) € X¢ as £ € E (of course, here Z is not empty).
Endow £ with the coordinatewise or pointwise operations of addition and scalar
multiplication:

(21 + 22)(§):=21(§) + 22(§) (21, 22 € X, £ € E);
(A-2)§):=r-2(f) (€2, AeF, £€E)
(below, as a rule, we write Az and sometimes z)\ rather than A - z). The so-
constructed vector space £ over F is the product of (X¢)eez. If Z:= {1,2,... ,N}
then X; x X3 x ... x Xn:=Z. In the case X¢ = X for all £ € =, the designation
X%:= & is used. Given Z:= {1,2,... ,N}, put XV:= 2.

(8) Let (X¢)eez be a family of vector spaces over F. Consider their direct
sum 2o := ) ez X¢. By definition, 25 is the subset of 2 := [[..z X¢ which
comprises all xg such that z¢(Z \ Zo) C 0 for a finite subset Z9 C = (routinely
speaking, Z¢ is dependent on zg). It is easily seen that 25 is a linear set in Z.
The vector space associated with 2y presents a subspace of the product of (X¢)¢e=
and is the direct sum of (X¢)ee=.

(6) Given a subspace (X, F, +, -) of a vector space (Xo, F, +, -),
introduce

~xy:= {(z1, z2) € X% gy —25€ Xo}.
Then ~x, is an equivalence on X. Denote & := X/~x, and let ¢ : X — 2 be
the coset mapping. Define operations on 2~ by letting

o1t z2:= (e (@) 97 (22)) (21, 22 € Z);
Az:i=p(Apl(z)) (z€ X, \eTF).
Here, as usual, for subsets S; and S; of X, a subset A of F, and a scalar ),
a member of F, it is assumed that
S1+ S2:=+{S1 x Sz };
AS1:i=- (A x S1); AS1:={)\}S].
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Thus 2" is furnished with the structure of a vector space. This space, denoted

by X/ Xy, is the quotient (space) of X by X, or the factor space of X modulo Xj.
2.1.5. Let X be a vector space and let Lat (X) stand for the collection of all

subspaces of X. Ordered by inclusion, Lat (X)) presents a complete lattice.

< It is clear that infLat (X) = 0 and supLat (X) = X. Further, the inter-
section of a nonempty set of subspaces is also a subspace. By 1.2.17, the proof is
complete. >

2.1.6. REMARK. With X;, X, € Lat (X), the equality X; V X3 = X; + X,
holds. It is evident that inf& = N{X, : Xo € &} for a nonempty subset &
of Lat (X). Provided that & is filtered upward, sup& =U{X,: Xo € &}.

2.1.7. DEFINITION. Subspaces X; and X of a vector space X split X into
(algebraic) direct sum decomposition (in symbols, X = X; @ X,),if X1 A Xy =0
and X; V X2 = X. In this case X7 is an (algebraic) complement of X; to X, and
X is an (algebraic) complement of X; to X. It is also said that X; and X, are
(algebraically) complementary to one another.

2.1.8. Each subspace of a vector space has an algebraic complement.
4 Take a subspace X; of X. Put

&:={Xo € Lat (X): Xo A X; =0}.

Obviously, 0 € &. Given a chain & in &, from 2.1.6 infer that X; Asupdp =0,
i.e. supéy € &. Thus & is inductive and, by 1.2.20, & has a maximal element,
say, Xp. If z € X \ (X7 + X3) then

Xo+{dz: AeFHAX; =0.

Indeed, if 2o + Az = z; with z; € X3, 22 € X5 and A € F, then Az € X; + X3 and
so A = 0. Hence, 71 = z2 = 0 as X1 AXy = 0. Therefore, Xo+{Az: A € F} = X,
because X3 is maximal. It follows that z = 0. At the same time, it is clear that
z#0. Finally, X; VX = X1+ X =X. >

2.2. Linear Operators

2.2.1. DEFINITION. Let X and Y be vector spaces over F. A correspondence
T C X xY is linear, if T is a linear set in X x Y. A linear operator on X (or
simply an operator, with linearity apparent from the context) is a mapping of X
and a linear correspondence simultaneously. If need be, we distinguish such a T
from a linear single-valued correspondence S with dom S # X and say that T is
given on X or T is defined everywhere or even T is a total operator, whereas
S is referred to as not-everywhere-defined or partially-defined operator or even
a partial operator. In the case X =Y, a linear operator from X to Y is also called
an operator in X or an endomorphism of X.
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2.2.2. A correspondence T C X x Y is a linear operator from X to Y if and
only if dom T = X and

T(/\I.TI + /\2.12) =MTzy + AgTzs ()\1, A €Tz, 23 € X) W

2.2.3. The set £ (X, Y') of all linear operators carrying X into Y constitutes
a vector space, a subspace of Y X, @

2.2.4. DEFINITION. A member of £(X, F) is a linear functionael on X,
and the space X#:= #(X, F) is the (algebraic) dual of X. A linear functional
on X, is a *-linear or conjugate-linear functional on X. If the nature of F needs
specifying, then we speak of real linear functionals, complex duals, etc. Evidently,
when F = R the term “x-linear functional” is used rarely, if ever.

2.2.5. DEFINITION. A linear operator T, a member of £(X, Y), is an (al-
gebraic) isomorphism (of X and Y, or between X and Y) if the correspondence
T~ is a linear operator, a member of Z(Y, X).

2.2.6. DEFINITION. Vector spaces X and Y are (algebraically) isomorphic,
in symbols X ~ Y, provided that there is an isomorphism between X and Y.

2.2.7. Vector spaces X andY are isomorphic if and only if there are operators
TeZX,Y)and S € Z(Y, X) such that SoT = Ix and T 0o S = Iy (in this
event S =T ! and T =S71). @

2.2.8. REMARK. Given vector spaces X, Y, and Z, take T € £(X, V) and
S € Z(Y, Z). The correspondence S o T is undoubtedly a member of £ (X, Z).
For simplicity every composite operator S o T is denoted by juztaposition ST.
Observe also that the taking of composition (S, T') ++ ST is usually treated as the
mapping o : Z(Y, Z) x Z(X, V) - Z(X, Z). In particular, if & C £(Y, 2Z)
and T € Z(X, Y) then we let £0T:= o(& x {T}). One of the reasons behind the
convention is that juxtaposition in the endomorphism space L(X):= L (X, X)
of X which comprises all endomorphisms of X transforms .#(X) into a ring (and
even into an algebra, the endomorphism algebra of X, cf. 5.6.2).

2.2.9. EXAMPLES.

(1) If T is a linear correspondence then T! is also a linear correspond-
ence.

(2) If X, is a subspace of a vector space X and X» is an algebraic
complement of X; then X is isomorphic with X/X;. Indeed, if ¢ : X — X/X;
is the coset mapping then its restriction to X3, i.e. the operator z2 — ¢(z2) with
z2 € X3, implements a desired isomorphism. <>

(3) Consider 2" := [l¢ez Xe, the product of vector spaces (X¢)¢ez. Take
a coordinate projection, i.e. a mapping Pre : 27 — X defined by Pre z:= z.
Clearly, Pr¢ is a linear operator, Pre € .Z2(2°, X¢). Such an operator is often
treated as an endomorphism of 2, a member of £ (£’), on implying a natural
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isomorphism between % and X¢, where 2; := HneE X, with X, :=0if n # ¢
and X¢:= Xg.
(4) Let X := X; & X;. Since +7! is an isomorphism between X and

X3 x X;, we may define P, P, € £(X) as P, := Px,)|x, := Pryo(+7!) and
P, := Px,||x, := Pryo(+7'). The operator P, is the projection of X onto X;
along X3 and P, is the complementary projection to Py or the complement of Py
(in symbols, P, = P#). In turn, P, is complementary to Py, and P, projects X
onto X, along X;. Observe also that P; + P, = Ix. Moreover, P12 =P P =P,
and so a projection is an idempotent operator. Conversely, every idempotent P
belonging to .£(X) projects X onto P(X) along P~1(0).

For T € #(X) and P a projection, the equality PT'P = TP holds if and only
if T(Xo) C Xo with Xo =im P (read: X is invariant under T). <>

The equality TPx,|x, = Px,)x,T holds whenever both X; and X, are in-
variant under T, and in this case the direct sum decomposition X = X; @ X,
reduces T'. The restriction of T to X, is acknowledged as an element T of £ (X;)
which is called the part of T in X;. If T; € £(X3) is the part of T in X5, then T

is expressible in matriz form
T, 0
v~ (T 2):

Namely, an element z of X;® X is regarded as a “column vector” with components
z; and z3, where z; = Px,|x,* and 2 = Px,|x,; matrices are multiplied
according to the usual rule, “rows by columns.” The product of T and the column
vector z, i.e. the vector with components Tjz; and T2x2, is certainly considered
as Tz (in this case, we also write Tzy and Tz3). In other words, T is identified
with the mapping from X; x X3 to X; x X, acting as

)~ (% o) (@)

In a similar way we can introduce matrix presentation for general operators con-
tained in Z(X; ® X,, Y10 Y2). @

(8) A finite subset & of X is linearly independent (in X) provided that
Yoece Aee =0, with A € F (e € &), implies A, = 0 for all e € &. An arbitrary
subset & of X is linearly independent if every finite subset of & is linearly inde-
pendent. A Hamel basis (or an algebraic basis) for X is a linearly independent set
in X maximal by inclusion. Each linearly independent set is contained in a Hamel
basis. All Hamel bases have the same cardinality called the dimension of X and
denoted by dim X. Every vector space is isomorphic to the direct sum of a family
(F)eez with E of cardinality dim X. Suppose that X is a subspace of X. The cods-
mension of X; is the dimension of X/X;, with codim X; standing for the former.
If X =X; & X5 then codim X; = dim X; and dim X = dim X; + codim X;. <>
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2.3. Equations in Operators

2.3.1. DEFINITION. Given T € £ (X, Y), define the kernel of T as ker T:=
T-1(0), the cokernel of T as coker T:=Y/im T, and the coimage of T as coim T':=
X/ker T. Agree that an operator T is an monomorphism whenever ker T = 0.
An operator T is an epimorphism in the case of the equality im T'=Y.

2.3.2. An operator is an isomorphism if and only if it is a monomorphism
and an epimorphism simultaneously. <>

2.3.3. REMARK. Below use is made of the concept of commutative diagram.
So the phrase, “The following diagram commutes,”

a

X—Y

encodes the containments a; € Z(X, Y), az € LY, W), a3 € ZL(X, W),
as € ZL(V, Y) and a5 € Z(V, W), as well as the equalities aza; = a3 and
a5 = Q04.

2.3.4. DEFINITION. A diagram X L v -5, Zis an ezact sequence (at the
term Y), if ker S =im T. A sequence ... & X1 — X — Xgy1 — ... is ezact
at X, if for all k the subsequence X¢—1 — X — Xi41 (symbols of operators are
omitted), and is ezact if it is exact at every term (except the first and the last,
if any).

2.3.5. EXAMPLES.

(1) An exact sequence X Ty 525 semi-ezact, i.e. ST = 0. The
converse is not true.

(2) A sequence 0 — X L, Y is exact if and only if T is a monomorphism.
(Throughout the book 0 — X certainly denotes the sole element of £ (0, X), zero
(cf. 2.1.4 (3)).)

(3) A sequence X L, ¥ — 0is exact if and only if T' is an epimorphism.
(Plainly, the symbol ¥ — 0 again stands for zero, the single element of Z(Y, 0).)

(4) An operator T from X to Y, a member of .Z(X, Y), is an isomor-

phism if and only if 0 —» X I, Y - 0is exact.

(5) Suppose that X is a subspace of X. Let ¢ : X¢ — X stand for
the identical embedding of X, into X. Consider the quotient space X/X, and let
¢ : X — X /X, be the corresponding coset mapping. Then the sequence

05 Xo— X -5 X/Xo—0
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is exact. (On similar occasions the letters ¢ and ¢ are usually omitted.) In a sense,
this sequence is unique. Namely, consider a so-called short sequence

0-X-Lyvy-5Sz50

and assume that it is exact. Putting Yy :=im T, arrange the following commuta-
tive diagram

T s
0 bs Y z 0
«l 8l
0 Yo —+ Y —Y/Y— 0

where a, (3, and v are some isomorphisms. In other words, a short exact sequence
actually presents a subspace and the corresponding quotient space. <>
(6) Every T in £(X, Y) generates the exact sequence

0—>kerT—>X~LY—>cokerT—>0

which is called the canonical exzact sequence for T'.

2.3.6. DEFINITION. Given Ty € £(X,, Y), with X, a subspace of X, call
an operator T from X to Y an eztension of Ty (onto X, in symbols, T D Tp),
provided that Ty = T, where ¢ : Xy — X is the identical embedding of X,
into X.

2.3.7. Let X and Y be vector spaces and let Xy be a subspace of X. Then
each Ty in £ (X,, Y) has an extension T in & (X, V).

4 Putting T':= Ty Px,, where Px, is a projection onto Xj, settles the claim.

2.3.8. Theorem. Let X, Y, and Z be vector spaces. Take A € £(X, Y)
and B € Z(X, Z). The diagram

A
X —Y

PN

zZ

is commutative for some & in £ (Y, Z) if and only if ker A C ker B.

4 =>: It is evident that ker A C ker B in case B = Z A.

«:Set Z:=BoA™!. Clearly, Z 0 A(z) = Bo(A 0 A)z = B(z + ker A) =
Bz. Show that Z;:= 7.2’—|im A is a linear operator. It suffices to check that & is
single-valued. Suppose that y € im A and z;, 2, € 2 (y). Then z; = Bz, 2, =
Bz; and Az; = Az, = y. By hypothesis B(z; — z2) = 0; therefore, 2y = z,.
Applying 2.3.7, find an extension 2 of Zpto Y.
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2.3.9. REMARK. Provided that the operator A is an epimorphism, there is
a unique solution 2 in 2.3.8. It is the right place to emphasize that the phrase,
“There is a unique 2°,” implies that 2 is available as well as unique.

2.3.10. Every linear operator T admits a unique factorization through its
coimage; i.e., there is a unique quotient T of T by the equivalence ~¢odim T-

4 Immediate from 2.3.8 and 2.3.9. >

2.3.11. REMARK. The operator T is sometimes called the monoquotient of T
and treated as acting onto im T'. In this connection, observe that T is expressible
as the composition T = (T, with ¢ an epimorphism, T an isomorphism, and ¢
a monomorphism; i.e., the following diagram commutes:

coim T m7T
SDT T l L
X Y

2.3.12. Let X be a vector space and let fy, fi,...,fn belong to X#. The
functional fy is a linear combination of f1,...,fn (i.e, fo = Z;V=1 Ajf; with A;
in F) if and only if ker fo D ﬂ]N:l ker f;.

a4 Define the linear operator (fi,==,fn) : X — FV by (fi,...,fn)z :=

(fa(z),... , fn(z)). Obviously, ker (f1,...,fn) = ﬂff__l ker f;. Now apply 2.3.8 to
the problem

X (fll"‘lfN) IFN

fo

on recalling what FN# is. b

2.3.13. Theorem. Let X,Y, and Z be vector spaces. Take A € Z(Y, X)
and B € £ (Z, X). The diagram

A
X+—Y

BN

Z
is commutative for some 2 in £(Z, Y) if and only if im A D im B.
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4=: im B=B(Z2)=A(Z(2)) C AY) =im A.

<: Let Yy be an algebraic complement of ker A to Y and Ap:= Aly,. Then A
is an isomorphism between Yy and im A. The operator 2 := 1A' B is obviously
a sought solution, with ¢ the identical embedding of ¥ into Y. v

2.3.14. REMARK. Provided that the operator A is a monomorphism, there

is a unique operator & in 2.3.13. @
2.3.15. REMARK. Theorems 2.3.8 and 2.3.13 are in “formal duality.” One
results from the other by “reversing arrows,” “interchanging kernels and images,”

and “passing to reverse inclusion.”
2.3.16. Snowflake Lemma. Let S € (Y, Z) and T € (X, Y). There

are unique operators ay, ... ,a¢ such that the following diagram commutes:
0 0
N\ o /
ker ST > ker S

v

0 »ker T

\ / Ya
T

- X Y coker T — 0
SR /S

Z

coker S <+— coker ST

0/ \0

Qg Qy

Moreover, the sequence
0 = ker T 25 ker ST =2 ker S =2 coker T =% coker ST 2% coker S — 0

is exact. v

Exercises

2.1. Give examples of vector spaces and nonvector spaces. Which constructions lead to
vector spaces?

2.2. Study vector spaces over the two-element field Z;.
2.3. Describe vector spaces with a countable Hamel basis.
2.4. Prove that there is a discontinuous solution f : R — R to the function equation

fz+y) = f(z)+ f(y) (=, yER).

How to visualize such an f graphically?
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2.5. Prove that the algebraic dual to the direct sum of (X¢) is presentable as the product
of the algebraic duals of (X¢).

2.6. Let X D Xo D Xoo. Prove that the spaces X/Xoo and (X/X0)/(Xo0/Xo) are
isomorphic.
2.7. Define the “double sharp” mapping by the rule

o## . 2% 1 (z]|2*) (z € X, o* € X#).

Show that this mapping embeds a vector space X into the second dual X ##
2.8. Prove that finite-dimensional spaces and only such spaces are algebraically reflezive;

ie.,
##(X) = X*# & dim X < +oo.
2.9. Are there any analogs for a Hamel basis in general modules?
2.10. When does a sum of projections present a projection itself?
2.11. Let T be an endomorphism of some vector space which satisfies the conditions
T"~1 # 0 and T™ = 0 for a natural n. Prove that the operators T°, T,...,T"! are linearly
independent.

2.12. Describe the structure of a linear operator defined on the direct sum of spaces
and acting into the product of spaces.

2.13. Find conditions for unique solvability of the following equations in operators
ZA =B and AZ = B (here the operator & is unknown).

2.14. What is the structure of the spaces of bilinear operators?

2.15. Characterize the real vector space that results from neglecting multiplication
by imaginary scalars in a complex vector space (cf. 3.7.1).

2.16. Given a family of linearly independent vectors (z¢ )¢ &, find a family of functionals
(zf)ee & satisfying the following conditions:

(ze|e¥) =1 (c€ &)
(ze |:cf:) =0 (e, e €8 e#e).
2.17. Given a family of linearly independent functionals (:c?ebE )ec &, find a family of vec-
tors (ze)ee & satisfying the following conditions:
(zelzf) =1 (c€ &)
(ze|z¥) =0 (e, ' €& e#e).

2.18. Find compatibility conditions for simultaneous linear equations and linear inequal-
ities in real vector spaces.

2.19. Consider the commutative diagram

w— X1 y— z
ol Bl 4l 81
W X5 7V—Z
with exact rows and such that « is an epimorphism, and § is a monomorphism. Prove that

ker v = T(ker 8) and T~!(im v) = im 8.



Chapter 3
Convex Analysis

3.1. Sets in Vector Spaces

3.1.1. DEFINITION. Let T be a subset of F2 A subset U of a vector space is
a I'-set in this space (in symbols, U € (T')) if (A1, A2) €T = AU + XU C U.

3.1.2. EXAMPLES.

(1) Every set is in (@). (Hence, (@) is not a set.)

(2) If I':= F? then a nonempty I'-set is precisely a linear set in a vector
space.

(3) If I':= R? then a nonempty I-set in a vector space X is a real subspace
of X.

(4) By definition, a cone is a nonempty I'-set with I':= R3. In other
words, a nonempty set K is a cone if and only if K + K C K and aK C K for all
a € R4. A nonempty R2+\0-set is sometimes referred to as a nonpointed cone; and
a nonempty R4 X O-set, as a nonconvez cone. (From now on we use the convenient
notation Ry:={t e R: t > 0}.)

(5) A nonempty I'-set, for I':= {(A1, A2) € F2: A\ + )y = 1}, is an affine
variety or a flat. If X, is a subspace of X and ¢ € X then z + Xo:= {z} + Xo is
an affine variety in X. Conversely, if L is an affine variety in X and x € L then
L—z:=L+ {~z} is a linear set in X. <>

(6) If T':= {(M\1, A2) € FZ: |\1] + |A2] < 1} then a nonempty I'-set is
absolutely convez.

(7) ET:= {(\, 0) € F2 : |A| <1} then a nonempty I-set is balanced.
(In the case F:= R the term “star-shaped” is occasionally employed; the word
“symmetric” can also be found.)

(8) A set is convezifit is a I-set for I':= {(A1, A2) € R2: A; >0, A2 >0,
)\1 + )\2 - 1}

(9) A conical segment or conical slice is by definition a nonempty I-set
with T':= {(\1, A2) € Rﬁ_ : A1+ A2 < 1}. A set is a conical segment if and only
if it is a convex set containing zero. <
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(10) Given I' C F?, observe that X € (T) for every vector space X
over F. Note also that in 3.1.2 (1)-3.1.2 (9) the set I is itself a I'-set.

3.1.3. Let X be a vector space and let & be a family of T'-sets in X. Then
N{U : U € im &} € (T'). Provided that im & is filtered upward (by inclusion),
UU: Ue€im &} € (0). @«

3.1.4. REMARK. The claim of 3.1.3 means in particular that the collection
of I'-sets of a vector space, ordered by inclusion, presents a complete lattice.

3.1.5. Let X and Y be vector spaces and let U and V be I'-sets, with U C X
andV CY. ThenU x V € ().

A If U or V is nonempty then U x V = @&, and there is nothing to prove.
Now take uj, uz € U, v1, v2 € V, and (A;, A2) € I. Find Ajuy + Auz € U and
A1vg + Aqvy € V. Hence, (/\1u1 + Aquz, A1v1 + szz) eUxV.p

3.1.6. DEFINITION. Let X and Y be vector spaces and I' C F2. A correspond-
ence T C X x Y is a I'-correspondence provided that T € (T").

3.1.7. REMARK. When a I'-set bears a specific attribute, the latter is pre-
served for naming a I'-correspondence. With this in mind, we speak about linear
and convez correspondences, affine mappings, etc. The next particularity of the
nomenclature is worth memorizing: a convex function of one variable is not a con-
vex correspondence, save trivial cases (cf. 3.4.2).

3.1.8. Let T C X xY be aI'y-correspondence and let U C X be a I';-set.
IfT, cT'y then T(U) € (F2)

a Take y1, y2 € T(U). Then (21, y1) € T and (z2, y2) € T with some
t1, z2 € U. Given (A1, A2) € Ty, observe that A\i(z1, y1) + A2(z2, y2) € T,
because by hypothesis (A1, A2) € I'y. Finally, infer that Ay1 + Ay € T(U). >

3.1.9. The composition of I'-correspondences is also a I'-correspondence.

alet FC X xVand GCW xY, with F, G € (T'). Note that

(z1, y1) EGoF & (3v1) (z1, v1) € F & (v1, 11) € G;

(z2, y2) € Go F & (3vy) (z2, v2) € F & (vq, y2) € G.
To complete the proof, “multiply the first row by A;; the second, by A;, where
(A1, A2) € T'; and sum the results.” o

3.1.10. If subsets U and V of a vector space are I'-sets for some " C F? then
aU + BV € (L) for all a, B € F.

4 The claim is immediate from 3.1.5, 3.1.8, and 3.1.9. »

3.1.11. DEFINITION. Let X be a vector space and let U be a subset of X.
For ' C F? the I'-hull of U is the set

Hr(U)=n{VcX: Ve(), VoU}L
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3.1.12. The following statements are valid:
(1) Hr(U) € (T);
(2) Hr(U) is the least I'-set including U;
(3) U,CcU; = HI‘(Ul) C HI‘(Uz);
(4) Ue() & U=HrU)
(5) Hr(Hr(U)) = Hr(U). «

3.1.13. The Motzkin formula holds:

Hr(U) = U{Hr(Up) : Uy is a finite subset of U}.

4 Denote the right side of the Motzkin formula by V. Since Uy C U; applying
3.1.12 (3), deduce that Hr(Up) C Hr(U); and, hence, Hr(U) D V. By 3.1.12 (2),
it is necessary (and, surely, sufficient) to verify that V € (I'). The last follows
from 3.1.3 and the inclusion Hr(Uo) U Hr(U1) C Hr(Up U Th).

3.1.14. REMARK. The Motzkin formula reduces the problem of describing
arbitrary I-hulls to calculating I'-hulls of finite sets. Observe also that I'-hulls
for concrete I's have special (but natural) designations. For instance, if T :=
{(A1, A2) € RZ : Ay + Ay = 1}, then the term “convex hull” is used and co (V)
stands for Hp(U). If U # @, the notation for Hy2(U) is lin (U); moreover, it is
natural and convenient to put lin (&):= 0. The subspace lin (U) is called the linear
span of U. The concepts of affine hull, conical hull, etc. are introduced in a similar
fashion. Note also that the convex hull of a finite set of points comprises their
convex combinations; i.e.,

N
co({xl,... ,(L‘N})= {Z)\kl‘k: Ak >0, /\1+...+)\N=1}. <
k=1

3.2. Ordered Vector Spaces

3.2.1. DEFINITION. Let (X, R, +, -) be a vector space. A preorder ¢ on X
is compatible with vector structure if o is a cone in X?; in this case X is an ordered
vector space. (It is more precise to call (X, R, +, -, o) a preordered vector space,
reserving the term “ordered vector space” for the case in which o is an order.)

3.2.2. If X is an ordered vector space and o is the corresponding preorder
then 0(0) is a cone and o(z) = z + 0(0) for all z € X.

4 By 3.1.3, 0(0) is a cone. The equality (z, y) = (z, z) + (0, y — z) yields
the equivalence (z, y) € 0 & y — z € 0(0). >

3.2.3. Let K be a cone in a vector space X. Denote

o={(z, y) €X?: y—z € K}.
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Then o is a preorder compatible with vector structure and K coincides with the
cone o(0) of positive elements of X. The relation o is an order if and only
ifKN(—K)=0.

altisclearthat 0 € K = Ix Coand K+ K C K = o0oo C ¢. Furthermore,
07! = {(z, y) € X*: z —y € K}. Therefore, cNo™! CIx & KN(-K)=0.
To show that o is a cone, take (z1, ¥1), (22, y2) € 0 and a1, az € R4. Find
a1y + az2ys — (@121 + a22) = oq(y1 — 1) + az(y2 — z2) € ar K + a2 K C K. b

3.2.4. DEFINITION. A cone K is an ordering cone or a salient cone provided
that K N(—K) = 0.

3.2.5. REMARK. By virtue of 3.2.2 and 3.2.3, assigning a preorder to X is
equivalent to distinguishing some cone of positive elements in it which is the pos-
itive cone of X. The structure of an ordered vector space arises from selecting
an ordering cone. Keeping this in mind, we customarily call a pair (X, X ) with
positive cone X4, as well as X itself, a (pre)ordered vector space.

3.2.6. EXAMPLES.

(1) The space of real-valued functions R with the positive cone R :=
(R4)Z constituted by the functions assuming only positive values has the “natural
order.”

(2) Let X be an ordered vector space with positive cone Xy. If X is
a subspace of X then the order induced in X, is defined by the cone Xy N X4.
In this way X is considered as an ordered vector space, a subspace of X.

(3) If X and Y are preordered vector spaces then T € £(X, Y) is
a positive operator (in symbols, T > 0) whenever T(X ;) C Y. Theset Z4(X, Y)
of all positive operators is a cone. The linear span of .2 (X, Y) is denoted
by % (X, Y), and a member of £ (X, Y) is called a regular operator.

3.2.7. DEFINITION. An ordered vector space is a wvector lattice or a Riesz
space if the ordered set of its vectors presents a lattice.

3.2.8. DEFINITION. A vector lattice X is called a Kantorovich space or briefly
a K-space if X is boundedly order complete or Dedekind complete, which means
that each nonempty bounded above subset of X has a least upper bound.

3.2.9. Each nonempty bounded below subset of a Kantorovich space has
a greatest lower bound.

< Let U be bounded below: ¢ < U for some z. So, —z > —U. Applying 3.2.8,
find sup(—U). Obviously, —sup(—-U) = inf U. b

3.2.10. If U and V are nonempty bounded above subsets of a K -space then

sup(U + V) =supU +sup V.
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4 If U or V is a singleton then the equality is plain. The general case follows
from the associativity of least upper bounds. Namely,

sup(U + V) = sup{sup(u + V) : u € U}
=sup{u+supV: ueU}=supV +sup{u: ueU}
=supV +suplU. »

3.2.11. REMARK. The derivation of 3.2.10 is valid for an arbitrary ordered
vector space provided that the given sets have least upper bounds. The equality
sup AU = AsupU for A € Ry is comprehended by analogy.

3.2.12. DEFINITION. For an element = of a vector lattice, the positive part
of x is z4 := 2 V 0, the negative part of z is z_ := (—z)4, and the modulus of z is
|z]:= 2 V (—z).

3.2.13. If ¢ and y are elements of a vector lattice then
rt+y=zVy+zcAy.

dz+y—zAy=z+y+(—z)V(-y)=yVzo

3214. z =24 —2_; |z| =24 + 2.
4 The first equality follows from 3.2.13 on letting y:= 0. Furthermore, |z| =
zV(-z)=—-2+2z)V0=—-2+2z4 = —z(z4+ —2-)+ 224 =24 +2_. 0>

3.2.15. Interval Addition Lemma. If x and y are positive elements of a vec-
tor lattice X then

[0, z+y] = [0, =] + [0, .

(As usual, [u, v]:=o(u) Mo~ (v) is the (order) interval with endpoints u and v.)

< The inclusion [0, z]+[0, y] C [0, z+y] is obvious. Assume that 0 < z < z+y
and put 21 := z A z. It is easy that z; € [0, z]. Now if zp:= z — z; then 2, > 0
andz; =z—z2Az =2+(—2)V(—z)=0V(z—2) <0V(z+y—z)=0Vy=y.>
3.2.16. REMARK. The conclusion of the Interval Addition Lemma is often

referred to as the Riesz Decomposition Property.

3.2.17. Riesz—Kantorovich Theorem. Let X be a vector space and let Y
be a K-space. The space of regular operators £.(X, Y), ordered by the cone
of positive operators £ (X, Y), is a K-space. <>
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3.3. Extension of Positive Functionals and Operators

3.3.1. COUNTEREXAMPLES.

(1) Let X be B([0, 1], R), the space of the bounded real-valued functions
given on [0, 1]; and let Xy be C([0, 1], R), the subspace of X comprising all
continuous functions. Put Y := X, and equip Xy, X, and Y with the natural
order (cf. 3.2.6 (1) and 3.2.6 (2)). Consider the problem of extending the identical
embedding Ty : Xo — Y to a positive operator T in £, (X, Y'). If the problem had
a solution 7', then each nonempty bounded set & in Xy would have a least upper
bound supy, & calculated in X,. Namely, supy, & = T supy &, where supy & is
the least upper bound of & in X; whereas, undoubtedly, Y fails to be a K-space.

(2) Denote by s:= R¥ the sequence space and furnish s with the nat-
ural order. Let ¢ be the subspace of s comprising all convergent sequences, the
convergent sequence space. Demonstrate that the positive functional fy : ¢ — R
defined by fo(z):= limz(n) has no positive extension to s. Indeed, assume that
fes* f>0and f D fo. Put z9(n):=n and zk(n):= kAn for k, n € N. Plainly,
fo(zr) = k; moreover, f(zo) > f(zx) > 0, since g > zx > 0, a contradiction.

3.3.2. DEFINITION. A subspace X; of an ordered vector space X with pos-
itive cone X4 is massive (in X) if Xo + X4 = X. The terms “coinitial” or
“minorizing” are also in common parlance.

3.3.3. A subspace X is massive in X if and only if for all x € X there are
elements zy and z° in X, such that zo <z < z%. <>

3.3.4. Kantorovich Theorem. If X is an ordered vector space, Xy is mas-
sive in X, and Y is a K-space; then each positive operator Ty, a member of
Z+(Xo, Y), has a positive extension T, a member of (X, V).

< STEP I. First, let X := X, @ X3, where X; is a one-dimensional subspace,
X1:={aT : a € R}. Since Xj is massive and Tj is positive, the set U:= {Tpz" :
z° € Xy, z° > 7} is nonempty and bounded below. Consequently, there is some
7 such that §:=inf U. Assign Tz:= {Tozo +ay: = = 20 +aT, z¢9 € Xy, a € R}.
It is clear that T is a single-valued correspondence. Further, T D Ty and dom T
= X. So, only the positivity of T needs checking. If z = 79 + aZ and z > 0, then
the case of a equal to 0 is trivial. If & > 0 then T > —z¢/a. This implies that
—Tozo/a <7, ie., Tx € Y. In a similar way for o < 0 observe that T < —z¢/a.
Thus, ¥ < —Tpzo/a and, finally, Tz = Tyze + oF € Y.

STEP II. Now let & be the collection of single-valued correspondences S C
X x Y such that S O Ty and S(X4) C Y;. By 3.1.3, & is inductive in order
by inclusion and so, by the Kuratowski-Zorn Lemma, & has a maximal element 7.
If 7 € X \ dom T, apply the result of Step I with X := dom T @ X;, X, :=
dom T, Tp:=T and X; := {aT : a € R} to obtain an extension of T. But T is
maximal, a contradiction. Thus, T is a sought operator. >
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3.3.5. REMARK. When Y := R, Theorem 3.3.4 is sometimes referred to as
the Krein—-Rutman Theorem.

3.3.6. DEFINITION. A positive element z is discrete whenever [0, z] = [0, 1]z.
3.3.7. If there is a discrete functional on (X, Xy) then X = X — X .

4 Let T be such a functional and 2 := Xy — X4. Take f € X#. It suffices
to check that ker f D 2 = f = 0. Evidently, T+ f € [0, T}; i.e., T+ f = oT
for some a € [0, 1]. If T|a = 0 then 2T € [0, T]. Hence, T'=0 and f = 0. Now
if T(zo) # 0 for some zg € ', thena=1and f=0.p

3.3.8. Discrete Krein—-Rutman Theorem. Let X be a massive subspace
of an ordered vector space X and let Ty be a discrete functional on X,. Then
there is a discrete functional T on X extending Tj.

4 Adjust the proof of 3.3.4.

STEP I. Observe that the exhibited functional T is discrete. For, if T' € [0, T
then there is some a € [0, 1] such that T'(z¢) = aT(zo) for all zo € X, and so
(T - T")(z0) = (1 — a)T(z0). Estimating, find

T'(Z) < inf{T'(z%): 2° > 7, 2° € Xo} = aT(%);
(T —T')Z) <inf{(T-T')z% : 2° > 7, 2° € Xo} = (1 — @)T(%).

Therefore, T' = oT and [0, T] C [0, 1]T. The reverse inclusion is always true.
Thus, T is discrete.

STEP II. Let & be the same as in the proof of 3.3.4. Consider &, the set
comprising all S in & such that the restriction S|qom s is a discrete functional
on dom S. Show that &y is inductive. To this end, take a chain & in & and
put S:=U{Sp : So € &}; obviously, S € &. Verifying the discreteness of S will
complete the proof.

Suppose that 0 < S'(z¢) < S(z0) for all zo € (dom S)4 and S’ € (dom S)#.
If S(z0) = 0 for all z¢ then S’ = 05, as was needed. In the case S(zg) # 0 for some
zo € (dom S)4 choose Sy € & such that So(zo) = S(zo). Since Sy is discrete,
deduce that S'(z') = aS(a') for all 2’ € dom Sy. Furthermore, a = S'(z¢)/S(z0);
i.e., a does not depend on the choice of Sy. Since & is a chain, infer that S’ = a.S. >

3.4. Convex Functions and Sublinear Functionals

3.4.1. DEFINITION. The semi-eztended real line R’ is the set R* with some
greatest element +oco adjoined formally. The following agreements are effective:
a(+00):= 400 (a € Ry) and 400 + z:=z + (+00):= 400 (z € R").

3.4.2. DEFINITION. Let f : X — R’ be a mapping (also called an eztended
function). The epigraph of f is the set

epi f:={(z, t) e X xR: t > f()}.
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The effective domain of definition or simply the domain of f is the set
dom f:={z € X : f(z) < +oo}.

3.4.3. REMARK. Inconsistency in overusing the symbol dom f is illusory.
Namely, the effective domain of definition of f : X — R’ coincides with the domain
of definition of the single-valued correspondence f N X x R. We thus continue to
write f : X — R, omitting the dot in the symbol R* whenever dom f = X.

3.4.4. DEFINITION. If X is a real vector space then a mapping f : X — R’
is a convez function provided that the epigraph epi f is convex.

3.4.5. A function f : X — R is convex if and only if the Jensen inequality
holds:
flerz1 + azzz) < e f(1) + a2 f(z2)
for all ay, a; 20, ay + a3 =1 and z,, z7 € X.
a4 =: Take a1, as > 0, a3 + ag = 1. If either of z; and z, fails to
belong to dom f then the Jensen inequality is evident. Let z;, z2 € dom f.
Then (z1, f(x1)) € epi f and (22, f(z2)) € epi f. Appealing to 3.1.2 (8), find
ai(z1, f(z1))+az(z2, f(z2)) € epi f.
«: Take (z1, t1) € epi f and (z2, t2) €epi f, e t; > f(zy) and t; > f(z2)
(if dom f = @ then f(z) = +oo (¢ € X) and epi f = &). Applying the Jensen
inequality, observe the containment (a1z1 + azzg, arti + aqty) € epi f for all
ay, a 20, oy +az=1.p
3.4.6. DEFINITION. A mapping p: X — R’ is a sublinear functional provided
that epi p is a cone.
3.4.7. If dom p # 0 then the following statements are equivalent:
(1) p is a sublinear functional;
(2) p is a convex function that is positively homogeneous:
plaz) = ap(z) for all @ > 0 and z € X
(3) ifay, az € Ry and 71, z2 € X, then
plarz1 + azzz) < aap(z1) + azp(z2);
(4) p is a positively homogeneous functional that is subadditive:
p(z1 + x2) < p(z1) + p(x2) (71, 72 € X). @
3.4.8. EXAMPLES.
(1) A linear functional is sublinear; an affine functional is a convex func-

tion.
(2) Let U be a convex set in X. Define the indicator function §(U) :
X — R of U as the mapping

0, if zeU

5(U)=):= { Yoo, if cgU.
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It is clear that §(U) is a convex function. If U is a cone then §(U) is a sublinear
function. If U is an affine set then 6(U) is an affine function.

(3) The sum of finitely many convex functions and the supremum (or
upper envelope) of a family of convex functions (calculated pointwise, i.e. in (R*)%)
are convex functionals. Sublinear functionals have analogous properties.

(4) The composition of a convex function with an affine operator, i.e.
an everywhere-defined single-valued affine correspondence, is a convex function.
The composition of a sublinear functional with a linear operator is sublinear.

3.4.9. DEFINITION. If U and V are subsets of a vector space X then U ab-
sorbs V if V C nU for somen € N. A set U is absorbing (in X) if it absorbs every
point of X; i.e., X = UpennU.

3.4.10. Let T C X x Y be a linear correspondence withim T =Y. IfU is
absorbing (in X) then T(U) is absorbing (in Y').

1Y =T(X) = T(UnennU) = UpenT(nU) = UpennT(U) >

3.4.11. DEFINITION. Let U be a subset of a vector space X. An element z
belongs to the core of U (or z is an algebraically interior point of U) if U — z is
absorbing in X.

3.4.12. If f : X — R is a convex function and ¢ € core dom f then for all
h € X there is a limit

f'(@)(h):= lim

Moreover, the mapping f'(z) : h — f'(z)h is a sublinear functional f'(z) : X — R,
the directional derivative of f at .
< Set p(a):= f(z + ah). By 3.4.8 (4), ¢ : R — R’ is a convex function and
0 € core dom ¢. The mapping a — (¢(a) — ¢(0))/a (a > 0) is increasing and
bounded above; i.e., ¢'(0)(1) is available. By definition, f'(z)(h) = ¢'(0)(1).
Given 8 > 0 and h € H, successively find

Moreover, using the above result, for h;, hy € X infer that

f(z41/2a(hi + hy)) — f(a)

f(z + ah) — f(2) —inf flz + ah)— f(:v)

o a>0 (%

£/(2)(hs +hg) = 21im

:2limf(l/z(w+ah1)+1/2(w+ah2)) - f()
al0 a
< limf(z+ozhl)—f(ﬂlf) + lim f(z + ahy) — f(z)
alo o al0 o

= f'(z)(h1) + f'(z)(ha2).
Appealing to 3.4.7, end the proof. v
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3.5. The Hahn—Banach Theorem

3.5.1. DEFINITION. Let X be a real vector space and let f : X — R’ be
a convex function. The subdifferential of f at a point z in dom f is the set

0(f)={le X*: (Vy € X) I(y) - I(z) < f(y) - f(=)}.

3.5.2. EXAMPLES.
(1) Let p: X — R’ be a sublinear functional. Put d(p):= 8,(p). Then

p)={le X*:(Vz e X) I(z) <p(z)};
0z(p) = {l € 8(p) : Uz) = p(z)}.

(2) Ifl € X# then 8(1) = 8,(1) = {I}.
(3) Let X, be a subspace of X. Then

0(6(Xo)) ={l € X*: ker I D X}
(4) If f: X - R’ is a convex function then

0:(f) = 0(f'(2))

whenever z € core dom f. a>

3.5.3. Hahn—-Banach Theorem. Let T € ¥(X, Y) be a linear operator
and let f:Y — R be a convex function. If z € X and Tz € core dom f then

Op(foT)=0r(f)oT.

< By 3.4.10 it follows that = € core dom f. From 3.5.2 (4) obtain 8,(foT) =
9((f o T)'(z)). Moreover,

(foT)(z+ ah) —(f o T)z)

o

(f o TV (@ )(R) = lim
- lim f(Tz +aTh)— f(Tx)

al0 o

= f(T=)(Th)

for h € X. Put p:= f'(Tz). By 3.4.12, p is a sublinear functional. Whence, on
appealing again to 3.5.2 (4), infer that

d(p) = 8(f'(Tz)) = Or=(f);
O(poT)=0((foT)(z)) =0u(foT).
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Thereby, the only claim left unproven is the equality
d(poT)=09(p)oT.

Ifl € 0(p)oT (i.e.,l =11 0T, wherel; € O(p)) then l1(y) < p(y) forally € Y.
In particular, I(z) € l1(Tz) < p(Tz) =poT(z) forallz € X andsol € d(po T).
This argument yields the inclusion d(p)o T C d(po T).

Now take l € (poT). If Tx = 0 then I(z) < p(Tz) = p(0) = 0; i.e., I(z) < 0.
The same holds for —z. Therefore, I(z) = 0; in other words, ker ! D ker T. Hence,
by 2.3.8, 1 = l; o T for some I; € Y#. Putting Yy := T(X), observe that the
functional /; o ¢ belongs to 3(p o ¢), with ¢ the identical embedding of ¥} into Y.
With 9(pot) C 0(p)o¢ proven, observe that [y o¢ = I 0t for some l; € O(p), which
consequently yields [ =l o T =lj0toT =l 0toT=10T;ie,l €0(p)oT.

Thus, to complete the proof of the Hahn—Banach Theorem, showing that
d(pot) C O(p)o ¢ isin order.

Take an element lo in O(p o ¢) and consider the functional Ty : (yo, t) —
t — lo(yo) given on the subspace Yo:= Yy x R of P:=Y x R. Equip 2 with the
cone 2+ := epi p. Note that, first, P is massive since

(y, 1) =(0, t —p(y)) + (v, p(y)) (y€Y, teR).

Second, by 3.4.2, t > p(yo) for (yo, t) € DoNY+, and so To(yo, t) =t —lo(yo) > 0;
i.e., Tp is a positive functional on p. By 3.3.4, there is a positive functional T
defined on 2) which is an extension of Ty. Put {(y):= T(—y, 0) for y € Y. It is
clear that lo¢ = ly. Furthermore, T(0, t) = To(0, t) = t. Hence, 0 < T(y, p(y)) =
p(y) — Uy), ie, 1 €D(p). >

3.5.4. REMARK. The claim of Theorem 3.5.3 is also referred to as the formula
for a linear change-of-variable under the subdifferential sign or the Hahn-Banach
Theorem in subdifferential form. Observe that the inclusion d(p o ¢) C d(p) o ¢
is often referred to as the Hahn-Banach Theorem in analytical form or the Dom-
inated Eztension Theorem and verbalized as follows: “A linear functional given
on a subspace of a vector space and dominated by a sublinear functional on this
subspace has an extension also dominated by the same sublinear functional.”

3.5.5. Corollary. If X, is a subspace of a vector space X andp: X —» R is
a sublinear functional then the (asymmetric) Hahn-Banach formula holds:

d(p+8(Xo)) = 9(p) + 8(8(Xo))-

4 It is obvious that the left side includes the right side. To prove the reverse
inclusion, take | € 9(p + 8(Xo)). Then lo¢ € O(p o), where ¢ is the identical
embedding of X, into X. By 3.5.3, lo: € 3(p) o, ie, lot = I o for some
Iy € 8(p). Put lz:=1—1,. By definition, find ot = (-l )ot=lot—1lj 0t =0,
i.e., ker I D Xo. As was mentioned in 3.5.2 (3), this means l; € 9(6(Xo)). ©
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3.5.6. Corollary. If f : X — R’ is a linear functional and x € core dom f
then 9,(f) # @.

a Let p:= f'(z) and let « : 0 —» X be the identical embedding of 0 to X.
Plainly, 0 € 8(p o), i.e., 3(po¢) # @. By the Hahn-Banach Theorem, 0(p) # @
(otherwise, @ = 9(p) ot = d(po¢)). To complete the proof, apply 3.5.2 (4). v

3.5.7. Corollary. Let fi, f2 : X — R’ be convex functions. Assume further
that = € core dom f; N core dom f;. Then

a:n(fl + f2) = 6r(f1) + ar(f2)-

4 Let py := fi(z) and p; := f3(z). Given z;, 3 € X, define p(z;, z3):=
pi(z1) + p2(x2) and «(z1):= (21, z1). Using 3.5.2 (4) and 3.5.3, infer that

O:(fr + f2) = 0(pr + p2) = O(po)
=0(p)ot=9(p1) +8(p2) = F:(f1) + 0=(f2).

3.5.8. REMARK. Corollary 3.5.6 is sometimes called the Nonempty Subdif-
ferential Theorem. On the one hand, it is straightforward from the Kuratowski-—
Zorn Lemma. On the other hand, with Corollary 3.5.6 available, demonstrate
O(poT) =08(p)oT as follows: Define pr(y):= inf{p(y + Tz) — l(z) : z € X},
where | € J(p) and the notation of 3.5.3 is employed. Check that pr is sublin-
ear and every l; in 3(pr) satisfies the equality ! = {; o T. Thus, the Nonempty
Subdifferential Theorem and the Hahn-Banach Theorem in subdifferential form
constitute a precious (rather than vicious) circle.

3.6. The Krein—Milman Theorem

3.6.1. DEFINITION. Let X be a real vector space. Putting
seg(z1, z2):={o1x1 + @272 : a1, az >0, a3 + az =1},

define the correspondence seg C X% x X that assigns to each pair of points the open
segment joining them. If U is a convex set in X and segy is the restriction of seg
to U2, then a convex subset V of U is eztreme in U if seg;' (V) C V2. An extreme
subset of U is sometimes called a face in U. A member z of U is an extreme point
in U if {z} is an extreme subset of U. The set of extreme points of U is usually
denoted by ext U.

3.6.2. A convex subset V is extreme in U if and only if for all u;, u, € U and
a1, az >0, a; + a2 = 1, the containment ayuy + azus € V implies that u; € V
andu, € V. a>
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3.6.3. EXAMPLES.
(1) Let p: X — R’ be a sublinear functional and let a point z of X
belong to dom p. Then 0;(p) is an extreme subset of 3(p).

a For, if a1l + azlz € 0;(p) and 4, I, € O(p), where a1, az >0, a1 +az = 1;
then 0 = p(z) — (a1h(2) + a212(2)) = a1(p(z) — h(2)) + az(p(z) — () > O.
Moreover, p(z)—1{1(z) > 0 and p(z)—I;(z) > 0. Hence, ; € 0;(p) and I, € 3;(p). >

(2) Let W be an extreme set in V and let V be in turn an extreme set
inU. Then W is an extreme set in U. <

(3) If X is an ordered vector space then a positive element z of X is
discrete if and only if the cone {az : o € R4} is an extreme subset of X .

a<: f0 <y < zthen z =1/3(2y) +1/2(2(z — y)). Therefore, by 3.6.2,
2y = az and 2(z — y) = Pz for some a, B € Ry. Thus, 2z = (a + B)z. The case
z = 0 is trivial. Now if  # 0 then ®/, € [0, 1] and, consequently, [0, z] C [0, 1]z.
The reverse inclusion is evident.

=: Let [0, z] = [0, 1]z, and suppose that az = a1y + azy: for a > 0;
aj, ag >0, a1+ a2 =1and y1, y2 € X4. If a = 0 then ayy; € [0, z] and
azy2 € [0, z]; hence, y; is a positive multiple of z; the same is valid for y,.
In the case a > 0 observe that (*'/4)y1 = tz for some ¢t € [0, 1]. Finally,
(** o)z = (1 - t)z. >

(4) Let U be a convex set. A convex subset V of Uisa cap of U, if U\V
is convex. A point z in U is extreme if and only if {z} is a cap of U. a>

3.6.4. Extreme and Discrete Lemma. Let p : X — R be a sublinear
functional and | € O(p). Assign & := X xR, Zy:=epip, and T} : (z, t) —
t—I(z) (z € X, t € R). Then the functional l is an extreme point of 0(p) if and
only if T} is a discrete functional.

a4 =: Consider T' € &# such that T' € [0, Tj]. Put

t1:=T'(0, 1), U(z):=T'(~=z, 0);
ty:=(T1 = T')0, 1), l(z):= (T —T')(~z, 0).

It is clear that t; > 0, t, > 0, t; +t; =1; 11 € d(t1p), I2 € O(t2p), and [y + 13 = 1.
Ift;, =0thenl; =0;ie,T' =0and T' € [0, 1]T;. Now if t = 0 then #; = 1;i.e.,
T' = T;, and so T' € [0, 1]T;. Assume that t;, t; > 0. In this case !/, I; € 9(p)
and !/4,l; € 9(p); moreover, | = t; (!/¢,l1) +t2 (*/s,12). Since, by hypothesis,
I € ext 9(p), from 3.6.2 it follows that I} = t;l;ie., T = t;T}.

«: Let | = ayly + agly, where Iy, l; € 3(p) and a1, az >0, a3 + ag = 1.
The functionals T":= 1T}, and T" := a, T}, are positive; moreover, T' € [0, T},
since T' 4+ T" = T;. Therefore, there is some 3 € [0, 1] such that 7' = B7}. At the
point (0,1), find ay = §. Hence, l; = I. By analogy, I = 1. «



3.7. The Balanced Hahn—-Banach Theorem 33

3.6.5. Krein—-Milman Theorem. Let T € #(X, Y') be a linear operator
and let f: Y — R’ be a convex function. If x € X and Tz € core dom f then

ext 0;(foT) C (ext Orz(f)) o T.

4 Start arguing as in the proof of the Hahn-Banach Theorem: Put p:= f'(T'r)
and observe that the only claim left to checking is the inclusion ext d(po T') C
(ext O(p)) o T. Take I € ext O(po T'). Since ext A(poT) C d(poT) C d(p)o T,
there is some f in J(p) such that I = f o T. Denote by fy the restriction of f to
Yy:=im T and notice that fy € ext d(p o), with ¢ the identical imbedding of Y,
into Y.

Now in 9):= Y xR consider Y+ := epi p and introduce the space Yo := Yo xR.
Note that 94+ N Yo = epi(po¢). Applying 3.6.4 with X := 9o, {:= fo, and
p:= pou, observe that Ty, is a discrete functional on 9)o; moreover, ) is massive
in 9 (cf. the proof of 3.5.3). By 3.3.8, find a discrete extension S € P# of T},.
Evidently, S = T,, where g(y):= S(—y, 0) for y € Y. Appealing again to 3.6.4,
infer that g € ext d(p). By construction, l{(z) = f(Tz) = fo(Tz) = g(Tz) for all
z € X. Finally, I € (ext d(p))oT. >

3.6.6. Corollary. If p: X — R is a sublinear functional then for every z
in X there is an extreme functional l, a member of ext 0(p), such that I(z) = p(z).

4 From 3.6.5 it is easy that ext (p) # @ for every p (cf. 3.5.6). Using this
and 3.4.12, choose [ in ext 0,(p'(z)). Applying 3.5.2 (2) and 3.5.2 (4), obtain
l € ext 0;(p). By 3.6.3 (1), 0:(p) is extreme in d(p). Finally, 3.6.3 (2) implies
that [ is an extreme point of 9(p). >

3.7. The Balanced Hahn—Banach Theorem

3.7.1. DEFINITION. Let (X, F, +, -) be a vector space over a basic field F.
The vector space (X, R, +, -|gxx) is called the real carrier or realification
of (X, F, +, -) and is denoted by Xg.

3.7.2. DEFINITION. Given a linear functional f on a vector space X, define
the mapping Ref : ¢ — Re f(z) (z € X). The real part map or realifier is the
mapping Re : (X#)g — (Xg)¥.

3.7.3. The real part map Re is a linear operator and, moreover, an isomor-
phism of (X#)g onto (Xg)*.

< Only the case F:= C needs verifying, because Re is the identity mapping
when F:= R.

Undoubtedly, Re is a linear operator. Check that Re is a monomorphism and
an epimorphism simultaneously (cf. 2.3.2).

If Re f = 0 then 0 = Re f(iz) = Re(if(z)) = Re(i(Re f(z) + :Im f(z))) =

—Im f(z). Hence, f = 0 and so Re is a monomorphism.
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Now take g € (Xg)¥ and put f(z):= g(z)—ig(iz). Evidently, f € £(Xgr, Cr)
and Re f(z) = g(z) for z € X. It is sufficient to show that f(iz) = if(z),
because this equality implies f € X#. Straightforward calculation shows f(iz) =
g(iz) + ig(z) = i(g(z) — ig(iz)) = if(x), which enables us to conclude that Re is
also an epimorphism. b

3.7.4. DEFINITION. The lear trap map or complezifier is the inverse Re™! :
(Xgr)* — (X#)R of the real part map.

3.7.5. REMARK. By 3.7.3, for the complex scalar field

Re™'g:z — g(z) —ig(iz) (g € (Xp)¥, z € X).

In the case of the reals, F:= R, the complexifier Re™ is the identity operator.

3.7.6. DEFINITION. Let (X, F, +, ) be a vector space over F. A seminorm
on X is a function p: X — R’ such that dom p # @ and

p(A121 + Aex2) < |Aa|p(z1) + |A2lp(22)

for Ty, T3 € X and )\1, Ay € F.
3.7.7. REMARK. A seminorm is a sublinear functional (on the real carrier
of the space in question).

3.7.8. DEFINITION. If p: X — R’ is a seminorm then the balanced subdiffer-
ential of p is the set

18|(p):= {l € X#: |I(z)| < p(z) for all z € X}.

3.7.9. Balanced Subdifferential Lemma. Let p: X — R’ be a seminorm.
Then

101(p) = Re™'(0(p)); Re(|3](p)) = O(p)
for the subdifferentials |8|(p) and 8(p) of p.

< If F:= R then the equality |0|(p) = d(p) is easy. Furthermore, in this case
Re is the identity operator.

Let F:= C. If I € |0|(p) then (Rel)(z) = Rel(z) < |l(z)] £ p(z) for all
z € X; ie., Re(|8|(p)) C 8(p). Take g € d(p) and put f:=Re 'g. If f(z) =0
then |f(z)] < p(z); for f(z) # 0 set 8:= |f(z)|/f(z). Thereby |f(z)| = 8f(z) =
f(6z) = Re f(6z) = g(6z) < p(6z) = |8|p(z) = p(z), since |§] = 1. Finally,
f€lol(p).-»

3.7.10. Let X be a vector space, let p: X — R be a seminorm, and let X,
be a subspace of X. The asymmetric balanced Hahn-Banach formula holds:

191(p + é(Xo)) = 18](p) + 101(6(X0))-
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4 From 3.7.9, 3.5.5, and the results of Section 3.1 obtain

181(p + 6(Xo)) = Re™"(8(p + 6(X0))) = Re™" (3(p) + 8(6(X0)))
=Re™'(3(p)) + Re™'(3(6(X0))) = 10|(p) + 101(6(X0)). >

3.7.11. If X and Y are vector spaces, T € £(X, Y) is a linear operator, and
p:Y — R is a seminorm; then po T is also a seminorm and, moreover,

18(poT) = |8|(p)o T.
< Applying 2.3.8 and 3.7.10, successively infer that
|0l(po T) = |0|(p + 6(im T)) o T = (|8|(p) + |10)(6(im T))) o T

= 18l(p) o T +101(8(im T)) o T = [B](p) o T. >

3.7.12. REMARK. If T is the identical embedding of a subspace and the
ground field is C then 3.7.11 is referred to as the Sukhomlinov-Bohnenblust-Sobezyk

Theorem.

3.7.13. Balanced Hahn—Banach Theorem. Let X be a vector space. As-
sume further that p : X — R is a seminorm and X, is a subspace of X. If Iy
is a linear functional given on Xy such that |ly(z¢)| < p(zo) for zo € X, then
there is a linear functional | on X such that l(zo) = lo(z¢) whenever z¢ € Xo and
l(z)| < p(z) forallz € X. a>

3.8. The Minkowski Functional and Separation

3.8.1. DEFINITION. Let R stand for the extended real azis or extended re-
als (i.e., R denotes R" with the least element —oo adjoined formally). If X is
an arbitrary set and f : X — R is a mapping; then, given t € R, put

{f<th={zeX: f(z) <t}
{f =t}:=f71(2);
{f<th={f<t}\{f =1}
Every set of the form {f < t}, {f =t}, and {f <t} is a level set or Lebesque set
of f.

3.8.2. Function Recovery Lemma. Let T C R and let t — U, (t € T) be
a family of subsets of X. There is a function f : X — R such that

{f<tlclUic{f<t} (teT)

if and only if the mapping t — U, increases.
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4 =>: Suppose that T contains at least two elements s and t. (Otherwise there
is nothing left to proof.) If s < ¢ then

Usc{f<s}c{f<t}CU.

«: Define a mapping f : X — R by setting f(z):=inf{t € T: z € Us}. If
{f < t} is empty for t € T then all is clear. If 2 € {f <t} then f(z) < 400, and
so there is some s € T such that ¢ € U, and s < t. Thus, {f <t} C Uy C U,.
Continuing, for z € U; find f(z) < t;ie, Uy C {f <t}. >

3.8.3. Function Comparison Lemma. Let f, g : X — R be functions
defined by (U;)ier and (Vi)ier as follows:

{f<tyclUc{f<th
{g<t}cVic{g<t} (teT)
KT isdenseinR (ie., (Vr,t € R, r <t)(Is € T)(r < s < t)) then the inequality
f<g(in ﬁx; ie., f(z) < g(z) for ¢ € X) holds if and only if
(t1, t2 €T &ty <ty) =V, CUy,.
< =: This is immediate from the inclusions
Vi,C{g<ti} C{f <t} C{f <t2} C Uy,

<: Assume that g(z) # +oo (if not, f(z) < g(z) for obvious reasons). Given
t € R such that g(z) < t < 400, choose t;, t; € T so as to satisfy the conditions
g(z) < t1 <ty <t. Now
ze{g<ti}CcVy, CU, C{f <t} C{f <t}

Thus, f(z) < t. Since t is arbitrary, obtain f(z) < g(z). >

3.8.4. Corollary. If T is dense in R and the mapping t — U, (t € T) in-

creases then there is a unique function f : X — R such that
{f<tycUc{f<t} (#eT).
Moreover, the level sets of f may be presented as follows:
{f<t}=U{Us: s<t, seT}

{(f<t}=n{U,: t<r,reT} (teR).

a It is immediate from 3.8.2 and 3.8.3 that f exists and is unique. If s < ¢
and s € T then U, C {f < s} C {f < t}. If now f(z) <t then, since T is dense,
there is an element s in T such that f(z) < s < t. Therefore, f € {f < s} C U,,
which proves the formula for {f < t}.

Suppose that r > ¢, r € T. Then {f <t} C {f <r} CU,. In turn, if z € U,
for r € T, r > t; then f(z) <r for all r > t. Hence, f(z) <t. >
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3.8.5. Let X be a vector space and let S be a conical segment in X. Given
teR, put Uy:=@ if t <0 and Uy:=tS if t > 0. The mappingt — U, (t € R)
increases.

aIf0 <t <ty and z € ;5 then z € (**/4,)¢2S. Hence, z € £,5. >

3.8.6. DEFINITION. The Minkowski functional or the gauge function or sim-
ply the gauge of a conical segment S is a functional pg : X — R such that

{ps<t}ctScC{ps <t} (teRy)

and {p < 0} = @. (Such a functional exists and is unique by 3.8.2, 3.8.4, and
3.8.5.) In other words,

ps(z) =inf{t >0: z €tS} (z € X).

3.8.7. Gauge Theorem. The Minkowski functional of a conical segment is
a sublinear functional assuming positive values. Conversely, if p is a sublinear
functional assuming positive values then the sets {p < 1} and {p < 1} are conical
segments. Moreover, p is the Minkowski functional of each conical segment S such
that {p<1} CcSc{p<1}.

< Consider a conical segment S and its Minkowski functional ps. Let z € X.

ps(az) =inf{t >0: ax €tS} =inf{t >0: z €*/aS}
=inf{af >0: z €4S, g >0}
=ainf{f >0: = € 8S} = aps(z).

To start checking that ps is subadditive, take z;, z2 € X. Noting the inclusion
t1S + 25 C (t1 + t2)S for ¢, t2 > 0, in view of the identity

t t
t11y +tazg = (11 +t2) (tl _:_t2$1 + & —f2-t2$2>’

successively infer that
ps(z1 +z2)=inf{t >0: z; +z; € tS}
< inf{t: t=1t1+1t2; t1, t2 >0, 21 €4, 5, 22 € tQS}
= il’lf{tl >0: z; € tIS} +1nf{t2 >0: zq € tzS} = ps(l‘l) +ps(.’[2).

Let p: X — R’ be an arbitrary sublinear functional with positive values and
let {p<1}CSC{p<1}. Givent € Ry, put V;:= {p <t} and U,:= tS; given
t <0, put V4:= Uy:= @. Plainly,

{ps<t}cUCc{ps<t}; {p<t}cVic{p<t}
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forteR. If0 <t <ty then th = {p< tl} =t1{p< 1} Cc t1S = Ut1 C Ut2~
Moreover, Uy, C t1{p <1} C {p < t1} C {p < t2} C V4,. Therefore, by 3.8.3 and
3.8.4, p = ps. b

3.8.8. REMARK. A conical segment S in X is absorbing in X if and only
if dom ps = X. Also, ps is a seminorm whenever S is absolutely convex. Con-
versely, for every seminorm p the sets {p < 1} and {p < 1} are absolutely con-
vex. 4>

3.8.9. DEFINITION. A subspace H of a vector space X is a hypersubspace
in X if X/H is isomorphic to the ground field of X. An element of X/H is
called a hyperplane in X parallel to H. By a hyperplane in X we mean an affine
variety parallel to some hypersubspace of X. An affine variety H is a hyperplane
if H — h is a hypersubspace for some (and, hence, for every) k in H. If necessary,
a hyperplane in the real carrier of X is referred to as a real hyperplane in X.

3.8.10. Hyperplanes in X are exactly level sets of nonzero elements of X#. a>

3.8.11. Separation Theorem. Let X be a vector space. Assume further
that U is a nonempty convex set in X and L is an affine variety in X. FLNU = &
then there is a hyperplane H in X such that H > L and H Ncore U = @.

< Without loss of generality, it may be supposed that core U # @& (otherwise
there is nothing left unproven) and, moreover, 0 € core U. Take z € L and put
Xo:= L — z. Consider the quotient space X/X, and the corresponding coset
mapping ¢ : X — X/X,. Applying 3.1.8 and 3.4.10, observe that ¢(U) is an ab-
sorbing conical segment. Hence, by 3.8.7 and 3.8.8, the domain of the Minkowski
functional p:= p,(v) is the quotient X/Xo; moreover,

¢(core U) C core (U) C {p < 1} C o(U).

In particular, this entails the inequality p(¢(z)) > 1, since ¢(z) & @(U).
Using 3.5.6, find a functional f in 8;(p o ¢); now the Hahn-Banach Theorem
implies
f€0:(pow) =04 (p)oy.

Put H:= {f = poy(z)}. It is clear that H is a real hyperplane and, undoubtedly,
H D L. Appealing to 3.5.2 (1), conclude that HNcore U = @. Now let f:= Re™!f
and H:= {f = f(z)}. Thereis no denying that L C H C H. Thus, the hyperplane
H provides us with what was required. v

3.8.12. REMARK. Under the hypotheses of the Separation Theorem, it may
be assumed that core U N L = @. Note also that Theorem 3.8.11 is often referred
to as the Hahn-Banach Theorem in geometric form or as the Minkowski-Ascoli-
Mazur Theorem.
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3.8.13. DEFINITION. Let U and V be sets in X. A real hyperplane H in X
separates U and V if these sets lie in the different halfspaces defined by H; i.e.,
if there is a presentation H = {f < t}, where f € (Xg)* and ¢t € R, such that
Vc{f<tlandUC{f >t}:={-f < —t}.

3.8.14. Eidelheit Separation Theorem. If U and V are convex sets such
that core V # & and U Ncore V = O, then there is a hyperplane separating U
and V and disjoint from core V. <

Exercises

3.1. Show that a hyperplane is precisely an affine set maximal by inclusion and other
than the whole space.

3.2. Prove that every affine set is an intersection of hyperplanes.

3.3. Prove that the complement of a hyperplane to a real vector space consists of two
convex sets each of which coincides with its own core. The sets are named open halfspaces. The
union of an open halfspace with the corresponding hyperplane is called a closed halfspace. Find
out how a halfspace can be prescribed.

3.4. Find possible presentations of the elements of the convex hull of a finite set. What
use can be made of finite dimensions?

3.5. Given sets S and S, let S:= U0<,\<1 AS1 N (1 — X)S2. Prove that S is convex
whenever so are S1 and Ss. -7

3.6. Calculate the Minkowski functional of a halfspace or a cone and of the convex hull
of the union or intersection of conical segments.

3.7. Let S:= {p + q < 1}, where p and g are the Minkowski functionals of the conical
segments Sy and S;. Express S via Sp and S,.

3.8. Describe sublinear functionals with domain R,

3.9. Calculate the subdifferential of the upper envelope of a finite set of linear or sub-
linear functionals.

3.10. Let p and g be sublinear functionals in general position, i.e. such that dom p —
dom ¢ = dom g — dom p. Prove the symmetric Hahn-Banach formula (cf. 3.5.7): 8(p +q) =
d(p) +9(9)-

3.11. Let p, ¢ : X — R be total (= everywhere-defined) sublinear functionals on X.
Then the equality holds: 8(pV ¢q) = co (8(p) U 8(q)).

3.12. Find the Minkowski functional of a ball in a Hilbert space whose center of sym-
metry is not necessarily the zero of the space.

3.13. A symmetric square 2 x 2-matrix is called positive, provided that its eigenvalues
are positive. Does the resulting order in the space of such matrices agree with vector structure?
Does it define the structure of a Kantorovich space?

3.14. Each ordered vector space admits a nonzero positive linear functional, doesn’t it?
3.15. What are the means for transforming R" into a Kantorovich space?

3.16. Under what conditions does the claim of the Hahn-Banach Theorem in analytical
form hold for a partial (= not-everywhere-defined) sublinear functional?

3.17. Find the extreme points of the subdifferential of the conventional norm on leo.

3.18. Find possible generalizations of the Hahn-Banach Theorem for a mapping acting
into a Kantorovich space.

3.19. Given a set C in a space X, define the Hormander transform H(C) of C as
H(C)={(z, t) e X xR: z € tC}.

Study the properties of the Hormander transform on the collection of all convex sets.



Chapter 4
An Excursion into Metric Spaces

4.1. The Uniformity and Topology of a Metric Space

4.1.1. DEFINITION. A mapping d : X? — Ry is a metric on X if

(1) d(z, y) =0 z=y;

(2) d(z, y) =d(y, z) (z, y € X);

(3) dz, y) < d(z, 2)+d(z, v) (2, v, 2 € X).
The real d(z, y) is usually referred to as the distance between ¢ and y. The pair
(X, d) is a metric space. In this situation, it is convenient to take the liberty
of calling the underlying set X a metric space. An element of a metric space X is
also called a point of X.

4.1.2. A mapping d : X? — Ry is a metric if and only if
(1) {d<0}=1Ix;
(2) {d<t}={d< 8 (teRy);
(3) {d < tl} [o) {d < t2} C {d <t + t2} (tl, ity € R+)
< Items 4.1.2 (1)-4.1.2 (3) reformulate 4.1.1 (1)-4.1.1 (3). »

4.1.3. DEFINITION. Let (X, d) be a metric space and take ¢ € Ry \ 0,
a strictly positive real. The relation B, := By, := {d < €} is the closed cylin-

der of size €. The set 1035 := By := {d < €} is the open cylinder of size €. The
image B.(z) of a point = under the relation B is called the closed ball with cen-

o
ter z and radius . By analogy, the set B.(z) is the open ball with center z and
radius €.

4.1.4. In a nonempty metric space open cylinders as well as closed cylinders
form bases for the same filter. <>

4.1.5. DEFINITION. The filter on X? with the filterbase of all cylinders of
a nonempty metric space (X, d) is the metric uniformity on X. It is denoted
by ¥x, %a, or even % , if the space under consideration is implied. Given X := &,
put Zx := {@}. An element of Zx is an entourage on X.
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4.1.6. If % is a metric uniformity then
(1) % cfil {Ix};
2 UVe%=>U"1e;
3) VUe)3Ve%)VoV CU;
4) {U:UVe}=1Ix. >
4.1.7. REMARK. Property 4.1.6 (4) reflecting 4.1.1 (1) is often expressed as
follows: “% is a Hausdorff or separated uniformity.”

4.1.8. Given a space X with uniformity %x, put
m(z):={U(z): U € %}

Then 7(z) is a filter for every x in X. Moreover,
(1) 7(z) Cfil {z};
(2) VUer(z)) QVer(x)&VCU)(VyeV)U € 7(y).

4.1.9. DEFINITION. The mapping 7 : £ — 7(z) is the metric topology on X.
An element of 7(z) is a neighborhood of z or about z. More complete designations
for the topology are also in use: 7x, 7(%), etc.

4.1.10. REMARK. All closed balls centered at z form a base for the neigh-
borhood filter of x. The same is true of open balls. Note also that there are
disjoint (= nonintersecting) neighborhoods of different points in X. This prop-
erty, ciphered in 4.1.6 (4), reads: “rx is a Hausdorff or separated topology.”

4.1.11. DEFINITION. A subset G of X is an open set in X whenever G is
a neighborhood of its every point (i.e., G € Op(r) & ((Vz € G) G € 7(z))).
A subset F of X is a closed set in X whenever its complement to X is open
(in symbols, F € Cl(7) & (X \ F € Op(1))).

4.1.12. The union of a family of open sets and the intersection of a finite
family of open sets are open. The intersection of a family of closed sets and the
union of a finite family of closed sets are closed. <>

4.1.13. DEFINITION. Given a subset U of X, put

intU::&:zU{GéOp(rX): GcU}
dU:=U:=n{FeCl(rx): FDOU}.

The set int U is the interior of U and its elements are interior points of U. The
set cl U is the closure of U and its elements are adherent to U. The exterior of U
is the interior of X \ U; the elements of the former are ezterior to U. A boundary
point of U is by agreement a point of X neither interior nor exterior to U. The
collection of all boundary points of U is called the boundary of U or the frontier
of U and denoted by fr U or dU.

4.1.14. A set U is a neighborhood about x if and only if z is an interior point
of U.
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4.1.15. REMARK. In connection with 4.1.14, the set Op(7) is also referred
to as the topology of U, since 7 is uniquely determined from Op (7). The same
relates also to Cl(7), the collection of all closed sets in X.

4.1.16. DEFINITION. A filterbase & on X converges to z in X or z is a limit
of # (in symbols, Z — z) if fil & is finer than the neighborhood filter of z; i.e.,
fil Z D 7(z).

4.1.17. DEFINITION. A net or (generalized) sequence (z¢)¢ez converges to
(in symbols, ¢ — z) if the tail filter of (z¢) converges to . Other familiar terms
and designations are freely employed. For instance, £ = lim; z¢ and z is a limit
of (z¢) as € ranges over Z.

4.1.18. REMARK. A limit of a filter, as well as a limit of a net, is unique
in a metric space X. This is another way of expressing the fact that the topology
of X is separated. a>

4.1.19. For a nonempty set U and a point z the following statements are
equivalent:
(1) z is an adherent point of U;
(2) there is a filter F such that & — z and U € &,
(3) there is a sequence (z¢)e¢cz whose entries are in U and which con-
verges to .
4 (1) = (2): Since z is not exterior to U, the join & := 7(z) V fil {U} is
available of the pair of the filters 7(z) and fil {U}.
(2) = (3): Let # — z and U € &#. Direct & by reverse inclusion. Take
zy € VNUfor Ve F. Itisclear that zyv — z.
(3) = (1): Let V be a closed set. Take a sequence (z¢)¢ez in V such that
z¢ — z. In this case it suffices to show that z € V, which is happily evident.
Indeed, were z in X \ V we would find at least one ¢ € Z such that z¢ € X \ V. >

4.1.20. REMARK. It may be assumed that % has a countable base in 4.1.19
(2), and Z:= N in 4.1.19 (3). This property is sometimes formulated as follows:
“In metric spaces the first axiom of countability is fulfilled.”

4.2. Continuity and Uniform Continuity

4.2.1. If f : X —» Y and 7x and 7y are topologies on X and Y then the
following conditions are equivalent:
(1) G€Op(ry)= f}(G) € Op(rx);
(2) F € Cl(ry) = f}(F) € Cl(rx);
(3) f(rx(z)) D rv(f()) for all z € X;
4) zeX & F - z)= (f(ZF) - f(z)) for a filter F;
(5) f(z¢) — f(z) for every point z and every sequence (z¢) convergent
to x.
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4 The equivalence (1) & (2) follows from 4.1.11. It remains to demonstrate
that (1) = (3) = (4) = (5) = (2).

(1) = (3): If V € 1y(f(z)) then W := int V € Op(ry) and f(z) € W.
Hence, f~}(W) € Op(rx) and z € f~!(W). In other words, f~}(W) € rx(z)
(see 4.1.14). Moreover, f~1(V) D f~}(W) and, consequently, f~*(V) € rx(z).
Finally, V > f(f~1(V)).

(3) = (4): Given & — =z, by Definition 4.1.16 fil & D 7x(z). From the
hypothesis infer that f(%#) D f(rx(z)) D 7v(f(z)). Appealing to 4.1.16, again
reveal the sought instance of convergence, f(%) — f(z).

(4) = (5): The image of the tail filter of (x¢)¢e= under f is coarser than the
tail filter of (f(z¢))ee=-

(5) = (2): Take a closed set FinY. If F' = & then f~!(F) is also empty and,
hence, closed. Assume F' nonempty and let z be an adherent point of f~1(F).
Consider a sequence (z¢)¢ez converging to z and consisting of points in f~1(F)
(the claim of 4.1.19 yields existence). Then f(z¢) € F and f(z¢) — f(z). Another
citation of 4.1.19 guarantees that f(z) € F and, consequently, z € f~1(F). v

4.2.2. DEFINITION. A mapping satisfying one (and hence all) of the equiva-
lent conditions 4.2.1 (1)~4.2.1 (5) is continuous. If 4.2.1 (5) holds at a fixed point
then f is said to be continuous at . Thus, f is continuous on X whenever f is
continuous at every point of X.

4.2.3. Every composition of continuous mappings is continuous.
< Apply 4.2.1 (5) thrice. >
4.2.4. Let f : X =Y and let x and %y be uniformities on X and Y. The

following statements are equivalent:
(1) (VVeuy)(3U e %) ((Vz, y)z, y) €U = (f(z), f(y)) € V);
(2) VVe%) floVofe%x;
(3) fX(#x) > %y, with f* : X? — Y defined as f* : (z, y) —
(f(=z), f(¥));
(4) (YVewy) f*HV) € Ux; ie, f* "N %) C Ux.

4 By 1.1.10, given U C X? and V C Y2, observe that

fTlovof= |J f(w)x f(v)

(v1,v2)€V
={(z,y) € X*: (f(2), f(y) €V} =1 (V);
foUof™= ) flur)x f(uz)

(u1,u2)EU

={(f(w1), f(u2)): (w1, uz) €U} = fX¥(U). >
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4.2.5. DEFINITION. A mapping f : X — Y satisfying one (and hence all)
of the equivalent conditions 4.2.4 (1)-4.2.4 (4) is called uniformly continuous (the
term “uniform continuous” is also in common parlance).

4.2.6. Every composition of uniformly continuous mappings is uniformly con-
tinuous.

4 Consider f: X - Y,¢9:Y - Zand h:=go f: X — Z. Plainly,

h*(z, y) = (h(z), h(y)) = (9(f(2)), 9(f(¥))) = ¢*(f(z), f(y)) =9 o f*(z, y)
for all z, y € X. Hence, by 4.2.4 (3) h*(%x) = ¢*(f*(%x)) D ¢*(%) D %z,

meaning that h is uniformly continuous. >
4.2.7. Every uniformly continuous mapping is continuous. <

4.2.8. DEFINITION. Let & be a set of mappings from X into Y and let %x
and %y be the uniformities in X and Y. The set & is equicontinuous if

(YVewy) (| f oVofeu.
fee€

4.2.9. Every equicontinuous set consists of uniformly continuous mappings.
Every finite set of uniformly continuous mappings is equicontinuous. <>

4.3. Semicontinuity

4.3.1. Let (X3, d1) and (X2, d2) be metric spaces, and Z := X, x X,. Given
T:= (21, z2) and §:= (y1, y2), put

d(z, §):=di(z1, y1) + d2(z2, y2).

Then d is a metric on & . Moreover, for every T:= (z1, z2) in & the presentation
holds:
Ta(T) = fil{U1 x Uz : Uy € 7x,(21), Uz € 7x,(22)}. @

4.3.2. DEFINITION. The topology T4 is called the product of rx, and 7x, or
the product topology of X; x X2. This topology on X; x X7 is denoted by 7x, x 7x,.

4.3.3. DEFINITION. A function f : X — R is lower semicontinuous if its
epigraph epi f is closed in the product topology of X x R.

4.3.4. EXAMPLES.
(1) A continuous real-valued function f : X — R is lower semicontinuous.
(2) If fe : X — R’ is lower semicontinuous for all £ € E, then the
upper envelope f(z):= sup{fe(z): € € E} (z € X) is also lower semicontinuous.
A simple reason behind this is the equality epi f = Ngez epi fe.
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4.3.5. A function f : X — R’ is lower semicontinuous if and only if

z€X = f(z) = yleri:inff(y).

Here, as usual,

lim inf f(y):= lim f(y):= sup inf f(U)

y—r y—z Uer(z)
is the lower limit of f at = (with respect to 7(z)).

a4=:If z & dom f then (z, t) € epi f for all ¢t € R. Hence, there is a neigh-

borhood U; of & such that inf f(U;) > t. This implies that lim,_,, inf f(y) =
400 = f(z). Suppose that z € dom f. Then inf f(V) > —oo for some neighbor-
hood V of z. Choose ¢ > 0 and for an arbitrary U in 7(z) included in V find zy
in U so that inf f(U) > f(zy) — €. By construction, zy € dom f and, moreover,
zy — z (by implication, the set of neighborhoods of z is endowed with the con-
ventional order by inclusion, cf. 1.3.1). Put ty := inf f(U) + ¢. It is clear that
ty — t:= limy_,. inf f(y) + ¢. Since (zy, tv) € epi f, from the closure property
of epi f obtain (z, t) € epi f. Thus,

lim inf f(y) + € > f(z) > lim inf f(y).
y—z y—z
&: If (z, t) € epi f then
t < lim inf f(y) = inf f(U).
< lim inf f(y) sup  inf f(0)

Therefore, inf f(U) > t for some neighborhood U of z. It follows that the comple-
ment of epi f to X x R is open. b

4.3.6. REMARK. The property, stated in 4.3.5, may be accepted as an initial
definition of lower semicontinuity at a point.

4.3.7. A function f : X — R is continuous if and only if both f and —f are
lower semicontinuous. 4>

4.3.8. A function f : X — R’ is lower semicontinuous if and only if for every
t € R the level set {f <t} is closed.

a=:Ifz g {f <t} thent < f(z). By 4.3.5, ¢t < inf f(U) in a suitable
neighborhood U about z. In other words, the complement of {f < t} to X is
open.

<«: Given limy_,, inf f(y) <t < f(z) for some r € X and ¢t € R, choose ¢ > 0
such that ¢t + ¢ < f(x). Repeating the argument of 4.3.5, given U € 7(z) take
a point zy in UN{f <inf f(U)+¢€}. Undoubtedly zy € {f <t+e} and zy — =z,
a contradiction. >
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4.4. Compactness

4.4.1. DEFINITION. A subset C of X is called a compact set whenever for
every subset & of Op(7x) with the property C C U{G: G € &} there is a finite
subset &y in & such that still C CU{G: G € &}.

4.4.2. REMARK. Definition 4.4.1 is verbalized as follows: “A set is compact
if its every open cover has a finite subcover.” The terms “covering” and “subcov-
ering” are also in current usage.

4.4.3. Every closed subset of a compact set is also compact. Every compact
set is closed. @

4.4.4. REMARK. With regard to 4.4.3, it stands to reason to use the term
“relatively compact set” for a set whose closure is compact.

4.4.5. Weierstrass Theorem. The image of a compact set under a contin-
uous mapping is compact.

4 The inverse images of sets in an open cover of the image compose an open
cover of the original set. >

4.4.6. Each lower semicontinuous real-valued function, defined on a nonempty
compact set, assumes its least value; i.e., the image of a compact domain has a least
element.

< Suppose that f: X — R" and X is compact. Let ¢o:= inf f(X). In the case
to = +oo there is nothing left to proof. If g < +oco then put T:= {t e R: ¢ > ¢o}.
The set Uy := {f < t} with ¢t € T is nonempty and closed. Check that N{U, :
t € T} is not empty (then every element z of the intersection meets the claim:
f(z) = inf f(X)). Suppose the contrary. Then the sets {X \U;: t € T} compose
an open cover of X. Refining a finite subcover, deduce {U; : t € Ty} = @.
However, this equality is false, since U;, N Uy, = Uy, at, for ¢4, t2 € T. 1>

4.4.7. Bourbaki Criterion. A space is compact if and only if every ultra-
filter on it converges (cf. 9.4.4).

4.4.8. The product of compact sets is compact.
a It suffices to apply the Bourbaki Criterion twice. b

4.4.9. Cantor Theorem. Every continuous mapping on a compact set is
uniformly continuous. <>

4.5. Completeness

4.5.1. If B is a filterbase on X then {B®: B € %} is a filterbase (and a base
for the filter ™) on X2.

q (Bl X Bl)ﬂ(Bg X B2) D (Bl ﬂBQ) X (Bl ﬂBg) g
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4.5.2. DEFINITION. Let %x be a uniformity on X. A filter .% is called
a Cauchy filter or even Cauchy (the latter might seem preposterous) if F* > %x.
A net in X is a Cauchy net or a fundamental net if its tail filter is a Cauchy filter.
The term “fundamental sequence” is treated in a similar fashion.

4.5.3. REMARK. If V is an entourage on X and U is a subset of X then U is
V-small whenever U2 C V. In particular, U is B,-small (or simply ¢-small) if and
only if the diameter of U, diam U := sup(U?), is less than or equal to e. In this
connection, the definition of a Cauchy filter is expressed as follows: “A filter is
a Cauchy filter if and only if it contains arbitrarily small sets.”

4.5.4. In a metric space the following conditions are equivalent:
(1) every Cauchy filter converges;
(2) each Cauchy net has a limit;
(3) every fundamental sequence converges.

a4 The implications (1) = (2) = (3) are obvious; therefore, we are left with
establishing (3) = (1).

Given a Cauchy filter &, let U, in & be a By jp-small set. Put V:=U;N...N
Un and take z, € V,,. Observe that V; D V, O ... and diam V,, < !/,. Hence,
(zn) is a fundamental sequence. By hypothesis it has a limit, z := lim z,,. Check
that & — z. To this end, choose ng € N such that d(zm, z) < /2, as m > ny.
Then for all n € N deduce that d(zp, y) < diam V, < !/2, and d(zp, z) < /2
whenever p:=no V2n and y € V,. It follows that y € V,, = d(z, y) < 1/n; ie.,
Vp C Byn(2). In conclusion, F D 7(z). >

4.5.5. DEFINITION. A metric space satisfying one (and hence all) of the
equivalent conditions 4.5.4 (1)-4.5.4 (3) is called complete.

4.5.6. Cantor Criterion. A metric space X is complete if and only if every
nonempty downward-filtered family of nonempty closed subsets of X whose diam-
eters tend to zero has a point of intersection.

<@ =: If # is such a family then by Definition 1.3.1 & is a filterbase. By hy-
pothesis, # is a base for a Cauchy filter. Therefore, there is a limit: % — z. The
point z meets the claim.

«: Let &# be a Cauchy filter. Put Z:= {cl V : V € #}. The diameters of the
sets in # tend to zero. Hence, there is a point z such that z € c1 V for all V € £.
Plainly, # — z. Indeed, let V be an ¢/;-small member of & and y € V. Some
y' in V is such that d(z, y') < ¢/2. Therefore, d(z, y) < d(z, y') +d(y’, y) <e.
Consequently, V C B.(z) and so B.(z) € #. >

4.5.7. Nested Ball Theorem. A metric space is complete if and only if
every nested (= decreasing by inclusion) sequence of balls whose radii tend to zero
has a unique point of intersection. <>
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4.5.8. The image of a Cauchy filter under a uniformly continuous mapping is
a Cauchy filter.

< Let a mapping f act from a space X with uniformity %x into a space Y with
uniformity %y and let & be a Cauchy filter on X. If V € %y then, by Definition
4.2.5, f~1oVo f € Ux (cf. 4.2.4 (2)). Since & is a Cauchy filter, U2 C f~'oVof
for some U € &. It turns out that f(U) is V-small. Indeed,

fOy= U fw)x fu)

(u1,u2)€U?

=foUlof ' Cfo(floVofloft=(fofHoVo(fof U,

because, by 1.1.6, fo f™' = Ly f CIy. >
4.5.9. The product of complete spaces is complete.
4 The claim is immediate from 4.5.8 and 4.5.4. v

4.5.10. Let Xy be dense in X (ie., cl Xo = X). Assume further that f :
Xo — Y is a uniformly continuous mapping from X, into some complete space Y.
Then there is a unique uniformly continuous mapping f : X — Y extending fo;
i.e., f'xo = fo.

a For z € X, the filter #,:= {UNX,: U € 7x(z)} is a Cauchy filter on Xj.
Therefore, 4.5.8 implies that fo(Fx) is a Cauchy filter on Y. By the completeness
of Y, there is a limit y € Y; that is, fo(%#,) — y. Moreover, this limit is unique
(cf. 4.1.18). Define f(z):= y. Checking uniform continuity for f readily completes
the proof. >

4.5.11. DEFINITION. An isomeiry or isometric embedding or isometric map-
ping of X into X is a mapping fi(X, d) - (X d) such that d = d o f*.
A mappmg f is an wsometry onto X if f is an isometry of X into X and, more-
over, im f = X. The expressions, “an isometry of X and X” or “an isometry
between X and X” and the like, are also in common parlance.

4.5.12. Hausdorff Completion Theorem. If (X, d) is a metric space then
there are a complete metric space (X, d) and an isometry . : (X, d) - (X, d)
onto a dense subspace of ()’Z', J) The space (5(’, J) is unique to within isometry
in the following sense: The diagram

(X,d) — (%,d)

NI

(Xlagl)
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commutes for some isometry ¥ : (X, J) — (}?l, cAi;), where ¢; : (X, d) — (X~1, Jl)
is an isometry of X onto a dense subspace of a complete space (X1, dy).

a Uniqueness up to isometry follows from 4.5.10. For, if g := ¢; 0 ¢! then
U, is an isometry of the dense subspace «(X) of X onto the dense subspace 01 (X)
of X1 Let ¥ be the unique extension of ¥y to the whole of X. Tt is sufficient
to show that ¥ acts onto X 1. Take Z; in X 1. This element is the limit of some
sequence (t1(zn)), with z, € X. Clearly, the sequence (zn) is fundamental. Thus,
(¢(z5)) is a fundamental sequence in X. Let #:= lim zpn), T € X. Proceed as
follows: ¥(Z) = im ¥o(¢(za)) = limeg 0 7 (¢(zn)) = lim ey (zn) = 7.

We now sketch out the proof that X exists. Consider the set 2~ of all fun-
damental sequences in X. Define some equivalence relation in X by putting
Ty ~ Tz & d(T1(n), T2(n)) - 0. Assign X := 2/~ and d(cp(:cl), o(Zz)) =
limd(z,(n), Z2(n)), where ¢ : & — X is the coset mapping. An isometry
¢: (X, d) = (X, d) is immediate: ¢(z):= ¢(n — z (n € N)). >

4.5.13. DEFINITION. The space ()?, J) introduced in Theorem 4.5.12, as
well as each space isomorphic to it, is called a completion of (X, d).

4.5.14. DEFINITION. A set X in a metric space (X, d) is said to be complete
if the metric space (Xo, d|xz), a subspace of (X, d), is complete.

4.5.15. Every closed subset of a complete space is complete. Every complete
set is closed. a>

4.5.16. If X, is a subspace of a complete metric space X then a completion
of Xg is isometric to the closure of Xy in X.

aLet X:=cl Xoandlet ¢: Xy — X be the identical embeddingV. It is evident
that ¢ is an isometry onto a dense subspace. Moreover, by 4.5.15 X is complete.
Appealing to 4.5.12 ends the proof. >

4.6. Compactness and Completeness

4.6.1. A compact space is complete. a>

4.6.2. DEFINITION. Let U be a subset of X and V € x. A set E in X is
aV-netfor UifU C V(E).

4.6.3. DEFINITION. A subset U of X is a totally bounded set in X if for
every V in %x there is a finite V-net for U.

4.6.4. If for every V in % a set U in X has a totally bounded V -net then U
is totally bounded.

aLlet V € %x and W € %x be such that WoW C V. Take a totally bounded
W-net F for U; i.e., U C W(F). Since F is totally bounded, there is a finite W-net
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E for F; that is, F C W(E). Finally,
U c W(F) C W(W(E)) = W o W(E) C V(E);

i.e., E is a finite V-net for U. >

4.6.5. A subset U of X is totally bounded if and only if for every V in %Ux
there is a family Uy,... ,U, of subsets of U such that U = Uy U...UU, and each
of the sets Uy, ... ,U, is V-small. a>

4.6.6. REMARK. The claim of 4.6.5 is verbalized as follows: “A set is totally
bounded if and only if it has finite covers consisting of arbitrarily small sets.”

4.6.7. Hausdorff Criterion. A set is compact if and only if it is complete
and totally bounded. a>

4.6.8. Let C(Q, F) be the space of continuous functions with domain a com-
pact set () and range a subset of F. Furnish this space with the Chebyshév metric

d(f, g):= sup dr(f(z), g(z)):=sup |f(z) — g(z)| (f, 9 € C(Q, F));
z€Q z€Q

and, given 8 € %%, put

Us:={(f, 9) €C(Q, F)*: gof~' C6}.
Then %3 =il {Ug: 6 € %}.
4.6.9. The space C(Q, F) is complete. a>

4.6.10. Ascoli-Arzela Theorem. A subset & of C(Q, F) is relatively com-
pact if and only if & is equicontinuous and the set U{g(Q) : ¢ € &} is totally
bounded in F.

4 =: It is beyond a doubt that U{g(Q) : ¢ € &} is totally bounded. To
show equicontinuity for & take 8 € 2% and choose a symmetric entourage #' such
that 6 0 8' 0 8 C 6. By the Hausdorff Criterion, there is a finite Ug/-net &' for &.
Consider the entourage U € % defined as

U:.= ﬂ flo@of

fee!
(cf. 4.2.9). Given g € & and f € &' such that go f~! C @', observe that
0 =0""D(gof ) =(f)TogT =fog".
Moreover, the composition rules for correspondences and 4.6.8 imply

g*(U)=goUog ™' Cgo(flobof)og™
C(gof ol o(fog')c ool .
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Since g is arbitrary, the resulting inclusion guarantees that & is equicontinuous.

<: By 4.5.15, 4.6.7, 4.6.8, and 4.6.9, it is sufficient to construct a finite Uy-net
for & given 8 € 4. Choose §' € % such that § 0§ 0 6’ C 6 and find an open
symmetric entourage U € %g from the condition

UcC ﬂg_loﬁ'og
g€S

(by the equicontinuity property of &, such an U is available). The family {U(z) :
z € Q} clearly forms an open cover of Q. By the compactness of @, refine a finite
subcover {U(zg) : zo € Qo}. In particular, from 1.1.10 derive

Ip C U U(zo) x U(zo)
z0€Qo
= U U™ zo) x U(zo) =UoIg,oU.
(z0,70)€lQ,

The set {g|q, : g € &} is totally bounded in F@°. Consequently, there is a finite
@'-net for this set. Speaking more precisely, there is a finite subset &' of & with
the following property:

gOIQOOf_1 C0’

for every ¢ in & and some f in &”. Using the estimates, successively infer that

gof?! —_—goIQof_1 Cgo(Uolg,oU)o f?
Cgo(g7 ol og)olg,o(f o8 of)of?!
=(gogob o(golg,of o o(fof™)
= imgoﬂ'o(goIQOof'l)oé”OIimf
Ccdodod Co.

Thus, by 4.6.8, &” is a finite Ug-net for &. >

4.6.11. REMARK. It is an enlightening exercise to translate the proof of the
Ascoli-Arzela Theorem into the “e-6” language. The necessary vocabulary is
in hand: “6 and U stand for €,” “¢’ is ¢/3,” and “§ is U.” It is also rewarding
and instructive to find generalizations of the Ascoli-Arzela Theorem for mappings
acting into more abstract spaces.
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4.7. Baire Spaces

4.7.1. DEFINITION. A set U is said to be nowhere dense or rare whenever its
closure lacks interior points; i.e., int cl U = @. A set U is meager or a set of first
category if U is included into a countable union of rare sets; i.e., U C UpenUn
with int cl U, = &. A nonmeager set (which is not of first category by common
parlance) is also referred to as a set of second category.

4.7.2. DEFINITION. A space is a Baire space if its every nonempty open set
is nonmeager.

4.7.3. The following statements are equivalent:
(1) X is a Baire space;
(2) every countable union of closed rare sets in X lacks interior points;
(8) the intersection of a countable family of open everywhere dense sets
(i.e., dense in X) is everywhere dense;
(4) the complement of each meager set to X is everywhere dense.

4(1) = (2): U := UpenUn, Un = cl Up, and int U, = @ then U is mea-
ger. Observe that int U C U and int U is open; hence, int U as a meager set is
necessarily empty, for X is a Baire space.

(2) = (3): Let U := NpenGn, where G,’s are open and cl G, = X. Then
X\U = X\ NnenNGn = Unen(X \ Gp). Moreover, X \ G, is closed and int (X \
Gn) = @ (since cl G, = X). Therefore, int (X \ U) = &, which implies that the
exterior of U is empty; i.e., U is everywhere dense.

(3) = (4): Let U be a meager set in X; i.e., U C UpenUp and int cl U, = @.
It may be assumed that U, = cl U,. Then G, := X \ Uy is open and everywhere
dense. By hypothesis, NpenGrn = X \ UpenUy is everywhere dense. Moreover,
the set is included into X \ U, and so X \ U is everywhere dense.

(4) = (1): If U is nonempty open set in X then X \U is not everywhere dense.
Consequently, U is nonmeager. >

4.7.4. REMARK. In connection with 4.7.3 (4), observe that the complement
of a meager set is (sometimes) termed a residual or comeager set. A residual set
in a Baire space is nonmeager.

4.7.5. Osgood Theorem. Let X be a Baire space and let (f¢ : X — R)ee=
be a family of lower semicontinuous functions such that sup{fe(z) : £ € £} < 400
for all z € X. Then each nonempty open set G in X includes a nonempty open
subset Go on which (f¢)¢es is uniformly bounded above; i.e., sup, g, sup{ fe(z) :
£€Z} < +4oo.

4.7.6. Baire Category Theorem. A complete metric space is a Baire space.

4 Let G be a nonempty open set and 9 € G. Suppose by way of contradiction
that G is meager; i.e., G C Upen Uy, where int U, = @ and U, = cl U,. Take
o > 0 satisfying B.,(zo) C G. It is obvious that U; is not included into B 2(zo).
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Consequently, there is an element = in B, /2(10) \ U1. Since U, is closed, find ¢
satisfying 0 < &1 < ®°/5 and B, (z1) N Uy = @. Check that B.,(z1) C Be,(z0)-
For, if d(z1, y1) < €1, then d(y1, z0) < d(y1, z1)+d(z1, zo) < €1 +°°/2, because
d(z1, zo) < °°/2. The ball B,, j5(x1) does not lie in U, entirely. It is thus possible
to find z3 € Be,j2(21) \ Uz and 0 < &3 < 1/, satisfying Be,(z2) NU; = @. It is
easy that again B,,(z2) C Be,(z1). Proceeding by induction, obtain the sequence
of nested balls B,,(z¢) D Be,(21) D Be,(z2) D ...; moreover, €n41 < /5 and
B.,(z,)NU, = @. By the Nested Ball Theorem, the balls have a common point,
z := limz,. Further, 2 # UpenU,; and, hence, z ¢ G. On the other hand,
z € B.y(z9) C G, a contradiction. >

4.7.7. REMARK. The Baire Category Theorem is often used as a “pure exis-
tence theorem.” As a classical example, consider the existence problem for con-
tinuous nowhere differentiable functions.

Given f:[0,1] = R and z € [0,1), put

z+h)— f(z
D, f(z):= lgﬁ)linf——-——f( + ’)l £ );

o flz+h) - f(z)
Dt f(z):= l}:ﬁ]lsup -

The elements D f(z) and Dt f(z) of the extended axis R are the lower right and
upper right Dini derivatives of f at x. Further, let D stand for the set of functions
fin C([0, 1], R) such that for some = € [0, 1) the elements D4 f(z) and Dt f(z)
belong to R; i.e., they are finite. Then D is a meager set. Hence, the functions
lacking derivatives at every point of (0, 1) are everywhere dense in C([0, 1], R).
However, the explicit examples of such functions are not at all easy to find and
grasp. Below a few of the most popular are listed:

oo

) o N (472))

van der Waerden’s function: Z% T
n=

with ((z)) := (z — [z]) A (1 + [z] — =), the distance from z to the whole number

nearest to z;
+o00

: . 1
Riemann’s function: E — sin (n?rz);
n
n=0

and, finally, the historically first

e o]
Weierstrass’s function: b™ cos (a™nz
b

n=0

with a an odd positive integer, 0 < b < 1 and ab > 1 +37/,.
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4.8. The Jordan Curve Theorem and Rough Drafts

4.8.1. REMARK. In topology, in particular, many significant and curious facts
of the metric space R? are scrutinized. Here we recall those of them which are of
use in the sequel and whose role is known from complex analysis.

4.8.2. DEFINITION. A (Jordan) arc is a homeomorphic image of a (nonde-
generate) interval of the real axis. Recall that a homeomorphism or a topological
mapping is by definition a one-to-one continuous mapping whose inverse is also
continuous. A (simple Jordan) loop is a homeomorphic image of a circle. Concepts
like “smooth loop” are understood naturally.

4.8.3. Jordan Curve Theorem. If v is a simple loop in R? then there are
open sets G1 and G2 such that

G1UG2=R2\’7; 7=6G1=6G2. D

4.8.4. REMARK. Either Gy or G in 4.8.3 is bounded. Moreover, each of the
two sets is connected; i.e., it cannot be presented as the union of two nonempty
disjoint open sets. In this regard the Jordan Curve Theorem is often read as
follows: “A simple loop divides the plane into two domains and serves as their
mutual boundary.”

4.8.5. DEFINITION. Let D,,...,D, and D be closed disks (= closed balls)
in the plane which satisfy Di,... ,D, Cint D and D,, N Dy = @ as m # k. The
set

n
D\ | Jint D,
k=1
is a holey disk or, more formally, a perforated disk. A subset of the plane which is
diffeomorphic (= “smoothly homeomorphic”) to a holey disk is called a connected
elementary compactum. The union of a finite family of pairwise disjoint connected
elementary compacta is an elementary compactum.

4.8.6. REMARK. The boundary 3F of an elementary compactum F com-
prises finitely many disjoint smooth loops. Furthermore, the embedding of F into
the (oriented) plane R? induces on F the structure of an (oriented) manifold with
(oriented) boundary OF. Observe also that, by 4.8.3, it makes sense to specify the
positive orientation of a smooth loop. This is done by indicating the orientation
induced on the boundary of the compact set surrounded by the loop.

4.8.7. If K is a compact subset of the plane and G is a nonempty open set
that includes K then there is a nonempty elementary compactum F' such that

KCcint FCFCQG. @

4.8.8. DEFINITION. Every set F' appearing in 4.8.7 is referred to as a rough
draft for the pair (K, G) or an oriented envelope of K in G.
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Exercises
4.1. Give examples of metric spaces. Find methods for producing new metric spaces.
4.2. Which filter on X2 coincides with some metric uniformity on X?
4.3. Let S be the space of measurable functions on [0, 1] endowed with the metric

1

1£(t) — g(®)1
d(f, 9):= | ————=—dt (f, g€S
’ ErOEED A
0
with some natural identification implied (specify it!). Find the meaning of convergence in the
space.

4.4. Given a, 8 € N¥, put
d(a, B):=1/min {k € N: ax # B¢}

Check that d is a metric and the space N¥ is homeomorphic with the set of irrational numbers.

4.5. Is it possible to metrize pointwise convergence in the sequence space? In the func-
tion space F(®:11?

4.6. How to introduce a reasonable metric into the countable product of metric spaces?
Into an arbitrary product of metric spaces?

4.7. Describe the function classes distinguishable by erroneous definitions of continuity
and uniform continuity.

4.8. Given nonempty compact subsets A and B of the spaces RY, define

d(A, B):=|sup inf |z—y| ]V |sup inf |z—y|].
z€A YEB yEB TEA

Show that d is a metric. The metric is called the Hausdorff metric. What is the meaning
of convergence in this metric?

4.9. Prove that nonempty compact convex subsets of a compact convex set in RV con-
stitute a compact set with respect to the Hausdorff metric. How does this claim relate to the
Ascoli-Arzela Theorem?

4.10. Prove that each lower semicontinuous function on R¥ is the upper envelope
of some family of continuous functions.

4.11. Explicate the interplay between continuous and closed mappings (in the product
topology) of metric spaces.

4.12. Find out when a continuous mapping of a metric space into a complete metric
spaces is extendible onto a completion of the initial space.

4.13. Describe compact sets in the product of metric spaces.

4.14. Let (Y, d) be a complete metric spaces. A mapping F : Y — Y is called ezpanding

whenever d(F(z), F(y)) > Bd(z, y) forsome 8 > 1 and all z, y € Y. Assume that an expanding
mapping F : Y — Y acts onto Y. Prove that F is one-to-one and possesses a sole fixed point.

4.15. Prove that no compact set can be mapped isometrically onto a proper part of it.

4.16. Show normality of an arbitrary metric space (see 9.3.11).

4.17. Under what conditions a countable subset of a complete metric spaces is nonmea-
ger?

4.18. Is it possible to characterize uniform continuity in terms of convergent sequences?

4.19. In which metric spaces does each continuous real-valued function attain the supre-

mum and infimum of its range? When is it bounded?



Chapter 5
Multinormed and Banach Spaces

5.1. Seminorms and Multinorms

5.1.1. Let X be a vector space over a basic field F and let p : X — R’ be
a seminorm. Then
(1) dom p is a subspace of X;
(2) p(z) 20 for all z € X
(3) the kernel ker p:= {p = 0} is a subspace in X;
(4) the sets B, := {p < 1} and B, := {p < 1} are absolutely convex;
moreover, p is the Minkowski functional of every set B such that
B, C B C By;
(3) X =dom p if and only if B, is absorbing.
aIf ry, 22 € dom p and a;, a3 € F then by 3.7.6

pa171 + a222) < |ar|p(z1) + |az|p(z2) < +00 + (+00) = 400.

Hence, (1) holds. Suppose to the contrary that (2) is false; i.e., p(z) < 0 for some
z € X. Observe that 0 < p(z) + p(—z) < p(—z) = p(z) < 0, a contradiction. The
claim of (3) is immediate from (2) and the subadditivity of p. The validity of (4)
and (5) has been examined in part (cf. 3.8.8). What was left unproven follows
from the Gauge Theorem. >

5.1.2. If p, ¢ : X — R are two seminorms then the inequality p < ¢ (in (R*)X)
holds if and only if B, D By.

a=: Evidently, {g <1} Cc {p<1}.

<: In view of 5.1.1 (4), observe that p = pp, and ¢ = pp,. Take t;, t € R
such that t; < t;. If t; < 0 then {¢ < t;} = &, andso {g < t;} C {p < t2}.
If ¢, > 0 then ¢1By C t1B, C t2B,. Thus, by 3.83,p<g¢. >

5.1.3. Let X and Y be vector spaces, let T C X x Y be a linear correspond-
ence, and let p : Y — R’ be a seminorm. If pr(z):= infp o T(z) for ¢ € X then
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pr : X — R is a seminorm and the set By := T~!(B,) is absolutely convex.
In addition, pr = pp, .

< Given 7, z3 € X and a3, ay € F, infer that
pr(ai1zy + azzg) = inf p(T(ayz1 + azz3))

<infp(a;T(z1) + a2 T(22)) < inf(lon|p(T(21)) + |e2|p(T(22)))
= |aa|pr(21) + laz|pr(z2);

i.e., pr is a seminorm.
The absolute convexity of Br is a consequence of 5.1.1 (4) and 3.1.8. If z € By
then (z, y) € T for some y € B,. Hence, pr(z) < p(y) < 1; that is, By C B,,.

Ifin turn z € é,,, then pr(z) = inf{p(y) : (z, y) € T} < 1. Thus, there is some
y € T(z) such that p(y) < 1. Therefore, z € T™1(B,) C T~Y(B,) = Br. Finally,

By, C Bt C Bp,. Referring to 5.1.1 (4), conclude that pp, = pr. >

5.1.4. DEFINITION. The seminorm pr, constructed in 5.1.3, is the inverse
image or preimage of p under T.

5.1.5. DEFINITION. Let p: X — R be a seminorm (by 3.4.3, this implies that
dom p = X). A pair (X, p) is referred to as a seminormed space. It is convenient
to take the liberty of calling X itself a seminormed space.

5.1.6. DEFINITION. A maultinorm on X is a nonempty set (a subset of RX)
of everywhere-defined seminorms. Such a multinorm is denoted by M x or simply
by 9, if the underlying vector space is clear from the context. A pair (X, Mx),
as well as X itself, is called a multinormed space.

5.1.7. A set M in (R")X is a multinorm if and only if (X, p) is a seminormed
space for every p € M. <@

5.1.8. DEFINITION. A multinorm My is a Hausdorff or separated multinorm
whenever for all z € X, z # 0, there is a seminorm p € Mx such that p(z) # 0.
In this case X is called a Hausdorff or separated multinormed space.

5.1.9. DEFINITION. A norm is a Hausdorff multinorm presenting a singleton.
The sole element of a norm on a vector space X is also referred to as the norm
on X and is denoted by || - || or (rarely) by || - ||x or even || - | X|| if it is necessary
to indicate the space X. A pair (X, || -||) is called a normed space; as a rule, the
same term applies to X.

5.1.10. EXAMPLES.
(1) A seminormed space (X, p) can be treated as a multinormed space
(X, {p}). The same relates to a normed space.
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(2) If M is the set of all (everywhere-defined) seminorms on a space X
then 9 is a Hausdorff multinorm called the finest multinorm on X.

(3) Let (Y, N) be a multinormed space, and let T C X X Y be a linear
correspondence such that dom T' = X. By 3.4.10 and 5.1.1 (5), for every p in N the
seminorm pr is defined everywhere, and hence M:= {pr : p € N} is a multinorm
on X. The multinorm N is called the inverse image or preimage of N under
the correspondence T and is (sometimes) denoted by Mz. Given T € £ (X, Y),
set M:= {poT : p € N} and use the natural notation N o T := M. Observe
in particular the case in which X is a subspace Yy of Y and T is the identical
embedding ¢ : ¥y — Y. At this juncture Yj is treated as a multinormed space with
multinorm 1 o ¢. Moreover, the abuse of the phrase “) is a multinorm on Y;” is
very convenient.

(4) Each basic field F is endowed, as is well known, with the standard
norm |- | : F — R, the modulus of a scalar. Consider a vector space X and
f € X#. Since f : X — T, it is possible to define the inverse image of the norm
on F as ps(z):= |f(z)| (z € X). If 2 is some subspace of X# then the multinorm
o(X, &):={ps: f € X} is the weak multinorm on X induced by 2 .

(5) Let (X, p) be a seminormed space. Assume further that X is a sub-
space of X and ¢ : X — X /X is the coset mapping. The linear correspondence
¢! is defined on the whole of X/Xj. Hence, the seminorm p,,-1 appears, called the
quotient seminorm of p by Xo and denoted by px,x,- The space (X/Xo, px/x,)
is called the quotient space of (X, p) by Xo. The definition of quotient space for
an arbitrary multinormed space requires some subtlety and is introduced in 5.3.11.

(6) Let X be a vector space and let M C (R')X be a set of seminorms
on X. In this case 9 can be treated as a multinorm on the space Xo:= N{dom p:
p € M}. More precisely, thinking of the multinormed space (Xo, {p, : p € M}),
where ¢ is the identical embedding of Xy into X, we say: “91 is a multinorm,” or
“Consider the (multinormed) space specified by 9t.” The next example is typical:
The family of seminorms

{pa,ﬁ(f):= sup [2*0Pf(z)| : a and 8 are multi-indices}
zERN

specifies the (multinormed) space of infinitely differentiable functions on RY de-
creasing rapidly at infinity (such functions are often called tempered, cf. 10.11.6).

(7) Let (X, ||-|I) and (Y, || - ||) be normed spaces (over the same ground
field F). Given T € £ (X, Y'), consider the operator norm of T, i.e. the quantity

T
IT||:= sup{[|Tz|: z € X, ||z] <1} = sup " :1:]]
zex |z

(From now on, in analogous situations we presume °/q:= 0.)
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It is easily seen that || - || : Z(X, Y) — R is a seminorm. Indeed, putting
Bx:={]|-||x L1} for T, T; € Z(X, V) and a1, a; € F, deduce that

||011T1 + aZTZH = sup ” : "01T1+042T2(BX)
=sup || - [|((e1T1 + @2T3)(Bx)) < sup [la1T1(Bx) + a2 T2(Bx )|
<lealsup |l l7,(Bx) + |az|sup || - [|7,(Bx) = lea| |T1ll + a2 | T2 -

The subspace B(X, Y), the effective domain of definition of the above semi-
norm, is the space of bounded operators; and an element of B(X, Y') is a bounded
operator. Observe that a shorter term “operator” customarily implies a bounded
operator. It is clear that B(X, Y) is a normed space (under the operator norm).
Note also that T in .Z(X, Y') is bounded if and only if T maintains the normative
inequality; i.e., there is a strictly positive number K such that

ITzlly < K |zlx (= € X).

Moreover, |T|| is the greatest lower bound of the set of Ks appearing in the nor-
mative inequality. a>

(8) Let X be a vector space over F and let || - || be a norm on X. Assume
further that X':= B(X, F) is the (normed) dual of X, i.e. the space of bounded
functionals fs with the dual norm

T
11 = sup{1f(e)] - el < 1) = sup LD
zex |z
Consider X" := (X')':= B(X', F), the second dual of X. Given z € X and
f € X', put 2" := «(z) : f —~ f(z). Undoubtedly, i(z) € (X")# = £(X', F).

In addition,

lz"Il = lle(2)ll = sup{lu(2)(f)] = 1flx: <1}
= sup{|f(z)| : (Vz € X)|f(2)| < |zl x} = sup{lf(=)| : fe€lBI(ll-lIx)} = ll=llx-

The final equality follows for instance from Theorem 3.6.5 and Lemma 3.7.9.
Thus, ¢«(z) € X" for every z in X. It is plain that the operator ¢+ : X — X',
defined as ¢ : £ — (&), is linear and bounded; moreover, ¢ is a monomorphism and
lez| = ||z|| for all z € X. The operator ¢ is referred to as the canonical embedding
of X into the second dual or more suggestively the double prime mapping. As
arule, it is convenient to treat z and z" := «z as the same element; i.e., to consider
X as a subspace of X". A normed space X is reflezive if X and X" coincide (under
the indicated embedding!). Reflexive spaces possess many advantages. Evidently,
not all spaces are reflexive. Unfortunately, such is C([0, 1], F) which is irreflezive
(the term “nonreflexive” is also is common parlance). <>
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5.1.11. REMARK. The constructions, carried out in 5.1.10 (8), show some
symmetry or duality between X and X'. In this regard, the notation (z, f):=
(z| f):= f(z) symbolizes the action of z € X on f € X' (or the action of f on z).
To achieve and ensure the utmost conformity, it is a common practice to denote
elements of X' by symbols like z'; for instance, (z|z') = (z, z') = 2'(z).

5.2. The Uniformity and Topology of a Multinormed
Space

5.2.1. Let (X, p) be a seminormed space. Given z1, =3 € X, put dp(z1, z2)
= p(z1 — z2). Then
(1) dp(X?) CRy4 and {d <0} D Ix;
(2) {dy <1} = {dy <1}~ and {dy < t} = t{dp < 1} (¢ € Ry \ O);
(3) {dp <t1}o{dp <t} C{dp <t1+12} (t1, t2 €Ry);
(4) {dp < tl} N {dp < tg} D {dp <t /\tg} (tl, ity € R+);
(5) pis anorm & dp is a metric. <

5.2.2. DEFINITION. The uniformity of a seminormed space (X, p) is the filter
U= 1il {{dp <t}: te Ry \O0}

5.2.3. If %, is the uniformity of a seminormed space (X, p) then

(1) % C fil {Ix};
(2) Ue%=>U""e%,;
B) VUe%)(AVe) VoV CU. >

5.2.4. DEFINITION. Let (X, 9t) be a multinormed space. The filter % :=
sup{%, : p € 9} is called the uniformity of X (the other designations are
Um, Ux, etc.). (By virtue of 5.2.3 (1) and 1.3.13, the definition is sound.)

5.2.5. If (X, 9M) is a multinormed space and % is the uniformity of X then

(1) & cfil {Ix};
2 Uew=>U"1'e,;
3) YVUe#)@@Ve#)VoVCU.

4 Examine (3). Given U € %, by 1.2.18 and 1.3.8 there are seminorms
P1y... s Pn € Msuch that U = Yy, 0o} = % V ..V %, Using 1.3.13, find
sets Uy € %, satisfying U D Uy N...NUy. Applying 5.2.3 (3), choose Vi € %,
so as to have Vi o V; C Ui. It is clear that

(V1ﬁ...ﬂV,.)o(Vlﬂ...ﬂVn)CVlonﬂ...ﬂVnoVﬂ
cUpn...0U,.

Moreover, ViN... NV, € %, V...V %%, C¥%.>

5.2.6. A multinorm MM on X is separated if and only if so is the uniformity
Y 1.e, {V : V € Uy} = Ix.
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a4 =>: Let (z, y) € Ix; ie, z #y. Then p(z — y) > 0 for some seminorm p
in 9. Hence, (z, y) € {dp < '/2p(z — y)}. But the last set is included in %,
and thus in %p. Consequently, X2\ Ix C X2\ 0{V : V € %pn}. Furthermore,
Ixcn{V: V€ Zn}

«: If p(z) = 0 for all p € M then (z, 0) € V for every V in %n. Hence,
(z, 0) € Ix by hypothesis. Therefore, z = 0. >

5.2.7. Given a space X with uniformity %x, define
(z):={U(z): U € x} (z€ X).

Then 7(z) is a filter for every z € X. Moreover,
(1) 7(z) Cfil {z};
(2) VUer(z)) QVer(z) &V CU)Vye V)V er(y).
< All is evident (cf. 4.1.8). >
5.2.8. DEFINITION. The mapping 7 : ¢ — 7(z) is called the topology of
a multinormed space (X, 9); a member of 7(z) is a neighborhood about z. The
designation for the topology can be more detailed: 7x, Tam, 7(%m), etc.

5.2.9. The following presentation holds:

7x(z) = sup{7p(z) : p€ Mx}

forallz € X. @
5.2.10. If X is a multinormed space then

Uet(e) U —z € 7x(0)

forallz € X.

4 By 5.2.9 and 1.3.13, it suffices to consider a seminormed space (X, p).
In this case for every ¢ > 0 the equality holds: {d, < €}(z) = eB, + z, where
Bp:={p <1}. Indeed, if p(y —z) < e theny =e(e(y—z))+z and e} (y—z) €
By. In turn, if y € By + z, then p(y —z) =inf{t >0: y—z €tB,} <e. >

5.2.11. REMARK. The proof of 5.2.10 demonstrates that in a seminormed

space (X, p) a key role is performed by the ball with radius 1 and centered at zero.
The ball bears the name of the unit ball of X and is denoted by B,, Bx, etc.

5.2.12. A multinorm Mx is separated if and only if so is the topology Tx;
i.e., given distinct x; and 2 in X, there are neighborhoods U; in tx(z1) and U,
in 7x(z3) such that Uy N U, = @.
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a=>:Let z1 # z; andlet e:= p(z1—x2) > 0forp € Mx. Put Uy:=2,+%/3B,
and U; := z3 + /3 Bp. By 5.2.10, Uy € 7x(zx). Verify that Uy N U = @.
Indeed, if y € Uy N U, then p(z; — y) < ¢/3 and p(z2 — y) < €/3. Therefore,
p(z1 — 22) < ?/3¢ < & = p(z1 — z2), which is impossible.

<: If (21, z2) € N{V : V € Ux} then 2 € N{V(z1) : V € x}. Thus,
7 = z2 and, consequently, M x is separated by 5.2.6. >

5.2.13. REMARK. The presence of a uniformity and the corresponding topol-
ogy in a multinormed space readily justifies using uniform and topological concepts
such as uniform continuity, completeness, continuity, openness, closure, etc.

5.2.14. Let (X, p) be a seminormed space and let Xy be a subspace of X.
The quotient space (X/Xo, px/x,) is separated if and only if Xy is closed.

a4 =: If z € X, then ¢(z) # 0 where, as usual, ¢ : X — X/X, is the coset
mapping. By hypothesis, 0 # ¢ := px;x,(¢(z)) = p,-1(p(2)) = inf{p(z + 20) :
zo € Xo}. Hence, the ball z + ¢/, B, does not meet X and z is an exterior point
of Xy. Thus, X is closed.

<: Suppose that T is a nonzero point of X/Xy and T = ¢(z) for some z
in X. If px/x,(Z) = 0 then 0 = inf{p(z — ) : zo € Xo}. In other words, there
is a sequence (z,) in X, converging to z. Consequently, by 4.1.19, z € X, and
T = 0, a contradiction. >

5.2.15. The closure of a I'-set is a I'-set.

4 Given U € (T'), suppose that U # @ (otherwise there is nothing worthy
of proving). By 4.1.9, for z, y € cl U there are nets (z,) and (yy) in U such that
2y — = and y4 — y. If (a, B) € T then az, + By, € U. Appealing to 4.1.19
again, infer az + fy = lim(azy + Byy) €l U. v

5.3. Comparison Between Topologies

5.3.1. DEFINITION. If 9 and N are two multinorms on a vector space then
M is said to be finer or stronger than N (in symbols, M = N) if Yy DO Un.
If M >~ N and N > M simultaneously, then M and N are said to be equivalent
(in symbols, M ~ N).
5.3.2. Multinorm Comparison Theorem. For multinorms 9 and N on
a vector space X the following statements are equivalent:
(1) MmN
(2) the inclusion Ton(z) D ™(x) holds for all z € X;;
(3) ™m(0) D m(0);
(4) VgeM) 3p1,-- ,pn €M) (F&1,... ,en €R4\0)
By De1Bp, N...NegBy,;
(5) (Vg € M) (3p1r-. 1pn € M) (3t > 0) ¢ < t(p1 V... V pn) (with
respect to the order of the K-space RX).
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4 The implications (1) = (2) = (3) = (4) are evident.
(4) = (5): Applying the Gauge Theorem (cf. 5.1.2), infer that

9<pB, ., V---VPB,, .. = (/erpt) VooV (Henpn)
< (1/51)V"'V(I/EH)PIV---VPn.

(5) = (1): It is sufficient to check that 0t > {q} for a seminorm ¢ in N.
IfV € %, then V D {dq < €} for some ¢ > 0. By hypothesis
{dg <e} D {dp, <°/s}N...0{dp, <°/}

with suitable p1,... ,pn € MM and ¢t > 0. The right side of this inclusion is an ele-
ment of %, V...V %, = Up,,....pn} C %m. Hence, V is also a member of Zy. >

5.3.3. DEFINITION. Let p, ¢ : X — R be two seminorms on X. Say that p
is finer or stronger than q and write p > ¢ whenever {p} > {¢q}. The equivalence
of seminorms p ~ ¢ is understood in a routine fashion.

5.3.4. p-q& (3t>0) ¢<tp& (3t >0) By D tBy;
p~q& (Btl, iy > 0) top < qstlpﬁ(atl, tg > 0) tpr CBq CtzBp.

< Everything follows from 5.3.2 and 5.1.2. b

5.3.5. Riesz Theorem. Ifp, q : FY — R are seminorms on the finite-dimen-
sional space FN then p > q © ker p C ker q. a>

5.3.6. Corollary. All norms in finite dimensions are equivalent. <>

5.3.7. Let (X, M) and (Y, N) be multinormed spaces, and let T be a linear
operator, a member of £ (X, Y). The following statements are equivalent:
(1) NoT <M,
(2) T*(%x) > %y and T* Y (U) C Ux;
(3) z € X = T(rx(z)) D rv(Tx);
(4) T(rx(0)) D 7v(0) and 7x(0) D T~ (ry(0));
(5) VgeM) 3p1,...,pn €M qgoT <p1 V...Vpp.
5.3.8. Let (X, ||-||x) and (Y, || - |ly) be normed spaces and let T be a linear
operator, a member of (X, Y). The following statements are equivalent:
(1) T is bounded (that is, T € B(X, Y));
(2) Il-llx > 1l lly o T;
(3) T is uniformly continuous;
(4) T is continuous;
(5) T is continuous at zero.

< Each of the claims is a particular case of 5.3.7. >
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5.3.9. REMARK. The message of 5.3.7 shows that it is sometimes convenient
to substitute for 9 a multinorm equivalent to 9 but filtered upward (with respect
to the relation > or >). For example, we may take the multinorm 9t:= {sup M, :
M, is a nonempty finite subset of 9M}. Observe that unfiltered multinorms should
be treated with due precaution.

5.3.10. COUNTEREXAMPLE. Let X := F=; and let X, comprise all constant
functions; ie., Xo:= F1, where 1 : £ — 1 (£ € ). Set M:= {pe : £ € E},
with pe(z) := |z(€)| (z € F=). It is clear that M is a multinorm on X. Now let
¢ : X — X/X, stand for the coset mapping. Undoubtedly, 9,-1 consists of the
sole element, zero. At the same time —Sﬁ‘p-x is separated.

5.3.11. DEFINITION. Let (X, 9) be a multinormed space and let X, be
a subspace of X. The multinorm ﬁ‘p—l, with ¢ : X — X/X, the coset mapping,
is referred to as the quotient multinorm and is denoted by Mx,x,. The space
(X/Xo, Mx/x,) is called the quotient space of X by Xj.

5.3.12. The quotient space X /X is separated if and only if Xy is closed. >

5.4. Metrizable and Normable Spaces

5.4.1. DEFINITION. A multinormed space (X, 9) is metrizable if there is
a metric d on X such that %m = %;. Say that X is normable if there is a norm
on X equivalent to the initial multinorm 9. Say that X is countably normable
if there is a countable multinorm on X equivalent to the initial.

5.4.2. Metrizability Criterion. A multinormed space is metrizable if and
only if it is countably normable and separated.

a4 =: Let %n = %,. Passing if necessary to the multinorm 91, assume that
for every n in N it is possible to find a seminorm p, in 9M and ¢, > 0 such that
{d <1/a} D {dp, <tn}. Put M:= {pn: n € N}. Clearly, M > N. If V € Un
then V D {d <1/,} for some n € N by the definition of metric uniformity. Hence,
by construction, V € %, C %m, 1.e., M <N. Thus, JM ~ N. The uniformity %4
is separated, as indicated in 4.1.7. Applying 5.2.6, observe that %z and %n are
both separated.

<: Passing if necessary to an equivalent multinorm, suppose that X, the space
in question, is countably normed and separated; that is, 9:= {p, : n € N} and
M is a Hausdorff multinorm on X. Given z;, z2 € X, define

oo

1 pi(z1 —z2)
d = —
(1171, -'132) kz=:l 2k 1 +Pk(i€1 _1_2)

(the series on the right side of the above formula is dominated by the convergent
series 3 o, !/2¢, and so d is defined soundly).
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Check that d is a metric. It suffices to validate the triangle inequality. For
a start, put a(t):=#(1+t)~! (¢t € R4). It is evident that o/(¢t) = (1 +¢)"% > 0.

Therefore, « increases. Furthermore, « is subadditive:
a(ty +12) = (L1 +t2)(1+ ¢ +82)7"
=ti(1+t+t) 7 +h(l+t+t2) 7 <ti(1+4) 7 +t2(1+12) 7"
= a(tl) + a(tg).
Thus, given z, y, z € X, infer that

o) oo

Az, v)= Y sral(e 1)) £ 3 sralpe(e = 2) + pal= ~ v)

k=1 k=1

< E x(a(Pe(z = 2)) + alpe(z —y))) = d(z, 2) +d(z, y).

k=1

It remains to established that % and %y coincide.

First, show that %4 C %m. Take a cylinder, say, {d < ¢}; and let (z, y) €

{dp, £t}N...N{dp, <t}. Since a is an increasing function, deduce that

n oo

_y 1l nl-y) 1 me-y)
d(z, y)—;2k1+pk(m_ ; 2% 1+ pe(z — y)

IN

t =1 1 t 1
<13 + E F<T1rit e
ok k
1+ k—2 k=n+1 1+ 2"

Since (1 +¢)~1 4+ 2™ tends to zero as n — oo and ¢t — 0, for appropriate ¢ and n

observe that (z, y) € {d < €}. Hence, {d < ¢} € %mn, which is required.

Now establish that %m C %i. To demonstrate the inclusion, given p, € 9

and t > 0, find € > 0 such that {dp, <t} D {d < e}. For this purpose, take

_ 1.t
Tonl4 ¢

which suffices, since from the relations

1 palz—1y) 1 ¢
— 7 < d <
20 1+ pu(z—y) ~ (@ y)<e= m14t

holding for all z, y € X it follows that pp(z —y) < ¢. b
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5.4.3. DEFINITION. A subset V of a multinormed space (X, M) is a bounded
set in X if sup p(V) < +oo for all p € M which means that the set p(V') is bounded
above in R for every seminorm p in 9.

5.4.4. For a set V in (X, M) the following statements are equivalent:
(1) V is bounded,
(2) for every sequence (Zn)nen in V and every sequence (Ap)nen in F
such that A, — 0, the sequence (Anz,) vanishes: Apzp, — 0
(i.e., p(Anzs) — 0 for each seminorm p in M);
(3) every neighborhood of zero absorbs V.

(1) = (2): p(Anzn) < [An|p(za) < [An|supp(V) — 0.

(2) = (8): Let U € 7x(0) and suppose that U fails to absorb V. From
Definition 3.4.9, it follows that (Vn € N) (3z, € V) @, € nU. Thus, !/, z, ¢ U
for all n € N; i.e., (}/n 25 ) does not converge to zero.

(3) = (1): Given p € M, find n € N satisfying V C nB,. Obviously,
supp(V) < supp(nBp) = n < +o0. b

5.4.5. Kolmogorov Normability Criterion. A multinormed space is
normable if and only if it is separated and has a bounded neighborhood about
zero.

a4 =: It is clear.

<: Let V be a bounded neighborhood of zero. Without loss of generality,
it may be assumed that V = B, for some seminorm p in the given multinorm 1.
Undoubtedly, p < M. Now if U € 1o2(0) then nU D V for some n € N. Hence,
U € 7,(0). Using Theorem 5.3.2, observe that p > 9. Thus, p ~ M; and,
therefore, p is also separated by 5.2.12. This means that p is a norm. >

5.4.6. REMARK. Incidentally, 5.4.5 shows that the presence of a bounded
neighborhood of zero in a multinormed space X amounts to the “seminormability”

of X.

5.5. Banach Spaces

5.5.1. DEFINITION. A Banach space is a complete normed space.

5.5.2. REMARK. The concept of Fréchet space, complete metrizable multi-
normed space, serves as a natural abstraction of Banach space. It may be shown
that the class of Fréchet spaces is the least among those containing all Banach
spaces and closed under the taking of countable products. >

5.5.3. A normed space X is a Banach space if and only if every norm conver-
gent (= absolutely convergent) series in X converges.
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a4 =: Let 322 |lzn| < +oo for some (countable) sequence (z,). Then the
sequence of partial sums s, := 7 + - -+ + x5 is fundamental because

m m
lsm=sl=| 3 za| < 3 feal =0
n=k+1 n=k+1

for m > k.

<: Given a fundamental sequence (z,), choose an increasing sequence (nk)ken
such that |z, — £ | < 27% asn, m > ng. Then the series T,, +(2Tn, —2n, )+ (Tns —
Tp,) + --+ converges in norm to some z; i.e., £, — z. Observe simultaneously
that z, — z. >

5.5.4. If X is a Banach space and Xy is a closed subspace of X then the
quotient space X /Xy is also a Banach space.

aLlet ¢ : X - X := X/Xo be the coset mapping. Undoubtedly, for every
7 € Z there is some z € ¢ () such that 2|z > [z|| > [z]|. Hence, given
Y o Tm, @ norm convergent series in %, it is possible to choose zn € ¢ (Tn)
so that the norm series Y oo | ||zn|| be convergent. According to 5.5.3, the sum
z:= Y 27 | T, is available. If Z:= ¢(z) then

n
B
k=1

Appealing to 5.5.3 again, conclude that 2" is a Banach space. >

n

.

k=1

< — 0.

5.5.5. REMARK. The claim of 5.5.3 may be naturally translated to semi-
normed spaces. In particular, if (X, p) is a complete seminormed space then the
quotient space X/ ker p is a Banach space. a>

5.5.6. Theorem. If X and Y are normed spaces and X # 0 then B(X, Y),
the space of bounded operators, is a Banach space if and only if so is Y .

4 <: Consider a Cauchy sequence (T,,) in B(X, Y'). By the normative inequal-
ity, |Tmz — Txz| < |Tm — Tk| lz|| — O for all z € X; i.e., (Tnz) is fundamental
in Y. Thus, there is a limit Tz := limT,,z. Plainly, the so-defined operator T is
linear. By virtue of the estimate ||Tn| — |Tk|| < |Tm — Tk the sequence (| T, |) is
fundamental in R and, hence, bounded; that is, sup,, |T,|| < +oco. Therefore, pass-
ing to the limit in ||Thz| < sup, ||| [z||, obtain |T|| < +oo. It remains to check
that |7, — T| — 0. Given ¢ > 0, choose a number ng such that |Ty, — T,| < ¢/2
as m, n > ng. Further, for z € Bx find m > ny satisfying |Tr,z — Tz|| < ¢/,.
Then |Thz — Tz| < |Thz — Tmz|| + |[Tmz — Tz| < |Tn — Tl + | Tmz — Tz < ¢
as n > ng. In other words, |T, — T| = sup{|Tnz —Tz| : =z € Bx} < ¢ for all
sufficiently large n.
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=: Let (yn) be a Cauchy sequence in Y. By hypothesis, there is a norm-one
element z in X; i.e.,  has norm 1: |z|| = 1. Applying 3.5.6 and 3.5.2 (1), find
an element z’' € |0|(|| - ||) satisfying (z, ¢') = |z|| = 1. Obviously, the rank-
one operator (with range of dimension 1) Ty, := 2’ ® yp : ¢ — (z, z')yn belongs
to B(X, Y), since |Tn| = ||&’|| |lyn|. Hence, |Tm — Ti|| = |2’ ® (ym — y&)l=
Iz’ llym — y&ll = llym — ykll, i-e., (Tn) is fundamental in B(X, Y). Assign T :=
limT,. Then |Tz — Tpz| = |Tz — yu| < |T — Tn|| |z|| = 0. In other words, Tz
is the limit of (y,) in Y. b

5.5.7. Corollary. The dual of a normed space (furnished with the dual
norm) is a Banach space. <>

5.5.8. Corollary. Let X be a normed space; and let « : X — X", the double
prime mapping, be the canonical embedding of X into the second dual X". Then
the closure cl «(X) is a completion of X.

4 By virtue of 5.5.7, X" is a Banach space. By 5.1.10 (8), ¢ is an isometry
from X into X". Appealing to 4.5.16 ends the proof. >

5.5.9. EXAMPLES.

(1) “Abstract” examples: a basic field, a closed subspace of a Banach
space, the product of Banach spaces, and 5.5.4-5.5.8.

(2) Let & be a nonempty set. Given z € F¢, put |z|| := sup |2(€)|. The
space loo(&) := loo(&, F):= dom || - |lco is called the space of bounded functions
on &. The designations B(&) and B(&, F) are also used. For & := N, it is
customary to put m:= loo 1= loo(&).

(3) Let aset & be infinite, i.e. not finite, and let & stand for a filter on &.
By definition, z € ¢(&, F) & (¢ € lo(€) and z(&F) is a Cauchy filter on F).
In the case £:= N and & is the finite complement filter (comprising all cofinite sets
each of which is the complement of a finite subset) of N, the notation ¢:=¢(&, &)
is employed, and c is called the space of convergent sequences. In c(&, F) the
subspace ¢o(&, F):= {z € ¢(€, &) : z(&F) — 0} is distinguished. If F is
the finite complement filter then the shorter notation ¢o(&’) is used and we speak
of the space of functions vanishing at infinity. Given & := N, write cg := co(&).
The space ¢y is referred to as the space of vanishing sequences. It is worth keeping
in mind that each of these spaces without further specification is endowed with
the norm taken from the corresponding space loo(&, F).

(4) Let S:= (&, X, [) be a system with integration. This means that
X is a vector sublattice of R®, with the lattice operations in X coincident with
those in R¥, and [ : X — Ris a (pre)integral; ie., [ € Xf and [z, | 0 whenever
Tn € X and z,(e) | 0 for e € & Moreover, let f € F€ be a measurable mapping
(with respect to S) (as usual, we may speak of almost everywhere finite and almost
everywhere defined measurable functions).

Denote A;(f):= ([ |f|P)'/» for p > 1, where [ is the corresponding Lebesgue
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extension of the initial integral [. (The traditional liberty is taken of using the
same symbol for the original and its successor.)

An element of dom 4] is an integrable or summable function. The integrabil-
ity of f € F€ is equivalent to the integrability of its real part Re f and imaginary
part Im f, both members of R€. For the sake of completeness, recall the definition

N(@yi=int {oup [[an(20) C X, 20 S nss, (Ve € 6) o0 = lim an(e)

for an arbitrary ¢ in F€. If F = R then dom .4 obviously presents the closure
of X in the normed space (dom N, N).
The Hoélder inequality is valid:

M(fg) < (£ A (9),
with p' the conjugate ezponent of p,ie. '/p+1/p =1 forp> 1.
4 This is a consequence of the Young inequality, vy — "p/p <9 /p for all

z, y € Ry, applied to |f|/A5(f) and |g|/Ap(g) when A3(f) and Api(g) are both
nonzero. If A,(f)Ap(g) = 0 then the Holder inequality is beyond a doubt. >

The set £, := dom .4}, is a vector space.

alf +glP < (f1+1gDP < 2P(1F1 v 1gl)P = 2P(IF1P v 1glP) < 2P(1FIP + 1glP) »

The function ¥, is a seminorm, satisfying the Minkowski inequality:

Mo(f +9) < M(f) + A(9)-

4 For p = 1, this is trivial. For p > 1 the Minkowski inequality follows from
the presentation

Hp(f) = sup{A(fg)/ Ap(9) : 0 < Mp(g) <+o0} (f €Z)

whose right side is the upper envelope of a family of seminorms. To prove the
above presentation, using the Holder inequality, note that g:= |f|"/» lies in %,
when A5(f) > 0; furthermore, A,(f) = A (fg)/Ap(9). Indeed, A (fg) =
11 e+ = Ap(f)P, because P/ +1 = p(1—"1/,) + 1 = p. Continue arguing
to find ()" = [ |glP" = [1FIP = H4(£), and s0 Hp(g) = A5(f) /. Finally,

M)A (@) = AP Ao = M) = Ay (HPA) = A (f). o

The quotient space %5/ ker A3, together with the corresponding quotient
norm || - ||, is called the space of p-summable functions or L, space with more
complete designations Ly(S), Ly(&, X, [), etc.

Finally, if a system with integration S arises from inspection of measurable
step functions on a measure space (2, &/, p) then it is customary to write
L,(Q, o, pu), Lp(2, p) and even Ly(u), with the unspecified parameters clear
from the context.
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Riesz—Fisher Completeness Theorem. Each L, space is a Banach space.

a4 We sketch out the proof. Consider t:= Y72, A5(fk), where fr € %,. Put
on:= Y p_y fk and sn:= 3 p_, |fk|- It is seen that (s,) has positive entries and
increases. The same is true of (s?). Furthermore, fs? < ¢ < +oo. Hence,
by the Levy Monotone Convergence Theorem, for almost all ¢ € & there exists
a limit g(e):= lim s2(e), with the resulting function g a member of .%,. Putting
h(e):= g /7 (e), observe that h € %, and sp(e) — h(e) for almost all e € & The
inequalities |on| < s, < h imply that for almost all e € & the series Y7o, fr(e)
converges. For the sum fy(e) the estimate holds: |fo(e)| < h(e). Hence, it may
be assumed that fo € %,. Appealing to the Lebesgue Dominated Convergence

1
Theorem, conclude that Ap(on — fo) = ([ |on — fol?) » 0. Thus, in the
seminormed space under consideration each seminorm convergent series converges.
To complete the proof, apply 5.5.3-5.5.5. >
If S is the system of conventional summation on &;ie., X:= 3 R is the
direct sum of suitably many copies of the ground field Rand fz:= ", ce Z(e), then
L, comprises all p-summable families. This space is denoted by I,(&). Further,

1
lll, := (Xece lz(e)|P) /» In the case € := N the notation l, is used and I, is
referred to as the space of p-summable sequences.
(5) Define Lo, as follows: Let X be an ordered vector space and let
e € X4 be a positive element. The seminorm p, associated with e is the Minkowski
functional of the order interval [—e, e], i.e.,

pe(z):=1inf{t > 0: —te <z <te}.

The effective domain of definition of p, is the space of bounded elements (with
respect to €); the element e itself is referred to as the strong order-unit in X,.
An element of ker p, is said to be nonarchimedean (with respect to e). The
quotient space X./ker p. furnished with the corresponding quotient seminorm
is called the normed space of bounded elements (generated by e in X). For ex-
ample, C(Q, R), the space of continuous real-valued functions on a nonempty
compact set (), presents the normed space of bounded elements with respect
tol:=1g: ¢ — 1 (g € Q) (in itself). In R¥ the same element 1 generates
the space lo(&).

Given a system with integration S:= (é’ , X, f ), assume that 1 is measurable
and consider the space of functions acting from & into F and satisfying

oo f):=inf{t >0: |f| <t1} < +oo0,

where < means “less almost everywhere than.” This space is called the space
of essentially bounded functions and is labelled with .%.,. To denote the quotient
space Lo/ ker A5 and its norm the symbols Lo, and || - || are in use.
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It is in common parlance to call the elements of L, (like the elements of %)
essentially bounded functions. The space Lo, presents a Banach space. a>

The space Loo, as well as the spaces C(Q, F), 1,(&), co(&), ¢, lp, and
L, (p > 1), also bears the unifying title “classical Banach space.” Nowadays
a Lindenstrauss space which is a space whose dual is isometric to L; (with respect
to some system with integration) is also regarded as classical. It can be shown
that a Banach space X is classical if and only if the dual X’ is isomorphic to one
of the L, spaces with p > 1.

(6) Consider a system with integration S:= (&, X, [) and let p > 1.
Suppose that for every e in & there is a Banach space (Ye, || - ||v,). Given an arbi-
trary element f in [[ ¢z Ye, define ||f|| : e — [f(e)lly,. Put Np(f):= inf{A5(g) :
g € %, g > |IflI}. It is clear that dom N, is a vector space equipped with the
seminorm N,. The sum of the family in the sense of L, or simply the p-sum
of (Ye)ece (with respect to the system with integration S) is the quotient space
dom Np/ker Np under the corresponding (quotient) norm |-,

The p-sum of a family of Banach spaces is a Banach space.

A If 372, Np(fk) < oo then the sequence (sn:= Y p_; [ fxll) tends to some
almost everywhere finite positive function g and Np(g) < +o00. It follows that for
almost all e € & the sequence (sn(e)) (i.e., the series 3377 [ fi(e)lly,) converges.
By the completeness of Y, the series Y 4o, fi(e) converges to some sum fo(e)
in Y, with || fo(e)|ly. < g(e) for almost every e € &. Therefore, it may be assumed
that fo € dom N,. Finally, Np (3 F_; fr — fo) < Y pens1 Np(fr) = 0.0

In the case when & := N with conventional summation, for the sum %) of a se-
quence of Banach spaces (Y,)nen (in the sense of Lp) the following notation is
often employed:

D=V 10Y28--)p,

with p the type of summation. An element ¥ in ) presents a sequence (¥n)nen
such that y, € Y, and

oo e
gl = ( 3" Iyn ||';,n) < +o.
k=1

In the case Y := X for all e € &, where X is some Banach space over F, put %,:=
dom N, and Fp:= %,/ ker Np. An element of the so-constructed space is a vector
field or a X-valued function on & (having a p-summable norm). Undoubtedly, F,
is a Banach space. At the same time, if the initial system with integration contains
a nonmeasurable set then extraordinary elements are plentiful in F}, (in particular,
for the usual Lebesgue system with integration Fj, # L,). In this connection the
functions with finite range, assuming each value on a measurable set, are selected
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in %,. Such a function, as well as the corresponding coset in Fy, is a simple, finite-
valued or step function. The closure in F}, of the set of simple functions is denoted
by L, (or more completely L,(%X), Ly(S, %), Lpy(Q, &, p), L,(R, ), etc.) and is
the space of X-valued p-summable functions. Evidently, L,(X) is a Banach space.

It is in order to illustrate one of the advantages of these spaces for p = 1. First,
notice that a simple function f can be written as a finite combination of charac-

teristic functions:
f= xpr@o
z€im f

where f~!(z) is a measurable set as ¢ € im f, with xg(e) = 1 for e € E and
xEe(€e) = 0 otherwise. Moreover,

Ju=[ % Ixrol

z€im f
- / 3 xmwlal= Y Jel / X-1(a) < +00.
z€im f z€Imf

Next, associate with each simple function f some element in X by the rule

/fi= Z /Xf—l(z)$~

z€im f

Straightforward calculation shows that the integral [ defined on the subspace
of simple functions is linear. Furthermore, it is bounded because

|/41-

> /Xf“(w)m <y /Xf-lu)llxll

z€im f z€im f
- / S el xg-rge = / I
z€im f

By virtue of 4.5.10 and 5.3.8, the operator [ has a unique extension to an element
of B(L1(X), X). This element is denoted by the same symbol, [ (or [, etc.), and
is referred to as the Bochner integral.

(7) In the case of conventional summation, the usage of the scalar theory
is preserved for the Bochner integral. Namely, the common parlance favours the
term “sum of a family” rather than “integral of a summable function,” and the
symbols pertinent to summation are perfectly welcome. What is more important,
infinite dimensions bring about significant complications.
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Let (z,) be a family of elements of a Banach space. Its summability (in the
sense of the Bochner integral) means the summability of the numeric family (|zx]),
i.e. the norm convergence of (z,) as a series. Consequently, (z,) has at most
countably many nonzero elements and may thus be treated as a (countable) se-
quence. Moreover, 3 o, |lza]| < 400; i.e. the series z; + z3 + - -+ converges in
norm. By 5.5.3, for the series sum z = Y .. | z, observe that ¢ = limg sg, where
80:= ) necqTn i a partial sum and O ranges over the direction of all finite sub-
sets of N. In this case, the resulting = is sometimes called the unordered sum of
(zn), whereas the sequence (z,) is called unconditionally or unorderly summable
to z (in symbols, z = ) .y Tn). Using these terms, observe that summability in
norm implies unconditional summability (to the same sum). If dim X < 400 then
the converse holds which is the Riemann Theorem on Series. The general case is
explained by the following deep and profound assertion:

Dvoretzky—Rogers Theorem. In an arbitrary infinite-dimensional Banach
space X, for every sequence of positive numbers (tn) such that 3 o t2 < +o0
there is an unconditionally summable sequence of elements (z,) with ||z,| = t,
for alln € N.

In this regard for a family of elements (z.)ees of an arbitrary multinormed
space (X, 9M) the following terminology is accepted: Say that (z.)eecs is summable
or unconditionally summable (to a sum z) and write z:= ), , T whenever z is
the limit in (X, 9N) of the corresponding net of partial sums sg, with 6 a finite
subset of &; i.e., sp — z in (X, M). If for every p there is a sum ), p(ze)
then the family (z.)ees is said to be multinorm summable (or, what is more exact,
fundamentally summable, or even absolutely fundamental).

In conclusion, consider a Banach space ) and T' € B(X, 9)). The operator T
can be uniquely extended to an operator from L;(X) into L;(%)) by putting Tf :
e — Tf(e) (e € &) for an arbitrary simple ¥-valued function f. Then, given
f € Li(X), observe that Tf € Ly(9) and [,Tf =T [, f. This fact is verbalized
as follows: “The Bochner integral commutes with every bounded operator.” <>

5.6. The Algebra of Bounded Operators

5.6.1. Let X, Y, and Z be normed spaces. If T € £(X, Y) and S €
Z(Y, Z) are linear operators then |ST|| < ||S| ||T|; i.e., the operator norm is
submultiplicative.

4 Given z € X and using the normative inequality twice, infer that
ISTzl < [SI I T=] < IS1 T |l=ll - >

5.6.2. REMARK. In algebra, in particular, (associative) algebras are studied.
An algebra (over F) is a vector space A (over F) together with some associative
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multiplication o : (a, b) — ab (a, b € A). This multiplication must be distributive
with respect to addition (i.e., (4, +, o) is an (associative) ring) and, moreover, the
operation o must agree with scalar multiplication in the following sense: A(ab) =
(Aa)b = a(Ab) for all @, b € A and A € F. A displayed notation for an algebra is
(A, F, +, -, o). However, just like on the other occasions it is customary to use
the term “algebra” simply for A.

5.6.3. DEFINITION. A normed algebra (over a ground field) is an associative
algebra (over this field) together with a submultiplicative norm. A Banach algebra
is a complete normed algebra.

5.6.4. Let B(X):= B(X, X) be the space of bounded endomorphisms of
a normed space X. The space B(X) with the operator norm and composition
as multiplication presents a normed algebra. If X # 0 then B(X) has a neutral
element (with respect to multiplication), the identity operator Ix; i.e., B(X) is
an algebra with unity. Moreover, |Ix| = 1. The algebra B(X) is a Banach algebra
if and only if X is a Banach space.

<4 If X =0 then there is nothing left to proof. Given X # 0, apply 5.5.6. >

5.6.5. REMARK. It is usual to refer to B(X) as the algebra of bounded opera-
tors in X or even as the (bounded) endomorphism algebra of X. In connection with
5.6.4, given A € F, it is convenient to retain the same symbol A for AIx. (In par-
ticular, 1 = Iy = 0!) For X # 0 this procedure may be thought as identification
of F with FIx.

5.6.6. DEFINITION. If X is a normed space and T € B(X) then the spectral
radius of T is the number r(7T'):= inf {||T"||1/" 1 n€ N}. (The rationale of this

term will transpire later (cf. 8.1.12).)
5.6.7. The norm of T is greater than the spectral radius of T.
< Indeed, by 5.6.1, the inequality |T"| < |T|" is valid. »
5.6.8. The Gelfand formula holds:

r(T) = lim {/||T".

4 Take € > 0 and let s € N satisfy |T*| < r(T) + ¢. Given n € N with n > s,
observe the presentation n = k(n)s+I(n) with k(n), {(n) € Nand 0 < l(n) < s—1.
Hence,

I = ”Tk(n)sTl(n) < "Ts"k(") Ti(n)

S (VITIV . V[T ) T = M.
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Consequently,

nit/n 1y RICOFS
r(T) < T/ < M/ 7o)
< Ml/" (T(T) +6)k(n)s/" _ Ml/"(r(T) n 5)('."(“))/".

Since M'/» — 1 and (*~ '™/ — 1, find »(T) < limsup ||T"||1/" < r(T) +e.
The inequality liminf ||T"||1/ ® > r(T) is evident. Recall that ¢ is arbitrary, thus
completing the proof. >
5.6.9. Neumann Series Expansion Theorem. With X a Banach space
and T € B(X), the following statements are equivalent:
(1) the Neumann series 1+ T +T2?+--- converges in the operator norm
of B(X);
(2) |T*|| <1 for some k and N;
3) r(T)< 1.
If one of the conditions (1)~(3) holds then Y 7o, T* = (1 - T)~1.
4 (1) = (2): With the Neumann series convergent, the general term (T*) tends
to zero.
(2) = (3): This is evident.
(3) = (1): According to 5.6.8, given a suitable ¢ > 0 and a sufficiently large
k € N, observe that r(T) < ||Tk||l/'° < r(T) + ¢ < 1. In other words, some tail
of the series E:‘;O HT"H is dominated by a convergent series. The completeness
of B(X) and 5.5.3 imply that } o, T* converges in B(X).
Now let S:= E:ozo T* and S, := E;:___O T*. Then

S(1-T)=1lmS,(1-T)=lm(1+T+---+T*)(1-T) =lim(1 - T"*) =1;
(1-T)S =1lim(1 —=T)Sp =lim(1 = T)1+ T +--- + T") =lim (1 — T"*!) =1,

because T® — 0. Thus, by 2.2.7 S=(1-T)"1.»

5.6.10. Corollary. If |T|| < 1 then (1 — T is invertible (= has a bounded
inverse); i.e., the inverse correspondence (1 — T)™lis a bounded linear operator.
Moreover, ||(1 - T)7*|| < (1 =TI

4 The Neumann series converges and

la- <SS IT* < SITlF = -t »
k=0 k=0

5.6.11. Corollary. If |1 — T|| < 1 then T is invertible and

e =TI
=< o
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4 By Theorem 5.6.9,

1+ ia —-T) = iu - =(1-1-T) =771
k=1 k=0

Hence,

7= - 1) =

YA-DF<Yja-DF <Y -1 >
k=1 k=1 k=1

5.6.12. Banach Inversion Stability Theorem. Let X and Y be Banach
spaces. The set of invertible operators Inv (X, Y') is open. Moreover, the inversion
T — T71 acting from Inv(X, Y) to Inv(Y, X) is continuous.

aTake S, T € B(X, Y) such that T~! € B(Y, X) and ||T7|| |S - T| < /a.
Consider the operator 71§ in B(X). Observe that

[1-178] =TT - TS| < T T - s < e < 1

Hence, by 5.6.11, (T~'S)~! belongs to B(X). Put R:= (T~18)"!T~!. Clearly,
R € B(Y, X) and, moreover, R = S~(T~1)~1T-! = §~!. Further,

IS=H =177 < 574 =77
=[$TT =T < [[STH T - SHITH | < /2 Is7]-

This implies “S‘l || <2 ”T_1 ||, yielding the inequalities

|s=t =T < IsTHIT = s) T < 2T IT - 8l e

5.6.13. DEFINITION. If X is a Banach space over F and T € B(X) then
a scalar A € F is a regular or resolvent value of T whenever (A — T)~! € B(X).
In this case put R(T, A):= (A —T)~! and say that R(T, ) is the resolvent of T
at A. The set of the resolvent values of T is denoted by res(T) and called the
resolvent set of T. The mapping A — R(T, A) from res(T) into B(X) is naturally
called the resolvent of T. The set F\res (T') is referred to as the spectrum of T and
is denoted by Sp(T') or o(T). A member of Sp(T) is said to be a spectral value
of T (which is enigmatic for the time being).

5.6.14. REMARK. If X = 0 then the spectrum of the only operator T = 0
in B(X) is the empty set. In this regard, in spectral analysis it is silently presumed
that X # 0. In the case X # 0 for F:= R the spectra of some operators can also
be void, whereas for F:= C it is impossible (cf. 8.1.11). «
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5.6.15. The set res(T) is open. If Ay € res(T') then
R(T, X) =Y _(—1)*(A = X)*R(T, Xo)**
k=0

in some neighborhood of Ag. If |A\| > ||T|| then X € res(T) and the expansion

1 o= T
R(T, 3) =1 > i
k=0
holds. Moreover, |R(T, A)| — 0 as |A\| - +o0
4 Since J(A —T) = (Ao —T)| = |X — Xo|, the openness property of res(T)
follows from 5.6.12. Proceed along the lines

A=T=A=2)+ A =T)=(A—T)R(T, M) A=20)+ (Ao —-T)
(ho = TY((A = 20)R(T, Xo)+1) = (ha = T)(L = ((~1)(A = \)R(T, X))
In a suitable neighborhood of Ag, from 5.6.9 derive

R(T, N)=(-T)"1
= (1~ (=D = 2)R(T, X))

o0

D (=1 = ) R(T, Ao)*+.

k=0

According to 5.6.9, for |A| > |T'[ there is an operator (
the sum of the Neumann series; i.e.,

()\() - T)_l =

- T/,\)—1 presenting

R(T, \) =

D | =

e o]
T -1 1 T
(1="/x) =3 Z 3
It is clear that 1 1
R(T, W< =+ ——
IRCT, VIS [y oy
5.6.16. The spectrum of every operator is compact. <

5.6.17. REMARK. It is worth keeping in mind that the inequality || > r(T)
is a necessary and sufficient condition for the convergence of the Laurent series,
R(T, \) =1

> reo T /A¥+1) which expands the resolvent of T at infinity.

5.6.18. An operator S commutes with an operator T if and only if S com-
mutes with the resolvent of T
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4= ST=TS=>SA-T)=AS-ST=7A5-TS=0A-T7)S =
R(T, )S(A—T)=S= R(T, \)S=SR(T, A) () €res(T)).

<: SR(T, M) = R(T, 2)S = S =R(T, M)S(A-T)= (A —-T)S =
S -T)=>TS=ST.»

5.6.19. If A\, pu € res(T') then the first resolvent equation, the Hilbert identity,
holds:

R(Ta A) - R(T, ,u) =(p-— )‘)R(Tv /‘)R(Ta ’\)'

4 “Multiplying the equality g — A = (g —T) — (A =T), first, by R(T, A) from
the right and, second, by R(T, p) from the left,” successively infer the sought
identity. o

5.6.20. If A, p € res(T) then R(T, N)R(T, p) = R(T, p)R(T, A). a

5.6.21. For A € res(T) the equality holds:

dlc
d—)\TR(T, ) = (-DFER(T, M.

5.6.22. Composition Spectrum Theorem. The spectra Sp(ST) and

Sp(T'S) may differ only by zero.

a It suffices to establish that 1 ¢ Sp(ST) = 1 ¢ Sp(T'S). Indeed, from
A € Sp(ST) and A # 0 it will follow that
1¢Y/xSp(ST)=1¢Sp (*/AST) = 1 ¢ Sp (}/aTS) = A & Sp(TS).

Therefore, consider the case 1 & Sp(ST). The formal Neumann series expan-
sions

(1=ST)™' ~ 1+ ST+ (ST)(ST) + (ST)(ST)(ST) + -- -,
T(1 - STY 'S ~TS+TSTS+TSTSTS+---~(1-TS)™ ' -1

lead to conjecturing that the presentation is valid:
Q1-TS)'=14+T1-ST)"'S

(which in turn means 1 € Sp(T'S)). Straightforward calculation demonstrates the
above presentation, thus completing the entire proof:

14+TA-8T)'S)1-TS)=1+T(1-ST)'S-TS+T(1-ST) " (-ST)S
=14+T(1-ST)'S-TS+T(1-ST)'(1-ST-1)S
=1+TQ-8ST)'S-TS+TS-T(1-ST)"'S =1;
A-TS(1+TA-ST)'S)=1-TS+T(1-ST) 'S+ T(-ST)(1 - ST)~'S
=1-TS+T(1-ST)'S+T(1-ST-1)(1-ST)"'S
=1-TS+T(1-ST)'S+TS-T(1-ST)'S=1.»
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Exercises
5.1. Prove that a normed space is finite-dimensional if and only if every linear functional
on the space is bounded.
5.2. Demonstrate that it is possible to introduce a norm into each vector space.

5.3. Show that a vector space X is finite-dimensional if and only if all norms on X are
equivalent to each other.

5.4. Demonstrate that all separated multinorms introduce the same topology in a finite-
dimensional space.

5.5. Each norm on R¥ is appropriate for norming the product of finitely many normed
spaces, isn’t it?

5.6. Find conditions for continuity of an operator acting between multinormed spaces
and having finite-dimensional range.

5.7. Describe the operator norms in the space of square matrices. When are such norms
comparable?

5.8. Calculate the distance between hyperplanes in a normed space.
5.9. Find the general form of a continuous linear functional on a classical Banach space.
5.10. Study the question of reflexivity for classical Banach spaces.

5.11. Find the mutual disposition of the spaces I, and I,/ as well as Lp and L,r. When
is the complement of one element of every pair is dense in the other?

5.12. Find the spectrum and resolvent of the Volterra operator (the taking of a primi-
tive), a projection, and a rank-one operator.

5.13. Construct an operator whose spectrum is a prescribed nonempty compact set in C.

5.14. Prove that the identity operator (in a nonzero space) is never the commutator
of any pair of operators.

5.15. Is it possible to define some reasonable spectrum for an operator in a multinormed
space?

5.16. Does every Banach space over F admit an isometric embedding into the space
C(Q, F), with Q a compact space?

5.17. Find out when Lp(X)' = L,(X'), with X a Banach space.

5.18. Let (X,) be a sequence of normed spaces and let

Xo = {:c € HX,L:“zn“—»O}

neN

be their ¢g-sum (with the norm ||z|| = sup{||zx|| : n € N} induced from the loo-sum). Prove that
Xp is separable if and only if so is each of the spaces Xp.

5.19. Prove that the space C(P)[0, 1] presents the sum of a finite-dimensional subspace
and a space isomorphic to C[0, 1].



Chapter 6
Hilbert Spaces

6.1. Hermitian Forms and Inner Products

6.1.1. DEFINITION. Let H be a vector space over a basic field F. A mapping
f: H? = F is a hermitian form on H provided that
(1) the mapping f(-, y):z +— f(z, y) belongs to H# for every y in Y;
(2) f(z, y) = f(y, z)* for all z, y € H, where A — A* is the natu-
ral involution in F; that is, the taking of the complex conjugate of
a complex number.

6.1.2. REMARK. It is easy to see that, for a hermitian form f and each z
in H the mapping f(z, -) : y — (z, y) lies in H¥, where H, is the twin of H
(see 2.1.4 (2)). Consequently, in case F:= R every hermitian form is bilinear, i.e.,
linear in each argument; and in case F:= C, sesquilinear, i.e., linear in the first
argument and #*-linear in the second.

6.1.3. Every hermitian form f satisfies the polarization identity:
fle+y, e+y)— f(z—y, z—y)=4Ref(z, y) (z, y € H).

a  flety, +y) = f(z, 2)+ f(z, y)+ fy, =)+ fy, v)
flz—y, z—y) = f(z, =) - f(z, y) - fly, 2)+ f(y, ¥)
2(f(z, y) + f(y, x)) >

6.1.4. DEFINITION. A hermitian form f is positive or positive semidefinite
provided that f(z, z) > 0 for all z € H. In this event, write (z, y):= (z|y):=
f(z, y) (z, y € H). A positive hermitian form is usually referred to as a semi-
inner product on H. A semi-inner product on H is an inner product or a (positive
definite) scalar product whenever (z, 2) =0=>z =0 withz € H.

6.1.5. The Cauchy-Bunyakovskii-Schwarz inequality holds:

l(z, y)I* < (z, z)(y, y) (=, y € H).
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aIf (z, ) = (y, y) =0then 0 < (z+ty, z+ty) = t(z, y)*+t*(z, y). Letting
t:= —(z, y), find that —2|(z, y)|> > 0; i.e., in this case the claim is established.
If, for definiteness, (y, y) # 0; then in view of the estimate

0<(z+ty, z+ty) =(z, z)+2tRe(z, y) +t*(y, y) (tER)

conclude that Re(z, y)? < (z, z)(y, y).
If (zr, y) = 0 then nothing is left to proof. If (z, y) # 0 then let 6 :=
I(z, y)|(z, y)~! and 7:= 6z. Now || = 1 and, furthermore,

(T, T) = (92, 6z) = 00* (2, 2) = |8]*(z, z) = (z, 2);
I(z, y)| = 60(z, y) = (0z, y) = (T, y) =Re(T, y).

Consequently, |(z, y)|*> = Re(7, y)? <(z, z)(y, y). >
6.1.6. If (-, -) is a semi-inner product on H then the mapping || - || : z —
(z, z)'/? is a seminorm on H.

4 It suffices to prove the triangle inequality. Applying the Cauchy-Bunyakov-
skii-Schwarz inequality, observe that

Iz +yl> = (2, 2) + (y, ) + 2Re(z, y)
<(z, 2) + (y, )+ 2l llyll = (|l + llyl)?. »

6.1.7. DEFINITION. A space H endowed with a semi-inner product (-, -)
and the associate seminorm || - || is a pre-Hilbert space. A pre-Hilbert space H is
a Hilbert space provided that the seminormed space (H, || -||) is a Banach space.

6.1.8. In a pre-Hilbert space H, the Parallelogram Law is effective
Iz +yll* + lle =yl = 2|lll* + lylI*) (2, y € H)

which reads: the sum of the squares of the lengths of the diagonals equals the sum
of the squares of the lengths of all sides.

e +yl* = (z+y, +y) = l|z|” + 2Re(z, y)+ lyll*;
lz = yll* = (z —y, @ —y) = [|z]|* — 2Re(z, v) + |ly])” >
6.1.9. Von Neumann—Jordan Theorem. If a seminormed space (H, || - ||)

obeys the Parallelogram Law then H is a pre-Hilbert space; i.e., there is a unique
semi-inner product (-, -) on H such that ||z|| = (z, x) /* for all z € H.
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4 Considering the real carrier Hg of H and z, y € Hg, put

(@, yre="/s (lz+yl* = llz - yl|?).

Given the mapping (-, y)r, from the Parallelogram Law successively derive

(z1, Y)rR + (72, YR
=14 (llzr + yl? = ller = ylI* + llz2 + ylI* = =2 — ylI*)
="/a ((le1 + ylI* + llo2 + ylI*) — (lz2 — ¥l + lle2 — vl?))
=14 (221 + y) + (22 + YII* + |l&1 — 22||%)
=2 (I(z1 = y) + (22 = Y)II” + ll21 — z2|*))
=1/4(*/allws + 22 + 29|I” = /2llzs + 22 — 2y)1%)

2 2
=1/, ( A )

=2 ((’“"'”’)/2, y)R.

In particular, (z2, y)r = 0 in case z3 := 0, i.e. '/3(z1, y)r = (Y/221, y)R.
Analogously, given z; := 2z; and z;:= 2z, infer that

(z1 + z2, Y)r = (21, YR + (22, V)R

Since the mapping (-, y)r is continuous for obvious reasons, conclude that

(-, Y)r € (HR)#. Put
(‘T7 y):= (Re—l( hR) y)R)(z)a

where Re™ is the complexifier (see 3.7.5).
In case F:= R it is clear that (z, y) = (z, y)r = (y, z) and (z, z) = ||z||%;
i.e., nothing is to be proven. On the other hand, if F:= C then

(z, y) = (z, y)r —i(iz, YR
This entails sesquilinearity:
(ya I) = (yv x)R - i(i% I)R = (Ia y)R - i(x, iy)IR
= (.’E, y)R + l(l.’t, y)IR = (1"’ y)*a
since

(z, w)r ="/a (lz + iyl® = |z — iyl|?)
=14 (lil ly = izll® = | = il liz +y|*) = ~(iz, y)r.
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Furthermore,

(z, x) = (z, 2)r — iz, Z)R
= ||2%|| = */a (liz + || — |liz — 2|?)
=Jlzl® (1= /a (L +4 = |1 = i) = ||

The claim of uniqueness follows from 6.1.3. >

6.1.10. EXAMPLES.

(1) A Hilbert space is exemplified by the L, space (over some system with
integration), the inner product introduced as follows (f, ¢):= [ fg* for f, g € L.
In particular, (z, y):=),cp Teys for z, y € [(8).

(2) Assume that H is a pre-Hilbert space and (-, -): H? — F is a semi-
inner product on H. It is clear that the real carrier Hgr with the semi-inner
product (-, -)r : (z, y) — Re(z, y) presents a pre-Hilbert space with the norm
of an element of H independent of whether it is calculated in H or in Hg. The pre-
Hilbert space (Hg, (-, - )r) is the realification or decomplezification of (H, (-, -)).
In turn, if the real carrier of a seminormed space is a pre-Hilbert space then
the process of complexification leads to some natural pre-Hilbert structure of the
original space.

(3) Assume that H is a pre-Hilbert space and H, is the twin vector
space of H. Given z, y € H,, put (z, y)«:= (z, y)*. Clearly, (-, -)« is a semi-
inner product on H,. The resulting pre-Hilbert space is the twin of H, with the
denotation H, preserved.

(4) Let H be a pre-Hilbert space and let Hg := ker || - || be the kernel
of the seminorm || - || on H. Using the Cauchy-Bunyakovskii-Schwarz inequality,
Theorem 2.3.8 and 6.1.10 (3), observe that there is a natural inner product on
the quotient space H/Hy: If Ty := ¢p(z1) and Tz := ¢(z2), with z1, 2o € H and
¢ : H — H/H, the coset mapping, then (Z1, T2):= (21, z2). Moreover, the pre-
Hilbert space H/H, may be considered as the quotient space of the seminormed
space (H, ||-||) by the kernel of the seminorm ||-||. Thus, H/Hy is a Hausdorff space
referred to as the Hausdorff pre-Hilbert space associated with H. Completing the
normed space H/Hj, obtain a Hilbert space (for instance, by the von Neumann—
Jordan Theorem). The so-constructed Hilbert space is called associated with the
original pre-Hilbert space.

(8) Assume that (H,)ees is a family of Hilbert spaces and H is the 2-sum
of the family; i.e., h € H if and only if h:= (he)ees, where b, € H, for e € & and

1/2
Ik]l:= (Z nmn?) < +o0.

e€s
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By 5.5.9 (6), H is a Banach space. Given f, g € H, on successively applying the
Parallelogram Law, deduce that

Y2 (IF + gl +1f - gll?)

=1/2 (Z |‘fe+gel|2++z ”fe“‘ge”2)

e€s e€s

= Y2 (Ife+gell® + 11 fe = gell®) =D (IFell® + llgell?) = IFI? + llgll?.

e€s e€ES

Consequently, H is a Hilbert space by the von Neumann—Jordan Theorem. The
space H, the Hilbert sum of the family (H)eee, is denoted by ®ecsHe. With
&:= N, it is customary to use the symbol Hy & Hy @ ... for H.

(6) Let H be a Hilbert space and let S be a system with integration.
The space Ly(S, H) comprising all H-valued square-integrable functions is also
a Hilbert space. q>

6.2. Orthoprojections

6.2.1. Let U, be a convex subset of the spherical layer (r + ¢)By \ rBy with
r, € > 0 in a Hilbert space H. Then the diameter of U, vanishes as ¢ tends to 0.

4 Given z, y € U,, on considering that !/2(z + y) € U, and applying the
Parallelogram Law, for € < r infer that

2
o = yll? =2 (llall? + 191*) — 4| = o

<4(r+e)? —4r® = 8re +4e? < 12re. >

6.2.2. Levy Projection Theorem. Let U be a nonempty closed convex set
in a Hilbert space H and ¢ € H\ U. Then there is a unique element uo of U such
that

|z — uo|| = inf{||z — u|| : »€ U}

APut Ue:={u € U: ||z—u| <inf ||U —z| +¢c}. By 6.2.1, the family (Ue)e>o
constitutes a base for a Cauchy filter in U. v

6.2.3. DEFINITION. The element ug appearing in 6.2.2 is the best approzima-
tion to z in U or the projection of z to U.

6.2.4. Let Hy be a closed subspace of a Hilbert space H and * € H \ Hy.
An element z of Hy is the projection of x to Hy if and only if (z — zq¢, ho) =0
for every hg in Hy.
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4 It suffices to consider the real carrier (Ho)r of Hy. The convex function
f(ho) := (ho — z, ho — z) is defined on (Hp)gr. Further, zo in Hy serves as the
projection of « to Hy if and only if 0 € 8,,(f). In view of 3.5.2 (4) this containment
means that (z — zo, ho) = 0 for every ho in Hy, because f'(z¢) = 2(zo — z, -). >

6.2.5. DEFINITION. Elements z and y of H are orthogonal, in symbols z 1 y,
if (z, y) = 0. By UL we denote the subset of H that comprises all elements
orthogonal to every point of a given subset U; 1.e.,

Ult:={yeH:(VzeU)z Ly}

The set U+ is the orthogonal complement or orthocomplement of U (to H).

6.2.6. Let Hy be a closed subspace of a Hilbert space H. The orthogonal
complement of Hy, the set Hy, is a closed subspace and H = Hy & Hy .

4 The closure property of Hi" in H is evident. It is also clear that Ho A Hg- =
Ho N Hi" = 0. We are left with showing only that Hy V H = Ho + Hit = H.
Take an element h of H \ Hy. In virtue of 6.2.2 the projection hy of H to Hy is
available and, by 6.2.4, h — hy € Hg". Finally, h = ho + (h — ho) € Ho + Hi-. o

6.2.7. DEFINITION. The projection onto a (closed) subspace Hy along Hy" is
the orthoprojection onto Hy, denoted by Py, .

6.2.8. Pythagoras Lemma. z L y = |z +y||? = ||z||*> + ||y||®. <>

6.2.9. Corollary. The norm of an orthoprojection is at most one: (H # 0
& Ho #0) = ||Py,|| = 1. @
6.2.10. Orthoprojection Theorem. For an operator P in £ (H) such that
P? = P, the following statements are equivalent:
(1) P is the orthoprojection onto Hy:= im P;
(2) IRl < 1= ||PA| <15
(3) (Pz, P%) =0 for all z, y € H, with P? the complement of P, i.e.
Pl= Ty - P;
(4) (Pz, y) =(z, Py) forz, y€ H.
4 (1) = (2): This is observed in 6.2.9.
(2) = (3): Let Hy:= ker P =im P?. Take z € Hi". Since ¢ = Pz + P%z and
z L Piz; therefore, ||z||2 > || Pz||? = (z— P%z, 2—P%z) = (z, z)—2Re(z, Piz)+
(Piz, Piz) = ||z||*+||P?z||*. Whence P4z = 0;i.e., z € im P. Considering 6.2.6,
from H; = ker P and Hi* C im P deduce the equalities Hi* = im P = Hy. Thus
(Pz, P%y) =0 for all 2, y € H, since Pz € Hy and P%y € H;.
(3) = (4): (Pz, y) = (Pz, Py+P%y) = (Pz, Py) = (Pz, Py)+(P, Py) =
(z, Py).
(4) = (1): Show first that Hp is a closed subspace. Let hg := lim h, with
hn, € Hy, ie. Ph, = h,. For every = in H, from the continuity property of the
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functionals (-, z) and (-, Pz) successively derive
(ho, z) =lim(hp, z) =lim(Phy, z) =lim(hn, Pz) = (Pho, z).

Whence (ho — Pho, ho — Phgo) = 0; i.e., hg € im P.

Given z € H and hg € Hy, now infer that (z — Pz, ho) = (z — Pz, Phgy) =
(P(z — Pz), ho) = (Pz — P%z, ho) = (Px — Pz, hg) = 0. Therefore, from 6.2.4
obtain Pz = Py, z. >

6.2.11. Let Py, and P, be orthoprojections with Py P, = 0. Then P,P, = 0.

4 PP, =0=im P, Cker P = im P; = (ker P;)* C (im P,)! =ker P, =
P2P1 =00

6.2.12. DEFINITION. Orthoprojections P; and P, are orthogonal, in symbols,
P, L P, or P, L Py, provided that PP, = 0.

6.2.13. Theorem. Let Py,... ,P, be orthoprojections. The operator P :=
P, + ...+ P, is an orthoprojection if and only if P, L Py, for | # m.

a =: First, given an orthoprojection Py, observe that || Pyz||? = (Pyz, Poz) =
(P2z, z) = (Pyz, z) by Theorem 6.2.10. Consequently,

I1P|® + || Pz

<SPl =) (Pes, @) = (Pa, z) = ||Pa|? < ||z))?

k=1

for z € H and | # m.
In particular, putting z:= Pz, observe that

1Piz||* + || Pm Prz|* || Prz||* = || P Pil| = 0.

<: Straightforward calculation shows that P is an idempotent operator. Indeed,

n 2 n n
P2_—.(Z Pk) =Y > PP =§n_: P?=P
k=1 k=1

{=1 m=1

Furthermore, in virtue of 6.2.10 (4), (Pkz, y) = (z, Pxy) and so (Pz, y) = (z, Py).
It suffices to appeal to 6.2.10 (4) once again. >

6.2.14. REMARK. Theorem 6.2.13 is usually referred to as the pairwise or-
thogonality criterion for finitely many orthoprojections.
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6.3. A Hilbert Basis

6.3.1. DEFINITION. A family (z.)ees of elements of a Hilbert space H is
orthogonal, if ey # e3 = z., L z.,. By specification, a subset & of a Hilbert
space H is orthogonal if so is the family (€)eee.

6.3.2. Pythagoras Theorem. An orthogonal family (z.)ecs of elements of
a Hilbert space is (unconditionally) summable if and only if the numeric family
(Ilzel|?)ecs is summable. Moreover,

2 2
I 2| =3 teel®
e€é e€Es

a Let sg:= Y ,cp Te, where 6 is a finite subset of &. By 6.2.8, ||sg|*> =
Y ecollzell®. Given a finite subset ' of & which includes 6, thus observe that

llsor = soll = llsanall® = Y llzell®

e€0'\0

In other words, the fundamentalness of (s¢) amounts to the fundamentalness of
the net of partial sums of the family (||z¢||?)ecs. On using 4.5.4, complete the
proof. >

6.3.3. Orthoprojection Summation Theorem. Let (P.).cs be a family
of pairwise orthogonal orthoprojections in a Hilbert space H. Then for every x
in H the family (Pez)ees is (unconditionally) summable. Moreover, the operator
Pz:=3} ¢ Pex is the orthoprojection onto the subspace

= {Z Te: Te € He:=1im P,, Z |z <+oo}.

e€s e€s

4 Given a finite subset 8 of &, put sg:= Zeee P,. By Theorem 6.2.13, s¢ is
an orthoprojection. Hence, in view of 6.2.8, |lspz|> = 3, [|Pez|? < |||
for every z in H. Consequently, the family (||Pez]|?)eecs is summable (the net
of partial sums is increasing and bounded). By the Pythagoras Theorem, there
is a sum Pz := Zeéé” P.z; ie., Pz = limgsgz. Whence P2z = limg sgPz =
limg sg limgr sgrz = limg limgr sgs¢r = limg limg sgngrz = limg sgz = Pz. Finally,
|Pz|| = ||limg sgz|| = limg ||sez|| < ||z|| and, moreover, P2 = P. Appealing to
6.2.10, conclude that P is the orthoprojection onto im P.

Ifz €im P,i.e., Pz = z;thenz = ) _, P.x and by the Pythagoras Theorem
Yeee |Pez])? = ||l2||? = ||Pz||> < +o0. Since Pz € H, (e € &); therefore, z € .
Ifz, € He and ) ¢z |lzc]|* < 400 then for z:= . z. (existence follows from
the same Pythagoras Theorem) observe that z = Y7 coze = 3 g Pete = Pz;
ie.,z €im P. Thus,im P = 3. >
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6.3.4. REMARK. This theorem may be treated as asserting that the space 5#
and the Hilbert sum of the family (H,)ees are isomorphic. The identification is
clearly accomplished by the Bochner integral presenting the process of summation
in this case.

6.3.5. REMARK. Let h in H be a normalized or unit or norm-one element;
i.e., ||k|l = 1. Assume further that Ho:= Fh is a one-dimensional subspace of H
spanned over hy. For every element z of H and every scalar A, a member of F,
observe that

(z — (z, Rk, Ab) = A*((z, k) — (z, h))(h, k)= 0.

Therefore, by 6.2.4, Py, = (-, h) ® h. To denote this orthoprojection, it is
convenient to use the symbol (k). Thus, (k) : z + (z, h)h (z € H).

6.3.6. DEFINITION. A family of elements of a Hilbert space is called orthonor-
mal (or orthonormalized) if, first, the family is orthogonal and, second, the norm
of each member of the family equals one. Orthonormal sets are defined by speci-
fication.

6.3.7. For every orthonormal subset & of H and every element z of H, the
family ({(e)z)ees is (unconditionally) summable. Moreover, the Bessel inequality

holds:
=)l > Z I(z, €)[*.

e€s

4 It suffices to refer to the Orthoprojection Summation Theorem, for

Z (e)z Z (z, e)e

(13 e€S

2

=Y Iz, o)el®. v

eES

2
)l > =

6.3.8. DEFINITION. An orthonormal set & in a Hilbert space H is a Hilbert
basis (for H) ifz = ) ¢ o(e)z for every z in H. An orthonormal family of elements
of a Hilbert space is a Hilbert basis if the range of the family is a Hilbert basis.

6.3.9. An orthonormal set & is a Hilbert basis for H if and only if lin (&),
the linear span of &, is dense in H. 4>

6.3.10. DEFINITION. A subset & of a Hilbert space is said to meet the Steklov
condition if &+ = 0.

6.3.11. Steklov Theorem. An orthonormal set & is a Hilbert basis if and
only if & meets the Steklov condition.

a=>:Let h€ &1 . Then h =3 cole)h =3 cpo(h, €)e =3, 0=0.

«: For z € H, in virtue of 6.3.3 and 6.2.4, 2 — Y, o(e)z € &+. >

6.3.12. Theorem. Each Hilbert space has a Hilbert basis.
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4 By the Kuratowski-Zorn Lemma, each Hilbert space H has an orthonormal
set & maximal by inclusion. If there were some h in H \ Hy, with Hy:= cl lin (&);
then the element hy := h— Py h would be orthogonal to every element in &. Thus,
for H # 0 we would have & U {||h1]|"1h1} = &. A contradiction. In case H = 0
there is nothing left to proof. >

6.3.13. REMARK. It is possible to show that two Hilbert bases for a Hilbert
space H have the same cardinality. This cardinality is the Hilbert dimension of H.

6.3.14. REMARK. Let (z,)nen be a countable sequence of linearly indepen-
dent elements of a Hilbert space H. Put z¢:= 0, e¢g:= 0 and

n—1
Yy
Yn = Tp — E (ex)Tn, en:= L (n €N).
Pt llynll

Evidently, (yn, ex) =0 for 0 < k < n — 1 (for instance, by 6.2.13). Also, y, # 0,
since H is infinite-dimensional. Say that the orthonormal sequence (e, )nen results
from the sequence (25 )nen by the Gram-Schmidt orthogonalization process. Using
the process, it is easy to prove that a Hilbert space has a countable Hilbert basis
if and only if the space has a countable dense subset; i.e., whenever the space is
separable. <>

6.3.15. DEFINITION. Let & be a Hilbert basis for a space H and z € H.
The numeric family 7:= (Z.)cce in F¥, given by the identity 7. := (z, e), is the
Fourter coefficient family of = with respect to & or the Fourier transform of X
(relative to &).

6.3.16. Riesz—Fisher Isomorphism Theorem. Let & be a Hilbert basis
for H. The Fourier transform & : ¢ — T (relative to &) is an isometric isomor-
phism of H onto I3(&). The inverse Fourier transform, the Fourier summation
F1:14(€) - H, acts by the rule F7(z):= Y ¢ o Te€ for z:= (ze)ece € 12(&).
Moreover, for all x, y € H the Parseval identity holds:

(z, y) = Z RTIR

ecs

< By the Pythagoras Theorem, the Fourier transform acts in I3(&’). By Theo-
rem 6.3.3, ~ is an epimorphism. By the Steklov Theorem, ~ is a monomorphism.
It is beyond a doubt that F 7 = z for z € H and 9%) =z for z € [,(&).
The equality

2l =" 1EI° = 21} (e € H)

e€é
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follows from the Pythagoras Theorem. At the same time

(z, y) = (Z Tee, Z 1786) = Z ZeJor(e, €) = Z Ty, - >

e€EE e€s e,e'€ES e€Es

6.3.17. REMARK. The Parseval identity shows that the Fourier transform
preserves inner products. Therefore, the Fourier transform is a unitary operator
or a Hilbert-space isomorphism; i.e., an isomorphism preserving inner products.
This is why the Riesz—Fisher Theorem is sometimes referred to as the theorem
on Hilbert isomorphy between Hilbert spaces (of the same Hilbert dimension).

6.4. The Adjoint of an Operator

6.4.1. Riesz Prime Theorem. Let H be a Hilbert space. Givenx € H, put
z':= (-, ). Then the prime mapping ¢ — &' presents an isometric isomorphism
of H, onto H'.

4t is clear that z =0 = 2’ = 0. If £ # 0 then
ly'llar = sup |(y, )| < sup |ly| ll=]| < [l=]);
llyli<1 llyll<1

"l = sup |(y, 2)| 2 |(*/yats )| = ll2]l-
lyli<1

Therefore, z +— z' is an isometry of H, into H'. Check that this mapping is
an epimorphism.

Let | € H' and Hy := ker | # H (if there no such [ then nothing is to be
proven). Choose a norm-one element e in Hy- and put grad [:= I(e)*e. If z € H,
then

(grad I)'(z) = (z, grad 1) = (z, l(e)*e) = I(e)**(z, €) = 0.

Consequently, for some a in Fand all z € H in virtue of 2.3.12 (grad 1)'(z) = al(z).
In particular, letting z:= e, find

(grad 1) (e) = (e, grad l) = l(e)(e, €) = al(e);

ie,a=11»p

6.4.2. REMARK. From the Riesz Prime Theorem it follows that the dual
space H' possesses a natural structure of a Hilbert space and the prime mapping
z + z' implements a Hilbert space isomorphism from H, onto H'. The inverse
mapping now coincides with the gradient mapping ! — grad [ constructed in the
proof of the theorem. Implying this, the claim of 6.4.1 is referred to as the theorem
on the general form of a linear functional in a Hilbert space.
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6.4.3. Each Hilbert space is reflexive.

<dLet ¢ : H — H" be the double prime mapping; i.e. the canonical embedding
of H into the second dual H" which is determined by the rule z"(1) = «(z)(I) =
I(z), where € H and | € H' (see 5.1.10 (8)). Check that ¢ is an epimorphism.
Let f € H". Consider the mapping y — f(y') for y € H. It is clear that this
mapping is a linear functional over H, and so by the Riesz Prime Theorem there
is an element ¢ € H = H,, such that (y, 2). = (z, y) = f(y') for every y in H.
Observe that «(z)(y') = y'(z) = (z, y) = f(y') for all y € H. Since by the Riesz
Prime Theorem y — y' is a mapping onto H', conclude that «(z) = f. >

6.4.4. Let H, and H;, be Hilbert spaces and T € B(H,, H:). Then there is
a unique mapping T* : H, — H, such that

(Tl', y) = (it, T*y)

for all z € Hy and y € Hy. Moreover, T* € B(H,, Hy) and ||T*|| = ||T||.

< Let y € Hz. The mapping ¢ — (Tz, y) is the composition y' o T} i.e.,
it presents a continuous linear functional over H;. By the Riesz Prime Theorem
there is precisely one element = of H; for which z' = y' o T. Put T*y := «z.
It is clear that T* € #(H,, H;). Furthermore, using the Cauchy-Bunyakovskii-
Schwarz inequality and the normative inequality, infer that

|(T*y, T*y)l = |(TT"y, y)l < ITT"yIl lyll < NN Tyl Nyll-

Hence, ||T*y|| < ||T|| [lyll for all y € Ha; ie., ||T*|| < ||T||- At the same time
T=T:=(T*)" ie, [|T|| = |T™] < |T*]|. »

6.4.5. DEFINITION. For T' € B(H;, H,), the operator T*, the member of
B(H, H,;) constructed in 6.4.4, is the adjoint of T. The terms like “hermitian-
conjugate” and “Hilbert-space adjoint” are also in current usage.

6.4.6. Let H; and Hy be Hilbert spaces. Assume further that S, T €
B(H,, H;) and A € F. Then
(1) T =T;
(2) (S+T)y=8*+T%
(3) (AT)* = AT~
(4) IT°T)| = |17
4 (1)—(3) are obvious properties. If ||z]| <1 then

|ITz||* = (Tz, Tz) = |(Tz, Te)| = |(T*Tz, ¢)| < ||T*Tel| ||=|| < |T*T|.

Furthermore, using the submultiplicativity of the operator norm and 6.4.4, infer
IT*T|| < IT*| IT|l = IT||?, which proves (4). b
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6.4.7. Let Hy, H;, and H3 be three Hilbert spaces. Assume further that
T € B(H,, H;) and S € B(H,, Hs). Then (ST)* = T*S*.

a4 (STz, z) =(Tz, S*z) =(z, T*S*2) (z € Hy, z € H3) >

6.4.8. DEFINITION. Consider an elementary diagram H, z, H,. The dia-

gram H, L H, is the adjoint of the initial elementary diagram. Given an ar-
bitrary diagram composed of bounded linear mappings between Hilbert spaces,
assume that each elementary subdiagram is replaced with its adjoint. Then the
resulting diagram is the adjoint or, for suggestiveness, the diagram star of the
initial diagram.

6.4.9. Diagram Star Principle. A diagram is commutative if and only if so
is its adjoint diagram.

< Follows from 6.4.7 and 6.4.6 (1). o

6.4.10. Corollary. An operator T is invertible if and only if T* is invertible.
Moreover, T*™ ! = T71*, a

6.4.11. Corollary. If T € B(H) then A € Sp(T) & A* € Sp(T*). «>
6.4.12. Sequence Star Principle (cf. 7.6.13). A sequence

Ty

Tr41
--_"Hk—-l 'Hk %Hk.}.l-—-)...

is exact if and only if so is the sequence star

Ty k+1
.F-Hk..l —t Hk 4-—+— Hk+1"‘~~~~ 4>

6.4.13. DEFINITION. An involutive algebra or x-algebra A (over a ground
field F) is an algebra with an involution *, i.e. with a mapping a — a* from A
to A such that

(1) a** =a (a € A);

(2) (a+b) =a* +b* (a, be A)

(3) (Ma)* =X*a* (M €T, ac€ A);

(4) (ab)* =b*a* (a, be A).
A Banach algebra A with involution * satisfying ||a*a|| = ||a]|? for all @ € A is
a C*-algebra.

6.4.14. The endomorphism space B(H) of a Hilbert space H is a C*-algebra
(with the composition of operators as multiplication and the taking of the adjoint
of an endomorphism as involution). <>
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6.5. Hermitian Operators

6.5.1. DEFINITION. Let H be a Hilbert space over a ground field F. An el-
ement T of B(H) is a hermitian operator or selfadjoint operator in H provided

that T'=T™.
6.5.2. Rayleigh Theorem. For a hermitian operator T the equality holds:

T} = sup |(Tz, o)|.
lzli<1

4 Put t:=sup{|(Tz, z)|: |jz|]| £ 1}. It is clear that |(Tz, )| < ||Tz| fz] <
|IT|| provided ||z|| < 1. Thus, ¢t < (T

Since T = T*; therefore, (Tz, y) = (z, Ty) = (Ty, =)* = (y, Tz)*; i.e.,
(z, y) — (Tz, y) is a hermitian form. Consequently, in virtue of 6.1.3 and 6.1.8

4Re(Tz, y) =(T(z+y), z+y) - (T(z —y), z—y)
<tllz +yl® + llz — ylI*) = 2t(llz ) + lylf*).

If Tz = 0 then it is plain that ||Tz|| < t. Assume Tz # 0. Given |[z|| < 1 and
putting y:= ||Tz||~! Tz, infer that

Tz Tz
Tz|| = ||Tz (——, ————-——)

= (Ts, y) =Re(Tz, y) < */z t (2 + | ™/yzay [*) <

ie, [T = sup{||Tz|| : |jz]| <1} <t. >

6.5.3. REMARK. As mentioned in the proof of 6.5.2, each hermitian opera-
tor T in a Hilbert space H generates the hermitian form fr(z, y):= (Tz, y).
Conversely, let f be a hermitian form, with the functional f(-, y) continuous for
every y in H. Then by the Riesz Prime Theorem there is an element Ty of H such
that f(-, y) = (Ty)'. Evidently, T € Z(H) and (z, Ty) = f(z, y) = f(y, =)* =
(y, Tz)* = (T=, y). It is possible to show that in this case T € B(H) and T = T*.
In addition, f = fr. Therefore, the condition T € B(H) in Definition 6.5.1 can
be replaced with the condition T € Z(H) (the Hellinger-Toeplitz Theorem).

6.5.4. Weyl Criterion. A scalar ) belongs to the spectrum of a hermitian
operator T if and only if
inf |[Az —Tz|| =0.
llzll=1

a4 =: Put t:= inf{]|Az —Tz| : =z € H, |[z|| = 1} > 0. Demonstrate
that A ¢ Sp(T). Given an z in H, observe that [|Az — Tz|| > t||z||. Thus, first,
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(A—T) is a monomorphism; second, Ho:= im (A—T) is a closed subspace (because
{(A=T)zm —(A=T)zk|| > t||zm —zk||; i-€., the inverse image of a Cauchy sequence
is a Cauchy sequence); and, third, which is final, (A — T)~! € B(H) whenever
H = Hy (in such a situation |R(7T, )| < t~1). Suppose to the contrary that
H # Hy. Then there is some y in Hy" satisfying ||y|| = 1. For all z € H, note that
0= Az —Tz, y) = (z, Ny — Ty); i.e,, A*y = Ty. Further, \* = (Ty, v)/(y, v)
and the hermiticity of T' guarantees \* € R. Whence A* = A and y € ker (A - T).
We arrive at a contradiction: 1 = ||y|| = ||0|| = 0.

<:If A ¢ Sp(T) then the resolvent of T at A, the member R(T, A) of B(H),
is available. Hence, inf{||Az — Tz| : ||z|| =1} > ||R(T, V)| . v

6.5.5. Spectral Endpoint Theorem. Let T be a hermitian operator in
a Hilbert space. Put

mr:= ”irnlfl(Tz, z), Mr:= sup (Tz, z).
z||= llzll=1

Then Sp(T) C [mr, Mr) and mp, Mr € Sp(T).

4 Considering that the operator T' — Re A is hermitian in the space H under
study, from the identity

1Az = T2||* = Im AP|lz||* + |Tz ~ Re Az|®

infer the inclusion Sp(T) C R by 6.5.4. Given a norm-one element z of H and
invoking the Cauchy-Bunyakovskii—-Schwarz inequality, in case A < my deduce
that

Az — Tz|| = ||Az — Te| ||2]| > |(Ac — Tz, z)|
=[A=(Tz, 2)] =Tz, 2) = A>mr—)>0.

On appealing to 6.5.4, find A € res(T'). In case A > My, similarly infer that
Az — Tz|| > |(Az — Tz, z)| = |A—(Tz, z)| =A— Tz, z) > X — M > 0.

Once again A € res (7). Finally, Sp(T) C [mr, M7].
Since (Tz, z) € R for z € H; therefore, in virtue of 6.5.2

IT|| = sup{|(T=, z)|: ||| <1}
=sup{(Tz, z)V(—(Tz, z)): ||z|| <1} = Mz V (—-m7).

Assume first that A:= ||T|| = Mr. If ||z|| = 1 then
Az = Tz||* = 3 = 2X(Tz, )+ | Te||* < 2 T|* - 2/|T|(Tz, ).
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In other words, the next estimate holds:

int e = Tol? <2I7) inf (7] - (T, 2)) =0.
Using 6.5.4, conclude that A € Sp(T').

Now consider the operator S:= T — my. It is clear that Ms = M —mp >0
and ms = mgy — mp = 0. Therefore, ||S|| = Ms and in view of the above
Mg € Sp(S). Whence it follows that Mr belongs to Sp(T'), since T = S + mr
and Mr = Mg + mr. It suffices to observe that mr = ~M_r and Sp(T) =
—Sp(-T). >

6.5.6. Corollary. The norm of a hermitian operator equals the radius of its
spectrum (and the spectral radius). <

6.5.7. Corollary. A hermitian operator is zero if and only if its spectrum
consists of zero. 4>

6.6. Compact Hermitian Operators

6.6.1. DEFINITION. Let X and Y be Banach spaces. An operator T, a mem-
ber of .Z(X, Y), is called compact (in symbols, T € H'(X, Y)) if the image
T(Bx) of the unit ball Bx of X is relatively compact in Y.

6.6.2. REMARK. Detailed study of compact operators in Banach spaces is
the purpose of the Riesz—Schauder theory to be exposed in Chapter 8.

6.6.3. Let T be a compact hermitian operator. If 0 # X\ € Sp(T') then ) is
an eigenvalue of T i.e., ker (A —T) # 0.

4 By the Weyl Criterion, Az, — Tz, — 0 for some sequence (z,) such that
|lza]| = 1. Without loss of generality, assume that the sequence (T'z, ) converges to
y:= lim Tz,. Then from the identity Az, = (Az, —Tz,)+Tz, obtain that there is
a limit (Az,) and y = lim Az,. Consequently, Ty = T(lim Az,) = Alim Tz, = )y.
Since |jy|| = |Al, conclude that y is an etgenvector of T, i.e. y € ker(A —T). o

6.6.4. Let A; and Ap be distinct eigenvalues of a hermitian operator T. As-
sume further that z, and z, are eigenvectors with eigenvalues A\; and ), (i.e.,
zs € ker(A;, — T), s:=1, 2). Then 2, and z2 are orthogonal.

a(z1, z2) = ;T(Txl, z9) = ;—x(xl, Tzs) = %11(1:1, z9) b

6.6.5. For whatever strictly positive €, there are only finitely many eigenvalues
of a compact hermitian operator beyond the interval [—¢, €.

4 Let (An)nen be a sequence of pairwise distinct eigenvalues of T satisfying
|[An| > €. Further, let z, be an eigenvector corresponding to A, and such that
llzall = 1. By virtue of 6.6.4 (zx, zm) = 0 for m # k. Consequently,

1Tem — Tall® = | Tem|® + 1 T2kl = X7, + A% 2 26%;
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i.e., the sequence (T'zy )nen is relatively compact. We arrive at a contradiction to
the compactness property of T. >

6.6.6. Spectral Decomposition Lemma. Let T be a compact hermitian
operator in a Hilbert space H and 0 # A € Sp(T). Put Hy:=ker(A—T). Then H)
is finite-dimensional and the decomposition H = Hy @ Hy reduces T. Moreover,
the matrix presentation holds

A0
T~ (0 T,\) ’

where the operator T\, the part of T in Hy, is hermitian and compact, with
Sp(Tx) =Sp(T) \ {A}.

4 The subspace H) is finite-dimensional in view of the compactness of T.
Furthermore, H) is invariant under T. Consequently, the orthogonal complement
Hi: of Hj is an invariant subspace of T* (coincident with T'), since h € Hy =
(Vze Hy)z Lh= (Vz € Hy) 0=(h, Tz) = (T*h, ) = T*h € Hi-.

The part of T in H) is clearly A. The part Ty of T in Hy is undoubtedly
compact and hermitian. Obviously, for p # A, the operator

_N;L—A 0
pot (0 #—TA)

is invertible if and only if so is u — Tx. It is also clear that A is not an eigenvalue
of T,\. g

6.6.7. Hilbert—Schmidt Theorem. Let H be a Hilbert space and let T be
a compact hermitian operator in H. Assume further that P) is the orthoprojection
onto ker (A — T') for X € Sp(T'). Then

T= Z AP.

A€Sp(T)

4 Using 6.5.6 and 6.6.6 as many times as need be, for every finite subset
of Sp(T') obtain the equality

=sup{[A|: A € (Sp(T)U0)\ 6}.

T—E/\P,\

A€d

It suffices to refer to 6.6.5. b
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6.6.8. REMARK. The Hilbert—-Schmidt Theorem provides essentially new in-
formation, as compared with the case of finite dimensions, only if the operator T
has infinite-rank, that is, the dimension of its range is infinite or, which is the same,
Hg is an infinite-dimensional space, where Hy:= ker T In fact, if the operator T
has finite rank (i.e., its range is finite-dimensional) then, since the subspace Hy" is
isomorphic with the range of T, observe that

T= ZAk(ek) = Z)‘kelk ® ek,
k=1 k=1

where Ay,..., A, are nonzero points of Sp(T) counted with multiplicity, and
{e1,... ,en} is a properly-chosen orthonormal basis for Hj" .

The Hilbert—-Schmidt Theorem shows that, to within substitution of series for
sumi, an infinite-rank compact hermitian operator looks like a finite-rank operator.
Indeed, for A # p, where A and u are nonzero points of Sp(T'), the eigenspaces
Hy and H, are finite-dimensional and orthogonal. Moreover, the Hilbert sum
@aresp(T)\oHr equals Hi = clim T, because Hy = (im T)*. Successively se-
lecting a basis for each finite-dimensional space H) by enumerating the eigen-
values in decreasing order of magnitudes with multiplicity counted; i.e., putting
A= A2:=...:= Adim Hy, = A1, Adim Hy 41 i= i Adim Hy, +dim Hy, = A2, etc.,
obtain the decomposition H = Hy @ Hy, @ Hy, ® ... and the presentation

T=> Mfer) =D ke ®ex,
k=1

k=1

where the series is summed in operator norm. <>

6.6.9. Theorem. Let T in ¥ (H,, H;) be an infinite-rank compact operator
from a Hilbert space Hy to a Hilbert space Hy. There are orthonormal families
(ex)ken in Hq, (fi)ken in Hz, and a numeric family (pr)keny in Ry \ 0, px | 0,
such that the following presentation holds:

oo
T=Y ek ® fi.

k=1

a Put §:=T*T. It is clear that S € B(H;) and S is compact. Furthermore,
(Sz, ) = (T*Tz, z) = (Tz, Tz) = ||Tz|?>. Consequently, in virtue of 6.4.6, S is
hermitian and Hg:= ker S = ker T.. Observe also that Sp(S) C R4+ by Theorem
6.5.5.

Let (ex)ren be an orthonormal basis for Hi- comprising all eigenvalues of S
and let (Ax)ren be a corresponding decreasing sequence of strictly positive eigen-
values Ay > 0, k € N (cf. 6.6.8). Then every element € H; expands into the
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Fourier series

o
z — Ph,x = Z(w, ek)ek.
k=1

Therefore, considering that TPy, = 0 and assigning pi:= /At and fi:= u;lTek,
find

Tz = Z(.’E, ek)Tek = Z(IL‘, ek)ﬁTek = Zyk(.’t, ek)fk.
k=1 k=1 a k=1

The family (fx)ren is orthonormal because

Te, Tem 1
fna fm = (—a ) = TC", Tem
( ) Hn Hm l"n/‘m( )
(T*Ten, em) = ——(Sen, em)
= €ny €m) = €n, €m
Enfim Hnlm
1 Ln
= /\neru €m)= —(€n, €m).
. ﬂm( ) #m( )

Successively using the Pythagoras Theorem and the Bessel inequality, argue as
follows:

2 2

(T - Z L€y @ fk) z|| = Z p(z, ex)fk
k=1 k=n+1
= Z £il(z, ex)® < A Z (z, ex)|® < Antalleli®.

k=n+1 k=n+1

Since A | 0, finally deduce that

T - prer ® fi

k=1

< pnt1 — 0. b

6.6.10. REMARK. Theorem 6.6.9 means in particular that a compact oper-
ator (and only a compact operator) is an adherent point of the set of finite-rank
operators. This fact is also expressed as follows: “Every Hilbert space possesses
the approximation property.”
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Exercises

6.1. Describe the extreme points of the unit ball of a Hilbert space.

6.2. Find out which classical Banach spaces are Hilbert spaces and which are not.
6.3. Is a quotient space of a Hilbert space also a Hilbert space?

6.4. Is it true that each Banach space may be embedded into a Hilbert space?

6.5. Is it possible that the (bounded) endomorphism space of a Hilbert space presents
a Hilbert space?

6.6. Describe the second (= repeated) orthogonal complement of a set in a Hilbert
space.

6.7. Prove that no Hilbert basis for an infinite-dimensional Hilbert space is a Hamel
basis.

6.8. Find the best approximation to a polynomial of degree n + 1 by polynomials of
degree at most n in the Ly space on an interval.

6.9. Prove that = L y if and only if ||z +y||? = ||=]|? +||yl|? and ||z +iy||® = ||=]| +||y]}*.
6.10. Given a bounded operator T, prove that

(ker T)* =cl im T*, (im T)t = ker T*.

6.11. Reveal the interplay between hermitian forms and hermitian operators (cf. 6.5.3).

6.12. Find the adjoint of a shift operator, a multiplier, and a finite-rank operator.

6.13. Prove that an operator between Hilbert spaces is compact if and only if so is its
adjoint.

6.14. Assume that an operator T is an isometry. Is T* an isometry too?

6.15. A partial isometry is an operator isometric on the orthogonal complement of its
kernel. What is the structure of the adjoint of a partial isometry?

6.16. What are the extreme points of the unit ball of the endomorphism space of
a Hilbert space?

6.17. Prove that the weak topology of a separable Hilbert space becomes metrizable
if restricted onto the unit ball.

6.18. Show that an idempotent operator P in a Hilbert space is an orthoprojection
if and only if P commutes with P*.

6.19. Let (ak’)k,leN be an infinite matrix such that ay; > 0 for all k and I. Assume
further that there are also py and 8, 4 > 0 satisfying

o0 o0
Z apipr < Bpi; Z aript < vpe (k, 1 EN).
k=1 =1

Then there is some T in B(l2) such that (ex, €;) = ag; and ||T|| = /B7, where ey is the
characteristic function of k, a member of N.



Chapter 7
Principles of Banach Spaces

7.1. Banach’s Fundamental Principle

7.1.1. Lemma. Let U be a convex set with nonempty interior in a multi-
normed space: int U # &. Then
(1) 0<a<l=acd U+(1-a)int U Cint U;
(2) core U =int U;
(3) U =clint U;
(4) intcd U =int U.
a (1): For up € int U, the set int U — ug is an open neighborhood of zero
in virtue of 5.2.10. Whence, given 0 < a < 1, obtain

aclU =caU CalU+ (1 —a)(int U — up)
=aU+(1—-a)int U —(1—a)up
CaU+(1—-a)U—-(1-a)ug CU —(1—a)uo.

Thus, (1 — a)ug + acl U C U and so U includes (1 — a)int U + acl U. The last
set is open as presenting the sum of acl U and (1 — a)int U, an open set.

(2): Undoubtedly, int U C core U. If up € int U and u € core U then u =
aug + (1 — a)u; for some u; in U and 0 < a < 1. Since u; € cl U, from (1) deduce
that v € int U.

(3): Clearly, clint U C clU for int U C U. If, in turn, u € cl U; then,
choosing ug in the set int U and putting uq:= aug + (1 — a)u, infer that ue — u
as o — 0 and uq € int U when 0 < @ < 1. Thus, by construction u € cl int U.

(4): From the inclusions int U C U C ¢l U it follows that int U C int cl U.
If now u € int cl U then, in virtue of (2), u € core cl U. Consequently, taking ug
in the set int U again, find u; € ¢l U and 0 < & < 1 satisfying u = auo+ (1 — a)u;.
Using (1), finally infer that u € int U. >

7.1.2. REMARK. In the case of finite dimensions, the condition int U # @
may be omitted in 7.1.1 (2) and 7.1.1 (4). In the opposite case, the presence of
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an interior point is an essential requirement, as shown by numerous examples. For
instance, take U := B, N X, where ¢ is the space of vanishing sequences and X is
the subspace of terminating sequences in c¢g, the direct sum of countably many
copies of a basic field. Evidently, core U = @& and at the same time cl U = B,,. <>

7.1.3. DEFINITION. A subset U of a (multi)normed space X is an ideally
convez set in X, if U is closed under the taking of countable convez combinations.
More precisely, U is ideally convex if for all sequences (an)nen and (u5)nen, with
an € Ry, 352 an =1 and u, € U such that the series Y oo | anu, converges
in X to some u, the containment holds: u € U.

7.1.4. EXAMPLES.
(1) Translation (by a vector) preserves ideal convexity. <>

(2) Every closed convex set is ideally convex. <
(3) Every open convex set is ideally convex.

4 Take an open and convex U. If U = @ then nothing is left to proof. If U # &
then by 7.1.4 (1) it may be assumed that 0 € U and, consequently, U = {py < 1},
where py is the Minkowski functional of U. Let (un)nen and (an)nen be sequences
in U and in Ry such that Y20 | ap = 1, with the element u:= Y o> | anuy, failing
to liein U. By virtue of 7.1.4 (2), u belongs to cl U = {py < 1} and so py(u) = 1.
On the other hand, it is clear that py(u) < Y oo anpu(un) <1 = 322 a,
(cf. 7.2.1). Thus, 0 = > o2 (an — anpu(un)) = Yo, an(l — pu(un)). Whence
an, =0 for all n € N. We arrive at a contradiction. b

(4) The intersection of a family of ideally convex sets is ideally con-
vex. d>

(5) Every convex subset of a finite-dimensional space is ideally con-
vex. b

7.1.5. Banach’s Fundamental Principle. In a Banach space, each ideally
convex set with absorbing closure is a neighborhood of zero.

a Let U be such a set in a Banach space X. By hypothesis X = Upenncl U.
By the Baire Category Theorem, X is nonmeager and so there is some n in N
such that int ncl U # &. Therefore, int cl U = !/, int ncl U # @. By hypothesis
0 € core cl U. Consequently, from 7.1.1 it follows that 0 € int cl U. In other
words, there is a § > 0 such that cl U D éBx. Consequently,

e>0=c'/UD>D?%.Bx.

Using the above implication, show that U D ¢/,Bx.

Let 2z € 6/2BX. Putting € := 2, choose y; € /.U from the condition
lly1 — 20|l < 1/2¢6. Thus obtain an element u; of U such that ”1/2u1 - :L'o” <
1/256 = 1/46.
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Now putting zo:= —1/2u; + 7o and ¢:= 4 and applying the argument of the
preceding paragraph, find an element u; of U satisfying ||1/4u2 +1/u; — :1:0” <
1/5¢6 = 1/88. Proceeding by induction, construct a sequence (un )nen of the points
of U which possesses the property that the series Y oo | !/2nu, converges to zq.
Since Y o2, 1/2n =1 and the set U is ideally convex, deduce zo € U. >

7.1.6. For every ideally convex set U in a Banach space the following four
sets coincide: the core of U, the interior of U, the core of the closure of U and the
interior of the closure of U.

< It is clear that int U C core U C core cl U. If u € core cl U then cl (U — u)
equal to cl U~u is an absorbing set. An ideally convex set translates into an ideally
convex set (cf. 7.1.4 (1)). Consequently, U —u is a neighborhood of zero by Banach’s
Fundamental Principle. By virtue of 5.2.10, u belongs to int U. Thus, int U =
core U = core cl U. Using 7.1.1, conclude that int cl U = int U. >

7.1.7. The core and the interior of a closed convex set in a Banach space
coincide.

4 A closed convex set is ideally convex. >

7.1.8. REMARK. Inspection of the proof of 7.1.5 shows that the condition for
the ambient space to be a Banach space in 7.1.7 is not utilized to a full extent.
There are examples of incomplete normed spaces in which the core and interior of
each closed convex set coincide. A space with this property is called barreled. The
concept of barreledness is seen to make sense also in multinormed spaces. Barreled
multinormed spaces are plentiful. In particular, such are all Fréchet spaces.

7.1.9. COUNTEREXAMPLE. FEach infinite-dimensional Banach space contains
absolutely convex, absorbing and not ideally convex sets.

4 Using, for instance, a Hamel basis, take a discontinuous linear functional f.
Then the set {|f| <1} is what was sought. >

7.2. Boundedness Principles

7.2.1. Let p: X — R be a sublinear functional on a normed space (X, | -||).
The following conditions are equivalent:
(1) p is uniformly continuous;
(2) p is continuous;
(3) p is continuous at zero;
(4) {p <1} is a neighborhood of zero;
(5) llpll:=sup{lp(z)|: ||lz|| <1} < +o0; 1.e., p is bounded.
4 The implications (1) = (2) = (3) = (4) are immediate.
(4) = (5): There is some ¢t > 0 such that t"?Bx C {p < 1}. Given ||z} <1,
thus find p(z) < ¢. In addition, the inequality —p(—z) < p(z) implies that —p(z) <
t for z € Bx. Finally, ||p|| <t < +o0.
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(5) = (1): From the subadditivity of p, given =, y € X, observe that
p(z) = p(y) < p(z —y); ply) - p(z) < ply — ).

Whence |p(z) — p(y)| < p(z —y) Vply — =) < |lpll |z — yl|. »
7.2.2. Gelfand Theorem. Every lower semicontinuous sublinear functional
with domain a Banach space is continuous.

4 Let p be such a functional. Then the set {p < 1} is closed (cf. 4.3.8). Since
dom p is the whole space; therefore, by 3.8.8, {p < 1} is an absorbing set. By
Banach’s Fundamental Principle {p < 1} is a neighborhood of zero. Application
to 7.2.1 completes the proof. >

7.2.3. REMARK. The Gelfand Theorem is stated amply as follows: “If X is
a Banach space then each of the equivalent conditions 7.2.1 (1)-7.2.1 (5) amounts
to the statement: ‘p is lower semicontinuous on X.”” Observe immediately that
the requirement dom p = X may be slightly relaxed by assuming dom p to be
a nonmeager linear set and withdrawing the condition for X to be a Banach space.

7.2.4. Equicontinuity Principle. Suppose that X is a Banach space andY
is a (semi)normed space. For every nonempty set & of continuous linear operators
from X to Y the following statements are equivalent:

(1) & is pointwise bounded; i.e., for all ¢ € X the set {Tz: T € &} is
bounded in Y;
(2) & is equicontinuous.

4 (1) = (2): Put ¢(z) := sup{p(Tz) : T € &}, with p the (semi)norm
of Y. Evidently, ¢ is a lower semicontinuous sublinear functional and so by the
Gelfand Theorem ||| < +o0; ie., p(T(z — y)) < |lq]| ||z — y|| for all T € &.
Consequently, T*~({d, < €}) C {dj.y < ¢/llq||} for every T in &, where ¢ > 0 is
taken arbitrarily. This means the equicontinuity property of &.

(2) = (1): Straightforward. >

7.2.5. Uniform Boundedness Principle. Let X be a Banach space and
let Y be a normed space. For every nonempty family (T¢)¢ez of bounded operators
the following statements are equivalent:

(1) z € X = supgez || Tez|| < +oo;
(2) supgez | Tel| < +oo.

< It suffices to observe that 7.2.5 (2) is another expression for 7.2.4 (2). >

7.2.6. Let X be a Banach space and let U be a subset of X'. Then the
following statements are equivalent:

(1) U is bounded in X';
(2) for every x in X the numeric set {(z|z') : z' € U} is bounded in F.

4 This is a particular case of 7.2.5. &
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7.2.7. Let X be a normed space and let U be a subset of X. Then the
following statements are equivalent:
(1) U is bounded in X;;
(2) for every &' in X' the numeric set {(z|z') : = € U} is bounded in F.

<4 Only (2) = (1) needs examining. Observe that X’ is a Banach space
(cf. 5.5.7) and X is isometrically embedded into X" by the double prime map-
ping (cf. 5.1.10 (8)). So, the claim follows from 7.2.6. >

7.2.8. REMARK. The message of 7.2.7 (2) may be reformulated as “U is
bounded in the space (X, o(X, X'))” or, in view of 5.1.10 (4), as “U is weakly
bounded.” The duality between 7.2.6 and 7.2.7 is perfectly revealed in 10.4.6.

7.2.9. Banach—Steinhaus Theorem. Let X and Y be Banach spaces. As-
sume further that (Ty)nen, Tn € B(X, Y), is a sequence of bounded operators.
Put E:= {z € X : 3limT,z}. The following conditions are equivalent:

(1) E=X;

(2) suppen||Tn|l < 400 and E is dense in X.
Under either (and, hence, both) of the conditions (1) and (2) the mapping T :
X — Y, defined as Toz := lim Tz, presents a bounded linear operator and ||Ty|| <
liminf ||Tn||.

a4 If E = X then, of course, cl E = X. In addition, for every z in X the
sequence (T,z)nen is bounded in Y (for, it converges). Consequently, by the
Uniform Boundedness Principle sup, ¢y || Tn|| < 400 and (1) = (2) is proven.

If (2) holds and z € X then, given T € E and m, k € N, infer that

| Tmz — Tkz|| = | Tn® — T + T — TkT + TiT — Thz|
< 1Tt = TuZl + 1T — Tl + | T47 — Tiall
< Tl e = Z| + 1 TonZ — Tiwl] + | Tl |7 — 2
< 25up||Tul |z - 2| + | T — TeZ).
neEN

Take € > 0 and choose, first, T € E such that 2sup, ||T,| ||z — Z|| < ¢/2, and,
second, n € N such that ||TnT — TiZ|| < ¢/; for m, k > n. By virtue of what was
proven ||Tyz — Tkz| < €; i.e., (TnZ)nen is a Cauchy sequence in Y. Since Y is
a Banach space, conclude that € E. Thus, (2) = (1) is proven.

To complete the proof it suffices to observe that

[ Toz|| = lim || Tnz|| < liminf [|T,] [|=]

for all £ € X, because every norm is a continuous function.
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7.2.10. REMARK. Under the hypotheses of the Banach—Steinhaus Theorem,
the validity of either of the equivalent items 7.2.9 (1) and 7.2.9 (2) implies that
(Tn) converges to Ty compactly on X (= uniformly on every compact subset of X).
In other words,

sup || Tz — Toz|| — 0
TEQ

for every (nonempty) compact set @ in X.

4 Indeed, it follows from the Gelfand Theorem that the sublinear functional
Pn(z):= sup{||Tmz — Toz|| : m > n} is continuous. Moreover, py(z) > pnt+1(z)
and pp(z) — 0 for all £ € X. Consequently, the claim follows from the Dini
Theorem: “Each decreasing sequence of continuous real functions which converges
pointwise to a continuous function on a compact set converges uniformly.” >

7.2.11. Singularity Fixation Principle. Let X be a Banach space and let
Y be a normed space. If (Tn)nen is a sequence of operators, T, € B(X, Y)
and sup,, ||Tn|| = +oo then there is a point ¢ of X satisfying sup,, || Tnz|| = +o0.
The set of such points “fixing a singularity” is residual.

4 The first part of the assertion is contained in the Uniform Boundedness
Principle. The second requires referring to 7.2.3 and 4.7.4.

7.2.12. Singularity Condensation Principle. Let X be a Banach space
and let Y be a normed space. If (Tnm)n,meN is a family of operators, T, €
B(X, Y), such that sup, || Tp m|| = +00 for every m € N then there is a point z
of X satisfying sup,, || Tn,mz|| = +o0 for all m € N. <«

7.3. The Ideal Correspondence Principle

7.3.1. Let X and Y be vector spaces. A correspondence FF C X xY is convex
if and only if for =1, 3 € X and oy, ay € Ry such that o) +ay = 1, the inclusion
holds:

F(al:cl + OLQIEQ) D alF(ml) + OtgF(.’L‘Q).

a<:If (21, y1), (22, y2) € Fand oy, a3 20, a;+ay = 1, then ajy+asy, €
F(ayzy + azy) since y; € F(z1) and y, € F(z3).

=: If either z; or z; fails to enter in dom F then there is nothing to prove. If
y1 € F(z1) and yo € F(x2) with 21, z2 € dom F then ay(z1, y1)+a2(z2, y2) € F
for ay, a >0, oy + a3 =1 (cf. 3.1.2 (8)). b

7.3.2. REMARK. Let X and Y be Banach spaces. It is clear that there are
many ways for furnishing the space X xY with a norm so that the norm topology
be coincident with the product of the topologies 7x and 7y. For instance, it is
possible to put ||(z, y)||:= ||z||x + ||ylly; i-e., to define the norm on X x Y as that
of the 1-sum of X and Y. Observe immediately that the concept of ideally convex
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set has a linear topological character: the class of objects distinguished in a space
is independent of the way of introducing the space topology; in particular, the class
remains invariant under passage to an equivalent (multi)norm. In this connection
the next definition is sound.

7.3.3. DEFINITION. A correspondence FF C X x Y, with X and Y Banach
spaces, is called ideally convez or, briefly, ideal if F is an ideally convex set.

7.3.4. Ideal Correspondence Lemma. The image of a bounded ideally
convex set under an ideal correspondence is an ideally convex set.

dLet F C X xY be an ideal correspondence and let U be a bounded ideally
convex set in X. If U Ndom F = & then F(U) = & and nothing is left unproven.
Let now (yn)nen C F(U); i.e., yn € F(zp), where z, € U and n € N. Let, finally,
(an) be a sequence of positive numbers such that 3 oo | an = 1 and, moreover,
there is a sum of the series y:= Y oo @nyn in Y. It is beyond a doubt that

oo oo (o)
Z lanzall = Z anl|zn]l < Z an sup [|U|| = sup [U]] < +o0
n=1 n=1 n=1

in view of the boundedness property of U. Since X is complete, from 5.5.3 it
follows that X contains the element z := ) oo | anzn. Consequently, (z, y) =
Yo i an(Tn, yYn) in the space X x Y. Successively using the ideal convexity of F
and U, infer that (z, y) € F and z € U. Thus, y € F(U). »

7.3.5. Ideal Correspondence Principle. Let X and Y be Banach spaces.
Assume further that F C X x Y is an ideal correspondence and (z, y) € F.
A correspondence F' carries each neighborhood of z onto a neighborhood about y
if and only if y € core F(X).

4 =: This is obvious.

<: On account of 7.1.4 it may be assumed that z = 0 and y = 0. Since each
neighborhood of zero U includes eBx for some ¢ > 0, it suffices to settle the case
U:= Bx. Since U is bounded; by 7.3.4, F(U) is ideally convex. To complete the
proof, it suffices to show that F(U) is an absorbing set and to cite 7.1.6.

Take an arbitrary element § of Y. Since by hypothesis 0 € core F(X), there
is a real a in R4 such that ay € F(X). In other words, ay € F(X) for some T
in X. If ||Z]| <1 then there is nothing to prove. If ||Z]| > 1 then A:= ||7||7! < 1.
Whence, using 7.3.1, infer that

aXg = (1— A0+ AaF € (1 — NF(0) + AF(T)
C F((1 - \)0 + \T) = F(\F) C F(Bx) = F(U).

Here use was made of the fact that ||AZ|| = 1; i.e., AT € Bx. >
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7.3.6. REMARK. The property of F, described in 7.3.5, is referred to as the
openness of F at (z, y).

7.3.7. REMARK. The Ideal Correspondence Principle is formally weaker that
Banach’s Fundamental Principle. Nevertheless, the gap is tiny and can be eas-
ily filled in. Namely, the conclusion of 7.3.5 remains valid if we suppose that
y € core cl F(X), on additionally requiring ideal convexity from F(X). The re-
quirement is not too stringent and certainly valid provided that the domain of F
is bounded in virtue of 7.3.4. As a result of this slight modification, 7.1.5 becomes
a particular case of 7.3.5. In this connection the claim of 7.3.5 is often referred to
as Banach’s Fundamental Principle for a Correspondence.

7.3.8. DEFINITION. Let X and Y be Banach spaces and let F C X x Y be
a correspondence. Then F is called closed if F is a closed set in X x Y.

7.3.9. REMARK. For obvious reasons, a closed correspondence is often re-
ferred to as a closed-graph correspondence.

7.3.10. A correspondence F is closed if and only if for all sequences (z,) in X
and (y,) in Y such that z, € dom F, y, € F(zy,) and z, — x, yn — vy, it follows
that z € dom F and y € F(z). «

7.3.11. Assume that X and Y are Banach spaces and F C X x Y is a closed

convex correspondence. Further, let (z, y) € F and y € core im F. Then F
carries each neighborhood of z onto a neighborhood about y.

4 A closed convex set is ideally convex and so all follows from 7.3.5.

7.3.12. DEFINITION. A correspondence F' C X xY is called open if the image
of each open set in X is an open set in Y.

7.3.13. Open Correspondence Principle. Let X andY be Banach spaces
and let F C X x Y be an ideal correspondence, with im F an open set. Then F
is an open correspondence.

< Let U be an open set in X. If y € F(U) then there is some z in U such
that (z, y) € F. It is clear that y € core im F. By the criterion of 7.3.5 F(U) is
a neighborhood of y because U is a neighborhood of z. This means that F(U) is
an open set. b

7.4. Open Mapping and Closed Graph Theorems
7.4.1. DEFINITION. A member T of (X, Y) is a homomorphism, if T €
B(X, Y) and T is an open correspondence.

7.4.2. Assume that X is a Banach space, Y is a normed space and T is
a homomorphism from X toY. Thenim T =Y andY is a Banach space.



108 Chapter 7. Principles of Banach Spaces

< It is obvious that im T' =Y. Presuming T to be a monomorphism, observe
that T-1 € 2(Y, X). Since T is open, T~! belongs to B(Y, X), which ensures the
completeness of Y (the inverse image of a Cauchy sequence in a subset is a Cauchy
sequence in the inverse image of the subset). In the general case, consider the
coimage coim T':= X/ker T endowed with the quotient norm. In virtue of 5.5.4,
coim T is a Banach space. In addition, by 2.3.11 there is a unique quotient T
of T by coim T, the monoquotient of T. Taking account of the definition of
quotient norm and 5.1.3, conclude that T is a homomorphism. Furthermore, T is
a monomorphism by definition. It remains to observe that im T =im T =Y. b

7.4.3. REMARK. As regards the monoquotient T:coim T — Y of T, it may
be asserted that ||T|| = ||T]. <

7.4.4. Banach Homomorphism Theorem. Every bounded epimorphism
from one Banach space onto the other is a homomorphism.

q4Let T € B(X, Y)andim T =Y. On applying the Open Correspondence
Principle to T, complete the proof. >

7.4.5. Banach Isomorphism Theorem. Let X and Y be Banach spaces
and T € B(X, Y). If T is an isomorphism of the vector spaces X and Y, i.e.
ker T =0 andim T =Y; then T~! € B(Y, X).

4 A particular case of 7.4.4. >

7.4.6. REMARK. The Banach Homomorphism Theorem is often referred to as
the Open Mapping Theorem for understandable reasons. Theorem 7.4.5 is briefly
formulated as follows: “A continuous (algebraic) isomorphism of Banach spaces
is a topological isomorphism.” It is also worth observing that the theorem is
sometimes referred to as the Well-Posedness Principle and verbalized as follows:
“If an equation Tz = y, with T € B(X, Y) and X and Y Banach spaces, is
uniquely solvable given an arbitrary right side; then the solution z depends con-
tinuously on the right side y.”

7.4.7. Banach Closed Graph Theorem. Let X and Y be Banach spaces
and let T in £(X, Y) be a closed linear operator. Then T is continuous.
4 The correspondence T~ ! is ideal and T"}(Y) = X. b

7.4.8. Corollary. Suppose that X andY are Banach spaces and T is a linear
operator from X to Y. The following conditions are equivalent:
(1) T € B(X, Y),
(2) for every sequence (zn)neN in X, together with some z in X and y
in Y satisfying 2, — z and Tz, — vy, it happens that y = Tz.
4 (2): This is a reformulation of the closure property of T'. v

7.4.9. DEFINITION. A subspace X; of a Banach space X is complemented
(rarely, a topologically complemented), if X; is closed and, moreover, there is
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a closed subspace X, such that X = X; ®X; (i.e., X1AX; =0and X; VX, = X).
These X; and X, are called complementary to one another.

7.4.10. Complementation Principle. For a subspace X, of some Banach
space X one of the following conditions amounts to the other:
(1) X, is complemented,
(2) X, is the range of a bounded projection; i.e., there is a member P
of B(X) such that P = P and im P = X;.

4 (1) = (2): Let P be the projection of X onto X; along X, (cf. 2.2.9 (4)).
Let (zn)nen be a sequence in X with 2, — & and Pz, — y. It is clear that
Pz, € X, for n € N. Since X is closed, by 4.1.19 y € X;. Similarly, the condition
(zn — Py, € X, for n € N) implies that z — y € X,. Consequently, P(x —y) = 0.
Furthermore, y = Py; i.e., y = Pz. It remains to refer to 7.4.8.

(2) = (1): It needs showing only that X; equal to im P is closed. Take
a sequence (Zp)nen in X; such that z, — z in X. Then Pz, — Pz in view of the
boundedness of P. Obtain Pz, = z,, because z, € im P and P is an idempotent.
Finally, z = Pz, i.e. z € X1, what was required. >

7.4.11. EXAMPLES.
(1) Every finite-dimensional subspace is complemented. a»

(2) The space cq is not complemented in loo.

< It turns out more convenient to work with X := [(Q) and Y := ¢¢(Q),
where Q is the set of rational numbers. Given t € R, choose a sequence (f,)
of pairwise distinct rational numbers other than ¢ and such that f, — t. Let
Q::= {tn : n € N}. Observe that Qy N @y is a finite set if ¢/ # ¢/'.

Let x: be the coset containing the characteristic function of @, in the quo-
tient space X/Y and V:= {x;: t € R}. Since x¢ # x for t' # ", the set V is
uncountable. Take f € (X/Y) and put Vy:={v € V: f(v) # 0}. It is evident
that Vy = UnenVy(n), where Vi(n):={v e V: [f(v)] =2 '/n}. Given m € N and
pairwise distinct vy, ... , v, in Vi(n), put ag:=|f(vi)|/f(vi) and z:= 3"}_ | arve
to find [lz < 1 and || 2 1F@)] = IS5, aefn)] = 135, 1f)l = ™/
Hence, V¢(n) is a finite set. Consequently, V¢ is countable. Whence it follows
that for every countable subset F' of (X/Y)' there is an element v of V satisfying
(Vf € F) f(v) =0. At the same time the countable set of the coordinate projec-
tions &, : = > z(q) (¢ € Q) is total over Io(Q); ie., (Vg€ Q) §g(z) =0=>2 =0
for z € Io(Q). It remains to compare the above observations. i

(3) Every closed subspace of a Hilbert space is complemented in virtue
of 6.2.6. Conversely, if, in an arbitrary Banach space X with dim X > 3, each
closed subspace is the range of some projection P with ||P|| < 1; then X is
isometrically isomorphic to a Hilbert space (this is the Kakutan: Theorem). The
next fact is much deeper:
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Lindenstrauss—Tzafriri Theorem. A Banach space having every closed
subspace complemented is topologically isomorphic to a Hilbert space.

7.4.12. Sard Theorem. Suppose that X, Y, and Z are Banach spaces. Take
A € B(X, Y) and B € B(Y, Z). Suppose further that im A is a complemented
subspace in Y. The diagram

A
X —Y

ENE

Z
is commutative for some & in B(Y, Z) if and only if ker A C ker B.

4 Only < needs examining. Moreover, in the case im A =Y the sole member
%o of Z(Y, Z) such that ZyA = B is continuous. Indeed, 2,7 (U) = A(B~1(U))
for every open set U in Z. The set B~1(U) is open in virtue of the boundedness
property of B, and A(B~!(U)) is open by the Banach Homomorphism Theorem.
In the general case, construct 2y € B(im A, Z) and take as 2~ the operator 2, P,
where P is some continuous projection of Y onto im A. (Such a projection is
available by the Complementation Principle.) o

7.4.13. Phillips Theorem. Suppose that X, Y, and Z are Banach spaces.
Take A € B(Y, X) and B € B(Z, X). Suppose further that ker A is a comple-
mented subspace of Y. The diagram

A
X+—Y

BN

zZ
is commutative for some 2 in B(Z, Y) if and only if im A D im B.

4 Once again only < needs examining. Using the definition of complemented
subspace, express Y as the direct sum of ker A and Yj, where Yy is a closed
subspace. By 5.5.9 (1), Y, is a Banach space. Consider the part Ag of A in Y.
Undoubtedly, im 49 = im A O im B. Consequently, by 2.3.13 and 2.3.14 the
equation A9 Zy = B has a unique solution Zp:= Ay 1. It suffices to prove that
the operator 2y, treated as a member of £ (Z, Y), is bounded.

The operator Zp is closed. Indeed (cf. 7.4.8), if z, — 2z and Ay Bz, — y
then Bz, — Bz, since B is bounded. In addition, by the continuity of Ag, the
correspondence A;' C X x Y; is closed; and so 7.3.10 yields the equality y =
Ay !Bz. v
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7.4.14. REMARK. We use neither the completeness of Z in proving the Sard
Theorem nor the completeness of X in proving the Phillips Theorem.

7.4.15. REMARK. The Sard Theorem and the Phillips Theorem are in “for-
mal duality”; i.e., one results from the other by reversing arrows and inclusions
and substituting ranges for kernels (cf. 2.3.15).

7.4.16. Two Norm Principle. Let a vector space be complete in each of
two comparable norms. Then the norms are equivalent.

< For definiteness, assume that || - ||z > || - || in X. Consider the diagram

I
(X0 fh) ~—— (X, - [l2)

N

(XA - 1)

By the Phillips Theorem some continuous operator 2 makes the diagram com-
mutative. Such an operator is unique: it is Ix. >

7.4.17. Graph Norm Principle. Let X andY be Banach spaces and let T
in Z(X, Y) be a closed operator. Given € X, define the graph norm of z as
lzllge 7:= llzlix + I Tzlly. Then || |lgr 7~ || - lIx.

< Observe that the space (X, ||-||gr ) is complete. Further, || - ||gr 7 > || || x-
It remains to refer to the Two Norm Principle. >

7.4.18, DEFINITION. A normed space X is a Banach range, if X is the range
of some bounded operator given on some Banach space.

7.4.19. Kato Criterion. Let X be a Banach space and X = X; & X;, where
X1, X2 € Lat (X). The subspaces X1 and X, are closed if and only if each of them
is a Banach range.

4 =: A corollary to the Complementation Principle.

<: Let Z be a some Banach range, i.e. Z = T(Y") for some Banach space Y
and T € B(Y, Z). Passing, if need be, to the monoquotient of T, we may assume

that T is an isomorphism. Put ||z]jo := ||T7'z|ly. It is clear that (Z, |- |lo) is
a Banach space and ||z|| = |TT 2| < [TIT~ 2|l = | T|l|=llo; i-e-, I - llo > I - | z.
Applying this construction to X; and X3, obtain Banach spaces (X1, || - ||1) and

(X2, |- ll2)- Now || - |lx = || - |lx on X for k:=1,2.

Given z; € X; and z3 € X3, put ||z; + z2]jo := ||z1]l1 + ||z2]|2- Thereby we
introduce in X some norm || - || that is stronger than the initial norm | - ||x.
By construction (X, || - |lo) is a Banach space. It remains to refer to 7.4.16.
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7.5. The Automatic Continuity Principle

7.5.1. Lemma. Let f : X — R be a convex function on a (multi)normed
space X. The following statements are equivalent:

(1) U:=int dom f # & and f|v is a continuous function;
(2) there is a nonempty open set V such that sup f(V) < +oo.

4 (1) = (2): This is obvious.

(2) = (1): It is clear that U # @. Using 7.1.1, observe that each point u of U
has a neighborhood W in which f is bounded above, i.e. t:= sup f(W) < +oc0.
Without loss of generality, it may be assumed that u:= 0, f(u):= 0 and W is
an absolutely convex set. From the convexity of f, for every a € Ry such that
a <1 and for an arbitrary v in W, obtain

flav) = flav + (1 = @)0) < af(v) + (1 — @) f(0) = af(v);
flav) + af(-v) 2 f(av) + f(a(-v))
=2("/2f (av) + ' /2f(—av)) 2 2f(0) = 0.

Therefore, |f(aW)| < at, which implies that f is continuous at zero.

7.5.2. Corollary. If z € int dom f and f is continuous at x then the sub-
differential 0,(f) contains only continuous functionals.

aIf I € 0;(f) then (VT € X) I(Z) < l(z) + f(ZT) — f(z) and so ! is bounded
above on some neighborhood about z. Consequently, { is continuous at = by 7.5.1.
From 5.3.7 derive that [ is continuous. >

7.5.3. Corollary. Every convex function on a finite-dimensional space is
continuous on the interior of its domain. a>

7.5.4. DEFINITION. A function f : X — R’ is called ideally convez if epi f is
an ideal correspondence.

7.5.5. Automatic Continuity Principle. Every ideally convex function
on a Banach space is continuous on the core of its domain.

< Let f be such a function. If core dom f = @& then there is nothing to
prove. If £ € core dom f then put ¢t := f(z) and F := (epi f)™! C R x X.
Applying the Ideal Correspondence Principle, find a § > 0 from the condition
F(t+Br) D z+6Bx. Whence, in particular, infer the estimate f(z+6Bx) < t+1.
In virtue of 7.5.1, f is continuous on int dom f. Since z € int dom f; therefore,
by Lemma 7.1.1, core dom f = int dom f. o

7.5.6. REMARK. Using 7.3.6, it is possible to prove that an ideally convex
function f, defined in a Banach space on a subset with nonempty core, is locally
Lipschitz on int dom f. In other words, given 2y € int dom f, there are a positive
number L and a neighborhood U about z¢ such that || f(z) — f(zo)|| < Li|z — zol|
whenever z € U. @
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7.5.7. Corollary. Let f : X — R’ be an ideally convex function on a Banach
space X and z € core dom f. Then the directional derivative f'(z) is a continuous
sublinear functional and 9,;(f) C X'.

4 Apply the Automatic Continuity Principle twice. >

7.5.8. REMARK. In view of 7.5.7, in studying a Banach space X, only contin-
uous functionals on X are usually admitted into the subdifferential of a function
f: X — R at a point z; i.e., we agree to define

9:(f):=0:(f)nX".

Proceed likewise in (multi)normed spaces. If a need is felt to distinguish the “old”
(wider) subdifferential, a subset of X#, from the “new” (narrower) subdifferential,
a subset of X'; then the first is called algebraic, whereas the second is called
topological. With this in mind, we refer to the facts indicated in 7.5.2 and 7.5.7 as
to the Coincidence Principle for algebraic and topological subdifferentials. Observe
finally that if f:= p is a seminorm on X then, for similar reasons, it is customary
to put |9](p):= [8](p) N X".

7.5.9. Ideal Hahn—Banach Theorem.Let f : Y — R’ be an ideally
convex function on a Banach space Y. Further, let X be a normed space and
T e B(X, Y). If a point z in X is such that Tz € core dom f then

05(foT) = drs(f) o T.

4 The right side of the sought formula is included into its left side for obvious
reasons. If [ in X' belongs to 0;(f o T), then by the Hahn-Banach Theorem there
is an element /; of the algebraic subdifferential of f at Tz for which [ = [; o T..
It suffices to observe that, in virtue of 7.5.7, l; is an element of Y’ and so it is
a member of the topological subdifferential d15(f). >

7.5.10. Balanced Hahn—-Banach Theorem. Suppose that X and Y are
normed spaces. Given T € B(X, Y), let p: Y — R be a continuous seminorm.
Then

0I(poT) = 10I(p) o T.

aIfl € |0l(poT) then I = I o T for some I; in the algebraic balanced
subdifferential of p (cf. 3.7.11). From 7.5.2 it follows that I; is continuous. Thus,
|0](po T) C |0|(p) o T. The reverse inclusion raises no doubts.

7.5.11. Continuous Extension Principle. Let X, be a subspace of X and
let ly be a continuous linear functional on Xy. Then there is a continuous linear
functional | on X extending ly and such that ||I|| = ||lo]|

4 Take p := ||lo|||| - ||, and consider the identical embedding ¢ : Xy — X.
On account of 7.5.10, Iy € [9|(p o) = |8](p) o ¢ = ||l [](]| - II) o ¢. It suffices to
observe that |0|(]| - ||x) = Bx'. »
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7.5.12. Topological Separation Theorem. Let U be a convex set with
nonempty interior in a space X. If L is an affine variety in X and LNint U = &
then there is a closed hyperplane H in X such that H D L and HNint U = @. @

7.5.13. REMARK. When applying Theorem 7.5.12, it is useful to bear in mind
that a closed hyperplane is precisely a level set of a nonzero continuous linear
functional. @

7.5.14. Corollary. Let X, be a subspace of X. Then
cdXo=nN{ker f: fe X' ker f D Xo}.

< It is clear that (f € X' & ker f D Xo) = ker f D cl Xo. If z¢ ¢ cl X,
then there is an open convex neighborhood about z¢ disjoint from cl Xy. In virtue
of 7.5.12 and 7.5.13 there is a functional fo, a member of (Xgr)', such that ker fo D
cl Xy and fo(zo) = 1. From the properties of the complexifier infer that the
functional Re™! fy vanishes on X, and differs from zero at the point zg. It is also
beyond a doubt that the functional is continuous. >

7.6. Prime Principles

7.6.1. Let X and Y be (multi)normed vector spaces (over the same ground
field F). Assume further that X' and Y’ are the duals of X and Y respectively.
Take a continuous linear operator T from X toY. Theny'oT € X' fory' € Y’
and the mapping y' — y' o T is a linear operator. <>

7.6.2. DEFINITION. The operator T' : Y/ — X', constructed in 7.6.1, is the
dual or transpose of T : X — Y. ‘

7.6.3. Theorem. The prime mapping T — T' implements a linear isometry
of the space B(X, Y) into the space B(Y', X').

4 The prime mapping is clearly a linear operator from B(X, Y) to Z(Y’, X').
Furthermore, since ||y|| = sup{|l(y) : { € |9|(]| - ||)}; therefore,

IT'|| = sup{|IT"y"ll - Ily'|l <1}
= sup{ly'(T2)| : lly'll <1, [l=]l <1} = sup{|[T=| : ||zl <1} =T,

what was required. >
7.6.4. EXAMPLES.

(1) Let X and Y be Hilbert spaces. Take T € B(X, Y). Observe first
that, in a plain sense, T € B(X, Y) & T € B(X., Y.). Denote the prime mapping
of X by (\)x : Xx = X', ie., 2 = &':= (-, ); and denote the prime mapping
of Y by (-)y : Ya = Y ie,yy'i=(-, y).



7.6. Prime Principles 115

The adjoint of T, the member T* of B(Y, X), and the dual of T, the mem-
ber T' of B(Y', X'), are related by the commutative diagram:

x, Iy,
(Kl 1Oy
XI(LIYI
< Indeed, it is necessary to show the equality 7"y’ = (T*y)' for y € Y. Given
z € X, by definition observe that

T'y'(z) = y'(Tz) = (Tz, y) = (z, T*y) = (T"y)'(v).

Since z is arbitrary, the proof is complete. >
(2) Let v : Xo — X be the identical embedding of X, into X. Then
¢ : X — X§. Moreover, J/(2')(z¢) = 2'(z¢) for all zy € Xy and ' € X' and /' is

an epimorphism; i.e., X' == X} — 0 is an exact sequence. <>
7.6.5. DEFINITION. Let an elementary diagram X T, ¥ be given. The dia-

gram Y’ ——T—; X' is referred to as resulting from setting primes or as the diagram
prime of the original diagram or as the dual diagram. If primes are set in every
elementary subdiagram in an arbitrary diagram composed of bounded linear op-
erators in Banach spaces, then the so-obtained diagram is referred to as dual or
resulting from setting primes in the original diagram. The term “diagram prime”
is used for suggestiveness.

7.6.6. Double Prime Lemma. Let X" £ Y" be the diagram that results

from setting primes in the diagram X L, Y twice. Then the following diagram
commutes: r
X—=Y

H "

Xllzlyll
Here " : X — X" and " : Y — Y" are the respective double prime mappings; i.e.
the canonical embeddings of X into X" and of Y into Y" (cf. 5.1.10 (8)).

a Let 2 € X. We have to prove that T"z" = (Tz)"". Take y' € Y'. Then

T".’E"(yl) — xlI(lel) — lel(x) — y,(T.’E) —_ (T.’E)"(y,)

Since y' € Y is arbitrary, the proof is complete. >

7.6.7. Diagram Prime Principle. A diagram is commutative if and only
if so is its diagram prime.
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< It suffices to convince oneself that the triangles

x Ly x' oy
RN\, /S R\ /¢
zZ A
are commutative or not simultaneously. Since R = ST = R' = (ST) = T'S;
therefore, the commutativity of the triangle on the left entails the commutativity
of the triangle on the right. If the latter commutes then by what was already
proven R = S"T". Using 7.6.6, argue as follows: (Rz)" = R"z" = §"T"z" =
S"(T"z") = §"(Tz)" = (STx)" for all ¢ € X. Consequently, R = ST. >
7.6.8. DEFINITION. Let X, be a subspace of X and let 25 be a subspace

of X'. Put

X :={f€X": ker f D Xo} = 0|(6(Xo));
l2y={zeX: fe2=>fr)=0}=n{ker f: fe X}

The subspace Xg- is the (direct) polar of X, and the subspace +.2; is the reverse
polar of Zy. A less exact term “annihilator” is also in use.

7.6.9. DEFINITION. Let X and Y be Banach spaces. An arbitrary element T
of B(X, Y) is a normally solvable operator, if im T is a closed subspace of Y. The
natural term “closed range operator” is also in common parlance.

7.6.10. An operator T, a member of B(X, Y), is normally solvable if and
only if T is a homomorphism, when regarded as acting from X to im T.

4 =: The Banach Homomorphism Theorem.

<: Refer to 7.4.2. v

7.6.11. Polar Lemma. Let T € B(X, Y). Then

(1) (im T)t = ker (T");
(2) if T is normally solvable then

im T = Yker (T"), (ker T)* =im (T").

A1) y' €ker(T") & T'y' =0
SNVzeX)T'y'(2)=0& (Vz e X) y'(Tz) =0 & y' € (im T)*L.

(2): The equality clim T = L ker(T") follows from 7.5.13. Furthermore,
by hypothesis im T is closed.

If ' = T'y' and Tz = 0 then z'(z) = T'y'(z) = y'(Tz) = 0, which means
that ¢’ € (ker T)Y. Consequently, im(7") C (ker T)*. Now take z' € (ker T)t.
Considering the operator T acting onto im T, apply the Sard Theorem to the left
side of the diagram

x5 imT —Y
N v Y
F
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As a result of this, obtain yg in (im T)' such that y5 0o T = z'. By the
Continuous Extension Principle there is an element y' of Y' satisfying y' D y}.
Thus, ' = T'y’, i.e. ' € im(T"). v

7.6.12. Hausdorff Theorem. Let X and Y be Banach spaces. Assume
further that T € B(X, Y). Then T is normally solvable if and only if T' is
normally solvable.

4 =: In virtue of 7.6.11 (2), im(T") = (ker T)1. Evidently, the subspace
(ker T) is closed.

<: To begin with, suppose cl im T =Y. Itisclear that 0 = Y+ = (cl im T)*
= (im T)* = ker (T") in virtue of 7.6.11. By the Banach Isomorphism Theorem
there is some S € B(im (T"), Y') such that ST' = Iy:. The case r:= ||S|| =0is
trivial. Therefore, it may be assumed that ||[T"y’|| > /,||y'|| for all y' € Y.

Show now that cl T(Bx) O !/2rBy. With this at hand, from the ideal con-
vexity of T(Bx) it is possible to infer that T(Bx) D 1/4By. The last inclusion
implies that T is a homomorphism.

Let y ¢ cl T(Bx). Then y does not belong to some open convex set including
T(Bx). Passing, if need be, to the real carriers of X and Y, assume that F:=
R. Applying the Topological Separation Theorem, find some nonzero y' in Y’
satisfying

Iyl lyll > ¥'(y) > i y'(Tz) = T"y'Il 2 /- lly'll-
z —_—

Whence ||y|| = !/, > !/2,. Therefore, the sought inclusion is established and the
operator T is normally solvable under the above supposition.

Finally, address the general case. Put Yp:= clim T and let ¢ : ¥ — Y
be the identical embedding. Then T = (T, where T : X — Y; is the operator
acting by the rule Tz = Tz for z € X. In addition, im(7T') = im(T"/) =
T'(im (¢")) = T'(Y]), because /(Y') = Yy (cf. 7.6.4 (2)). Thus, 7" is a normally
solvable operator. By what was proven, T is normally solvable. It remains to
observe that im T =im T. b

7.6.13. Sequence Prime Principle. A sequence

Te X, Te41

o= X2 > Xpg1 — ...
is exact if and only if so is the sequence prime

TII: ! T‘l=+l !
Xk' — Xk+1(“"...-

e X

< =>: Since im Tyy1 = ker Ti4o; therefore, Tyq is normally solvable. Using
the Polar Lemma, conclude that

ker (Ty) = (im Ti)* = (ker Tppr)* = im (Thy ).
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=: By the Hausdorff Theorem T.4; is normally solvable. Once again appeal-
ing to 7.6.11 (2), infer that

(im T)* = ker (T}) = im (Thy) = (ker Tiy1)™ .

Since T} is normally solvable by Theorem 7.6.12; therefore, im T} is a closed
subspace. Using 7.5.14, observe that

im TF = L((im Tx)*) = L ((ker Tiy1)t) = ker Tiqy.

Here account was taken of the fact that ker Tk, itself is a closed subspace. >

7.6.14. Corollary. For a normally solvable operator T, the following iso-
morphisms hold: (ker T')' ~ coker (T") and (coker T)' ~ ker (T").
4 By virtue of 2.3.5 (6) the sequence

0—->kerT-+X—T-+Y-—>cokerT—>0

is exact. From 7.6.13 obtain that the sequence
0 — (coker T) - Y’ Ix (ker T) - 0

is exact.
7.6.15. Corollary. T is an isomorphism < T is an isomorphism. <
7.6.16. Corollary. Sp(T) = Sp(T"). «

Exercises

7.1. Find out which linear operators are ideal.

7.2. Establish that a separately continuous bilinear form on a Banach space is jointly
continuous.

7.3. Is a family of lower semicontinuous sublinear functionals on a Banach space uni-
formly bounded on the unit ball?

7.4. Let X and Y be Banach spaces and T : X — Y. Prove that ||Tz||y > t||z||x for
some strictly positive t and all z € X if and only if ker T'= 0 and im T is a complete set.

7.5. Find conditions for normal solvability of the operator of multiplication by a function
in the space of continuous functions on a compact set.

7.6. Let T be a bounded epimorphism of a Banach space X onto l1(&). Show that
ker T is complemented.

7.7. Establish that a uniformly closed subspace of C([a, b]) composed of continuously
differentiable functions (i.e., elements of ¢ ([a, b)) is finite-dimensional.

7.8. Let X and Y be different Banach spaces, with X continuously embedded into Y.
Establish that X is a meager subset of Y.
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7.9. Let X7 and X2 be nonzero closed subspaces of a Banach space and X; N X = 0.
Prove that the sum X; + X2 is closed if and only if the next quantity

inf{”a:l —tg”/”t]” H 31 # 0, x1 € X1, z9 € X2}

is strictly positive.

7.10. Let (amn) be a double countable sequence such that there is a sequence (z{™)) of
elements of 1 for which all the series E:o___l am,.zs,m) fail to converge in norm. Prove that there
is a sequence z in [ such that the series 2:;1 @mnZn fail to converge in norm for all m € N.

7.11. Let T be an endomorphism of a Hilbert space H which satisfies (Tz |y} = (z | Ty)
for all z, y € H. Establish that T is bounded.

7.12. Let a closed cone X+ in a Banach space X be reproducing: X = X+~ X1. Prove
that there is a constant ¢ > 0 such that for all # € X and each presentation z = z; — z3 with
z1, z3 € X1, the estimates hold: ||z1|] < t||z|| and ||z2]| < t||z]|.

7.13. Let lower semicontinuous sublinear functionals p and q on a Banach space X be
such that the cones dom p and dom gq are closed and the subspacedom p—dom ¢ = dom g—dom p
is complemented in X. Prove that

d(p+9) =98(p)+9(q)

in the case of topological subdifferentials (cf. Exercise 3.10).

7.14. Let p be a continuous sublinear functional defined on a normed space X and
let T be a continuous endomorphism of X. Assume further that the dual T’ of T takes the
subdifferential 8(p) into itself. Establish that 8(p) contains a fixed point of T".

7.15. Given a function f : X — R’ on a (multi)normed space X, put

fr(&')=sup{(z|z') — f(z) : z €dom f} (z' € X');
[ (z):=sup{(z|z') - f* (') : 2’ € dom(f*)} (z € X).

Find conditions for f to satisfy f = f**.
7.16. Establish that I, is complemented in each ambient Banach space.

7.17. A Banach space X is called primary, if each of its infinite-dimensional comple-
mented subspaces is isomorphic to X. Verify that co and I, (1 < p < +o00) are primary.

7.18. Let X and Y be Banach spaces. Take an operator T, a member of B(X, Y, such
that im T is nonmeager. Prove that T is normally solvable.

7.19. Let X be a closed subspace of a normed space X. Assume further that X, and
X/Xo are Banach spaces. Show that X itself is a Banach space.



Chapter 8
Operators in Banach Spaces

8.1. Holomorphic Functions and Contour Integrals

8.1.1. DEFINITION. Let X be a Banach space. A subset A of the ball Bx:
in the dual space X' is called norming (for X) if ||z|| = sup{|l(z)| : | € A}
for all z € X. If each subset U of X satisfies sup ||U|| < +0co on condition that
sup{|l(u)]: u € U} < +oo for all | € A, then A is a fully norming set.

8.1.2. EXAMPLES.

(1) The ball Bx: is a fully norming set in virtue of 5.1.10 (8) and 7.2.7.

(2) If Ag is a (fully) norming set and Ag C A; C Bx/ then A; itself is
a (fully) norming set.

(3) The set ext Bx' of the extreme points of Bx: is norming in virtue
of the Krein-Milman Theorem in subdifferential form and the obvious equality
Bx: = |0|(]| - llx) which has already been used many times. However, ext Bx:
can fail to be fully norming (in particular, the possibility is realized in the space
c([o, 1], R)). @

(4) Let X and Y be Banach spaces (over the same ground field F) and
let Ay be a norming set for Y. Put

AB:= {6(y5z) : y’ € Ay, T € Bx},
where 8(y15)(T):=y'(Tz) fory' €Y, x € X and T € B(X, Y). It is clear that
8y12) (D) = ly'(T2)] < Nly'll (1Tl < My Il 17N x5
ie., 8(yiz) € B(X, Y)'. Furthermore, given T € B(X, Y'), infer that
IT|l = sup{[|Tz|| : [|z|| <1} = sup{ly'(Tz)|: y' € Ay, |z]| <1}
= Sup{lﬁ(y:,)(T), : 5(3,4,) € AB}.

Therefore, Ap is a norming set for B(X, Y). If Ay is a fully norming set then Ag
is also a fully norming set. Indeed, if U is such that the numeric set {|y'(Tz)| :
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T € U} is bounded in R for all z € Bx and y' € Ay, then by hypothesis the
set {Tz : T € U} is bounded in Y for every z in X. By virtue of the Uniform
Boundedness Principle it means that sup ||U|| < +o0.

8.1.3. Dunford—Hille Theorem. Let X be a complex Banach space and
let A be a fully norming set for X. Assume further that f : 2 — X is an X-va-
lued function with domain 9 an open (in Cr ~ R?) subset of C. The following
statements are equivalent:

(1) for every zo in 9 there is a limit

Lo £) = f().

’
z2— 2 zZ— 20

(2) forall zo € 2 and | € A there is a limit
lim lof(z)—1lo f(zo);

z—29 z— 29

ie., the function lo f : 9 — C is holomorphic for | € A.

4 (1) = (2): This is obvious.

(2) = (1): For the sake of simplicity assume that zg = 0 and f(z9) =0.
Consider the disk of radius 2¢ centered at zero and included in 2; i.e., 2¢D C 2,
where D:= Bg:= {z € C: |z| < 1} is the unit disk. As is customary in complex
analysis, treat the disk D as an (oriented) compact manifold with boundary €T,
where T is the (properly oriented) unit circle T:= {z € C: |z| = 1} in the complez
plane Cg. Take 21, 22 € ¢eD\0 and the holomorphic function /o f (the functional [
lies in A). Specifying the Cauchy Integral Formula, observe that

’_SMz_l_,/Mdz (k=1 2).

Zk 2w z(z — zk)
2eT

If now z; # z3 then, using the condition |z — zx| > ¢ (k:=1, 2) for z € 2¢T and
the continuity property of the function [ o f on 2, find

(== (5-72)
LS

o=z am ) o) (z(zizl) - 2(2122)> dz

2¢

1 1
= — <
o 2/Tlof(z)z(z _21)(z_z2)dz _MzsegET|lof(z)| < 400
€
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for a suitable M > 0. Since A is a fully norming set, conclude that

sup 1 f(z1)  f(z2)

21#22;21,227#0 ‘21 - Z2| 21 22
[211<e,|22]<e

< 400.

This final inequality ensures that the sought limit exists.

8.1.4. DEFINITION. A mapping f : 2 — X satisfying 8.1.3 (1) (or, which is
the same, 8.1.3 (2) for some fully norming set A) is called holomorphic.

8.1.5. REMARK. A meticulous terminology is used sometimes. Namely, if f
satisfies 8.1.3 (1) then f is called a strongly holomorphic function. If f satisfies
8.1.3 (2) with A:= Bx then f is called weakly holomorphic. Under the hypotheses
of 8.1.3 (2) and 8.1.2 (4), i.e. for f : 2 — B(X, Y), Ay := By and the corre-
sponding A:= Ap, the expression, “f is weakly operator holomorphic,” is employed.
With regard to this terminology, the Dunford-Hille Theorem is often referred to
as the Holomorphy Theorem and verbalized as follows: “A weakly holomorphic
function is strongly holomorphic.”

8.1.6. REMARK. It is convenient in the sequel to use the integrals of the
simplest smooth X-valued forms f(z)dz over the simplest oriented manifolds, the
boundaries of elementary planar compacta (cf. 4.8.5) which are composed of finitely
many disjoint simple loops. An obvious meaning is ascribed to the integrals:
Namely, given a loop v, choose an appropriate (smooth) parametrization ¥ : T — v
(with orientation accounted for) and put

/f(z)dz::/fo\lld\IJ,

T

with the integral treated for instance as a suitable Bochner integral (cf. 5.5.9
(6)). The soundness of the definition is beyond a doubt, since the needed Bochner
integral exists independently of the choice of the parametrization .

8.1.7. Cauchy—Wiener Integral Theorem. Let 9 be an nonempty open
subset of the complex plane and let f : 9 — X be a holomorphic X-valued
function, with X a Banach space. Assume further that F is a rough draft for the
pair (@, 2). Then

a{ f(z)dz = 0.

F(z0) = i / RICIS

zZ =2
aF

Moreover,

for zp € int F.
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< By virtue of 8.1.3 the Bochner integrals exist. The sought equalities follow
readily from the validity of their scalar versions basing on the Cauchy Integral
Formula, the message of 8.1.2 (1) and the fact that the Bochner integral commutes
with every bounded functional as mentioned in 5.5.9 (6).

8.1.8. REMARK. The Cauchy-Wiener Integral Theorem enables us to infer
analogs of the theorems of classical complex analysis for X-valued holomorphic
functions on following the familiar patterns.

8.1.9. Taylor Series Expansion Theorem. Let f : 2 — X be a holo-
morphic X -valued function, with X a Banach space, and take zg € 2. In every
open disk U:={z € C: |2 — 29| < &} such that cl U lies in 2, the Taylor series
expansion holds (in a compactly convergent power series, cf. 7.2.10):

oo

&)=Y enlz =200,

n=0

where the coefficients ¢y, members of X, are calculated by the formulas:

_ f(z) Ld*f
= om (z — zo)"t! T e 20).
U

4 The proof results from a standard argument: Expand the kernel u +—
(u — z)7! of the formula

f(z):;j;/{%du (z€cdU)

ou’

in the powers of z — zp; i.e.,

1 1 (z— 20)"
U (U—Zo)(l"'u zo) Z(“_ZO)"'H

The last series converges uniformly in v € U’'. (Here U’ = U + ¢D for some
g > 0 such that ¢l U’ C 2.) Taking it into account that sup || f(0U')|| < +oo
and integrating, arrive at the sought presentation of f(z) for z € ¢l U. Applying
this to U’ and using 8.1.7, observe that the power series under study converges
in norm at every point of U’'. This yields uniform convergence on every compact
subset of U’, and soon U. b

8.1.10. Liouville Theorem. If an X -valued function f : C —» X, with X
a Banach space, is holomorphic and sup || f(C)l| < +oo then f is a constant map-
ping.
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4 Considering the disk €D with € > 0 and taking note of 8.1.9, infer that
llenll < Séll;rllf(Z)ll e Ssup||f(C)ff -7

for all n € N and € > 0. Therefore, ¢,, =0 for n € N. p

8.1.11. Each bounded endomorphism of a nonzero complex Banach space has
a nonempty spectrum.

< Let T be such an endomorphism. If Sp(T") = @ then the resolvent R(T, ) is
holomorphic on the entire complex plane C, for instance, by 5.6.21. Furthermore,
by 5.6.15, ||R(T, A)|| — 0 as |\] —» +oo. By virtue of 8.1.10 conclude that
R(T, -) =0. At the same time, using 5.6.15, observe that R(T, M)A -T) =1
for |A] > ||T||. A contradiction. v

8.1.12. The Beurling-Gelfand formula holds:
r(T) =sup{|A|: X € Sp(T)}

for all T € B(X), with X a complex Banach space; i.e., the spectral radius of
an operator T coincides with the radius of the spectrum of T.

< It is an easy matter that the spectral radius r(7T') is greater than the radius
of the spectrum of T'. So, there is nothing to prove if 7(T") = 0. Assume now that
r(T) > 0. Take A € Cso that |A| > sup{|g|: u € Sp(T)}. Then the disk of radius
|A\|=! lies entirely in the domain of the holomorphic function (cf. 5.6.15)

R(T, z71), for z# 0 and 27! € res(T)

f(z):= { 0, for z = 0.

Using 8.1.9 and 5.6.17, conclude that [A\|™! < r(T)~!. Consequently, || > r(T). »

8.1.13. Let K be a nonempty compact subset of C. Denote by H(K) the set
of all functions holomorphic in a neighborhood of K (ie., f € H(K) & f :
dom f — Cis a holomorphic function with dom f D K). Given f, f» € H(K), let
the notation f; ~ f, mean that it is possible to find an open subset 2 of dom fi N
dom f; satisfying K C 2 and file = f2|». Then ~ is an equivalence in H(K). a>

8.1.14. DEFINITION. Under the hypotheses of 8.1.13, put (K ):= H(K)/~.
The element f in J##(K) containing a function f in H(K) is the germ of f on K.

8.1.15. Let f, § € #(K). Take f1, f2 € f and g1, g2 € §. Put

z € dom f1 Ndom g1 = ¢1(z):= fi(z) + g1(z),
z € dom f Ndom g2 = @a(z):= fa(z) + go(x).

Then ¢1, ¢ € H(K) and 3, = ,.
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<4 Choose open sets 2 and 2, such that K C 2, C dom f; Ndom f; and
K C 2; C dom g1 Ndom g2, with fi]lg, = f2|2, and g1|9, = g2|2,. Observe now
that ¢y and ¢, agreeon 21N %;. >

_ 8.1.16. DEFINITION. The coset, introduced in 8.1.15, is the sum of the germs
f1 and f,. Tt is denoted by f; + f,. The product of germs and multiplication of
a germ by a complez number are introduced by analogy.

8.1.17. The set #°(K) with operations defined in 8.1.16 is an algebra. <>

8.1.18. DEFINITION. The algebra 5#(K) is the algebra of germs of holomor-
phic functions on a compact set K.

8.1.19. Let K be a compact subset of C, and let R : C\ K — X be an
X -valued holomorphic function, with X a Banach space. Further, take f € J(K)
and fi, fa € f. If Fy is a rough draft for the pair (K, dom f1) and F;, is a rough
draft for the pair (K, dom f,) then

/ fi(2)R(2)dz = / f2(2)R(2)dz.

3F1 an

alet K C 2 C int Fy Nint F2, with 2 open and fi|o = f2|e. Choose
a rough draft F for the pair (K, D). Since fi R is holomorphic on dom f; \ K and
f2 R is holomorphic on dom f; \ K, infer the equalities

/ fi(z)R(2)dz = / F(2)R(2)dz,
oF

aFy

/fz(z)R(z)dzz /fz(z)R(z)dz
8F

dF,

(from the nontrivial fact of the validity of their scalar analogs). Since f1 and f;
agree on 2, the proof is complete. >

8.1.20. DEFINITION. Under the hypotheses of 8.1.19, given an element h
in J£(K), define the contour integral of h with kernel R as the element

fh(z)R(z)dz:: /f(z)R(z)dz,
oF

where h = f and F is a rough draft for the pair (K, dom f).
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8.1.21. REMARK. The notation k(z) in 8.1.20 is far from being ad hoc. It is
well justified by the fact that w:= fi(z) = f2(2) for every point z in K and every
two members f; and f; of a germ h. In this connection the element w is said to
be the value of h at z, which is expressed in writing as h(z) = w. It is also worth
noting that the function R in 8.1.2 may be assumed to be given only in U \ K,
where int U D K.

8.2. The Holomorphic Functional Calculus

8.2.1. DEFINITION. Let X be a (nonzero) complex Banach space and let T
be a bounded endomorphism of X; i.e., T € B(X). For h € 5#(Sp(T)), the
contour integral with kernel the resolvent R(T, -) of T is denoted by

1
.%Th.= %fh(Z)R(T, Z)dZ

and called the Riesz-Dunford integral (of the germ h). If f is a function holomor-
phic in a neighborhood about Sp(7T') then put f(T'):= %Zrf:= Zrf. We also use

more suggestive designations like
_ 1 1 f(2)
fT) = o0 }{ P

8.2.2. REMARK. In algebra, in particular, various representations of mathe-
matical objects are under research. It is convenient to use the primary notions of
representation theory for the most “algebraic” objects, namely, algebras. Recall
the simplest of them.

Let A; and Az be two algebras (over the same field). A morphism from A,
to A; or a representation of A; in Ay (rarely, over A;) is a multiplicative linear
operator R, i.e. a member R of L (A1, Az) such that R(adb) = R(a)R(d) for all
a, b € A;. The expression, “T represents A; in A2,” is also in common parlance.
A representation R is called fasthful if ker ® = 0. The presence of a faithful
representation R : A; — A, makes it possible to treat A; as a subalgebra of A,.

If A, is a (sub)algebra of the endomorphism algebra #(X) of some vector
space X (over the same field), then a morphism of A; in A, is referred to as
a (linear) representation of A; on X or as an operator representation of A;. The
space X is then called the representation space for the algebra A;.

Given a representation R, suppose that the representation space X for A has
a subspace X invariant under all operators f(a), a € A. Then the representation
R, : A - Z£(X,) arises naturally, acting by the rule R;(a)z; = R(a)z, for
z; € X; and a € A and called a subrepresentation of R (induced in X;). If X =
X1 & X, and the decomposition reduces each operator R(a) for a € A, then it
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is said that the representation R reduces to the direct sum of subrepresentations
R, and My (induced in X; and X;). We mention in passing the significance
of studying arbitrary srreducible representations, each of which has only trivial
subrepresentations by definition.

8.2.3. Gelfand-Dunford Theorem. Let T be a bounded endomorphism
of a Banach space X. The Riesz-Dunford integral Zr represents the algebra of
germs of holomorphic functions on the spectrum of T on the space X. Moreover,
if f(z) = Y oopcnz™ (in a neighborhood about Sp(T')) then f(T) = S or,caT™
(summation is understood in the operator norm of B(X)).

4 There is no doubt that Zr is a linear operator. Check the multiplicativity
property of Zr. To this end, take f,, f, € 5#(Sp(T)) and choose rough drafts
Fy and F; such that Sp(T') Cint F; C F} Cint F; C F5, C 9, with the functions
fiin f; and f, in f, holomorphic on 2.

Using the obvious properties of the Bochner integral, the Cauchy Integral
Formula and the Hilbert identity, successively infer the chain of equalities

Rrfy 0 Rrfy = H(T)fa(T) = ! /fl(zl) f2(z2)d

27rz o z1 zZo —
OF OF,

_ 1 (/fl(zl)R(T Zl)dzl) fa(22)R(T, z)dz
3F2

2w 21
oF,

27rz i / /fl(zl)f2(z2)R(T 21)R(T, z2)dzpdz

8F, 0F;
R(T, R(T
27r127rl / /fl(zl)fi’(zz) ( 21) 21( , 22)d22d21
OF, 8F,
1
= om /fl z1) (27”/ f2(—22) )R(T, z1)dz
aF,; 8F,
1 1
_2_7-ri/f2(22) (% / %dzl) R(T, 22)d22
aF, oF,

= 551 [ AEOAERE, 2)in 0= fi5(T) = 20, T2).

Choose a circle v := €T that lies in res(T') as well as in the (open) disk of
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convergence of the series f(z) = Y oo, ¢n2™. From 5.6.16 and 5.5.9 (6) derive

£(T) = ——/f(z)Z —n-ipng,

n=0

_ 1 > —n—lTnd — = 1 f(z)d Tﬂ _ - n
=5 ZO f(z)z z = ZO 9 | onr192 = Z cnT
n= b n= ~

n=0

in virtue of 8.1.9. >

8.2.4. REMARK. Theorem 8.2.3 is often referred to as the Principal Theorem
of the holomorphic functional calculus.

8.2.5. Spectral Mapping Theorem. For every function f holomorphic

in a neighborhood about the spectrum of an operator T in B(X), the equality
holds:

f(Sp(T)) = Sp(£(T)).

4 Assume first that A € Sp(f(T)) and f~'(A) N Sp(T) = &. Given z €
(C\ f7*(A))Ndom f, put g(z):= (A — f(z))~1. Then g is a holomorphic function
on a neighborhood of Sp(T), satisfying §(A — f) = (A — f)§ = I¢. Using 8.2.3,
observe that A € res(f(T)), a contradiction. Consequently, f~1(1\) N Sp(T) # @;
ie., Sp(f(T)) C f(Sp(T)).

Now take A € Sp(T). Put

f(f\) f(z)

A#z= g(2):= g(A):= f'(N).

Clearly, ¢ is a holomorphic function (the singularity is “removed”). From 8.2.3
obtain

9(T)YA-T) =(A-T)g(T) = f(A) - f(T).

Consequently, if f(A) € res (f(T')) then the operator R(f(T), f()))g(T) is inverse
to A — 7. In other words, A € res(T'), which is a contradiction. Thus,

f(A) € C\res (f(T)) = Sp(f(T));

i.e., f(SP(T)) C Sp(F(T). »

8.2.6. Let K be a nonempty compact subset of C and let g : dom ¢ — C be
a holomorphic function with dom g D K. Given f € H(g(K)), put g(f):= fog.
Then g is a representation of the algebra 2#(g(K)) in the algebra £ (K). a>
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8.2.7. Dunford Theorem. For every function ¢ : dom ¢ — C holomorphic
in the neighborhood dom ¢ about the spectrum Sp(T) of an endomorphism T of
a Banach space X, the following diagram of representations commutes:

o

H(Sp(T))~L-(Sp(9(T)))
At Ryg(T)

B(X)

aLet f € 5£(g(Sp(T))) with f : @ — Csuch that f € f and 2 D g(Sp(T)) =
Sp(g(T)). Let Fy be arough draft for the pair (Sp(¢(7T')), 2) and let F, be a rough
draft for the pair (Sp(T), ¢~ !(int F})). It is clear that now g(0F;) C int F} and,
moreover, the function z; — (z; — g(22))~! is defined and holomorphic on int F;
for z; € OF;. Therefore, by 8.2.3

1 R(T, 22)
R(g(T), 21) = — —-_—de2 (21 € BFl)
2ma[2 21 — g(22)

From this equality, successively derive

_ 1 f(Zl) _ (T 2’2)
Aoy S = omi | oz —g(T) “ 27rz o /f ( / z2)dz2) dz1

aF oF; oF,

_ 11 f(z1)

= 2—77;2—”; / ( 21_—9(22)(1,21) R(T, ZQ)de.
8F, oF;

Since g(z2) € int F for 2o € JF, by construction; therefore, the Cauchy Integral
Formula yields the equality

_ 1 f(z1)
ot =5 [ S oy
Consequently,
Ay f =557 [ FOE)RE, )iz = 223 (7).

aF,

8.2.8. REMARK. The Dunford Theorem is often referred to as the Composite
Function Theorem and written down symbolically as f o g(T') = f(g(T)).
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8.2.9. DEFINITION. A subset o of Sp(T') is a clopen or isolated part or rarely
an ezclave of Sp(T), if o and its complement o' := Sp(T') \ ¢ are closed.

8.2.10. Let o be a clopen part of Sp(T) and let s, be some function that
equals 1 in an open neighborhood of ¢ and 0 in an open neighborhood of o'.
Further, assign

1 7o(2z
Py = 5,(T):= %f;—%dz

Then P, is a projection in X and the (closed) subspace X, := im P, is invariant
under T'.

< Since ) = s, it follows from 8.2.3 that »,(T)? = ,(T). Furthermore,

T = Zrlc, where I¢ : z — z. Hence TP, = P,T (because Ic7#, = 3.I¢).
Consequently, in virtue of 2.2.9 (4), X, is invariant under T. >

8.2.11. DEFINITION. The projection P, is the Riesz projection or the Riesz
idempotent corresponding to o.

8.2.12. Spectral Decomposition Theorem. Let o be a clopen part of
the spectrum of an operator T in B(X). Then X splits into the direct sum
decomposition of the invariant subspaces X = X, ® X, which reduces T to

matrix form T 0
TN(J nJ’
with the part T, of T in X, and the part T, of T in X, satisfying
Sp(To) =0, Sp(Ty) =o'
4 Since ¥, + ot = Hgp(T) = 1c, in view of 8.2.3 and 8.2.10 it suffices

to establish the claim about the spectrum of Ty,.
From 8.2.5 and 8.2.3 obtain

0 U0 = »,Ic(Sp(T)) = Sp(s.Ic(T)) = Sp(Zr (0 Ic))
= Sp(#rs 0 Zric) = Sp(PsT).

Moreover, in matrix form
T, 0
P (T 0).

Let ) be a nonzero complex number. Then

A=T, 0).
A—ETN( 0 A),
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i.e., the operator A — P,T is not invertible if and only if the same is true of the
operator A — T,. Thus,

Sp(Ts)\0 C Sp(P,T)\0=(cU0)\O C 0.

Suppose that 0 € Sp(7T,) and 0 ¢ . Choose disjoint open sets 2, and D
so that 0 C D, 0 ¢ 25 and o' C Dy, and put

|

2 € Dy = h(z):= —;

|
o N

2 € Do = h(z):=0.

By 8.2.3, h(T)T = Th(T) = P,. Moreover, since h3%, = 7, h, the decomposition
X = X, ® X reduces h(T) and h(T)oT, = Toh(T)s = 1 for the part h(T),
of K(T) in X,. So, T, is invertible; i.e., 0 ¢ Sp(T,). We thus arrive at a contra-
diction which implies that 0 € o. In other words, Sp(7,) C o.

Observe now that res(T') = res(T,) Nres(T,). Consequently, by the above

Sp(T) = C\res(T) = C\ (res (T,) Nres (T, ))
= (C\res(T,))U(C\res(To)) = Sp(To) USp(Ts) C o U’ = Sp(T).

Considering that ¢ N ¢’ = &, complete the proof. >

8.2.13. Riesz—Dunford Integral Decomposition Theorem. Let o be
a clopen part of Sp(T') for an endomorphism T of a Banach space X. The direct
sum decomposition X = X, @ X, reduces the representation Zr of the algebra
2 (Sp(T)) in X to the direct sum of the representations %, and %,+. Moreover,
the following diagrams of representations commute:

o

H(Sp(T))—22w H#(c)  H(Sp(T)) H(a")
2, Zr, % Zr,,
B(X,) B(X,1)

Here 7,(f):= o f and 3%,+(f):= g f for f € H(Sp(T)) are the representations
induced by restricting f onto o and ¢'. @
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8.3. The Approximation Property

8.3.1. Let X and Y be Banach spaces. For K € (X, Y) the following
statements are equivalent:
(1) the operator K is compact: K € X (X, Y);
(2) there are a neighborhood of zero U in X and a compact subset V
of Y such that K(U) C V;
(3) the image under K of every bounded set in X is relatively compact
inY;
(4) the image under K of every bounded set in X is totally bounded
mY;
(5) for each sequence (zn)nen of points of the unit ball Bx, the sequence
(Kzn)nen has a Cauchy subsequence. a>
8.3.2. Theorem. Let X andY be Banach spaces over a basic field F. Then
(1) X#(X, Y) is a closed subspace of B(X, Y);
(2) for all Banach spaces W and Z, it holds that

B(Y, Z)o X (X, Y)o B(W, X) C ¥ (W, Z);

ie, if S € BW, X), T € B(Y, Z) and K € (X, Y) then
TKS e X (W, 2);
(3) Ire X (F):= X(F, F).

<4 That #(X, Y) is a subspace of B(X, Y) follows from 8.3.1. If K,, €
X (X, Y) and K, — K; then, given ¢ > 0, for n sufficiently large observe that
|Kz — Knz|| < ||K — Ky|| |||} < € whenever z € Bx. Therefore, K,(Bx) serves
as an €-net (= Bg-net) for K(Bx). It remains to refer to 4.6.4 and thus complete
the proof of the closure property of #'(X, Y). The other claims are evident. >

8.3.3. REMARK. Theorem 8.3.2 is often verbalized as follows: “The class of
all compact operators is an operator ideal.” Behind this lies a conspicuous analogy
with the fact that (X ):= # (X, X) presents a closed bilateral (two-sided) ideal
in the (bounded) endomorphism algebra B(X); i.e., X (X)o B(X) C J#(X) and
B(X)o X (X) Cc X (X).

8.3.4. Calkin Theorem. The ideals 0, J¢ (l;), and B(l;) exhaust the list of
closed bilateral ideals in the endomorphism algebra B(ly) of the Hilbert space ls.

8.3.5. REMARK. In view of 8.3.4 it is clear that a distinguishable role in op-
erator theory should be performed by the algebra B(X)/# (X) called the Calkin
algebra (on X). The performance is partly delivered in 8.5.

8.3.6. DEFINITION. An operator T, a member of £ (X, Y), is called a finite-
rank operator provided that T € B(X, Y) and im T is a finite-dimensional sub-
space of Y. In notation: T € F(X, Y). A hasty term “finite-dimensional opera-
tor” would abuse consistency since T as a subspace of X X Y is usually infinite-
dimensional.
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8.3.7. The linear span of the set of (bounded) rank-one operators comprises
all finite-rank operators:

TeEFX,Y)

& (3zy,... 2 € XY Qyr,... ,yn €Y) T=Zz2®yk. a
k=1

8.3.8. DEFINITION. Let @ be a (nonempty) compact set in X. Given T €
B(X, Y), put
ITll@:= sup IT(Q)Il-

The collection of all seminorms B(X, Y) of type || - |l is the Arens multinorm
in B(X, Y), denoted by »p(x,y). The corresponding topology is the topology of
uniform convergence on compact sets or the compact-open topology (cf. 7.2.10).

8.3.9. Grothendieck Theorem. Let X be a Banach space. The following
conditions are equivalent:
(1) for every € > 0 and every compact set Q in X there is a finite-rank
endomorphism T of X, a member of F(X):= F(X, X), such that
|ITz — z|| < e for all z € Q;
(2) for every Banach space W, the subspace F(W, X) is dense in the
space B(W, X) with respect to the Arens multinorm »g(w,x);
(3) for every Banach space Y, the subspace F(X, Y) is dense in the
space B(X, Y') with respect to the Arens multinorm *B(X,Y)

< It is clear that (2) = (1) and (3) = (1). Therefore, we are to show only
that (1) = (2) and (1) = (3).

(1) = (2): f T € B(W, X) and Q is a nonempty compact set in W then,
in view of the Weierstrass Theorem, T(Q) is a nonempty compact set in X. So,
for € > 0, by hypothesis there is a member Ty of F(X) such that ||To — Ix||r(g) =
|IToT — T)|@ < €. Undoubtedly, ToT € F(W, X).

(1) = (3): Let T € B(X, Y). If T = 0 then there is nothing to be proven.
Let T # 0, € > 0 and @ be a nonempty compact set in X. By hypothesis there
is a member Ty of F(X) such that ||Tp — Ix|lq < €||T||™*. Then || TTy — T)lq <
IT)| |To — Ix|lq < €. Furthermore, TT, € F(X, Y). >

8.3.10. DEFINITION. A Banach space satisfying one (and hence all) of the
equivalent conditions 8.3.9 (1)-8.3.9 (3) is said to possess the approzimation prop-
erty.

8.3.11. Grothendieck Criterion. A Banach space X possesses the approx-

imation property if and only if, for every Banach space W, the equality holds:
cl F(W, X) =2 (W, X), with the closure taken in operator norm.



134 Chapter 8. Operators in Banach Spaces

8.3.12. REMARK. For a long time there was an unwavering (and yet un-
provable) belief that every Banach space possesses the approximation property.
Therefore, P. Enflo’s rather sophisticated example of a Banach space lacking the
approximation property was acclaimed as sensational in the late seventies of the
current century. Now similar counterexamples are in plenty:

8.3.13. SZANKOWSKI COUNTEREXAMPLE. The space B(l;) lacks the approx-
imation property.

8.3.14. DAVIS—FIGIEL-SZANKOWSKI COUNTEREXAMPLES. The spaces cg
and l, with p # 2 have closed subspaces lacking the approximation property.

8.4. The Riesz—Schauder Theory

8.4.1. e-Perpendicular Lemma. Let X, be a closed subspace of a Banach
space X and X # Xo. Given an € > 0, there is an e-perpendicular to Xy in X; i.e.,
an element z. in X such that ||z.|| = 1 and d(z¢, Xo):= inf djj.j({zc} x Xo) > 1—¢.

4 Take 1 > ¢ and z € X \ Xo. It is clear that d:= d(z, X,) > 0. Find
z' in the subspace X satisfying ||z — z'|| < d/(1 — ¢€), which is possible because
d/(1—¢€)>d. Put z.:= (z — 2')||z — &'|| 7. Then ||z.|| = 1. Finally, for zo € X,
observe that

!

rT—z
llzo — zell = ||zo — Te—a] ‘
1 ' ’ d(z, Xo)
- — — >——2>1—-c.p
' — z|| l(le — 2'llzo + &) — 2|l 2 lz' — z|| = €

8.4.2. Riesz Criterion. Let X be a Banach space. The identity operator
in X is compact if and only if X is finite-dimensional.

4 Only the implication = needs proving. If X fails to be finite-dimensional,
then select a sequence of finite-dimensional subspaces X; C X2 C ... in X such
that Xn41 # Xy for all n € N. In virtue of 8.4.1 there is a sequence (z,) satisfying
Tnt1 € Xnt1, ||Znt1]] = 1 and d(znt1, Xn) > /2, namely, some sequence of ! /,-
perpendiculars to X, in Xp+1. It is clear that d(zm, zx) > /2 for m # k. In other
words, the sequence (z,) lacks Cauchy subsequences. Consequently, by 8.3.1 the
operator Ix is not compact. >

8.4.3. Let T € X (X, Y), with X and Y Banach spaces. The operator T is
normally solvable if and only if T has finite rank.

4 Only the implication = needs examining.

Let Yp:= im T be a closed subspace in Y. By the Banach Homomorphism
Theorem, the image T(Bx) of the unit ball of X is a neighborhood of zero in Yy.
Furthermore, in virtue of the compactness property of T, the set T(Bx) is rela-
tively compact in Yp. It remains to apply 8.4.2 to Y. o
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8.4.4. Let X be a Banach space and K € J¢(X). Then the operator 1 — K
is normally solvable.

q4QPut T:=1- K and X; := ker T. Undoubtedly, X; is finite-dimensional
by 8.4.2. In accordance with 7.4.11 (1) a finite-dimensional subspace is comple-
mented. Denote a topological complement of X; to X by X;3. Considering that
X, is a Banach space and T(X) = T(X3), it suffices to verify that ||Tz| > t||z|| for
some t > 0 and all ¢ € X;. In the opposite case, there is a sequence (z,,) such that
llza]l = 1, zn € X3 and Tz, — 0. Using the compactness property of K, we may
assume that (Kz,) converges. Put y:= lim Kz,. Then the sequence (z,) con-
verges to y, because y = im(Tz, + Kz,) = limz,. Moreover, Ty = lim Tz, = 0;
ie., y € X;. It is beyond a doubt that y € X3. Thus, y € X1 N X2;i.e.,y=0. We
arrive at a contradiction: |ly|| =lim||zn|| =1.>

8.4.5. For whatever strictly positive €, there are only finitely many eigenvalues
of a compact operator beyond the disk centered at zero and having radius ¢.

4 Suppose by way of contradiction that there is a sequence (A )nen of pair-
wise distinct eigenvalues of a compact operator K, with |A,| > ¢ for all n € N and
€ > 0. Suppose further that z, satisfying 0 # z, € ker (A, — K) is an eigenvector
with eigenvalue \,. Establish first that the set {z, : n € N} is linearly inde-
pendent. To this end, assume the set {z;,... ,z,} linearly independent. In case
Tnt1 = Y pey @kTk, we would have 0 = (Anp1 = K)Tng1 = gy @k(Ant1 — Ak)Tk-
Consequently, ay = 0 for k:=1,... ,n. Whence the false equality z,41 = 0 would
ensue.

Put X,,:=lin({z1,... ,zn}). By definition X; C X, C ...; moreover, as was
proven, X,41 # Xn for n € N. By virtue of 8.4.1 there is a sequence (Z, ) such that
ZTnt+1 € Xnt1, |[Tnt1]l = 1 and d(Tnt1, Xn) > /2. For m > k, straightforward
calculation shows that z:= (Ap41—K)Tm+1 € Xm and 2+ KT € X+ Xt C Xppr.
Consequently,

| KT mt+1 — KZk|| = || = Am+1Zm+1 + KTmt1 + Am41Fms1 — KTk |
= [ Am+1Zm+1 — (2 + Kzi)|| 2 [Am41|d(@ms1, Xm) = /2.

In other words, the sequence (K7, ) has no Cauchy subsequences. >

8.4.6. Schauder Theorem. Let X and Y be Banach spaces (over the same
ground field F). Then

KexX(X,Y)e K ex(Y', X').
< =: Observe first of all that the restriction mapping z' — z'|p, implements

an isometry of X' into loo(Bx). Therefore, to check that K'(By-) is relatively
compact we are to show the same for the set V:= {K'y'|g, : y' € By+}. Since
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K'y'|py(z) = y' o K|px(z) = y'(Kz) for z € Bx and y' € By, consider the
compact set @ := cl K(Bx) and the mapping K : C(Q, F) — l.(Bx) defined

by the rule Kg : z — ¢(Kz). Undoubtedly, the operator K is bounded and,
hence, continuous. Now put S := {y’|o : y’' € By'}. It is clear that S is
simultaneously an equicontinuous and bounded subset of C(@, F). Consequently,
by the Ascoli-Arzela Theorem, S is relatively compact. From the Weierstrass

o
Theorem derive that K(S) is a relatively compact set too. It remains to observe

that Ky'|g = K'y'|sx for y' € By;ie, K(S)=V.
<: If K' € #(Y', X') then, as is proven, K" € (X", Y"). By the Double
Prime Lemma, K"|x = K. Whence it follows that the operator K is compact. >

8.4.7. Every nonzero point of the spectrum of a compact operator is isolated
(i.e., such a point constitutes a clopen part of the spectrum).

4 Taking note of 8.4.4 and the Sequence Prime Principle, observe that each
nonzero point of the spectrum of a compact operator K is either an eigenvalue
of K or an eigenvalue of the dual of K. Using 8.4.5 and 8.4.6, conclude that, for
each strictly positive ¢, there are only finitely many points of Sp(K) beyond the
disk centered at zero and having radius ¢. >

8.4.8. Riesz—Schauder Theorem. The spectrum of a compact operator K
in an infinite-dimensional space contains zero. Each nonzero point of the spectrum
of K is isolated and presents an eigenvalue of K with the corresponding eigenspace
finite-dimensional.

4 Considering K, a compact endomorphism of a Banach space X, we must
only demonstrate the implication

0# X €Sp(K)=ker(A—K) #0.

First, settle the case F := C. Note that {A} is a clopen part of Sp(K).
Putting g(z):= !/, in some neighborhood about A and g(z):= 0 for z in a suitable
neighborhood about {A}’, observe that s} = gIc. Thus, by 8.2.3 and 8.2.10,
Py} = §(K)K. By virtue of 8.3.2 (2), Pjay € #(X). From 8.4.3 it follows that
im Py,} is a finite-dimensional space. It remains to invoke the Spectral Decompo-
sition Theorem.

In the case of the reals, F := R, implement the process of complezification.
Namely, furnish the space X? with multiplication by an element of C which is
introduced by the rule i(z, y):= (—y, z). The resulting complex vector space
is denoted by X @ iX. Define the operator K(z, y):= (Kz, Ky) in the space
X @ iX. Equipping X @ X with an appropriate norm (cf. 7.3.2), observe that
the operator K is compact and A € Sp(K). Consequently, ) is an eigenvalue of K
by what was proven. Whence it follows that A is an eigenvalue of K. o



8.5. Fredholm Operators 137

8.4.9. Theorem. Let X be a complex Banach space. Given T € B(X),
assume further that f : C — C is a holomorphic function vanishing only at zero
and such that f(T) € ' (X). Then every nonzero point A of the spectrum of T is
isolated and the Riesz projection Pyyy is compact.

< Suppose the contrary; i.e., find a sequence (A, )nen of distinct points of Sp(T')
such that A, — X # 0 (in particular, X is infinite-dimensional). Then f(\,) —
f(X) and f(A) # 0 by hypothesis. By the Spectral Mapping Theorem, Sp(f(T)) =
f(Sp(T)). Thus, by 8.4.8, f(An) = f()) for all sufficiently large n. Whence it
follows that f(z) = f(A) for all z € C and so f(T') = f(\). By the Riesz Criterion
in this case X is finite-dimensional. We come to a contradiction meaning that A is
an isolated point of Sp(T'). Letting ¢g(z):= f(z)~! in some neighborhood about A
disjoint from zero, infer that §f = 5(x}- Consequently, by the Gelfand-Dunford
Theorem, P(y} = g(T)f(T); i.e., in virtue of 8.3.2 (2) the Riesz projection Py, is
compact. >

8.4.10. REMARK. Theorem 8.4.9 is sometimes referred to as the Generalized
Riesz-Schauder Theorem.

8.5. Fredholm Operators

8.5.1. DEFINITION. Let X and Y be Banach spaces (over the same ground
field F). An operator T, a member of B(X, Y'), is a Fredholm operator (in symbols,
T e Zr(X,Y))if ker T:=T~1(0) and coker T:= Y/im T are finite-dimensional;
i.e., if the following quantities, called the nullity and the deficiency of T, are finite:

a(T):=nul T:=dim ker T; B(T):= def T:= dim coker T.

The integer ind T := a(T) — B(T), a member of Z, is the indez or, fully, the
Fredholm index of T.

8.5.2. REMARK. In the Russian literature, a Fredholm operator is usually
called a Noether operator, whereas the term “Fredholm operator” is applied only
to an index-zero Fredholm operator.

8.5.3. Every Fredholm operator is normally solvable.
4 Immediate from the Kato Criterion. >
8.5.4. For T € B(X, Y), the equivalence holds:

TeZr(X,Y)&T e ZFrY', X).

Moreover, ind T = —ind T".



138 Chapter 8. Operators in Banach Spaces

< By virtue of 2.3.5 (6), 8.5.3, 5.5.4 and the Sequence Prime Principle, the
next pairs of sequences are exact simultaneously:

0—>kerT—>X—T+Y—>cokerT—>0;
0« (ker T) « X' Iy (coker T) « 0;
0— ker(T') - Y’ T\ X' = coker (T') - 0;
0 — (ker (T")) « Y <& X « (coker (T")) « 0.
Moreover, a(T) = B(T") and B(T) = a(T") (cf. 7.6.14). >

8.5.5. An operator T is an index-zero Fredholm operator if and only if so is
the dual of T'.

a This is a particular case of 8.5.4. >

8.5.6. Fredholm Alternative. For an index-zero Fredholm operator T
either of the following mutually exclusive events takes place:

(1) The homogeneous equation Tz = 0 has a sole solution, zero. The
homogeneous conjugate equation T'y' = 0 has a sole solution, zero. The equa-
tion Tz = y is solvable and has a unique solution given an arbitrary right side.
The conjugate equation T'y' = z' is solvable and has a unique solution given
an arbitrary right side.

(2) The homogeneous equation Tz = 0 has a nonzero solution. The ho-
mogeneous conjugate equation T'y' = 0 has a nonzero solution. The homogeneous

equation Tz = 0 has finitely many linearly independent solutions z1,... ,zy. The
homogeneous conjugate equation T'y' = 0 has finitely many linearly independent
solutions yi,... ,yh. ‘

The equation Tz = y is solvable if and only if yi(y) = ... = yL(y) = 0.

Moreover, the general solution z is the sum of a partial solution zo and the general
solution of the homogeneous equation; i.e., it has the form

x:zo—l-z Avzr (A €F).
k=1

The conjugate equation T'y' = z' is solvable if and only if z'(z1) = ... =
z'(zn) = 0. Moreover, the general solution y' is the sum of a partial solution y}
and the general solution of the homogeneous equation; i.e., it has the form

n
v'=yo+ > myi (m€F)
k=1

4 This is a reformulation of 8.5.5 with account taken of the Polar Lemma. o
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8.5.7. EXAMPLES.
(1) If T is invertible then T is an index-zero Fredholm operator.
(2) Let T € Z(F™, F™). Let rank T := dim im T be the rank of T.
Then a(T) = n—rank T and 3(T) = m—rank T. Consequently, T' € Zr(F", F™)
and ind T=n —m.
(3) Let T € B(X) and X = X; & X;. Assume that this direct sum

decomposition of X reduces T to matrix form

Ty 0
TN(O n)‘

Undoubtedly, T is a Fredholm operator if and only if its parts are Fredholm
operators. Moreover, o(T) = a(Th) + a(T3) and B(T) = B(T1) + B(T?); i.e.,
ind T =ind T} +ind T5. <>

8.5.8. Fredholm Theorem. Let K € J¢(X). Then 1 — K is an index-zero
Fredholm operator.

4 First, settle the case F:= C. If 1 ¢ Sp(K) then 1 — K is invertible and
ind(1 — K) = 0. If 1 € Sp(K) then in virtue of the Riesz—Schauder Theorem
and the Spectral Decomposition Theorem there is a decomposition X = X; & X,
such that X is finite-dimensional and 1 ¢ Sp(K3), with K, the part of K in Xj.

Furthermore,
. 1-K; 0
I_AN( 0 1-&)'

By 8.5.7 (2), ind(1 — K;) = 0 and, by 8.5.7 (3), ind(1 — K) = ind(1 — K;) +
ind(1 — K3) = 0.

In the case of the reals, F := R, proceed by way of complexification as in
the proof of 8.4.8. Namely, consider the operator K(z, y):= (Kz, Ky) in the
space X @ iX. By above, ind(1 — K) = 0. Considering the difference between R
and C, observe that a(1 — K) = a(1 — K) and f(1 — K) = 8(1 — K). Finally,
ind(1-K)=0.»>

8.5.9. DEFINITION. Let T € B(X, Y). An operator L, amember of B(Y, X),
is a left approzimate inverse of T if LT —1 € ¥ (X). An operator R, a member of
B(Y, X), is a right approzimate inverse of T if TR — 1 € X (Y). An operator S,
a member of B(Y, X), is an approzimate inverse of T if S is simultaneously
a left and right approximate inverse of T. If an operator T has an approximate
inverse S then T is called approzimately invertible. The terms “regularizer” and
“parametrix” are all current in this context with regard to S.

8.5.10. Let L and R be a left approximate inverse and a right approximate
inverse of T, respectively. Then L — R € (Y, X).

QLT =1+ Kx (Kx € #(X)) = LTR = R+ KxR;
TR=1+4 Ky (KyE.X(Y))#LTR=L+LKy(>
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8.5.11. If L is a left approximate inverse of T and K € ¥ (Y, X) then L+ K
is also a left approximate inverse of T.

Q(L+KT —1=(LT-1)+KT € #(X) >

8.5.12. An operator is approximately invertible if and only if it has a right
approximate inverse and a left approximate inverse.

4 Only the implication <« needs examining. Let L and R be a left approximate
inverse and a right approximate inverse of T', respectively. By 8.5.10, K:= L—R ¢
X (Y, X). Consequently, by 8.5.11, R = L — K is a left approximate inverse of T
Thus, R is an approximate inverse of T'. >

8.5.13. REMARK. The above shows that, in the case X =Y, an operator S
is an approximate inverse of T' if and only if ¢©(S)p(T) = ¢(T)p(S) = 1, where
¢ : B(X) — B(X)/X(X) is the coset mapping to the Calkin algebra. In other
words, a left approximate inverse is the inverse image of a left inverse in the Calkin
algebra, etc.

8.5.14. Noether Criterion. An operator is a Fredholm operator if and only
if it is approximately invertible.

4=>: Let T € #r(X, Y). Using the Complementation Principle, consider
the decompositions X =ker T® X; and Y = im T @ Y, and the respective finite-
rank projections P which carries X onto ker T along X; and @ which carries Y
onto Y] along im T. It is clear that the restriction Ty := T|x, is an invertible
operator Ty : X; — im T. Put S:= T, (1 — Q). The operator S may be viewed
as a member of B(Y, X). Moreover, it is beyond a doubt that ST + P =1 and
TS + Q = 1.

<: Let S be an approximate inverse of T; i.e., ST = 1+ Kx and TS =
1 + Ky for appropriate compact operators Kx and Ky. Consequently, ker T C
ker (1 + Kx); i.e., ker T is finite-dimensional since so is ker(1 + Kx) in virtue
of 8.5.8. Furthermore, im T' D im (1 + Ky); and so the range of T is of finite
codimension because 1 + Ky is an index-zero Fredholm operator. >

8.5.15. Corollary. If T € #r(X, Y) and S is an approximate inverse of T
then S € Fr(Y, X).

8.5.16. Corollary. The product of Fredholm operators is itself a Fredholm
operator.

4 The composition of approximate inverses (taken in due succession) is an ap-
proximate inverse to the composition of the originals. >

8.5.17. Consider an exact sequence

0-X1—-Xo9> ... X1 X,>0
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of finite-dimensional vector spaces. Then the Euler identity holds:

n
> (-1)* dim X =0.
k=1
4 For n = 1 the exactness of the sequence 0 — X; — 0 means that X; = 0,
and for n = 2 the exactness of 0 - X; — X; — 0 amounts to isomorphy between
X, and X3 (cf. 2.3.5 (4)). Therefore, the Euler identity is beyond a doubt for
n:=1, 2.
Suppose now that for m < n — 1, where n > 2, the desired identity is already
established. The exact sequence

00X =2Xo— ... 5 Xpno —2 Xpn_y L X, -0

reduces to the exact sequence

0- X, —-)X2—>...-‘)Xn_2h) ker T,_; — 0.

By hypothesis,
n—2
> (-1)* dim X} + (-1)""" dimker T,y = 0.
k=1
Furthermore, since T,,—; is an epimorphism,
dim X,,_; = dimker T,,_; + dim X,,.
Finally,

n—2
0=> (-1)*dim Xy + (-1)"""(dim Xp_; — dim X,)
k=1

=Y (-1)*dim X;. o
k=1

8.5.18. Atkinson Theorem. The index of the product of Fredholm opera-
tors equals the sum of the indices of the factors.

dLet T € Fr(X, Y) and S € Fr(Y, Z). By virtue of 8.5.16, ST €
Fr(X, Z). Using the Snowflake Lemma, obtain the exact sequence of finite-
dimensional spaces

0 - ker T — ker ST — ker S — coker T' — coker ST — coker S — 0.
Applying 8.5.17, infer that
o(T) — a(ST) + o(S) - B(T) + B(ST) — B(S) = 0;
whence ind (ST) =ind S +ind T. >
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8.5.19. Corollary. Let T be a Fredholm operator and let S be an approxi-
mate inverse of T. Then ind T = —ind S.

4ind (ST) = ind (1 + K) for some compact operator K. By Theorem 8.5.8,
1+ K is an index-zero Fredholm operator. &

8.5.20. Compact Index Stability Theorem. The property of being
a Fredholm operator and the index of a Fredholm operator are preserved un-
der compact perturbations: if T € #r(X, Y)and K € ¥ (X, Y) then T+ K €
Fr(X,Y)and ind(T+ K)=ind T.

4 Let S be an approximate inverse to T} i.e.,

ST=1+4+Kx; TS=1+Ky

with some Kx € X (X) and Ky € 4 (Y) (that S exists is ensured by 8.5.14).
It is clear that

S(T+K)=ST+SK=1+Kx + SK € 1 + X (X);
(T+K)S=TS+KS=1+Ky +KSec1+x(Y)

i.e., S is an approximate inverse of T+ K. By virtueof 8.5.14, T+ K € Zr(X, Y).
Finally, from 8.5.19 infer the equalities ind(T' + K) = —ind S and ind T =
—ind S. >

8.5.21. Bounded Index Stability Theorem. The property of being
a Fredholm operator and the index of a Fredholm operator are preserved under
sufficiently small bounded perturbations: the set Fr(X, Y) is open in the space
of bounded operators, and the index of a Fredholm operatorind : #r(X, Y) - Z
is a continuous function.

<Let T € #r(X, Y). By 8.5.14 there are operators S € B(Y, X), Kx €
X (X) and Ky € X (Y) such that

ST=1+Kx; TS=1+Ky.

If S = 0 then the spaces X and Y are finite-dimensional by the Riesz Criterion,
i.e., nothing is left to proof: it suffices to refer to 8.5.7 (2). If S # 0 then for all
V € B(X, Y) with ||V]|| < 1/||S||, from the inequality of 5.6.1 it follows: ||SV|| < 1
and |V S|| < 1. Consequently, in virtue of 5.6.10 the operators 1+ SV and 1+ VS
are invertible in B(X) and in B(Y), respectively.

Observe that

1+ SV)IS(T+V)=(1+S8V)'(1+Kx + SV)
=1+ (1+8V)'Kx € 1+ #(X);
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e, (1 + SV)71S is a left approximate inverse of T + V. By analogy, show that
S(1+ V8)™!is a right approximate inverse of T + V. Indeed,

(T+V)SA+VS) ' =(1+ Ky +VS)(1+VS)!
=1+ Ky(1+VS)tel4#(Y).

By 8.5.12, T + V is approximately invertible. In virtue of 85.14, T+ V ¢
Fr(X, Y). This proves the openness property of #r(X, Y). When left and
right approximate inverses of a Fredholm operator W exist, each of them is an ap-
proximate inverse to W (cf. 8.5.12), Therefore, from 8.5.19 and 8.5.18 obtain

ind(T+ V)= —ind((1 + SV)7'5)
=—ind(1+SV) ' -ind S=~-ind S=ind T

(because (1 + SV)™?! is a Fredholm operator by 8.5.7 (1)). This means that the
Fredholm index is continuous. >

8.5.22. Nikol'skil Criterion. An operator is an index-zero Fredholm oper-
ator if and only if it is the sum of an invertible operator and a compact operator.

a=>: Let T € #r(X, V) and ind T = 0. Consider the direct sum decom-
positions X = Xy @ker T and Y =im T @ ¥;. It is beyond a doubt that the
operator 17, the restriction of T to X, implements an isomorphism between X,
and im T. Furthermore, in virtue of 8.5.5, dimY; = (T) = a(7); i.e., there is
a natural isomorphism Id : ker T — Y;. Therefore, T admits the matrix presen-

tation T
1 0y _ [Ty O 0 0
TN(O 0)‘(0 Id)+(0 —Id)'
< U T:=S+K with K € (X, Y) and S~ € B(Y, X) then, by 8.5.20
and 8.5.7 (1), ind T=ind(S+ K)=ind $=0.»>
8.5.23. REMARK. Let Inv (X, Y') stand as before for the set of all invertible
operators from X to Y (this set is open by Theorem 5.6.12). Denote by F(X, Z)

the set of all Fredholm operators acting from X to Y and having index zero. The
Nikol'skii Criterion may now be written down as

FX,V)=Ihv(X, V)+X#(X,Y)
As is seen from the proof of 8.5.22, it may also be asserted that
F(X,Y)=Inv(X, Y)+ F(X, Y),

where, as usual, F(X, Y') is the subspace of B(X, Y) comprising all finite-rank
operators. <



144 Chapter 8. Operators in Banach Spaces

Exercises

8.1. Study the Riesz-Dunford integral in finite-dimensions.
8.2. Describe the kernel of the Riesz—Dunford integral.
8.3. Given n € N, let f, be a function holomorphic in a neighborhood U about the

spectrum of an operator T. Prove that the uniform convergence of (fr) to zero on U follows
from the convergence of (fn(T)) to zero in operator norm.

8.4. Let o be an isolated part of the spectrum of an operator T. Assume that the
part o/ := Sp(T) \ o is separated from o by some open disk with center a and radius r so that
o C {z € C: |z —a| < r}. Considering the Riesz projection P, prove that

Py =1lim (1 - 2z"™(T —a)")"};
n

z € im (P,) ¢ limsup||(a - T)*z||'/» < r.
n

8.5. Find conditions for a projection to be a compact operator.

8.6. Prove that every closed subspace lying in the range of a compact operator in a Ba-
nach space is finite-dimensional.

8.7. Prove that a linear operator carries each closed linear subspace onto a closed set
if and only if the operator is normally solvable and its kernel is finite-dimensional or finite-
codimensional (the latter means that the kernel has a finite-dimensional algebraic complement).

8.8. Let 1 < p < r < 4+o00. Prove that every bounded operator from I to I, or from co
to I, is compact.

8.9. Let H be a separable Hilbert space. Given an operator T in B(H) and a Hilbert
basis (en ) for H, define the Hilbert-Schmidt norm as

Y2

ITllz:= | D UTeall?

n=1

(Examine soundness!) An operator with finite Hilbert-Schmidt norm is a Hilbert—Schmidt oper-
ator. Demonstrate that an operator T is a Hilbert-Schmidt operator if and only if T is compact
and Z:ozl A2 < 400, where (A, ) ranges over the eigenvalues of some operator (T*T)l/'l (define
the latter!).

8.10. Let T be an endomorphism. Then

im (T°%) D im (T!) D im(T?) > ....

If there is a number n satisfying im (T™) = im (T"1!) then say that T has finite descent. The
least number n with which stabilization begins is the descent of T, denoted by d(T). By analogy,

considering the kernels
ker (T°) C ker (T?) C ker (T?) C ...,

introduce the concept of ascent and the denotation a(T). Demonstrate that, for an operator T'
with finite descent and finite ascent, the two quantities, a(T") and d(T'), coincide.

8.11. An operator T is a Riesz—Schauder operator, if T is a Fredholm operator and has
finite descent and finite ascent. Prove that an operator T is a Riesz-Schauder operator if and
only if T is of the form T' = U + V, where U is invertible and V is of finite rank (or compact)
and commutes with U.



Exercises 145

8.12. Let T be a bounded endomorphism of a Banach space X which has finite descent
and finite ascent, r := a(T") = d(T). Prove that the subspaces im (T") and ker (T") are closed,
the decomposition X = ker (T") @ im(T7) reduces T, and the restriction of T to im(T7) is
invertible.

8.13. Let T be a normally solvable operator. If either of the next quantities is finite
a(T):=dim ker T, B(T):= dim coker T,
then T is called semi-Fredholm. Put

P4 (X):={T € B(X): im T € Cl(X), a(T) < +oo};
P_(X):={T € B(X): im T € C1(X), B(T) < +oo}.

Prove that

Ted (X)) T € d_(X');
Ted_(X)o T edy(X).

8.14. Let T be a bounded endomorphism. Prove that T belongs to ®4(X) if and only
if for every bounded but not totally bounded set U, the image T(U) is not a totally bounded set
in X.

8.15. A bounded endomorphism T in a Banach space is a Riesz operator, if for every
nonzero complex A the operator (A —T') is a Fredholm operator. Prove that T is a Riesz operator
if and only if for all A € C, A # 0, the following conditions are fulfilled:

(1) the operator (A — T) has finite descent and finite ascent;

(2) the kernel of (A — T)* is finite-dimensional for every k € N;

(3) the range of (A — T)* has finite deficiency for k € N,
and, moreover, all nonzero points of the spectrum of T are eigenvalues, with zero serving as the
only admissible limit point (that is, for whatever strictly positive €, there are only finitely many
points of Sp(T') beyond the disk centered at zero with radius ¢).

8.16. Establish the isometric isomorphisms: (X/Y) ~ Y1 and X'/YL ~ Y’ for Ba-
nach spaces X and Y such that Y is embedded into X.

8.17. Prove that for a normal operator T in a Hilbert space and a holomorphic func-
tion f, a member of H(Sp(T)), the operator f(T) is normal. (An operator is normal if it
commutes with its adjoint, cf. 11.7.1.)

8.18. Show that a continuous endomorphism T of a Hilbert space is a Riesz operator
if and only if T is the sum of a compact operator and a quasinilpotent operator. (Quasinilpotency
of an operator means triviality of its spectral radius.)

8.19. Given two Fredholm operators S and T, members of #r(X, Y), with ind S =
ind T, demonstrate that there is a Jordan arc joining S and T within Z#r(X, Y).



Chapter 9
An Excursion into General Topology

9.1. Pretopologies and Topologies

9.1.1. DEFINITION. Let X be a set. A mapping 7 : X — P(P(X)) is
a pretopology on X if
(1) z € X = 7(z) is a filter on X
(2) z€ X = 7(z) C fil{z}.
A member of 7(z) is a (pre)neighborhood about z or of z. The pair (X, 7), as well
as the set X itself, is called a pretopological space.

If 71, 72 € J(X) then 7 is said to be stronger than 7, or finer than (in symbols,
71 > 72) provided that © € X = 71(z) D m2(z). Of course, 1, is weaker or coarser
than 7.

9.1.3. The set J(X) with the relation “to be stronger” presents a complete
lattice.

4If X = @ then J(X) = {@} and there is nothing to be proven. If X # &
then refer to 1.3.13. »

9.1.4. DEFINITION. A subset G of X is an open set in X, if G is a (pre)neigh-
borhood of its every point (in symbols, G € Op(r) & (Vz € G) (G € 7(z))).
A subset F' of X is a closed setin X if the complement of F to X is open; that is,
FeCl(r)& X\ FeOp(r).

9.1.5. The union of a family of open sets and the intersection of a finite family
of open sets are open. The intersection of a family of closed sets and the union
of a finite family of closed sets are closed. <>

9.1.6. Let (X, 7) be a pretopological space. Given z € X, put
Uet(r)(z) & (3AV eOp(r) z2eV&UDV.

The mapping t(t) :  — t(7)(z) is a pretopology on X. a>
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9.1.7. DEFINITION. A pretopology 7 on X is a topology if 7 = t(7). The pair
(X, 7), as well as the underlying set X itself, is then called a topological space.
The set of all topologies on X is denoted by the symbol T (X).

9.1.8. EXAMPLES.

(1) A metric topology.

(2) The topology of a multinormed space.

(3) Let 7o:= inf J(X). 1t is clear that 7o(z) = {X} for z € X. Conse-
quently, Op (7o) = {&, X} and so 7, = #(7,); i.e., To is a topology. This topology
is called trivial, or antidiscrete, or even indiscrete.

(4) Let 7° := sup J(X). It is clear that 7°(z) = fil {z} for z € X.
Consequently, Op(7°) = 2% and so 7° = #(7°); i.e., 7° is a topology. This
topology is called discrete.

(5) Let Op be a collection of subsets in X which is stable under the
taking of the union of each of its subfamilies and the intersection of each of its
finite subfamilies. Then there is a unique topology T on X such that Op () = Op.

a4 Put 7(z):=fil{VeE€Op: z€V} for z € X (in case X = & there is
nothing to prove). Observe that 7(z) # @ since the intersection of the empty
family equals X (cf. inf @ = 4+00). From the construction derive that t(r) = 7
and Op C Op(r). If G € Op(7) then G = U{V : V € Op, V C G} and so
G € Op by hypothesis. The claim of uniqueness raises no doubts. >

9.1.9. Let the mapping t : J(X) — J(X) act by the rule t : 7 — t(7).
Then

(1) imt=T(X); ie, 7€ I(X)=>1tr)€ T(X);

(2) 1 <m=>tn) <tr) (n, 2 € T(X));

(3) tot=t,

4) Te T X)=>1t(r)< 1

(8) Op(r)=O0p(i(r)) (r € T(X)).

4 The inclusion Op (7) D Op (¢(7)) holds because it is easier to be open in 7.
The reverse inclusion Op (7) C Op (¢(7)) follows from the definition of ¢(7). The
equality Op (7) = Op (¢(7)) makes everything evident. >

9.1.10. A pretopology 7 on X is a topology if and only if

(VU er(z)3Ver(z)& VCU)Vy) (yeV =V er(y))

forz € X.
4 Straightforward from 9.1.9 (5). >
9.1.11. Let 71, 72 € T(X). The following statements are equivalent:
(1) 1 >
(2) Op(m) > Op(2);
(3) C1(m1) D Cl(r). @
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9.1.12. REMARK. As follows from 9.1.8 (5) and 9.1.11, the topology of a space
is uniquely determined from the collection of its open sets. Therefore, the set
Op (X) itself is legitimately called the topology of the space X. In particular,
the collection of open sets of a pretopological space (X, 7) makes X into the
topological space (X, t(7)) with the same open sets in stock. Therefore, given
a pretopology 7, the topology #(7) is usually called the topology associated with 7.

9.1.13. Theorem. The set T (X) of all topologies on X with the relation
“to be stronger” presents a complete lattice. Moreover, for every subset & of T (X)
the equality holds:

supy (x) & =supg(x) &

4 Evidently, t(supy(x) &) = supg(x)H(&) 2 supg(x)6 > t(supg(x)&).
Thus, 7 := supg(x) & belongs to T(X). It is clear that 7 > &. Furthermore,
if 0 > & and 79 € T(X) then 70 > 7 and so 7 = supy (x) &. It remains to refer
to 1.2.14. >

9.1.14. REMARK. The explicit formula for the greatest lower bound of & is
more involved:
infp (X) &= t(infg(x) &).

However, the matter becomes simpler when the topologies are given by means of
their collections of open sets in accordance with 9.1.12. Namely,

U € Op(infr(x) &) & (V1€ &) U € Op(r).

In other words,
Op (infr (x) &) = [} Op(7)-
TEE
In this connection it is in common parlance to speak of the intersection of the
set & of topologies (rather than of the greatest lower bound of &). a>

9.2. Continuity

9.2.1. REMARK. The presence of a topology on a set obviously makes it pos-
sible to deal with such things as the interior and closure of a subset, convergence
of filters and nets, etc. We have already made use of this circumstance while in-
troducing multinormed spaces. Observe for the sake of completeness that in every
topological space the following analogs of 4.1.19 and 4.2.1 are valid:

9.2.2. Birkhoff Theorem. For a nonempty subset U and a point z of a topo-
logical space the following statements are equivalent:
(1) =z is an adherent point of U;
(2) there is some filter containing U and converging to z;
(3) there is a net of elements of U which converges to z. 4>
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9.2.3. For a mapping f between topological spaces the following conditions
are equivalent:

(1) the inverse image under f of an open set is open;

(2) the inverse image under f of a closed set is closed,;

(3) the image under f of the neighborhood filter of an arbitrary point x
is coarser than the neighborhood filter of f(z);

(4) for all x, the mapping f transforms each filter convergent to z into
a filter convergent to f(z);

(5) for all z, the mapping f sends a net that converges to x to a net
that converges to f(z). <

9.2.4. DEFINITION. A mapping acting between topological spaces X and Y
and satisfying one (and hence all) of the equivalent conditions 9.2.3 (1)-9.2.3 (5)
is called continuous. A continuous one-to-one mapping f from X onto ¥ whose
inverse f~1 acts continuously from Y to X is a homeomorphism or a topological
mapping or a topological 1somorphism between X and Y.

9.2.5. REMARK. If f : (X, 7x) — (Y, 7v) meets 9.2.3 (5) at some point z
in X then it is customary to say that f is continuous at z (cf. 4.2.2). Observe
that the difference is immaterial between the definitions of the continuity property
at a point of X and the general continuity property (on X). Indeed, if we let
72(2):= 7x(z) and 7,(T):=fil {T} for T € X, T # z, then the continuity property
of f at z (with respect to the topology 7x in X) amounts to that of f : (X, 7;) —
(Y, 7vy) (at every point of the space X with topology 7).

9.2.6. Let 11, 70 € T(X). Thenty > 1o ifand only if Ix : (X, 1) — (X, 72)
is continuous. 4>

9.2.7. Let f : (X, 7) — (Y, w) be a continuous mapping and let 7, € T (X)
and w; € T(Y) be such that 1y > 7 andw > wy. Then f : (X, 1) —= (Y, wy) is
continuous.

4 By hypothesis the following diagram commutes:

X, L (ww

IxT lIY
(XaTl) —f") (Yawl)

It suffices to observe that every composition of continuous mappings is continu-
ous. >

9.2.8. Inverse Image Topology Theorem. Let f : X — (Y, w). Put
To:={reT(X): f:(X, ) - (Y, w) is continuous}.

Then the topology f~(w):= inf Ty belongs to Tj.
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< From 9.2.3 (1) it follows that
€T & (z € X = fH(w(f(z))) C ().

Let 7(z) := f~'(w(f(z))). Undoubtedly, ¢{() = 7. Furthermore, f(7(z)) =
F(f 1 (w(f(2)))) D w(f(z)); i.e., T € Ty by 9.2.3 (3). Thus, f(w)=7. b

9.2.9. DEFINITION. The topology f~!(w) is the inverse image of w under
a mapping f or simply the inverse image topology under f.

9.2.10. REMARK. Theorem 9.2.8 is often verbalized as follows: “The inverse
image topology under a mapping is the weakest topology on the set of departure
in which the mapping is continuous.” Moreover, it is easy for instance from 9.1.14
that the open sets of the inverse image topology are precisely the inverse images
of open sets. In particular, (z¢ — z in f~!(w)) & (f(z¢) — f(z) in w); likewise,
(Z - zin f1(w)) & (f(F) — f(z) in w) for a filter F. a>

9.2.11. Image Topology Theorem. Let f : (X, 7) - Y. Put

Qo:={weTk): f:(X, 7)— (Y, w) is continuous}.

Then the topology f(7):= sup )y belongs to Q.
4 Appealing to 9.1.13, observe that

f(m)(y) = (supr (v) Q)(y) = (5up2(v) R0)(y) = sup{w(y) : w € Qo}
for y € Y. By virtue of 9.2.3 (3),

weEQ & (zeX = fr(z) D w(f(z))).

Comparing the formulas, infer that f(7) € Q. >

9.2.12. DEFINITION. The topology f(7) is the image of 7 under a mapping f
or simply the image topology under f.

9.2.13. REMARK. Theorem 9.2.11 is often verbalized as follows: “The image
of a topology under a mapping is the strongest topology on the set of arrival
in which the mapping is continuous.”

9.2.14. Theorem. Let (f; : X — (Y¢, w¢))eez be a family of mappings.
Further, put 7:= supgez fs_l(wg). Then T is the weakest (= least) topology on X
making all the mappings f¢ (£ € E) continuous.

< Using 9.2.8, note that

(fe : (X, T) = (Yg, we) is continuous) & 7> fg_l (we). v

9.2.15. Theorem. Let (f¢ : (X¢, 7¢) = Y)eez be a family of mappings.
Further, assign w:= infgez fe(7¢). Then w is the strongest (= greatest) topology
on Y making all the mappings f¢ (£ € E) continuous.
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4 Appealing to 9.2.11, conclude that
(fe : (Xg, 1¢) — (Y, @) is continuous) & @ < fe(re). b

9.2.16. REMARK. The messages of 9.2.14 and 9.2.15 are often referred to as
the theorems on topologizing by a family of mappings.

9.2.17. EXAMPLES.

(1) Let (X, 7) be a topological space and let X, be a subset of X.
Denote the identical embedding of X, into X by ¢ : Xo — X. Put 79:= (7).
The topology 7o is the induced topology (by 7 in Xj), or the relative or subspace
topology; and the space (Xg, 79) is a subspace of (X, 7).

(2) Let (X¢, 7e)eez be a family of topological spaces and let X :=
[l¢ez Xe be the product of (X¢)¢ez. Put 7:= supgez Prgl(rf), where Prg : X —
X¢ is the coordinate projection (onto X¢); i.e., Pre z = z¢ (€ € E). The topology T
is the product topology or the product of the topologies (7¢)¢e=, or the Tychonoff
topology of X. The space (¥, 7) is the Tychonoff product of the topological spaces
under study. In particular, if X¢:= [0, 1] for all ¢ € Z then X:= [0, 1] (with the
Tychonoff topology) is a Tychonoff cube. When Z:= N, the term “Hilbert cube”
is applied.

9.3. Types of Topological Spaces

9.3.1. For a topological space the following conditions are equivalent:
(1) every singleton of the space is closed;
(2) the intersection of all neighborhoods of each point in the space con-
sists solely of the point;
(3) each one of any two points in the space has a neighborhood disjoint
from the other.

4 To prove, it suffices to observe that
yec{z} & VVer(y) zeVezen{V: Ver(yl,

where z and y are points of a space with topology 7. >

9.3.2. DEFINITION. A topological space satisfying one (and hence all) of the
equivalent conditions 9.3.1 (1)-9.3.1 (3), is called a separated space or a T;-space.
The topology of a Ty-space is called a separated topology or (rarely) a T;-topology.

9.3.3. REMARK. By way of expressiveness, one often says: “A Tj-space is
a space with closed points.”
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9.3.4. For a topological space the following conditions are equivalent:
(1) each filter has at most one limit;
(2) the intersection of all closed neighborhoods of a point in the space
consists of the sole point;
(3) each one of any two points of the space has a neighborhood disjoint
from some neighborhood of the other point.

a(1) = (2): fy € Nyer(z)cl U then UNV # @ for all V € 7(y), provided
that U € 7(z). Therefore, the join & := 7(z) V 7(y) is available. Clearly, & — «
and &# — y. By hypothesis, z = y.

(2) = (3): Let z, y € X, = # y (if such points are absent then either X = @
or X is a singleton and nothing is left unproven). There is an neighborhood U
in 7(z) such that U = cl U and y ¢ U. Consequently, the complement V of U
to X is open. Furthermore, UNV = @.

(3) = (1): Let & be a filteron X. If # — z and # — y then F D 7(z)
and & D 7(y). Thus, UNV # & for U € 7(z) and V € 7(y), which means that
T=y.>

9.3.5. DEFINITION. A topological space satisfying one (and hence all) of the
equivalent conditions 9.3.4 (1)-9.3.4 (3) is a Hausdorff space or a Ty-space. A nat-
ural meaning is ascribed to the term “Hausdorff topology.”

9.3.6. REMARK. By way of expressiveness, one often says: “A T,-space is
a space with unique limits.”

9.3.7. DEFINITION. Let U and V be subsets of a topological space. It is said
that V is a neighborhood of U or about U, provided int V D U. If U is nonempty
then all neighborhoods of U constitute some filter that is the neighborhood filter
of U.

9.3.8. For a topological space the following conditions are equivalent:
(1) the intersection of all closed neighborhoods of an arbitrary closed set
consists only of the members of the set;
(2) the neighborhood filter of each point has a base of closed sets;
(3) if F is a closed set and z is a point not in F' then there are disjoint
neighborhoods of F' and z, respectively.

4(1)=(2):Ifze X and U € 7(z) then V:= X \int U is closed and = ¢ V.
By hypothesis there is a set F in Cl(7) such that z ¢ F and int F D> V. Put
G:= X \ F. Clearly, G € 7(z). Moreover, G C X \int F = cl(X \int F) C
X\V cint U cU. Consequently, cl G C U.

(2)= 3):Ifz € X and F € Cl(7) with z ¢ F then X\ F € 7(z). Thus, there
is a closed neighborhood U in 7(z) lying in X \ F. Thus, X \ U is a neighborhood
of F disjoint from U.

B)= () FeCl(r)andint G D F = y € cl G, then UNG # & for every
U in 7(y) and every neighborhood G of F. This means that y € F. v
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9.3.9. DEFINITION. A Tj-space is a topological space satisfying one (and
hence all) of the equivalent conditions 9.3.8 (1)-9.3.8 (3). A separated T3-space is
called regular.

9.3.10. Urysohn Little Lemma. For a topological space the following con-
ditions are equivalent:
(1) the neighborhood filter of each nonempty closed set has a base of
closed sets;
(2) if two closed sets are disjoint then they have disjoint neighborhoods.

4 (1) = (2): Let F1 and F; be closed sets in some space X with Fy N F, = &.
Put G:= X \ F;. Obviously, G is open and G D F;. If F; = &, then there is
nothing to be proven. It may be assumed consequently that F, # &. Then there
is a closed set V; such that G D Va2 D int Vo D Fy. Put Vi:= X \ V,. It is clear
that V; is open, and Vi NV = @. Moreover, V1 D X\ G =X\ (X \ Fy) = F}.

(2) = (1): Let F=cl F,G=int Gand G D F. Put F;:= X\ G. Then
Fy = cl Fy and so there are open sets U and U; satisfying UNU; = @, with F C U
and F; C U;. Finally, d U C X\U; C X\ F1 =G. v

9.3.11. DEFINITION. A T4-space is a topological space meeting one (and
hence both) of the equivalent conditions 9.3.10 (1) and 9.3.10 (2). A separated
T4-space is called normal.

9.3.12. Continuous Function Recovery Lemma. Let a subset T be dense
inR and let t — U, (t € T) be a family of subsets of a topological space X. There
is a unique continuous function f : X — R such that

{(f<tycUcC{f<t} (teT)

if and only if
(t, seT &t <s)=clU, Cint U,.

<4 =: Take t < s. Since {f <t} is closed and {f < s} is open, the inclusions
hold:

dU,c{f<t}C{f<s}CintU,.

<=: Since Uy C el U; C int U; C U, for t < s, the family t — U, (t € T)
increases by inclusion. Therefore, f exists by 3.8.2 and is unique by 3.8.4. Consider
the families t — V; := cl U; and t — W; := int U;. These families increase
by inclusion. Consequently, on applying 3.8.2 once again, find functions g, A :
X — R satisfying

{g<t}cVic{g<t}, {h<t}cWic{h<t}
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forallt € T. Ift, s € T and ¢ < s, then in view of 3.8.3

Wt:intUtCUgCUsifSh;
Vi=cdU,Cint Uy =W, = h<g;
U:cUsCclUs=V,=>g< f.

So, f = g = h. Taking account of 3.8.4 and 9.1.5 and given ¢ € R, find

{f<ty={h<t}=U{W,: s<t, s€T}eOp(rx);
{f<ty={g<t}=n{V,: t<s, s€T}eCl(rx).

These inclusions readily provide continuity for f. v

9.3.13. Urysohn Great Lemma. Let X be a T,-space. Assume further
that F' is a closed set in X and G is a neighborhood of F. Then there is a continuous
function f : X — [0, 1} such that f(z) =0 forz € F and f(z) =1 forz ¢ G.

qPut Uy:= @ fort < 0and Uy:= X for t > 1. Consider the set T of the
dyadic-rational points of the interval [0, 1];i.e., T:= UpenTy with Ty, := {k277+1 ;
k:=0, 1,...,2" 1}. It suffices to define U, for all ¢ in T so that the family ¢ — U,
(t € T:=TU(®R\[0, 1))) satisfy the criterion of 9.3.12. This is done by way
of induction.

Ift € Th, ie,t € {0, 1}; then put Uy := F and U; := G. Assume now
that, for ¢ € T,, and n > 1, some set U; has already been constructed, satisfying
cl Uy C int U, whenever t, s € T, and ¢t < s. Take t € Ty,4; and find the two
points #; and ¢, in T, nearest to t:

tir=sup{s € T, : s <t}
tr:=inf{s € T, : t < s}.

If t = ¢; or t = t,, then U, exists by the induction hypothesis. If ¢ # ¢; and
t # t,, then t; < t < t, and again by the induction hypothesis cl U;, C int Uy, .
By virtue of 9.3.11 there is a closed set U; such that

cl Ut, Cint Uy CU;=clU; Cint Ut'_.

It remains to show that the resulting family satisfies the criterion of 9.3.12.
To this end, take ¢, s € Tp41 with t < s. If ¢, = s;, then for s > 3
by construction

dUsCcdl, =clUs, Cint Us.
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For t < t, = s; similarly deduce the following:
cd U, Cint U;, =infU,, Cint Us.

If t, < s; then, on using the induction hypothesis, infer that
cdU, Ccd U, Cint U, Cint U,,

what was required. >

9.3.14. Urysohn Theorem. A topological space X is a T4-space if and only
if to every pair of disjoint closed sets Fy and F; in X there corresponds a continuous
function f : X — [0, 1] such that f(z) =0 for z € Fy and f(z) =1 for z € F,.

q =>: It suffices to apply 9.3.13 with F:= F} and G:= X \ F;.

<: If iNF, =0 and F; and F; are closed sets, then for a corresponding
function f the sets Gy := {f < 1/2} and G2:= {f > 1/} are open and disjoint.
Moreover, G; D Fy and G; D Fy. »

9.3.15. DEFINITION. A topological space X is a T31/,-space, if to a closed
set F' in X and a point z not in F there corresponds a continuous function f :
X — [0, 1} such that f(z) =1and y € F = f(y) = 0. A separated T31/,-space is
a Tychonoff space or a completely reqular space.

9.3.16. Every normal space is a Tychonoff space.
< Straightforward from 9.3.1 and 9.3.14. >

9.4. Compactness

9.4.1. Let @ be a filterbase on a topological space and let
cd Z:=n{cl B: B¢ %}

be the set of adherent points of % (also called the adherence of %). Then

(1) o #=clfil %

(2) Zoz=>z€cdl B

(3) (# is an ultrafilter and z € cl B) = B — «z.

4 Only (3) needs demonstrating, since (1) and (2) are evident. Given U € 7(z)

and B € %, observe that U N B # @. In other words, the join % := 7(z) V
A is available. It is clear that # — z. Furthermore, & = %, because & is
an ultrafilter. o

9.4.2. DEFINITION. A subset C of a topological space X is a compact set
in X if each open cover of C has a finite subcover (cf. 4.4.1).
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9.4.3. Theorem. Let X be a topological space and let C be a subset of X.
The following statements are equivalent:
(1) C is compact;
(2) if a filterbase A lacks adherent points in C then there is a member
B of # such that BN C = &;
(3) each filterbase containing C has an adherent point in C|
(4) each ultrafilter containing C has a limit in C.

a4 (1) = (2): Since 1 #ZNC = @; therefore, C C X \ cl . Thus, C C
X\N{clB: Be %P} =U{X\clB: B e #}. Consequently, there is a finite
subset %y of # such that C C U{X\cl By: By € %o} = X\N{cl By : By € %,}.
Let B € & satisfy B C N{By : By € %} C N{cl By : By € %}. Then
CnBcCn(nN{cl By: By € %})=0.

(2) = (3): In case C = @, there is nothing to be proven. If C # &, then for
B € # by hypothesis BN C # & because C € &. Thus,cl ZNC # 3.

(3) = (4): It suffices to appeal to 9.4.1.

(4) = (1): Assume that C' # @ (otherwise, nothing is left to proof).

Suppose that C is not compact. Then there is a set & of open sets such that
C CU{G: G € &} and at the same time, for every finite subset & of &, the
inclusion C C U{G : G € &} fails. Put

B= { [ X\ G: & is a finite subset of g}.
G€Eé&o

It is clear that & is a filterbase. Furthermore,

dB=n{clB: Be B} =n{X\G: Ge &}
=X\U{G: Ge&}cX\C.

Now choose an ultrafilter £ that is coarser than %, which is guaranteed by 1.3.10.
By supposition each member of & meets C. We may thus assume that C € &
(adjusting the choice of &, if need be). Then & — z for some z in C and
so, by 9.4.1 (2), 1 F NC # @. At the same time cl F C cl . We arrive
at a contradiction. >

9.4.4. REMARK. The equivalence (1) ¢ (4) in Theorem 9.4.3 is called the
Bourbak: Criterion and verbalized for X = C as follows: “A space is compact if and
only if every ultrafilter on it converges” (cf. 4.4.7). An ultranet is a net whose
tail filter is an ultrafilter. The Bourbaki Criterion can be expressed as follows:
“Compactness amounts to convergence of ultranets.” Many convenient tests for
compactness are formulated in the language of nets. For instance: “A space X is
compact if and only if each net in X has a convergent subnet.”
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9.4.5. Weierstrass Theorem. The image of a compact set under a contin-
uous mapping is compact (cf. 4.4.5). <>

9.4.6. Let Xy be a subspace of a topological space X and let C be a subset
of Xo. Then C is compact in Xo if and only if C is compact in X.

<4 =: Immediate from 9.4.5 and 9.2.17 (1).

<: Let & be a filterbase on Xy. Further, let V := clx, & stand for the
adherence of & relative to Xy. Suppose that VNC = &. Since & is also a filterbase
on X, it makes sense to speak of the adherence W := clx & of & relative to X.
It is clear that V = W N X, and, consequently, W N C' = &. Since C is compact
in X, by 9.4.3 there is some B in & such that BN C' = &. Using 9.4.3 once again,
infer that C is compact in Xq. >

9.4.7. REMARK. The claim of 9.4.6 is often expressed as follows: “Compact-
ness is an absolute concept.” It means that for C' to be or not to be compact
depends on the topology induced in C rather than on the ambient space induc-
ing the topology. For that reason, it is customary to confine study to compact
spaces, i.e. to sets “compact in themselves.” A topology 7 on a set C, making C
into a compact space, is usually called a compact topology on C. Also, such C is
referred to as “compact with respect to 7.”

9.4.8. Tychonoff Theorem. The Tychonoff product of compact spaces is
compact.

4 Let X := HEGE X¢ be the product of such spaces. If at least one of the
spaces X¢ is nonempty then ¥ = @ and nothing is left to proof. Let X # &
and let & be an ultrafilter on X. By 1.3.12, given £ € = and considering the
coordinate projection Prg : X — X¢, observe that Pr¢(.%) is an ultrafilter on Xg.
Consequently, in virtue of 9.4.3 there is some z¢ in X¢ such that Pr¢(F) — z,.
Let z : £ — ¢ It is clear that & — z (cf. 9.2.10). Appealing to 9.4.3 once more,

infer that X is compact. >
9.4.9. Every closed subset of a compact space is compact.

< Let X be compact and C € Cl(X). Assume further that & is an ultrafilter
on X and C € #. By Theorem 9.4.3, # has a limit z in X: that is, & — z.
By the Birkhoff Theorem, = € cl C = C. Using 9.4.3 again, conclude that C is
compact. >

9.4.10. Every compact subset of a Hausdorff space is closed.

4 Let C be compact in a Hausdorff space X. If C = @& then there is nothing
to prove. Let C' # @ and z € cl C. By virtue of 9.2.2 there is a filter %, on X
such that C € %y and %y, — z. Let & be an ultrafilter finer than %,. Then
F — zand C € #. By 9.4.3, Z has a limit in C. By 9.3.4 every limit in X is
unique. Consequently, z € C. >
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9.4.11. Let f : (X, 7) — (Y, w) be a continuous one-to-one mapping with
f(X) =Y. If 7 is a compact topology and w is a Hausdorff topology, then f is
a homomorphism.

4 Tt suffices to establish that f~! is continuous. To this end, we are to demon-
strate that F € Cl(r) = f(F) € Cl(w). Take F' € Cl(7). Then F is compact
by 9.4.9. Successively applying 9.4.5 and 9.4.10, infer that f(F') is closed. >

9.4.12. Let 7, and 15 be two topologies on a set X. If (X, 1) is a compact
space and (X, 1) is a Hausdorff space with 1 > 13, then 11 = 75. <>

9.4.13. REMARK. The message of 9.4.12 is customarily verbalized as follows:
“A compact topology is minimal among Hausdorff topologies.”

9.4.14. Theorem. Every Hausdorff compact space is normal.

4a Let X be the space under study and let £ be some filterbase on X. Assume
further that U is a neighborhood of ¢l #. It is clear that X \ int U is compact
(cf. 9.4.9) and cl ZN (X \int U) = &. By Theorem 9.4.3 there is a member B
of & such that BN (X \int U) = @; i.e., B C U. Putting, if need be, Z:= {cl B :
B € &}, we may assert that ¢l B C U.

To begin with, take z € X and put #:= r(z). By virtue of 9.3.4, c] & = {z}
and, consequently, the filter 7(z) has a base of closed sets. Thus, X is regular.

Now take nonempty closed subset F' of X. Take as & the neighborhood filter
of F. By 9.3.8, cl & = F, and, as is already established, % has a base of closed
sets. In accordance with 9.3.9, X is a normal space. >

9.4.15. Corollary. Each Hausdorff compact space is (to within a homeo-
morphism) a closed subset of a Tychonoff cube.

4 The compactness property of a closed subset of a Tychonoff cube follows
from 9.4.8 and 9.4.9. Moreover, every cube is a Hausdorff space and so such is
each of its subspaces.

Now take some Hausdorff compact space X. Let Q be the collection of all
continuous function from X to [0, 1]. Define the mapping ¥ : X — [0, 1]? as
U(z)(f) := f(z) where z € X and f € Q. From 9.4.14 and 9.3.14 infer that
¥ carries X onto ¥(X) in a one-to-one fashion. Furthermore, ¥ is continuous.
Application to 9.4.11 completes the proof. >

9.4.16. REMARK. Corollary 9.4.15 presents a part of a more general asser-
tion. Namely, a Tychonoff space is (to within a homeomorphism) a subspace
of a Tychonoff cube. <>

9.4.17. REMARK. Sometimes a Hausdorff compact space is also called a com-
pactum (cf. 4.5 and 4.6).

9.4.18. Diedonné Lemma. Let F' be a closed set and let G1,... ,Gy, be

open sets in a normal topological space, with FF C G1 U ...UG,. There are closed
sets F1,... ,F, such that F = FyU...UF, and Fi, C G (k:=1,... ,n).
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< It suffices to settle the case n:= 2. For k:= 1,2 the set Ux:= F\ Gy is closed.
Moreover, U; N U; = @. By 9.3.10 there are open V] and V, such that U; C V4,
Uy Cc Vo and VNV, = &. Put Fi,:= F\ V. It is clear that F} is closed and
Fy C F\Ux = F\(F\Gk) C G for k:=1,2. Finally, HUF; = F\(VjUV,) = F.»>

9.4.19. REMARK. From 9.3.14 we deduce that under the hypotheses of 9.4.18
there are continuous functions hi,... ,hn : X — [0, 1] such that hi|g, = 0 and
Y %=1 hx(z) = 1 for every point z in some neighborhood about F. (As usual,

=X \Gk.)

9.4.20. DEFINITION. A topology is called locally compact if each point pos-
sesses a compact neighborhood. A locally compact space is a set furnished with
a Hausdorff locally compact topology.

9.4.21. A topological space is locally compact if and only if it is homeomor-
phic with a punctured compactum (= a compactum with a deleted point), i.e. the
complement of a singleton to a compactum.

4 <: In virtue of the Weierstrass Theorem it suffices to observe that each
point of a punctured compactum possesses a closed neighborhood (since every
compactum is regular). It remains to make use of 9.4.9 and 9.4.6.

=>: Put the initial space X in X := X U{oo}, adjoining to X a point co taken
elsewhere. Take the complements to X of compact subsets of X as a base for the
neighborhood filter about co. A neighborhood of a point z of X in X" is declared
to be a superset of a neighborhood of z in X. If 2 is an ultrafilter in X" and K
is a compactum in X then 2 converges to a point in K provided that K € 2.
If 2 contains the complement of each compactum K in X to X, then A converges
to co. b

9.4.22. REMARK. If a locally compact space X is not compact in its own
right then X of 9.4.20 is the one-point or Alezandroff compactification of X.

9.5. Uniform and Multimetric Spaces

9.5.1. DEFINITION. Let X be a nonempty set and let x be a filter on X2.
The filter Zx is a uniformity on X if
(1) #x Cfil {Ix};
(2) Uex = U € Ux;
(8) VU ex)3Ve¥x)VoVCU.
The uniformity of the empty set is by definition {@}. The pair (X, Zx), as well
as the underlying set X, is called a uniform space.

9.5.2. Given a uniform space (X, %x), put
z€X =71(x):={U(z): Ue U}

The mapping 7 : z — 7(z) is a topology on X.
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4 Clearly, 7 is a pretopology. If W € 7(z) then W = U(z) for some U
in %x. Choose a member V of %x sothat VoV CU. If y € V(z) then V(y) C
V(V(z)) = VoV(z) CU(z) C W. In other words, the set W is a neighborhood
about y for every y in V(z). Therefore, V(z) lies in int W. Consequently, int W
is a neighborhood about z. It remains to refer to 9.1.6. >

9.5.3. DEFINITION. The topology 7 appearing in 9.5.2 is the topology of
the uniform space (X, %x) under consideration or the uniform topology on X. It
is also denoted by 7(%x), 7x, etc.

9.5.4. DEFINITION. A topological space (X, 7) is called uniformizable pro-
vided that there is a uniformity % on X such that 7 coincides with the uniform
topology T(%).

9.5.5. EXAMPLES.

(1) A metric space (with its metric topology) is uniformizable (with its
metric uniformity).

(2) A multinormed space (with its topology) is uniformizable (with its
uniformity).

() Let f: X — (Y, %) and f~1(%):= f*"1(%y), where as usual
fX(z1, z2):= (f(z1), f(z2)) for (z1, z2) € X%. Evidently, f~1(%y) is a unifor-

mity on X. Moreover,

T(f (%) = {7 (7(%)).

The uniformity f~1(%y) is the inverse image of %y under f. Therefore, the
inverse image of a uniform topology is uniformizable.

(4) Let (X¢, % )¢e= be a family of uniform spaces. Assume further that
X:= HEGE X¢ is the product of the family. Put % := supgez Prgl(%g). The
uniformity %% is the Tychonoff uniformity. It is beyond a doubt that the uniform
topology 7(%%) is the Tychonoff topology of the product of (X¢, 7(%))eez. @

(5) Each Hausdorff compact space is uniformizable in a unique fashion.

4 By virtue of 9.4.15 such a space X may be treated as a subspace of a Ty-

chonoff cube. From 9.5.5 (3) and 9.5.5 (4) it follows that X is uniformizable.
Since each entourage of a uniform space includes a closed entourage; therefore, the
compactness property of the diagonal Ix of X? implies that every neighborhood
of I'x belongs to x. On the other hand, each entourage is always a neighborhood
of the diagonal.

(6) Assume that X and Y are nonempty sets, %y is a uniformity on Y’
and & is an upward-filtered subset of 2(X). Given B € # and § € %y, put

Upo:={(f, 9) €eYX xY¥X: goIgof™cCé}.

Then % :=fil {Upp: B € B, 6 € %} is a uniformity on YX. This uniformity
has a cumbersome (but exact) title, the “uniformity of uniform convergence on the
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members of &.” Such is, for instance, the uniformity of the Arens multinorm
(cf. 8.3.8). If & is the collection of all finite subsets of X, then % coincides
with the Tychonoff uniformity on YX. This uniformity is called weak, and the
corresponding uniform topology is called the topology of pointwise convergence
or, rarely, that of simple convergence. If & is a singleton {X }, then the uniformity
% is called strong and the corresponding topology 7(%) in YX is the topology
of uniform convergence on X.

9.5.6. REMARK. It is clear that, in a uniform (or uniformizable) space, the
concepts make sense such as uniform continuity, total boundedness, completeness,
etc. It is beyond a doubt that in such a space the analogs of 4.2.4-4.2.9,4.5.8, 4.5.9,
and 4.6.1-4.6.7 are preserved. It is a rewarding practice to ponder over a possibility
of completing a uniform space, to validate a uniform version of the Hausdorff
Criterion, to inspect the proof of the Ascoli-Arcela Theorem in an abstract uniform
setting, etc.

9.5.7. DEFINITION. Let X be a set and put Ry := {z € R": z > 0}.
A mapping d : X% — R, is called a semimetric or a pseudometric on X, provided
that

(1) d(z, z) =0 (z € X);

(2) d(z, y) =d(y, ) (¢, y € X);

(3) d(z, y) <d(z, 2)+d(z, y) (z, y, z € X).
A pair (X, d) is a semimetric space.

9.5.8. Given a semimetric space (X, d), let %g:=fil {{d <€} : € > 0}. Then
%, is a uniformity. a>

9.5.9. DEFINITION. Let 9 be a (nonempty) set of semimetrics on X. Then
the pair (X, M) is a multimetric space with multimetric 9. The multimetric
uniformity on X is defined as %y := sup{%y : d € M}.

9.5.10. DEFINITION. A uniform space is called multimetrizable, if its unifor-
mity coincides with some multimetric uniformity. A multimetrizable topological
space is defined by analogy.

9.5.11. Assume that X, Y, and Z are sets, T is a dense subset of R, and
(Ug)ier and (Vi)ier are increasing families of subsets of X x Z and Z x Y, re-
spectively. Then there are unique functions f : X x Z - R, ¢: ZxY — R and
h:X xY — R such that

{f<tycUc{f<t}, {g<tycVic{g<t},
{h<tlcVioUyCc{h<t} (teT).

Moreover, the presentation holds:

h(z, y) =inf{f(z, 2)Vy(z, y): z€ Z}.
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a The sought functions exist by 3.8.2. The claim of uniqueness is straightfor-
ward from 3.8.4. The presentation of h via f and g raises no doubts. >

9.5.12. DEFINITION. Let f: X xZ — Rand g: ZxY — R. The function A,
given by 9.5.11, is called the V-convolution (read: vel-convolution) of f and g and
is denoted by

fOvy(z, y):=inf{f(z, 2) Vg(z, y): z € Z}.
By analogy, the +-convolution of f and g is defined by the rule

fO4g(z, y):=inf{f(z, 2)+g(z, y): z € Z}.

9.5.13. DEFINITION. A mapping f : X? — R, is a K-ultrametric with

KeR, K2>1,if
(1) f(z, 2)=0(z € X);
(2) f(=, y)=f(y, 2) (z, y € X);

9.5.14. REMARK. Condition 9.5.13 (3) is often referred to as the (strong)
ultrametric inequelity. In virtue of 9.5.12 this inequality may be rewritten as
K=1f < fOvfOvf.

9.5.15. 2-Ultrametric Lemma. To every 2-ultrametric f : X* — R., there
corresponds a semimetric d such that 1/, f < d < f.

aLet fi:= f and fny1:= fo04f (n € N). Then

fn+1(-77a y) an(:t, y)+f(ya y):'fﬂ(zv y) (.’t, yGX).

Thus, (fr) is a decreasing sequence. Put
d(xa y):= lim fn(xa y) = ’llrelfl;]fn(z, y)

Since

d(.’t, y) S f2ﬂ(z’ y) = fﬂD+f1l('T’ y) S fﬂ(xv z) + fn(za y)a

for n € N, it follows that d(z, y) < d(z, z) + d(z, y). The validity of 9.5.7 (1)
and 9.5.7 (2) is immediate.

We are left with proving that !/, f < d. To this end, show that f, > 1/, f for
n € N. Proceed by way of induction.

The desired inequalities are obvious when n:= 1,2. Assume now that f >
fi > ... > fa > 1/2f and at the same time fny1(z, y) < '/2f(z, y) for some
(z, y)in X% and n > 2.
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For suitable z1,... , 2, in X by construction

t:=f(z, 21) + f(z1, 22) + ... + f(za-1, 2n) + f(2n, ¥)
< l/gf(:l,', y)
If f(z, z1) > /s then */y > f(z1, 22) + ...+ f(2n, ¥) > 1/2f(21, y). It follows
that t > f(z, z1) and t > f(z1, y). On account of 9.5.13 (3), !/2f(z, y) <
f(z, z1)V f(21, y) < t. Whence we come to !/2f(z, y) >t >1/,f(z, y), which

is false.
Thus, f(z, z1) <!/2. Find m € N, m < n, satisfying

flz, 21)+ ...+ f(zmo1, 2m) < '/2;

flz, 21)+ ...+ f(zm, 2mt1) = */a.

This is possible, since assuming m = n would entail the false inequality f(z,, y) >
/5. (We would have !/, > f(z, 21)+ ... + f(zn-1, 2n) = /2f(z, 2,) and so
Yaf(z, y) >t 2> f(z, 2")V f(zn, y) 2 /2 f(z, y).)

We obtain the inequality

f(zm+1,2m+2) +... +f(zn—l, Zn) +f(zn, y) < 1/2'

Using the induction hypothesis, conclude that

f(JJ, Zm) SQ(f(JJ, 21)+"' +f(Zm_1, zm)) < t;
f(zm, zZm31) <t
f(zme1, ¥) S 2(f(2m+1, 2me2) +... + f(zn, y)) < 2.

Consequently, by the definition of 2-ultrametric

1/2f(xa y) Sf(wa Zm)Vf(Zm, 2m+1)vf(zm+la y) _<_t
< 1/2f(£13, y)

We arrive at a contradiction, completing the proof. >
9.5.16. Theorem. Every uniform space is multimetrizable.
a1 Let (X, %x) be a uniform space. Take V € Zx. Put V3:= VNV~ If now

Va € %x then find a symmetric entourage V= V_l, a member of %, satisfying
VoVoV CV,. Define V,41:= V. Since by construction

VadVat10Vag10Vagr D Vagrolx olx D Vayr;
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therefore, (Vg )nen is a decreasing family.
Given t € R, define a set U; by the rule

a, t<0
Ix, t=20
Ui:={ Vint{nen:t>2-7}, 0<t<1
W, t=1
X2, t> 1.

By definition, the family t — U; (¢ € R) increases. Consider a unique function
f : X% — R satisfying the next conditions (cf. 3.8.2 and 3.8.4)

{f<tycUc{f<t} (teR)
If Wy:= U,y for t € R then
UsOUsoUsCWt

for s < t. Consequently, in virtue of 3.8.3 and 9.2.1 the mapping f is a 2-ultra-
metric.

Using 9.5.15, find a semimetric dy such that !/of < dy < f. Clearly,
s, = fil {V,: n€N}. Also, it is also beyond a doubt that %y = %x for
the multimetric M:= {dy : V € x}. >

9.5.17. Corollary. A topological space is uniformizable if and only if it is
a T31/,-space. 4>

9.5.18. Corollary. A Tychonoff space is the same as a separated multimetric
space. 4>

9.6. Covers, and Partitions of Unity

9.6.1. DEFINITION. Let & and % be covers of a subset of U in X i.e.,
& F C PX)and U C (US) N (UF). 1t is said that F coarsens & or &
refines F, if each member of & is included in some member of Z;ie., (VE € &)
(AF € £) E C F. It is also said that & is a refinement of #. Observe that if &
is a subcover of & (i.e., F C &) then & refines Z.

9.6.2. DEFINITION. A cover & of a set X is called locally finite (with respect
to a topology 7 on X), if each point in X possesses a neighborhood (in the sense
of 7) meeting only finite many members of &. In the case of the discrete topology
on X, such a cover is called point finite. If X is regarded as furnished with
a prescribed topology 7 then, speaking of a locally finite cover of X, we imply the
topology .
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9.6.3. Lefschetz Lemma. Let & be a point finite open cover of a normal
space X. Then there is an open cover {Gg : E € &} such that cl Gg C E for all
Eeé.

4 Let the set S comprise the mappings s : & — Op (X) such that Us(&) = X
and for E € & either s(E) = FE or cl s(F) C E. Given functions s; and sz, put
51 <s3:=(VE € &) (s1(E) # E = s3(E) = s1(E)). It is evident that (5, <) is
an ordered set and Is € S. Show that S is inductive.

Given a chain Sy in S, for all E € & put so(E) := N{s(E) : s € Sp}.
If so(E) = E then s(E) = E for all s € Sp. If the case so(E) # E observe that
so(E)=n{s(E): s(E)# E, s € So}.

Since the order of Sy is linear, infer that so(E) = s(E) for s € Sy with
s(E) # E. Hence, so(&) C Op(X) and so > Sp. It remains to verify that sg
is a cover of X (and so sg € S). By the hypothesis of point finiteness, given
z € X, there are some Ej,... ,Ep, in & such that t € EyN...NE, and z ¢ F
for the other members E of &. If s(Ey) = Eji for some k, then there is nothing
to prove, for z € Uso(&). In the case when so(Ex) # Ej for every k, there are
$1,--- ,8n € Sp meeting the conditions sx(Ex) # Ex (k:=1,2... ,n). Since Sy is
a chain, it may be assumed that s, > {s1,...,8n—1}. Moreover, z € sn(E) cE
for an appropriate E in &. It is clear that E € {Ej,... ,E,} (because z ¢ E for
the other members E of &). Since so(E) = s,(E), it follows that z € so(E).

By the Kuratowski-Zorn Lemma there is a maximal element 5 in S. Take
Ee & If F:= X\Us(&\ {E}), then F is closed and 5(E) is a neighborhood
of F. For a suitable G in Op(X) by 9.3.10 F C G C cl G C 3(E). Put s(E):=G
and s(E):= 3(E) for E # E (E € &). It is clear that s € S. If 3(E) = E,
then s > 5 and so s = 3. Moreover, 5(E) C ¢l G C S(E) = E; i.e., cl 5(E) C E.
If S(E) # E, then cl 3(E) C E by definition. Thus, 3 is a sought cover. >

9.6.4. DEFINITION. Let f be a numeric or scalar-valued function on a topo-
logical space X, i.e. f: X — F. The set supp(f):=cl{z € X : f(z) # 0}
is the support of f. If supp(f) is a compact set then f is a compactly-supported
function or a function of compact support. The designation spt (f):= supp(f) is
used sometimes.

9.6.5. Let (fe)ece be a family of numeric functions on X and let & :=
{supp (f.) : e € &} be the family of their supports. If &€ is a point finite cover
of X then the family (fe)ees is summable pointwise. If in addition & is locally
finite and every member of (fe)ecs is continuous, then the sum ) ¢ o fe is also
continuous.

< It suffices to observe that in a suitable neighborhood about a point in X
only finitely many members of the family (f.)ees are distinct from zero. >

9.6.6. DEFINITION. It is said that a family of functions (f : X — [0, 1])ser is
a partition of unity on a subset U of X, if the supports of the members of the family
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composes a point finite cover of X, and ZjeF f(z) =1for all £ € U. The empty
family of functions in this context is treated as summable to unity at each point.
The term “continuous partition of unity” and the like are understood naturally.

9.6.7. DEFINITION. Let & be a cover of a subset U of a topological space
and let F' be a continuous partition of unity on U. If the family of supports
{supp(f) : f € F} refines & then F is a partition of unity subordinate to &.
A possibility of finding such an F for & is also verbalized as follows: “& admits
a partition of unity.”

9.6.8. Each locally finite open cover of a normal space admits a partition
of unity.

4 By the Lefschetz Lemma, such a cover {Ug : § € Z} has an open refinement
{Ve : € € E} satisfying the condition cl Vg C Ug for all £ € =. By the Urysohn
Theorem, there is a continuous function g¢ : X — [0, 1] such that g¢(z) = 1 for
¢ € V¢ and ge(x) = 0 for z € X \ Ug. Consequently, supp(g¢) C Ug. In virtue
of 9.6.5 the family (g¢)eez is summable pointwise to a continuous function g.
Moreover, g(z) > 0 for all £ € X by construction. Put f¢:= g¢/g (€ € E). The
family (f¢)eez is what we need. o

9.6.9. DEFINITION. A topological space X is called paracompact, if each cover
of X has a locally finite open refinement.

9.6.10. REMARK. The theory of paracompactness contains deep and surpris-
ing facts.

9.6.11. Theorem. Every metric space is paracompact.

9.6.12. Theorem. A Hausdorff topological space is paracompact if and only
if its every open cover admits a partition of unity.

9.6.13. REMARK. The metric space RV possesses a number of additional
structures providing a stock of well-behaved, smooth (= infinitely differentiable)
functions (cf. 4.8.1).

9.6.14. DEFINITION. A mollifier or a mollifying kernel on R¥ is a real-valued
smooth function @ having unit (Lebesque) integral and such that a(z) > 0 for
|z| < 1 and a(z) = 0 for |z] > 1. In this event, supp(a) = {z € RN : |z| < 1} is
the (unit Euclidean) ball B:= Bgn~.

9.6.15. DEFINITION. A delta-like sequence is a family of real-valued (smooth)
functions (bc)e>o such that, first, lim._,o(sup |supp(b:)|) = 0 and, second, the
equality holds [y be(z)dz =1 for all ¢ > 0. The terms “6-sequence” and “§-like
sequence” are also in current usage. Such a sequence is often assumed countable
without further specification.

9.6.16. EXAMPLE. The function a(z) := texp(—(|z|> — 1)7!) is taken as
a most popular mollifier when extended by zero beyond the open ball int B, with
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the constant ¢ determined from the condition fiy a(z)dz = 1. Each mollifier
generates the delta-like sequence a.(z):= e Na(z/¢) (z € RN).

9.6.17. DEFINITION. Let f € Lyjoc (RV); ie., let f be a locally integrable
function, that is, a function whose restriction to each compact subset of R¥ is
integrable. For a compactly-supported integrable function g the convolution f*g
is defined as

frg(a):= / e - aw)dy (z €RM).
RN

9.6.18. REMARK. The role of a mollifying kernel and the corresponding delta-
like sequence (@.).>0 becomes clear from inspecting the aftermath of applying
the smoothing process f — (f * a.)e>o0 to a function f belonging to Iy 1oc (RM)
(cf. 10.10.7 (5)).

9.6.19. The following statements are valid:
(1) to every compact set K in the space RN and every neighborhood U
of K there corresponds a truncator (= a bump function) ¥ := ¢k u,
i.e. a smooth mapping ¥ : RY — [0, 1] such that K C int {y) = 1}
and supp () C U;
(2) assume that Uy,... ,U, € Op(R") and Uy U...U U, is a neighbor-
hood of a compact set K; there are smooth functions ¥1,... ,¥y :
RN — [0, 1] such that supp (¥x) C Uy and 3 ;_, ¥x(z) = 1 for z
in some neighborhood of K.
a(1) Put e:=d(K, RVN\U):=inf{jz—y|: z € K, y ¢ U}. It is clear that
e > 0. Given § > 0, denote the characteristic function of K + ¢B by xp. Take
a delta-like sequence (by)y>o of positive functions and put ¢ := xg * b,. When
7 < B and f+7 < ¢ with 7:= sup|supp (by)|, observe that 9 is a sought function.
(2) By the Diedonneé Lemma there are closed sets F, with Fy C Uy, compos-
ing a cover of K. Put K} := FyNK and choose some truncators ¢ := ¥k, v,. The
functions ¥r/ Y g, ¥k (k:=1,...,n), defined on {3°p_, ¥x > 0}, meet the claim
after extension by zero onto {3} ;_, ¥x = 0} and multiplication by a truncator
corresponding to an appropriate neighborhood of K.

9.6.20. Countable Partition Theorem. Let & be a family of open sets
in RN and Q:= U&. There is a countable partition of unity which is composed
of smooth compactly-supported functions on RY and subordinate to the cover &

of Q.

< Refine from & a countable locally finite cover A of @ with compact sets so
that the family (@:= int a)eea be also an open cover of 2. Choose an open cover
(Va)aea of Q2 from the condition cl Vo C @ for o € A. In virtue of 9.6.19 (1) there

are truncators ¥, := ¥ v, & Putting ¥a(z) := Ea(x)/zaeA ¥, (z) for z €
and Ya(z):= 0 for £ € RN \ Q, arrive to a sought partition. >
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9.6.21. REMARK. It is worth observing that the so-constructed partition
of unity (¥o)aca possesses the property that to each compact subset K of
there correspond a finite subset Ay of A and a neighborhood U of K such that
Yaea, Ya(z) =1forall z € U (cf. 9.3.17 and 9.6.19 (2)).

Exercises

9.1. Give examples of pretopological and topological spaces and constructions leading
to them.

9.2. Is it possible to introduce a topology by indicating convergent filters or sequences?

9.3. Establish relations between topologies and preorders on a finite set.

9.4. Describe topological spaces in which the union of every family of closed sets is
closed. What are the continuous mappings between such spaces?

9.5. Let (f¢ : X — (Yg, 7¢))¢e= be a family of mappings. A topology ¢ on X is called
admissible (in the case under study), if for every topological space (Z, w) and every mapping
g : Z — X the following statement holds: g : (Z, w) — (X, &) is continuous if and only if so
is each mapping f¢ o g (€ € Z). Demonstrate that the weakest topology on X making every
f¢ (€ € E) continuous is the strongest admissible topology (in the case under study).

9.6. Let (f¢ : (X¢, 0¢) = Y)¢ez be a family of mappings. A topology 7 on Y is called
admissible (in the case under study), if for every topological space (Z, w) and every mapping
g : Y — Z the following statement is true: g : (Y, 7) — (Z, w) is continuous if and only if each
mapping g o f¢ (£ € E) is continuous. Demonstrate that the strongest topology on Y making
every fe (€ € E) continuous is the weakest admissible topology (in the case under study).

9.7. Prove that in the Tychonoff product of topological spaces, the closure of the product
of subsets of the factors is the product of closures:

cl H Ag | = H cl Ag.
13 §€EE
9.8. Show that a Tychonoff product is a Hausdorff space if and only if so is every factor.

9.9. Establish compactness criteria for subsets of classical Banach spaces.

9.10. A Hausdorff space X is called H-closed, if X is closed in every ambient Hausdorff
space. Prove that a regular H-closed space is compact.

9.11. Study possibilities of compactifying a topological space.
9.12. Prove that the Tychonoff product of uncountably many real axes fails to be a nor-
mal space.

9.13. Show that each continuous function on the product of compact spaces depends
on at most countably many coordinates in an evident sense (specify it!).

9.14. Let A be a compact subset and let B be a closed subset of a uniform space, with
AN B = . Prove that V(A)NV(B) = & for some entourage V.

9.15. Prove that a completion (in an appropriate sense) of the product of uniform spaces
is uniformly homeomorphic (specify!) to the product of completions of the factors.

9.16. A subset A of a separated uniform space is called precompact if a completion of A
is compact. Prove that a set is precompact if and only if it is totally bounded.

9.17. Which topological spaces are metrizable?

9.18. Given a uniformizable space, describe the strongest uniformity among those in-
ducing the initial topology.

9.19. Verify that the product of a paracompact space and a compact space is paracom-

pact. Is paracompactness preserved under general products?



Chapter 10
Duality and Its Applications

10.1. Vector Topologies

10.1.1. DEFINITION. Let (X, F, +, -) be a vector space over a basic field F.
A topology 7 on X is a topology compatible with vector structure or, briefly, a vector
topology, if the following mappings are continuous:

+: (X x X, rx1)—> (X, 1),
G (Fx X, ex7)— (X, 7).

The space (X, 7) is then referred to as a topological vector space.

10.1.2. Let Tx be a vector topology. The mappings
z—z+xz9, Tz ar (z0€X, a€F\0)

are topological isomorphisms in (X, 7x). <
10.1.3. REMARK. It is beyond a doubt that a vector topology 7 on a space X
possesses the next “linearity” property:

m(az 4 By) = at(z) + Br(y) (o, BEF\O; 2, y € X),

where in accordance with the general agreements (cf. 1.3.5 (1))

Uaz+py € at(z) + Br(y)
& (3U; € 7(z) & Uy € 7(y)) aUsz + BUy C Uasztpy.

In this regard a vector topology is often called a linear topology and a topological
vector space, a linear topological space. This terminology should be used on the
understanding that a topology may possess the “linearity” property while failing
to be linear. For instance, such is the discrete topology of a nonzero vector space.
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10.1.4. Theorem. Let X be a vector space and let .# be a filter on X.
There is a vector topology T on X such that & = 7(0) if and only if the following
conditions are fulfilled:

Q) &+ =4

(2) A consists of absorbing sets;

(3) A has a base of balanced sets.
Moreover, 7(z) =z + A forallz € X.

4 =: Let 7 be a vector topology and A4 = 7(0). From 10.1.2 infer that
7(¢) =2+ A for z € X. It is also clear that (1) reformulates the continuity
property of addition at zero (of the space X2). Condition (2) may be rewritten
as 77(0)z D A for every z in X, which is the continuity property of the mapping
a — az at zero (of the space R) for every fixed z in X. Condition (3) with
account taken of (2) may in turn be rendered in the form 7§(0)#” = A4, which is
the continuity property of scalar multiplication at zero (of the space F x X).

<«: Let A" be a filter satisfying (1)-(3). It is evident that .#" C fil {0}. Put
7(z):= z+ 4. Then 7 is a pretopology. From the definition of 7 and (1) it follows
that 7 is a topology, with every translation continuous and addition continuous
at zero in X?2. Thus, addition is continuous at every point of X2. The validity
of (2) and (3) means that the mapping (A, z) — Az is jointly continuous at zero
and continuous at zero in the first argument with the second argument fixed.
By virtue of the identity

AT — AoZo = /\o(x — :Co) + (/\ - /\0)11:0 + ()\ - /\0)(33 — :L‘o),

we are left with examining the continuity property of scalar multiplication at zero
in the second argument with the first argument fixed. In other words, it is neces-
sary to show that A" O A4 for A € F. With this in mind, find n € N such that
|A\| £ n. Let Vin A and W in A4 be such that W is balanced and Wy +...+ W, C
V, where Wy:= W. Then \AW =n (}/,W)CaW C Wi +...+ W, C V. >

10.1.5. Theorem. The set VT (X) of all vector topologies on X presents
a complete lattice. Moreover,

supyr (x) ¢ = supp(x) &

for every subset & of VT (X).

a Let 7:= supp (x) & Since for 7 € & each translation by a vector is a topolog-
ical isomorphism in (X, 7); therefore, this mapping is a topological isomorphism in
(X, 7). Using 9.1.13, observe that the filter 7(0) meets conditions 10.1.4 (1)-10.1.4
(3), since these conditions are fulfilled for every filter 7(0) with 7 € &. It remains
to refer to 1.2.14. »
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10.1.6. Theorem. The inverse image of a vector topology under a linear
operator is a vector topology.

a4 Take T € Z(X, Y)and w € VI(Y). Put 7:= T} (w). If 24, — z and
Yy — y in (X, 7) then by 9.2.8 Tz, — Tz and Ty, — Ty. So T(zy + yy) —
T(z + y). This means in virtue of 9.2.10 that z, + y4y — = + y in (X, 7). Thus,
7(z) = = + 7(0) for all ¢ € X and, moreover, 7(0) + 7(0) = 7(0). Successively
applying 3.4.10 and 3.1.8 to the linear correspondence T~1, observe that the filter
7(0) = T~!(w(0)) consists of absorbing sets and has a base of balanced sets. The
reason is as follows: by 10.1.4 the filter w(0) possesses these two properties. Once
again using 10.1.4, conclude that 7 € VT (X). >

10.1.7. The product of vector topologies is a vector topology.

4 Immediate from 10.1.5 and 10.1.6. >

10.1.8. DEFINITION. Let A and B be subsets of a vector space. It is said
that A is B-stable if A+ B C A.

10.1.9. To every vector topology ™ on X there corresponds a unique unifor-
mity %, having a base of Ix-stable sets and such that T = 7(%;).

a4 Given U € 7(0), put Vy:={(z, y) € X?: y—=z € U}. Observe the obvious
properties:

IxCVu; Vu+Ix=Vy; (Vo) '=V_y;
VU1nU2 C VU1 n VU25 VUl o VU2 C VU1+U2

for all U, Uy, U; € 7(0). Using 10.1.4, infer that %, := fil {Vy : U € 7(0)} is
a uniformity and 7 = 7(%;). It is also beyond a doubt that %; has a base of
Ix-stable sets.

If now % is another uniformity such that 7(%) = 7, and W is some Ix-stable
entourage in %; then W = Vyy(g). Whence the sought uniqueness follows. >

10.1.10. DEFINITION. Let (X, 7) be a topological vector space. The unifor-
mity %, constructed in 10.1.9, is the unsformsty of X.

10.1.11. REMARK. Considering a topological vector space, we assume it to
be furnished with the corresponding uniformity without further specification.

10.2. Locally Convex Topologies

10.2.1. DEFINITION. A vector topology is locally convez if the neighborhood
filter of each point has a base of convex sets.
10.2.2. Theorem. Let X be a vector space and let A4 be a filter on X.
There is a locally convex topology T on X such that # = 7(0) if and only if
1) Yot =N
(2) A has a base of absorbing absolutely convex sets.
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4 =: By virtue of 10.1.2 the mapping z + 2z is a topological isomorphism.
This means that ! /,.# = 4. Now take U € 4. By hypothesis there is a convex
set V in 4 such that V C U. Applying 10.1.4, find a balanced set W satisfying
W C V. Using the Motzkin formula and 3.1.14, show that the convex hull co (W)
is absolutely convex. Moreover, W C co(W)C V C U.

<: An absolutely convex set is balanced. Consequently, .4 satisfies 10.1.4
(2) and 10.1.4 (3). If V € A4 and W is a convex set, W € A4 and W C V; then
1/,W € 4. Furthermore, !/;W +1/,W C W C V because of the convexity
property of W. This means that 4 + A4 = 4. It remains to refer to 10.1.4. >

10.2.3. Corollary. The set LCT (X) of all locally convex topologies on X
is a complete lattice. Moreover,

Suprct (x) ¢ = supr(x) €

for every subset & of LCT (X). <>

10.2.4. Corollary. The inverse image of a locally convex topology under
a linear operator is a locally convex topology. <

10.2.5. Corollary. The product of locally convex topologies is a locally con-
vex topology. <

10.2.6. The topology of a multinormed space is locally convex. <>

10.2.7. DEFINITION. Let 7 be a locally convex topology on X. The set of all
everywhere-defined continuous seminorms on X is called the mirror (rarely, the
spectrum) of 7 and is denoted by 9M,. The multinormed space (X, 2, ) is called
associated with (X, 7).

10.2.8. Theorem. Each locally convex topology coincides with the topology
of the associated multinormed space.

a Let 7 be alocally convex topology on X and let w:= 7(901;) be the topology
of the associated space (X, M, ). Take V € 7(0). By 10.2.2 there is an absolutely
convex neighborhood B of zero, B € 7(0), such that B C V. In virtue of 3.8.7

{pp <1} C B C {pp <1}.

It is obvious that pp is continuous (cf. 7.5.1); i.e., pp € M, and so {pp < 1} €
w(0). Consequently, V € w(0). Using 5.2.10, infer that w(z) = z + w(0) D
z + 7(0) = 7(2); i.e., w > 7. Furthermore, 7 > w by definition. >

10.2.9. DEFINITION. A vector space, endowed with a separated locally con-
vex topology, is a locally convez space.

10.2.10. REMARK. Theorem 10.2.8 in slightly trimmed form is often verbal-
ized as follows: “The concept of locally convex space and the concept of sepa-
rated multinormed space have the same scope.” For that reason, the terminology
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connected with the associated multinormed space is lavishly applied to studying
a locally convex space (cf. 5.2.13).

10.2.11. DEFINITION. Let 7 be a locally convex topology on X. The symbol
(X, 7) (or, in short, X') denotes the subspace of X# that comprises all continuous
linear functionals. The space (X, 7)’ is the dual (or 7-dual) of (X, 7).

10.2.12. (X, 7)) =U{|9|(p): peM,}.

10.2.13. Prime Theorem. The prime mapping 7 — (X, 1)’ from LCT (X)
to Lat (X #) preserves suprema,; i.e.,

(X, sup&) =sup{(X, 7)': 7€ &}

for every subset & of LCT (X).

4 If & = @ then sup & is the trivial topology 7, of X and, consequently,
(X, 7o)’ = 0 = inf Lat (X#) = supy,, (x#) @. By virtue of 9.2.7 the prime mapping
increases. Given a nonempty &, from 2.1.5 infer that

(X, sup &) > sup{(X, 7)': 7€ &}

If f e (X, sup&), then in view of 10.2.12 and 9.1.13 there are topologies
Ti,... ,Tn € & such that f € (X, 71 V...V 7). Using 10.2.12 and 5.3.7, find
p1 €M, ... ,pn € M, satisfying f € |0|(p1V...Vpn). Recalling 3.5.7 and 3.7.9,
observe that |0|(p1 + ... 4+ pn) = |0(p1) + ... + |0|(pn). Finally,

feX )+...+X m) =X, n) V...V(X, 7). >

10.3. Duality Between Vector Spaces

10.3.1. DEFINITION. Let X and Y be vector spaces over the same ground
field F. Assume further that there is fixed a bilinear form (or, as it is called
sometimes, a bracketing) (-|-) acting from X x Y to F, i.e. a mapping linear
in each of its arguments. Given z € X and y € Y, put

(@l:ym(ely), X -FY, (X|cY#
ly) e (2ly), [):Y = F% |Y)CX*

The mappings (-| and |-) are the bra-mapping and the ket-mapping of the initial
bilinear form. By analogy, a member of (X | is a bra-functional on X and a member
of |Y) is a ket-functional on Y.

10.3.2. The bra-mapping and the ket-mapping are linear operators. av
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10.3.3. DEFINITION. A bracketing of some vector spaces X and Y is a pair-
ing, if its bra-mapping and ket-mapping are monomorphisms. In this case we say
that X and Y are (set) in duality, or present a duality pair, or that Y is the
pair-dual of X, etc. This is written down as X « Y. Each of the bra-mapping
and the ket-mapping is then referred to as dualization. For suggestiveness, the
corresponding pairing of some spaces in duality is also called their duality bracket.

10.3.4. EXAMPLES.

(1) Let X & Y with duality bracket {-|-). Given (y, z) € ¥ x X,
put (y|z):= (z|y). It is immediate that the new bracketing is a pairing of ¥’
and X. Moreover, the pairs of dualizations with respect to the old (direct) and
new (reverse) duality brackets are the same. It thus stands to reason to draw
no distinction between the two duality brackets unless in case of an emergency
(cf. 10.3.3). For instance, Y is the pair-dual of X in the direct duality bracket
if and only if X is the pair-dual of Y in the reverse duality bracket. Therefore,
the hair-splitting is neglected and a unified term “pair-dual” is applied to each
of the spaces in duality, with duality treated as a whole abstract phenomenon.
Observe immediately that the mapping (z | y)r := Re (z | y) sets in duality the real
carriers Xg and Yg. By way of taking liberties, the previous notation is sometimes
reserved for the arising duality Xg < Yg; i.e., it is assumed that (z|y):= (z | y)r,
on considering ¢ and y as members of the real carriers.

(2) Let H be a Hilbert space. The inner product on H sets H and H,
in duality. The prime mapping is then coincident with the ket-mapping,.

(3) Let (X, 7) be a locally convex space and let X’ be the dual of X.
The natural evaluation mapping (z, z') — z'(z) sets X and X' in duality.

(4) Let X be a vector space and let X# := (X, F) be the (algebraic)
dual of X. It is clear that the evaluation mapping (z, z#) + z#(z) sets the
spaces in duality.

10.3.5. DEFINITION. Let X < Y. The inverse image in X of the Tychonoff
topology on FY under the bra-mapping, further denoted by o(X, Y), is the bra-
topology or the weak topology on X induced by Y. The bra-topology o(Y, X)
of Y & X is the ket-topology of X « Y or the weak topology on Y induced by X.

10.3.6. The bra-topology is the weakest topology making every ket-functional
continuous. The ket-topology is the weakest topology making every bra-functional
continuous.

a3y = 2 (i o(X, V) & (y] > (2] (0 F¥) & (Yy € ¥) (z,](y) -
(zl(y) & (Vy eY) (zy|y) = (z|y) & (Vy €Y) |y)(zy) = |y)(z) & (Vy €Y)
zy =z (in |y) 7 (7¥)) > :

10.3.7. REMARK. The notation (X, Y') agrees perfectly with that of the
weak multinorm in 5.1.10 (4). Namely, (X, Y) is the topology of the multinorm
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{I(-1y)| : y € Y}. Likewise, o(Y, X) is the topology of the multinorm {|{z|-}| :
z€ X}

10.3.8. The spaces (X, o(X, Y)) and (Y, o(Y, X)) are locally convex.

4 Immediate from 10.2.4 and 10.2.5. >

10.3.9. Dualization Theorem. Each dualization is an isomorphism between
the pair-dual and the weak dual of the pertinent member of a duality pair.

4 Consider a duality pair X « Y. We are to prove exactness for the sequences

0 XLy, oY, X)) = 0; 0= YIh(X, o(X, V) — 0.
Since the ket-mapping of X < Y is the bra-mapping of Y « X, it suffices to show
that the first sequence is exact. The bra-mapping is a monomorphism by definition.
Furthermore, from 10.2.13 and 10.3.6 it follows that

(¥, o(Y, X)) = (Y, sup{(z|7}(n¥) : 2 € X})
=sup{(Y, (z|7'(m))': e € X} =lin({(¥, F7' () : fe(X]})=(X],

since in view of 5.3.7 and 2.3.12 (Y, f~1(m¥)) = {\f: A€ F} (f € Y#). >

10.3.10. REMARK. Theorem 10.3.9 is often referred to as the theorem on the
general form of a weakly continuous functional. Here a useful convention reveals
itself: apply the base form “weak” when using objects and properties that are
related to weak topologies. Observe immediately that, in virtue of 10.3.9, Example
10.3.4 (3) actually lists all possible duality brackets. That is why in what follows
we act in accordance with 5.1.11, continuing the habitual use of the designation
(z, y):= (z|y), since it leads to no misunderstanding. For the same reason, given
a vector space X, we draw no distinction between the pair-dual of a space X
and the weak dual of X. In other words, considering a duality pair X < Y,
we sometimes identify X with (Y, o(Y, X)) and Y with (X, ¢(X, Y))’, which
justifies writing X' =Y and V' = X.

10.3.11. REMARK. A somewhat obsolete convention relates to X « X' with
X a normed space. The ket-topology o(X', X) is customarily called the weak*
topology (read: weak-star topology) in X', which reflects the concurrent notation
X* for X'. The term “weak*” proliferates in a routine fashion elsewhere.

10.4. Topologies Compatible with Duality

10.4.1. DEFINITION. Take a duality pair X « Y and let 7 be a locally convex
topology on X. It is said that 7 is compatible with duality (between X and Y
by pairing X < Y), provided that (X, 7)’ = |Y). A locally convex topology
w on Y is compatible with duality (by pairing X « Y), if w is compatible with
duality (by pairing Y < X); i.e., if the equality holds: (Y, w)’ = (X |. A unified
concise term “compatible topology” is also current in each of the above cases.
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10.4.2. Weak topologies are compatible.

4 Follows from 10.3.9.

10.4.3. Let 7(X, Y') stand for the least upper bound of the set of all locally
convex topologies on X compatible with duality (between X and Y). Then the
topology 7(X, Y) is also compatible.

< Denote the set of all compatible topologies on X by &. Theorem 10.2.13
readily yields the equalities

(X, 7(X, YV)) =sup{(X, r)': 7€} =sup{]Y): €&} =1Y),

because & is nonempty by 10.4.2. >
10.4.4. DEFINITION. The topology 7(X, Y'), constructed in 10.4.3 (i.e., the

finest locally convex topology on X compatible with duality by pairing X « Y),
is the Mackey topology (on X induced by X «>Y).

10.4.5. Mackey—Arens Theorem. A locally convex topology 7 on X is
compatible with duality between X and Y if and only if

oX,Y)<r<7(X,Y)

4 By 10.2.13 the prime mapping 7 — (X, 7)' preserves suprema and, in par-
ticular, increases. Therefore, given 7 in the interval of topologies, from 10.4.2
and 10.4.3 obtain

Y)=(X, o(X, Y)) C(X, ) C(X, 7(X, YV)) =|Y).

The remaining claim is obvious. >

10.4.6. Mackey Theorem. All compatible topologies have the same
bounded sets in stock.

4 A stronger topology has fewer bounded sets. So, to prove the theorem
it suffices to show that if some set U is weakly bounded in X (= is bounded in the
bra-topology) then U is bounded in the Mackey topology.

Take a seminorm p from the mirror of the Mackey topology and demonstrate
that p(U) is bounded in R. Put Xo:= X/ker p and po:= px/ker p- By 5.2.14, pyg is
clearly a norm. Let ¢ : X — X be the coset mapping. It is beyond a doubt that
@(U) is weakly bounded in (Xp, po). From 7.2.7 it follows that ©(U) is bounded
in the norm py. Since pg 0 ¢ = p; therefore, U is bounded in (X, p). >

10.4.7. Corollary. Let X be a normed space. Then the Mackey topology
7(X, X') coincides with the initial norm topology on X.

4 It suffices to refer to the Kolmogorov Normability Criterion implying that
the space X with the topology 7(X, X') finer than the original topology is
normable. Appealing to 5.3.4 completes the proof. >
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10.4.8. Strict Separation Theorem. Let (X, 7) be a locally convex space.
Assume further that K and V are nonempty convex subsets of X with K compact,
V closed and KNV = @&. Then there is a functional f, a member of (X, 7)', such
that

sup Re f(K) < infRe f(V).

< A locally convex space is obviously a regular space. Since K is compact,
it thus follows that, for an appropriate convex neighborhood of zero, say W, the
set U:= K + W does not meet V (it suffices to consider the filterbases comprising
all subsets of the form K+ W and V + W, with W a closed neighborhood of zero).
By 3.1.10, U is convex. Furthermore, K C int U = core U. By the Eidelheit
Separation Theorem, there is a functional /, a member of (Xg)#, such that the
hyperplane {{ = 1} in X separates V from U and does not meet the core of U.
Obviously, [ is bounded above on W and so | € (Xg, 7)’ by 7.5.1. If f:= Re 'l
then, of view of 3.7.5, f € (X, 7). It is clear that f is a sought functional. >

10.4.9. Mazur Theorem. All compatible topologies have the same closed
convex sets in stock.

< A stronger topology has more closed sets. So, to prove the theorem it suffices
in view of 10.4.5 to show that if U is a convex set closed in the Mackey topology
then U is weakly closed. The last claim is beyond a doubt since by Theorem
10.4.8 U is the intersection of weakly closed sets of the form {Re f < t}, with f
a (weakly) continuous linear functional and t € R. >

10.5. Polars

10.5.1. DEFINITION. Let X and Y be sets and let ¥ C X x Y be a corre-
spondence. Given a subset U of X and a subset V of Y, put

m(U)=7p(U):={y €Y : F7'(y) DU}
' (V)=1p'(V):i={z € X: F(u) DV}.

The set 7(U) is the (direct) polar of U (under F'), and the set 7~!(V) is the
(reverse) polar of V (under F).

10.5.2. The following statements are valid:
(1) m(u):=n({u}) = F(u) and 7(U) = Nuevm(u);
(2) m(UeezUs) = Neezm(Ue);
(8) 7p'(V) =mp-1(V);
(4) U,cU;, > 7T(U1) D W(Uz);
(8) UxVCF=WVcrU)&UcCr (V)
(6) UcCnY(n(U)). @
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10.5.3. Akilov Criterion. A subset U of X is the polar of some subset of Y
if and only if given € X \ U there is an element y in Y such that

Ucr'(y), z¢n'(y).

a=: U =7"1(V) then U = Nyeyn~!(v) by 10.5.2 (1).

«: The inclusion U C 7~ !(y) means that y € n(U). Thus, by hypothesis
U= Nyerym ' (y) =77 (n(V)). >

10.5.4. Corollary. The set #~!(n(U)) is the (inclusion) least polar greater
than U. <>

10.5.5. DEFINITION. The set 75! (7p(U)) is the bipolar of a subset U (under
the correspondence F').

10.5.6. EXAMPLES.

(1) Let (X, o) be an ordered set and let U be a subset of X. Then 7, (U)
is the collection of all upper bounds of U (cf. 1.2.7).

(2) Let (H, (-, )n) be a Hilbert space and F := {(z, y) € H? :
(z, y)g = 0}. Then n(U) = 7~Y(U) = U* for every subset U of H. The
bipolar of U in this case coincides with the closed linear span of U, that is, the
closure of the linear span of U.

(3) Let X be a normed space and let X' be the dual of X. Consider
F:={(z, ') : 2'(z) = 0}. Then m(Xo) = X3 and 771 (Zp) = L2, for a subspace
Xo of X and a subspace 25 of X' (cf. 7.6.8). Moreover, 77 1(m(Xy)) = cl X,
by 7.5.14.

10.5.7. DEFINITION. Let X « Y. Put

pol:={(z, y) € X xY : Re(zl|y) <1}
abs pol := {(z, y) € X xY : |(z|y)| < 1}.

To refer to direct or inverse polars under pol, we use the unified term “polar” (with
respect to X «— Y) and the unified designations 7(U) and w(V'). In the case of the
correspondence abs pol, we speak of absolute polars (with respect to X « Y') and
write U® and V° (for U C X and V CY).

10.5.8. Bipolar Theorem. The bipolar n*(U):= n(n(U)) is the (inclusion)
least weakly closed conical segment greater than U.

q Straightforward from 10.4.8 and the Akilov Criterion. >

10.5.9. Absolute Bipolar Theorem. The absolute bipolar U°°:= (U°)° is
the (inclusion) least weakly closed absolutely convex set greater than U.

< It suffices, first, to observe that the polar of a balanced set U coincides with
the absolute polar of U and, second, to apply 10.5.8. >
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10.6. Weakly Compact Convex Sets

10.6.1. Let X be a locally convex real vector space and let p : X — R be
a continuous sublinear functional on X. Then the (topological) subdifferential
O(p) is compact in the topology o(X', X).

4 Put Q:= [],ex[—p(—z), p(z)] and endow Q with the Tychonoff topology.
Evidently 9(p) C @, with the Tychonoff topology on @ and o(X’, X) inducing
the same topology on d(p). It is beyond a doubt that the set d(p) is closed in Q
by the continuity of p. Taking note of the Tychonoff Theorem and 9.4.9, conclude
that O(p) is a o(X’', X)-compact set. b

10.6.2. The balanced subdifferential of each continuous seminorm is weakly
compact. <>

10.6.3. Theorem. Let X be a real vector space. A subset U of X# is the
subdifferential of a (unique total) sublinear functional sy : X — R if and only if U
is nonempty, convex and o(X#, X)-compact.

4 =: Let U = 9(sy) for some sy. The uniqueness of sy is ensured by 3.6.6.
In view of 10.2.12 it is easy that the mirror of the Mackey topology (X, X#) is
the strongest multinorm on X (cf. 5.1.10 (2)). Whence we infer that the functional
sy is continuous with respect to 7(X, X#). In virtue of 10.6.1 the set U is compact
in o(X#, X). The convexity and nonemptiness of U are obvious.

<: Put sy(z):= sup{l(z) : | € U}. Undoubtedly, sy is a sublinear functional
and dom sy = X. By definition, U C 9(sy). If | € O(sy) and I ¢ U, then by the
Strict Separation Theorem and the Dualization Theorem sy(z) < {(z) for some
in X. This is a contradiction. >

10.6.4. DEFINITION. The sublinear functional sy, constructed in 10.6.3, is
the supporting function of U. The term “support function” is also in current
usage.

10.6.5. Krein—Milman Theorem. Each compact convex set in a locally
convex space is the closed convex hull (= the closure of the convex hull) of the set
of its extreme points.

< Let U be such a subset of a space X. It may be assumed that the space
X is real and U # @. By virtue of 9.4.12, U is compact with respect to the
topology (X, X'). Since o(X, X') is induced in X by the topology o(X'*, X')
on X'#; therefore, U = O(su). Here (cf. 10.6.3) sy : X' — R acts by the rule
sy(z'):= supa’(U). By the Krein-Milman Theorem in subdifferential form, the
set ext U of the extreme points of U is not empty. The closure of the convex hull
of ext U is a subdifferential by Theorem 10.6.3. Moreover, this set has sy as its
supporting function, thus coinciding with U (cf. 3.6.6). >

10.6.6. Let X & Y and let S be a conical segment in X. Assume further
that ps is the Minkowski functional of S. The polar n(S) is the inverse image
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of the (algebraic) subdifferential O(ps) under the ket-mapping; i.e.,

(S) =18(ps))x -

If S is absolutely convex, then the absolute polar S° is the inverse image of the
(algebraic) balanced subdifferential |0|(ps) under the ket-mapping; i.e.,

5° =1ldl(ps)) -

alfy € Yg and y € |0(ps))g" then | y)r belongs to d(ps). Hence, Re(z |y) =
(z|ly)r = |y)r(z) < ps(z) < 1for z € G, because S C {ps < 1} by the Gauge
Theorem. Consequently, y € 7(5).

If, in turn, y € 7(S) then |y)r belongs to d(ps). Indeed, 1 > ps(a~'z) for
all z in Xg and @ > ps(z); ie, a” 'z € {ps <1} C S. Whence (a"'z|y)r =
Re(a'z|y) = a 'Re(z|y) < 1. Finally, observe that |y)r(z) < a. Since «
is arbitrary, this inequality means that |y)r(2z) < ps(z). In other words, y €
|8(ps))g "', which implies that 7(S) = |8(ps))g'. The remaining claim follows
from the properties of the complexifier (cf. 3.7.3 and 3.7.9). b

10.6.7. Alaoglu—Bourbaki Theorem. The polar of a neighborhood of zero
of each compatible topology is a weakly compact convex set.

< Let U be a neighborhood of zero in a space X and let #(U) be the polar of U
(with respect to X « X'). Since U D {p < 1} for some continuous seminorm p,
by 10.5.2 (4), m(U) C 7({p £ 1}) = 7(B,) = B,. Using 10.6.6 and recalling that
p is the Minkowski functional of B,, obtain the inclusion 7(U) C |8|(p). By virtue
of 10.6.2 the topological balanced subdifferential |0|(p) is o(X’, X)-compact.
By definition 7(U) is weakly closed. To infer the o(X', X )-compactness of n(U),
it remains to appeal to 9.4.9. The convexity property of 7(U) is beyond a doubt. >

10.7. Reflexive Spaces

10.7.1. Kakutani Criterion. A normed space is reflexive if and only if its
unit ball is weakly compact.

4 =: Let X be reflexive, i.e. "(X) = X". In other words, the image of X
under the double prime mapping coincides with X”. Since the ball Bx~ is the
polar of the ball Bx: with respect to X" < X'; therefore, Bx» is a o(X", X')-
compact set by the Alaoglu-Bourbaki Theorem. It remains to observe that Bx» is
(the image under the double prime mapping of) Bx, and o(X, X') is (the inverse
image under the double prime mapping of) o(X", X’).

«: Consider the duality pair X" < X'. By definition, the ball Bx~ presents
the bipolar of Bx (more precisely, the bipolar of (Bx)"). Using the Absolute
Bipolar Theorem and observing that the weak topology o(X, X') is induced in X
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by the topology (X", X'), conclude that Bx» = Bx (because of the obvious
convexity and closure properties of Bx, the latter following from compactness
since X is separated). Thus, X is reflexive. b

10.7.2. Corollary. A space X is reflexive if and only if every bounded closed
convex set in X is weakly compact. 4>

10.7.3. Corollary. Every closed subspace of a reflexive space is reflexive.

4 By the Mazur Theorem, such a subspace and, hence, the unit ball of it are
weakly closed. It thus suffices to apply the Kakutani Criterion twice.

10.7.4. Pettis Theorem. A Banach space and its dual are (or are not) re-
flexive simultaneously.

a If X is reflexive then o(X’', X) coincides with (X', X"). Therefore,
by the Alaoglu-Bourbaki Theorem, Bx: is o(X', X")-compact. Consequently,
X' is reflexive. If, in turn, X' is reflexive, then so is X" by what was proven.
However, X, as a Banach space, is a closed subspace of X". Thus, X is reflexive
by 10.7.3. »

10.7.5. James Theorem. A Banach space is reflexive if and only if each
continuous (real) linear functional attains its supremum on the unit ball of the
space.

10.8. The Space C(Q, R)

10.8.1. REMARK. Throughout Section 10.8 let Q stand for a nonempty Haus-
dorff compact space, denoting by C(Q, R) the set of continuous real-valued func-
tions on . Unless specified otherwise, C(Q, R) is furnished with the natu-
ral pointwise algebraic operations and order and equipped with the sup-norm
- l:= |l - lloo related to the Chebyshév metric (cf. 4.6.8). Keeping this in mind,
we treat the statements like “C(Q, R) is a vector lattice,” “C(Q, R) is a Ba-
nach algebra,” etc. Other structures, if ever introduced in C(Q, R), are specified
deliberately.

10.8.2. DEFINITION. A subset L of C(Q, R) is a sublattice (in C(Q, R)) if
fivfa€Land fi A fa € Lfor fi, fo € L, where, as usual,

fiV f2(9):= fi(g) V f2(q),
finh f2(@):= i) A f2(9) (g€ Q).

10.8.3. REMARK. Observe that to be a sublattice in C(Q, R) means more
than to be a lattice with respect to the order induced from C(Q, R).
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10.8.4. EXAMPLES.
(1) @, C(Q, R), and the closure of a sublattice.
(2) The intersection of each family of sublattices is also a sublattice.
(3) Let L be a sublattice and let Qo be a subset of Q. Put

Lg,:={f€C(Q, R): (3g€L)g(q)=f(g) (¢ € Qo)}.

Then Lq, is a sublattice. Moreover, L C Lg,.
(4) Let Q¢ be a compact subset of Q. Given a sublattice L in C(Q, R),
put
LIQO:: {leo : feL}.

Therefore,

Lo, ={f€C@, R): fly, €L, }-

It is clear that L|Q0 is a sublattice of C(Qo, R). Furthermore, if L is a vector
sublattice of C(Q, R) (i.e., a vector subspace and simultaneously a sublattice
of C(Q, R)); then L|Q0 is a vector sublattice of C(Qo, R) (certainly, if Qo # D).

(5) Let Q:= {1, 2}. Then C(Q, R) ~ R2. Each nonzero vector sublattice
of R? is given as
{(z1, z2) € R?: a121 = agz,)

for some a3, as € R;.

(6) Let L be a vector sublattice of C(Q, R). For ¢ € @, the alternative
is offered: either L{g; = C(Q, R)or Lig; = {f € C(Q, R): f(¢) =0}. If ¢ and
g2 are distinct points of @ and L‘{quq2} # 0, then by 10.8.4 (5) there are some a;,
az € Ry such that

Lig,q} ={f € C(Q, R): a1f(q1) = a2f(g2)}.

Moreover, if L contains a constant function other than zero (i.e. a nonzero multiple
of the constantly-one function 1) then as @; and a2 in the above presentation
of Ly, 4.} the unity, 1, may be taken. <>

10.8.5. Let L be a sublattice of C(Q, R). A function f in C(Q, R) belongs
to the closure of L if and only if for all ¢ > 0 and (z, y) € Q? there is a function

fi= fz,y,e in L satisfying the conditions

f(@) - f(z) <&, fly)— fly) > —e.

4 =>: This is obvious.
<: Basing it on 3.2.10 and 3.2.11, assume that f =0. Takee > 0. Fixz € Q
and consider the function gy:= f; e € L. Let V:= {g € Q : g4(¢) > —¢}. Then
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Vy is an open set and y € V,. By a standard compactness argument, there are
Y1,---,Yn € @ such that Q@ = V,, U... UV, . Put fri=gy, V... Vg, Itis
clear that f, € L. Furthermore, f,(z) < € and fz(y) > —¢ for all y € Q. Now let
Uz:={q€Q: fz(q) <e}. Then U, is open and = € U,. Using the compactness
of @ once again, find z1,... ,m € @ such that Q =U,, U... UU,, . Finally, put
li= fz, A...A fz,.. It is beyond a doubt that I € L and ||lfj < e. »

10.8.6. REMARK. The message of 10.8.5 is often referred to as the General-
1zed Dint Theorem (cf. 7.2.10).

10.8.7. Kakutani Lemma. Every sublattice L of C(Q, R) is expressible as

L= n cl (L{qhqz}) .
(g1,92)€Q?

4 The inclusion of ¢l L into ¢l (L{quqz}) for all (g1, ¢2) € @Q? raises no doubts.
If fec (L{ql,qzl) for all such ¢; and ¢z, then by 10.8.5, f€cl L. o

10.8.8. Corollary. Every vector sublattice L of C(Q, R) is expressible as

dL= (] L)
(91,92)€Q?

4 Observe that every set of the form Ly, 4.} is closed. >

10.8.9. DEFINITION. A subset U of F@ separates the points of Q, if for all
qQ1, g2 € @ such that ¢ # g2 there is a function v € U assuming different values

at ¢1 and g, 1.e. u(q1) # u(ge2).

10.8.10. Stone Theorem. If a vector sublattice of C(Q, R) contains con-
stant functions and separates the points of ), then it is dense in C(Q, R).

4 Given such a sublattice L, observe that

Lig1,0} = C(Q; R){g,00)

for every pair (q1, ¢2) in Q? (cf. 10.8.4 (6)). It remains to appeal to 10.8.8. >
10.8.11. Let p € C(Q, R)'. Put

A (p):={f € C(Q, R): [0, |f[] Cker p}.
Then there is a unique closed subset supp (¢) of ) such that

feN (e f|

supp (1) 0.
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4 By the Interval Addition Lemma

[0, I£}+ [0, |gll = [0, |f]+Igl].
Thus, f, g € A (p) = |fl + |9] € A (). Since A () is an order ideal; i.e.,
(f € #(u) & 0 < |g| < |f] = g € A (p)), conclude that A '(u) is a linear set.
Moreover, A4 (i) is closed. Indeed, assuming fn, > 0, fn — f and fn, € A (p), for
g€[0, flfindgA fn = g and g A fr € [0, fn]. Whence it follows that u(g) = 0;

ie., f € AN (u).
Since A () is an order ideal, from 10.8.8 deduce that

A () =[] A (1))-
g€Q

Define the set supp (u) as

g € supp () & N (p)(q # C(Q, R) & (f € (1) = f(q) = 0).
It is beyond a doubt that supp () is closed. Moreover, the equalities hold:

N (p) = ﬂ A (g = {f €CQ, R): f|supp(n) = 0}.

g€supp (p)

The claim of uniqueness follows from the normality of @ (cf. 9.4.14) and the
Urysohn Theorem.

10.8.12. DEFINITION. The set supp(g) under discussion in 10.8.11 is the
support of p (cf. 10.9.4 (5)).

10.8.13. REMARK. If u is positive then

A () ={f €C(@Q, R): u(lfl) =0}
Consequently, when p(fg) = 0 for all g € C(Q, R), observe that f’supp(”) = 0.
By analogy supp (¢) = @ & A (i) = C(Q, R) & u = 0. Therefore, it is quite
convenient to work with the support of a positive functional.

Let F' be a closed subset of ). It is said that F' supports or carries p or
that X \ F lacks p or is void of u if u(|f]) = 0 for every continuous function f
with supp(f) C @\ F. The support supp () of u carries y; moreover, supp (u)
is included in every closed subset of @) supporting p. In other words, the support
of p is the complement of the greatest open set void of p (cf. 10.10.5 (6)).

It stands to reason to observe that in virtue of 3.2.14 and 3.2.15 to every
bounded functional u there correspond some positive (and hence bounded) func-
tionals py, p—, and |u| defined as

p+(f) =suppl0, fl;  p—(f) =—infpl0, fl; |u|l= p+ +p-,

given f € C(Q, R);.
Moreover, C(Q, R)' is a Kantorovich space (cf. 3.2.16). <>
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10.8.14. The supports of p and |u| coincide.

< By definition A () = A (|y]). ©

10.8.15. Considering a € C(Q, R) with0 < a < 1, define ap : f v p(af) for
f€C(Q, R) and p € C(Q, R)'. Then |ap| = a|p|.

< Given f € C(Q, R)4, infer that

(ap)+(f) = sup{pu(ag) : 0 <g < f} <suppu0, af]
= pi(af) = aps(f).
Furthermore,
pt = (ap+ (1 =a)p)y <(ap)+ + (1 - a)pu)+ < apt + (1 — a)py = py.

Consequently, (ap)y = apy, whence the claim follows. >

10.8.16. De Branges Lemma. Let A be a subalgebra of C(Q, R) contain-
ing constant functions. Take y € ext (A1 NBg(qg,ry ). Then the restriction of each
member of A to the support of y is a constant function.

4 If p = 0 then supp(u) = @, and there is nothing to be proven. If 4 # 0
then, certainly, ||u]l = 1. Take a € A. Since the subalgebra A contains constant
functions, it suffices to settle the case in which 0 < a <1 and

g €supp(p) = 0<a(qg) < 1.

Put pg:= ep and pg:= (1 —a)p. It is clear that p; 4+ g2 = p and the functionals
p1 and pg are both nonzero. Moreover,

llsll < flpall + [l e

= sup plaf)+ sup w((1—a)g) = sup plaf +(1—a)g) < |,
IFl<1 llgll< I£l<1,ligh<1

because it is obvious that
aBe(q,p) + (1 —a)Be(q,r) C Be(g,m-
Thus, ||ull = [[pall + l|le2l|- Since

= lml -2 i ” + ””ZHIIu P

and py, p2 € A, conclude that py = ||p1]|p. By 10.8.15, alu| = |ap| = |u] =
lleall || Consequently, |u|((a@ — ||#1]|1)g) = O for all g € C(Q, R). Using 10.8.13
and 10.8.14, infer that the function a is constant on the support of p. b
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10.8.17. Stone—Weierstrass Theorem. Let A be a subalgebra of the al-
gebra C(Q, R). Suppose that A contains constant functions and separates the
points of Q. Then A is dense in C(Q, R).

4 Proceeding by way of contradiction, assume the contrary. By the Absolute
Bipolar Theorem, the subspace A (coincident with A°) of C(Q, R)' is nonzero.
Using the Alaoglu-Bourbaki Theorem, observe that A+ N B¢(q,ry is a nonempty
absolutely convex weakly compact set. Thus, by the Krein-Milman Theorem, the
set has an extreme point, say, p.

Undoubtedly, ¢ is a nonzero functional. By the de Branges Lemma the sup-
port of p fails to contain two distinct points, since A separates the points of Q.
The support of g is not a singleton, since g annihilates constant functions. Thus,
supp (p) is empty. But then p is zero (cf. 10.8.13). We arrive at a contradiction
completing the proof. >

10.8.18. Corollary. The closure of a subalgebra of C(Q, R) is a vector
sublattice of C(Q, R).

4 Using the Stone~Weierstrass Theorem, find a polynomial p, satisfying
Pa(t) = 1t]] < */2n

for all t € [~1, 1]. Then |pn(0)| < '/2n. Therefore, the polynomial

Pa(t):= pa(t) — pn(0)

maintains the inequality |p,(¢) — |¢|| < !/n when —1 < ¢t < 1. By construction, p,,
lacks the constant term. Now, if a function a lies in a subalgebra A of C(Q, R)

and ||a|| £ 1, then
[Palale)) ~ la(@)l| < '/n (2€ Q)

Moreover, the function ¢ — p,,(a(g)) is clearly a member of A. >

10.8.19. REMARK. Corollary 10.8.18 (together with 10.8.8) completely de-
scribes all closed subalgebras of C(Q, R). In turn, as the proof prompts, the
claim of 10.8.18 is immediate on providing some sequence of polynomials which
converges uniformly to the function ¢t — |t| on the interval [-1, 1]. It takes no
pains to demonstrate 10.8.17, with 10.8.18 available.

10.8.20. Tietze—Urysohn Theorem. Let Qo be a compact subset of a com-
pact set Q and fo € C(Qo, R). Then there is a function f in C(Q, R) such that
fIQo = fo.

4 Suppose that Qo # @ (otherwise, there is nothing to prove). Consider the
identical embedding ¢ : Q¢ — @ and the bounded linear operator i:C (Q, R)—
C(Qo, R) acting by the rule ;. f:= fo.. We have to show that ¢ is an epimorphism.
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It is beyond a doubt that im ¢ is a subalgebra of C(Qo, R) separating the points
of Qo and containing constant functions. In virtue of 10.8.17 it is thus sufficient

(and, clearly, necessary) to examine the closure of im ..
Consider the monoquotient 7 of the operator 7 and the coset mapping ¢ :

C(Q, R) — coim i. Given f € C(Q, R), put
g:= (f Asup|f(Qo)[1) V (—sup | f(Qo)[1).

By definition |, = glg,i i Ti= ¢(f) = pl9). Conseauently, llgl 2 [I7].
Furthermore,

It = int{lIhllcem : &k — f) =0} = inf{|lkllcom : klg, = flo,}
2 inf{||h]g, lleem : hlg, = flo,} = suplf(Qo)l = ligll > |If1-

Therefore,

IZF1 = llegll = Nleglicqom
= llg o tlleqom = suplg(Qo)l = llgll = [I£1l;

ie., T is an isometry. Successively applying 5.5.4 and 4.5.15, infer first that
coim ¢ is a Banach space and second that im 7 is closed in C(Qo, R). It suf-

. o . -
fices to observe that im ¢ =im 7. b

10.9. Radon Measures

10.9.1. DEFINITION. Let Q be alocally compact topological space. Put K(Q)
=K(Q, F):= {f € C(Q, F): supp(f) is compact}. If Q is compact in § then
let K(Q):= Kq(Q):= {f € K(R) : supp(f) C Q}. The space K(Q) is furnished
with the norm || - [|. Given E € Op(Q), put K(E):=U{K(Q): Q € E}. (The
notation @ € E for a subset E of {2 means that @ is compact and Q lies in the
interior of E relative to 2.)

10.9.2. The following statements are valid:
(1) fQ & and f € C(Q, F) then

flog =0 By € KQ) glg = f:
moreover, K(Q) is a Banach space;

(2) let Q, @1, and Q, be compact sets and Q € Q1 X Qo; the linear span
in the space C(Q, F) of the restrictions to Q of the functions like
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uy - u2(q1, ¢2):=u1 ®ua(qr, ¢2):=u1(q1)u2(g2) with u, € K(Q,) is
dense in C(Q, F);

(3) if Q is compact then K(2) = C(, F); if Q fails to be compact
and is embedded naturally into C(Q', F), with @ := QU {co} the
Alexandroff compactification of 2, then the space K() is dense
in the hyperplane {f € C(¥', F) : f(oo) = 0};

(4) the mapping E € Op(2) — K(FE) € Lat (K(f)) preserves suprema;

(8) for E', E" € Op(Q) the following sequence is exact:

LB, E'") g(E!,EB')
_ _—

0— K(E'NE") K(E")x K(E") K(E'UE") -0,
with y g gy fi= (f, —f), and o(g gy (f, 9):=f+g.

4(1): The boundary 9Q) of @ is at the same time the boundary of the exterior
of @, the set int (2 \ Q).

(2): The set under study is a subalgebra. Apply 9.3.13 and 10.8.17 (cf. 11.8.2).

(3): It may be assumed that F = R. The claim will then follow from 10.8.8
since K(2) is an order ideal separating the points of Q" (cf. 10.8.11).

(4): Clearly, K(sup@) = K(@) = 0. If & C Op(Q2) and & is filtered up-
ward then, for f € K(U&), observe that supp(f) C E for some E € & by the
compactness of supp(f). Whence K(U€) = U{K(E): E € &}. To conclude,
take Ey,... ,E, € Op(2) and f € K(E, U...U E,). In accordance with 9.4.18
there are some ¢y € K(Ej) such that > ¢ , ¢ = 1. Moreover, f = Y p_, ¢k f
and supp (for) C Ex (k:=1,... ,n).

(5): This is straightforward from (4). >

10.9.3. DEFINITION. A functional y, a member of K(Q2, F)# is a measure
(or, amply, a Radon F-measure) on Q, in symbols, p € A(Q) := #(Q, F); if

/t| K@ € K(Q)' whenever @ € Q. The following notation is current:

[raw= [ rau= [ 1@ duter=utr) (s € K@)

Q

The scalar u(f) is the integral of f with respect to p. In this connection u is also
called an integral.

10.9.4. EXAMPLES.
(1) For ¢ € Q the Dirac measure f — f(q) (f € K(2)) presents a Radon
measure. It is usually denoted by the symbol é, and called the delta-function at q.
Suppose also that © is furnished with group structure so that the taking
of an inverse ¢ € Q +— ¢~! € Q and the group operation (s, t) € @ x Q — st € Q
are continuous; i.e., §2 is a locally compact group. By é we denote é, where ¢ is the
untty of  (recall the concurrent terms: “identity,” “unit,” and “neutral element,”
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all meaning the same: es = se = s for all s € Q). The nomenclature pertinent
to addition is routinely involved in abelian (commutative) groups.

Given a € Q, acknowledge the operation of (left or right) translation or shift
by a in K(Q) (in fact, every function is shifted in Q x F):

(@)= af(Q):= f(a™'q), (raf)@):= fa(q):= f(ga™")

with f € K(Q) and ¢ € Q. Clearly, .7, 7, € ZL(K()).

A propitious circumstance of paramount importance is the presence of a non-
trivial measure on €2, a member of .#(Q, R), which is invariant under left (or
right) translations. All (left)invariant Radon measures are proportional. Each
nonzero (left)invariant positive Radon measure is a (left) Haar measure (rarely
Haar integral). In the case of right translations, the term “(right) Haar measure”
is in common parlance. In the abelian case, we speak only of a Haar measure and
even of Haar measure, neglecting the necessity of scaling. The familiar Lebesque
measure on RY is Haar measure on the abelian group RY. That is why the con-
ventional notation of Lebesque integration is retained in the case of an abstract
Haar measure. In particular, the left-invariance condition is written down as

/f(a‘lx) dr = /f(a:) dz (f€K(Q),a€Q).
Q Q

(2) Let M(Q) := (K(Q), || - |loo)’- A member of M(R) is a bounded
Radon measure. It is clear that a bounded measure belongs to the space C(Q, F)’
(cf. 10.9.2 (2)).
(3) Given p € (), put u*(f) = u(f*)*, where f*(q):= f(q)* for g € Q
and f € K(Q). The measure p* is the conjugate of p. Distinction between p*
and g is perceptible only if F = C. In case u = u*, we speak of a real C-measure.
It is clear that u = p; + fuz, where g1 and p, are uniquely-determined real
C-measures. In turn, each real C-measure is generates by two R-measures (also
called real measures), members of .#(§2, R), because K (2, C) coincides with
the complexification K(2, R) ® iK(Q, R) of K(f2, R). The real R-measures
obviously constitute a Kantorovich space. Moreover, the integral with respect
to such a measure serves as (pre)integral. So, an opportunity is offered to deal
with the corresponding Lebesque extension and spaces of scalar-valued or vector-
valued functions (cf. 5.5.9 (4) and 5.5.9 (5)). We seize the opportunity without
much ado and specification.
To every Radon measure p we assign the positive measure |g| that is defined

for f € K(Q, R), f >0, by the rule

lul(f):= sup{|u(g)| : 9 € K(Q, F), |g] < f}.
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Observe that, in current usage, the word “measure” often means a positive mea-
sure, whereas a “general” measure is referred to as a signed measure or a charge.

If 4 and v are measures and |p| A |v| = 0 then p and v are called disjoint or
independent (of one another). A measure v is absolutely continuous with respect
to p on condition that v is independent of every measure independent of g. Such
a measure v may be given as v = fu, where f € L joc(¢) and the measure fu
having density f with respect to p acts by the rule (fu)(g):= u(fg) (g9 € K())
(this is the Radon-Nikodym Theorem).

(4) Given @ € Op(Q) and u € A (), consider the restriction upg: :=
/,L‘K(Q,) of u to K(§'). The restriction operator p — pq: from A () to A ('),
viewed as depending on a subset of 2, meets the agreement condition: if Q" C
Q' C Qand p € A(Q) then pgr = (pg')ar. This situation is verbalized as
follows: “The mapping .# : E € Op(Q) — #(E) and the restriction operator
(referred to jointly as the functor .#) defines a presheaf (of vector spaces over 2).”
It stands to reason to convince oneself that the (values of the) restriction operator
need not be an epimorphism.

(5) Let E € Op(R) and p € A#(Q). It is said that E lacks u or is
void of p or that Q\ E supports or carries p if ug = 0. By 10.9.2 (4) there
is a least closed set supp () supporting p, the support of p. It may be shown
that supp (1) = supp (|¢|). The above definition agrees with 10.8.12. The Dirac
measure §, is a unique Radon measure supported at {g} to within scaling.

(6) Let Qi be a locally compact space and px € A (Qi) (k:= 1,2).
There is a unique measure g on the product €; x 5 such that

[ w@naduten) = [u@di) [ ) i)
Qq

Q%022 Q

with ur € K (). The next designations are popular: gy X fig 1= p1 @ pg 1= p.
Using 10.9.2 (4), infer that for f € K(2; x Q) the value gy x p2(f) may be
calculated by repeated integration (this is the Fubini Theorem).

(7) Let G be a locally compact group, and p, v € M(G). For f € K(G)
the function f(s, t):= f(st) is continuous and |(u x v)(f)| < |{u]| |||/ [ f|lec. This
defines the Radon measure p*v(f):= (u xv)(f) (f € K(G)), the convolution of p
and v. Using vector integrals, obtain the presentations:

pxv= / 8s * 6y dp(s)dy(t) = /6, *vdu(s) = //.L * 8y du(t).
GxG G G

The space M(G) of bounded measures with convolution as multiplication,
exemplifies a Banach convolution algebra.
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This algebra is commutative if and only if G is an abelian group. In that event
the space L;(G), constructed with respect to Haar measure m, also possesses a nat-
ural structure of a convolution algebra (namely, that of a subalgebra of M(G)).
The algebra (L1(G), *) is the group algebra of G. Thus, for f, ¢ € L:(G),
the definitions of convolution for functions and measures agree with one another
(cf. 9.6.17): (f * g)dm = fdm * gdm. By analogy, the convolution of u € M(G)
and f € Li(G) is defined as (u * f)dm := p * (fdm); i.e., as the density of the
convolution of p and fdm with respect to Haar measure dm. In particular,

fro= [ x i@ dm(@) = [ ra(0)f(a) dmo).
G G

Wendel Theorem. Let T € B(L,(G)). Then the following statements are

equivalent:
(i) there is a measure p € M(G) such that Tf = p* f for f € L1(G);
(i) T commutes with translations: Tr, = 7,T for a € G, where 7, is
a unique bounded extension to Ly(G) of translation by the element
a in K(G);
(iii) T(f*g)=(Tf) g for f, g € Li(G);
(iv) T(f*v) = (Tf) v for v € M(G) and f € L1(G).

10.9.5. DEFINITION. The spaces K(2) and .#(2) are set in duality (induced
by the duality bracket K(2) & K(Q)#). In this case, the space .#() is furnished
with the topology o(.#Z(§2), K(f2)), usually called vague. The space K() is fur-
nished with the Mackey topology Tx(q):= T(K(£2), .#(Q)) (thereby, in particular,
(K(Q), Tk(ay) = #(2)). The space of bounded measures M () is usually con-
sidered with the dual norm:

lull == sup{lu(H)] : Ifllo <1, fE€K(Q)} (ueM(Q)).

10.9.6. The topology Tk(q) is strongest among all locally convex topologies
making the identical embedding of K(Q) to K(Q) continuous for every @ with
Q € Q (i.e., T(q) is the so-called inductive limit topology (cf. 9.2.15)).

< If 7 is the inductive limit topology and u € (K (), 7)' then by definition
p € A (82), because p o tk(q) is continuous for @ € Q. In turn, for p € #(Q)
the set Vg:= {f € K(Q) : |u(f)| <1} is a neighborhood of zero in K(Q). From
the definition of 7, infer that U{Vp : Q € Q} = {f € K(Q) : |u(f)| < 1} is
a neighborhood of zero in 7. Thus, p € (K(2), 7)" and 7 is compatible with
duality. Therefore, 7 < Tx(q).

On the other hand, if p is a seminorm in the mirror of the Mackey topology
then p is the supporting function of a subdifferential lying in .# (). Consequently,
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the restriction ¢:= poig(g) of p to K(Q) is lower semicontinuous anyway. By the
Gelfand Theorem (in view of the barreledness of K(Q)) the seminorm ¢ is contin-
uous. Consequently, the identical embedding (k@) : K(Q) — (K(R), Tk(q)) is
continuous and T > Tg(q) by the definition of inductive limit topology. >

10.9.7. A subset A of K(R") is bounded (in the inductive limit topology),
if sup ||Al|ec < +00 and, moreover, the supports of the members of A lie in a com-
mon compact set.

4 Suppose to the contrary that, for some @ such that Q € R”, the inclusion
A C K(Q) fails. In other words, for n € N there are some ¢, € RN and a,, € A sat-
isfying an(gn) # 0 and |gn| > n. Put B:= {n|an(gn)| '8, : n € N} and observe
that this set of Radon measures is vaguely bounded and so the seminorm p(f):=
sup{|p|(|f]) : u# € B} is continuous. Moreover, p(an) > nlan(gn)| 284, (lan]) = n,
which contradicts the boundedness property of 4. >

10.9.8. REMARK. Let (f,) C K(R¥). The notation fy, P 0 symbolizes the

proposition (3Q € RY)(Vn) supp(fu) C Q & ||fallo — 0. From 10.9.7 it is
immediate that u € K(RM)# is a Radon measure if u(f,) — 0 whenever f, 2 0.

Observe also that the same holds for every locally compact  countable at infinity
or o-compact, i.e. for ) presenting the union of countably many compact sets.

10.9.9. REMARK. There is a sequence (p,) of real-valued positive polyno-
mials on R such that the measures p,dz converge vaguely to § as n — +o0.
Considering products of the measures, arrive at some polynomials P, on the RV,
with (Ppdz) converging vaguely to é (here, as usual, dz:= dzy X ... x dzn is the
Lebesque measure on RY). Now, take f € K(R™) such that f is of class C(™
in some neighborhood of a compact set @ (i.e., f has continuous derivatives up
to order m on Q). Arranging the convolutions (f * P,), obtain a sequence of poly-
nomials which approximates not only f but also the derivatives of f up to order
m uniformly on Q. The possibility of such a reqularization is referred to as the
Generalized Weierstrass Theorem in RV (cf. 10.10.2 (4)).

10.9.10. Measure Localization Principle. Let & be an open cover of {2
and let (ug)Ees be a family of Radon measures, ur € #(E). Assume further
that, for every pair (E', E") of the members of &, the restrictions of pg and pgr
to E'NE" coincide. Then there is a unique measure y on {2 whose restriction to E
equals pg for all E € &.

< Using 10.9.2 (5), arrange the sequence

> K(E'NE") = )" K(E) - K(Q) — 0,
{E!E"} Ee¢
E:E”Eé’, El?éEII
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where ¢ is generated by summation of the coordinate identical embeddings ¢(g gy
and o is the standard addition. Every direct sum is always assumed to be furnished
with the inductive limit topology (cf. 10.9.6).

Examine the exactness of the sequence. Since K(Q2) = Ugea K(Q) and in view
of 10.9.2 (4), it suffices to settle the case of a finite cover by checking exact-
ness at the second term. Thus, proceeding by induction, suppose that for every
n-element cover {Ey,... ,E,} (n > 2) the following sequence is exact:

n
K, 2 H K(Ey) = K(EyU...UE,) — 0,
k=1

where ¢, is the “restriction” of ¢ to K, the symbol ¢, stands for addition and

Kno= J[ K(ENE).

k<l
k,le{1,...,n}

By hypothesis, im ¢, = ker o,,. If U,H_l(f, frnt1) = 0 where fi= (fi,---, fan), then
anf= —fnt+1 and fry1 € K((E1U...UEp)N Eptq). Since oy, is an epimorphism
by 10.9.2 (5), there are some 6y € K(Ex N Ep41) such that 0,6 = —f,4; for
0:=(61,...,0,). Whence (f— ) € ker oy, and by hypothesis there is a member

s of K, such that ¢, = f — 8. Clearly,

Kn+1 =K, x H K(Ek N En+1)
k=1

(to within isomorphism), 3¢:= (¢, 61,... ,65) € Kny1, and 4177 = (f, frt1)-
Passing to the diagram prime (cf. 7.6.13), arrive at the exact sequence

0. L [[eE S [ #EnE.
Ecé& {EI’EH}
E',E"Eé’,E';éE“

The proof is complete. >

10.9.11. REMARK. In topology, a presheaf recoverable from its patches or
local data in the above manner is a sheaf. In this regard, the claim of 10.9.10 is
verbalized as follows: the presheaf  — .#(Q) of Radon measures is a sheaf or,
putting it more categorically, the functor % is a sheaf (of vector spaces over {2,

of. 10.9.4 (4)).
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10.10. The Spaces 2(f2) and 2'(92)

10.10.1. DEFINITION. A compactly-supported smooth function f : RN— F
is a test function; in symbols, f € P(RV):= P(RY, F). Given Q € RN and
Qe Op(RN), designate 2(Q) := {f € 2(RV): supp(f) C Q} and 2(Q) :=
u{2(Q): Qe Q}.

10.10.2. The following statements are valid:

(1) 2(Q)=0%int Q = &;
(2) given @ € RY, put

Ifllnei= D 10%fle@= Y, sup|(@...0% F)Q)

|a|<n a€(Z)¥
a+...+an<n

for a function f smooth in a neighborhood of @ (as usual, Z4 :=
Nu {0}); the multinorm Mg := {|| - ||n,0 : n € N} makes 2(Q) into
a Fréchet space;

(3) the space of smooth functions Coo(2):= &(2) on Q in Op (R™) with
the multinorm Mg := {|| - |[n,0 : n € N, Q € Q} is a Fréchet space;
moreover, 2(Q) is dense in Coo();

(4) if @, € RY, @; € RM and Q € Q; x Q3; then the linear span
in 9(Q) of the restrictions to @ of the functions like fi f2(q1, ¢2):=
fi ® falqr, @2) = fila1)f2(q2), with gx € Qx and fi € D(Qx), is
dense in 2(Q);

(5) the mapping E € Op(Q) — 2(E) € Lat (2()) preserves suprema:

2(E'NE") = 9(E'Yn D(E"), 2(E' UE") = 9(E') + 2(E");
2(UE) = L(U{P(E): Ec &) (& Op(9)).

Moreover, the next sequence is exact (cf. 10.9.2 (5)):

0— P(E'NE") ~Z20 (E') x 2(E") ZEE, 9(E'UE") — 0.

< (1) and (2) are obvious.

(3): Choose a sequence (Qm)men such that Qn, € Q, Qm € Qm41 and
Umen@m = 2. The multinorm {|| - ||n,0.. : 7 € N, m € N} is countable and
equivalent to Mq. A reference to 5.4.2 yields the metrizability of Coo(£2). The
completeness of C'o(§2) raises no doubts.

To show that 2(§) is dense in Co(?), consider the truncator set Tr(Q):=
{ € 2(2) : 0 <y < 1}. Make Tr(R2) a direction on letting ¢ < 3, &
supp (1) C int {1, = 1}. It is clear that, for f € Coo(f2), the net (¥ f)yemr ()
approximates f as is needed.
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(4): Take ¢' € RN and ¢" € RM. Let a(q', ¢") = d'(¢')a"(¢"), where o'
and a” are mollifiers on RY and RM, respectively. Given f € 2(Q), n € N, and
€ > 0, choose x from the condition || f — f *ay||a,@ < ¢/2. Using the equicontinuity
property of the family % := {0%f(q)7q(ay) : |a] < n, ¢ € @1 X @2}, find finite
sets A’ and A", with A’ C @, and A" C @, so that the integral of each function
in F be approximated to within /(N + 1)~ "¢ by a Riemann sum of it using
the points of A’ x A”. This yields a function f, a member of the linear span of
2(Q1) x 2(Q,), which was sought; i.e., ||f — flln,@ <&

(5): Check this is as in 10.9.2 (4), on replacing 9.4.18 with 9.6.19 (2). v

10.10.3. REMARK. The Generalized Weierstrass Theorem may be applied
to the demonstration of 10.10.2 (4), when combined with due truncation providing
that the constructed approximation has compact support.

10.10.4. DEFINITION. A functional u, a member of 2(Q, F)#, is a distribu-
tion or a generalized function whenever u |g(g) € 2'(Q):= 2(Q)' for all Q € Q.
This is expressed in writing as u € 2'():= 2'(Q, F). Sometimes a reference is
appended to the nature of the ground field F.

The usual designations are as follows: (u, f):= (f|u):= u(f). Often we use
the most suggestive and ubiquitous symbol

] f@yu(e)dz=u(f) (f € DQ)).

10.10.5. EXAMPLES.
(1) Let g € Ly joc (RY) be a locally integrable function. The mapping

uy(f) = / f@)(z)dz (f € D)

determines a distribution. A distribution of this type is regular. To denote a reg-
ular distribution ug4, a more convenient symbol g is also employed. In this connec-
tion, we write 2() C 2'(Q) and uy = | g)-

(2) Every Radon measure is a distribution. Each poesitive distribution u
(i-e., such that f > 0 = u(f) > 0) is determined by a positive measure.

(3) A distribution u is said to has order at most m, if to every @ such
that @ € R”" there corresponds a number t¢ satisfying

lu(H)l <tellflme (f € 2(Q))

The notions of the order of a distribution and of a distribution of finite order are
understood in a matter-of-fact fashion. Evidently, it is false that every distribution
has finite order.
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(4) Let a be a multi-index, @ € (Z4)V; and let u be a distribution,
u € 2'(R). Given f € 2(Q), put (0%u)(f) := (=1)!*lu(d*f). The distribution
0%u is the derivative of u (of order ). We also speak of generalized differentiation,
of derivatives in the distribution sense, etc. and use the conventional symbols
of differential calculus.

A derivative (of nonzero order) of a Dirac measure is not a measure. At the
same time § € 2'(R) is the derivative of the Heaviside function §(~V):= H, where
H : R — R is the characteristic function of R4. If a derivative of a (regular)
distribution u is some regular distribution ug, then g is a weak derivative of u
or a generalized derivative of u in the Sobolev sense. For a test function, such
a derivative coincides with its ordinary counterpart.

(5) Given u € 2'(9), put v*(f):= u(f*)*. The distribution u* is the
conjugate of u. The presence of the involution * routinely justifies speaking of real
distributions and complez distributions (cf. 10.9.3 (3)).

(6) Let E € Op(2) and u € 2'(Q). For f € P(E), the scalar u(f)
is easily determined. This gives rise to the distribution ug, a member of 2'(E),
called the restriction of u to E. The functor 2 is clearly a presheaf.

Given u € 2'(Q) and E € Op(Q), say that E lacks or is void of u,if ug = 0.
By 10.10.4 (5), if the members of a family of open subsets of 2 are void of u then
so is the union of the family. The complement (to RY) of the greatest open set
void of u is the support of u, denoted by supp(u). Observe that supp (8%u) C
supp (u). Moreover, a distribution with compact support (= compactly-supported
distribution) has finite order.

(7) Let w € 2'(Q) and f € Co(R). If g € 2(Q) then fg € D(NQ).
Put (fu)(g):= u(fg). The resulting distribution fu is the product of f and u.
Consider the truncator direction Tr((2). If there is a limit limyery () u(ft) then
say that u applies to f. It is clear that a compactly-supported distribution u
applies to every function in Coo(§2). Moreover, u € §'(Q) := Co(2)'. In turn,
each element u of () (cf. 10.10.2 (3)) uniquely determines a distribution with
compact support, which is implicit in the notation u € 2'(Q2).

If f e Coo(f2) and 6°‘f|supp(u) = 0 for all @, Ja| < m, where u is a compactly-
supported distribution of order at most m, then it is easy that u(f) = 0. In con-
sequence, only linear combinations of a Dirac measure and its derivatives are
supported at a singleton. <>

(8) Let Q4, Q, € Op(RY) and ux € 2'(Q). There is a unique distri-
bution u on €y x 2 such that u(fif2) = ui(fi)uz(fz) for all fr € (). The
distribution is denoted by u; X uz or u; ® uz. Using 10.10.2 (4), infer that for
f € 2(Q; x Q2) the value u(f) of u at f appears from successive application of u,
and u,. Strictly speaking,

u(f) = ua(y € Q2 = ws(f(+, ) = wa(z € 1 = uz(f(z, -))).
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More suggestive designations prompt the Fubini Theorem:

/ (2, ) x us)(a, y)dedy

0, xX0Q,

=KZ lf(a:, y)ui(z)dz | ua(y)dy =d[ (Zf(fﬂ, Y)ua(y)dy | ui(z)dz.

It is worth noting that

supp (u1 X uz) = supp (u3) X supp (uz).

+
(9) Let u, v € 2'(RY). Given f € 2(RY), put f := fo+. Itis

+
clear that f € Coo(RY x RY). Say that the distributions u and v convolute or
admit convolution or are convolutive provide that the product u x v applies to

+
the function f C Coo(RN x RV) for each f in 2(RV). It is easy (cf. 10.10.10)

that the resulting linear functional f — (u x v)( f) (f € 2(RY)) is a distribution
called the convolution of u and v and denoted by u *v. It is beyond a doubt that
the convolutions of functions (cf. 9.6.17) and measures on RY (cf. 10.9.4 (7)) are
particular cases of the convolution of distributions. In some classes, every two
distributions convolute. For instance, the space & '(RN ) of compactly-supported
distributions with convolution as multiplication presents an (associative and com-
mutative) algebra with unity the delta-function 8. Further, 0%u = 0%6 * v and
0%(u *v) = 0% * v = u * %v. Moreover, the following remarkable equality, the
Lions Theorem of Supports, holds:

co (supp (u * v)) = co(supp (u)) + co (supp (v)).

It is worth emphasizing that the pairwise convolutivity of distributions fails in gen-
eral to guarantee the associativity of convolution (for instance, (1 % §') * 6(-1 =0
whereas 1 * (§' * §(-1) = 1, with 1:= 1g).

Each distribution u convolutes with a test function f, yielding some regular
distribution (u * f)(z) = u(7z(f ")), where f7:= f is the reflection of f; i.e.,
f(z):= f(~z) (z € RM). The operator ux: f > u* f from 2(RY) to Coo(RN)
is continuous and commutes with translations: (u*)r, = T,u* for £ € RN, It is
easily seen that the above properties are characteristic of ux; i.e., if an operator T,
a member of Z(2(RY), Coo(RY)), is continuous and commutes with translations,
then there is a unique distribution u such that T = u*; namely, u(f):= (T'é)(f)
for f € 2(RY) (cf. the Wendel Theorem).
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10.10.6. DEFINITION. The spaces 2(Q2) and 2'(f2) are set in duality (in-
duced by the duality bracket 2() « 2(Q)#). Moreover, 2'(?) is furnished
with the topology of the distribution space a(2'(R2), 2(?)), and 2(R?) is furnished
with the topology of the test function space, the Mackey topology 79 := Tg(q) =
(2(Q), 7(9)).

10.10.7. Let @ € Op (RY). Then

(1) 79 is the strongest of the locally convex topologies making the iden-
tical embedding of 2(Q) into P(§) continuous for all Q € N (i.e.,
T is the inductive limit topology);

(2) a subset A of 2(Q) is bounded if and only if A lies in 2(Q) for
some ) such that Q € Q and is bounded in 2(Q);

(3) a sequence (f,) converges to f in (2(f2), 7o) if and only if there
is a compact set Q such that Q € Q, supp(fn) C @, supp(f) C Q
and (0*frn) converges to f uniformly on Q for every multi-index o
(in symbols, fn — f);

(4) an operator T, a member of Z(29(R), Y) with Y a locally convex
space, is continuous if and only if T f,, — 0 provided that f, — 0;

(5) adelta-like sequence (b, ) serves as a (convolution) approximate unity
in 2(RN) as well as in 2'(RV); ie,, by x f - f (in 2(RV)) and
by *u — u (in 2'(RYN)) for f € 2(RV) and u € 2'(RV).

4 (1): This is established similarly as 10.9.6; and (2), by analogy with 10.9.7
using the presentation of 2 as the union = Upen@n, where Q,, € Qpn41 for
n € N.

(3): Note that a convergent countable sequence is bounded, and apply 10.10.7
(2) (cf. 10.9.8).

(4): In virtue of 10.10.7 (1) the continuity of T amounts to that of the restric-
tion TI@(Q) for all Q € 2. By 10.10.2 (2) the space 2(Q) is metrizable. It remains
to refer to 10.10.7 (3).

(5): It is clear that all of the supports supp (b, * f) lie in some compact
neighborhood about supp(f). Furthermore, for ¢ € C(RY), it is evident that
by, ¥ ¢ — g uniformly on compact subsets of RY. Applying this to 8*f and
considering (3), infer that b, * f — f.

On account of 10.10.6 (8), observe the following:

u(f) = (u* £)(0) = lim(u * (b * £))(0)
= lim((u * bn) * £)(0) = Lim(bn * w)(f)

for f € D(RN). v
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10.10.8. REMARK. In view of 10.10.7 (3), for Q@ € Op(RY) and m € Z,
it is often convenient to consider the space 2(™)(Q) := C’gm)(Q) comprising all
compactly-supported functions f whose derivatives 8*f are continuous for all
la] < m. The space 2™(Q) := {f € 2(™(Q) : supp(f) C Q} for @ € N
is furnished with the norm || - |m,g making it into a Banach space. In that event,
2(™(Q) is endowed with the inductive limit topology. Thus, 2(®(Q) = K() and
2(Q) = Nmen2™(R). For a sequence (fr) to converge in 2™ () means to con-
verge uniformly with all derivatives up to order m on some @ such that @ € Q
and supp (fn) C @ for all sufficiently large n. Note that 2(™)(Q)' comprises all
distributions of order at most m. Correspondingly,

@)= 2@y

meN

is the space of finite-order distributions.
10.10.9. Let Q € Op(R¥). Then
(1) the space 2(Q) is barreled; i.e., each barrel, a closed absorbing ab-
solutely convex subset, is a neighborhood of zero;
(2) every bounded closed set in 2(?) is compact; i.e., D(§) is a Montel
space;
(3) every absolutely convex subset of Z(?), absorbing each bounded set,
is a neighborhood of zero; i.e., () is a bornological space;
(4) the test functions are dense in the distribution space.
4 (1): A barrel V in 2(Q) such that Vg:=V N 2(Q) is a barrel in 2(Q) for
all @ € . Thus, Vg is a neighborhood of zero in 2(Q) (cf. 7.1.8).
(2): Such a set lies in 2(Q) for some Q € Q by 10.10.7 (2). In virtue of 10.10.2
(2), 2(Q) is metrizable. Applying 4.6.10 and 4.6.11 proves the claim.
(8): This follows from the barreledness of 2(Q) for Q € .
(4): Let g € | 2(2))°, with the polar taken with respect to 2(Q) « 2'(Q).
It is clear that us(g) = 0 for f € 2(Q); i.e., [g(z)f(z)dz = 0. Thus, g = 0.
It remains to refer to 10.5.9. >
10.10.10. Schwartz Theorem. Let (uy)ren be a sequence of distributions.
Assume that for every f in 2(Q) there is a sum

u(f)i="Y_ ur(f)-
k=1
Then u is a distribution and
0%u = Z O%uyg
k=1

for every multi-index a.
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d The continuity of u is guaranteed by 10.10.9 (1). Furthermore, for f € 2(Q2)
by definition (cf. 10.10.5 (4))

8%u(f) = u ((—1)""0"f) =Y w ((—1)""0"f) =Y ow(f). v
k=1 k=1
10.10.11. Theorem. The functor 2’ is a sheaf.
< It is immediate (cf. 10.9.10 and 10.9.11). >

10.10.12. REMARK. The possibility of recovering a distribution from local
data, the Distribution Localization Principle stated in 10.10.11, admits clarification
in view of the paracompactness of RV. Namely, consider an open cover & of Q
and a distribution u € 2'(Q) with local data (ug)gees. Take a countable (locally
finite) partition of unity (yk)ken subordinate to &. Evidently, u = Y72, Yxuk,
where ug:= ug, and supp(¥x) C Ex (k € N).

10.10.13. Theorem. Each distribution u on § of order at most m may be
expressed as sum of derivatives of Radon measures:

u= Z 0% a,
lee|<m
where po € A ().

4 To begin with, assume that u has compact support. Let @ with ) € Q be
a compact neighborhood of supp (u). By hypothesis (cf. 10.10.5 (7) and 10.10.8)

(A<t Y 1%l (f € 2(Q))

le|<m

for some t > 0.
Using 3.5.7 and 3.5.3, from 10.9.4 (2) obtain

u=t Z veod® =t Z (-1)llg2y,

la|<m lee|<m

for a suitable family (va)jaj<m, Where v4 € |Of(]| - ||oo)-

Passing to the general case and invoking the Countable Partition Theorem,
find a partition of unity (vx)ken with 5 € 2(£) such that some neighborhoods Q
of supp (¥x) compose a locally finite cover of Q (cf. 10.10.12). For each of the
distributions (¥xu)ken it is already proven that

Yru= Y 0pka

lef<m
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where every ik q is a Radon measure on § and supp (¢x,a) C Qk.
From the Schwartz Theorem it is immediate that the sum

pal(f) = pralf)
k=1

exists for all f € K(2). Moreover, the resulting distribution g, is a Radon mea-
sure. Once again appealing to 10.10.10, infer that

D RS D SEUVED DR P3N B o

k=1 |aj<m |a|<m |a|<m

which was required. b

10.10.14. REMARK. The claim of 10.10.13 is often referred to as the theo-
rem on the general form of a distribution. Further abstraction and clarification
are available. For instance, it may be verified that a compactly-supported Radon
measure serves as a derivative (in the distribution sense) of suitable order of some
continuous function. This enables us to view each distribution as a result of gen-
eralized differentiation of a conventional function.

10.11. The Fourier Transform of a Distribution

10.11.1. Let x be a nonzero functional over the space L;(R™):= L;(R", C).
The following statements are equivalent:
(1) x is a character of the group algebra (Li(RY), *); ie., x # 0,
x € Li(RN) and

X(f*9) = x(H)x(g) (f, g € LiR"Y))

(in symbols, x € X(L1(RY)), cf. 11.6.4);
(2) there is a unique vector t in RY such that

X() = F0i= (F +e)(0)i= [ f)eie da
RN

for all f € L;(RN).
4 (1) = (2): Suppose that x(f)x(g) # 0. If z € RY then

X(8z * f* g) = x(8z * F)x(9) = x(6z * ¢)x(f)-
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Put ¥(z) := x(f)"'x(8z * f). This soundly defines some continuous mapping
¥ : RYN — C. Moreover,

P(z +y)
= X(f *9) 7 X(8z4y * (f *9)) = x(F) 7 x(9) " x(8z * f * 8y * g)
= X(F)7 x(8z * Fx(9) T x(8y * 9) = 9(2)%(y)
for z, y € RY; i.e., 9 is a (unitary) group character: 3 € X(R¥). Calculus shows

that 1 = e; for some (obviously, unique) t € RN. Further, by the properties of the
Bochner integral

x(Hx(g) = x(f*g9)=x ( /(61 * g)f(w)dz)

]RN
— / (62 % 9)f(x) dz = / F(@)x(0)¥() dz = x(9) / Fe)yb(z) de.
RN RN RN
Thus,
X(f) = / feyb(@)de (f € LiRM)).

RN

(2) = (1): Given t € R and treating f, g and f * g as distributions, infer
that

Fg(t) = upagler)

= / /f(z)g(y)e,(w+y)dwdy= /f(x)et(z)dx/g(y)et(y)dy
RN

RN RV RN
= ug(eJugler) = F()3(2). o

10.11.2. REMARK. The essential steps of the above argument remain valid
for every locally compact abelian group G, and so there is a one-to-one correspond-
ence between the character space X(L1(G)) of the group algebra and the set X(G)
comprising all (unitary) group characters of G. Recall that such a character is
a continuous mapping ¢ : G — C satisfying

[Y(@) =1, $(z+y)=o()(y) (2, yeq).
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Endowed with pointwise multiplication, the set G:= X(G) becomes a commutative
group. In virtue of the Alaoglu-Bourbaki Theorem, X(L(G)) is locally compact
in the weak topology o((L1(G))', Li(G)). So, G may be treated as a locally
compact abelian group called the character group of G or the dual group of G.
Each element ¢ in G defines the character ;1;\ :Aﬁ € G q(g) € C of the dual

group G. The resulting embedding of G into G is surprisingly an isomorphism

of the locally compact abelian groups G and G (the Pontryagin-van Kampen
Duality Theorem).

10.11.3. DEFINITION. For a function f in Li(R”), the mapping f: RN - C,
defined by the rule

Ft):= ()= (f * e0)(0),

is the Fourier transform of f.

10.11.4. REMARK. By way of taking convenient liberties, we customarily
use the term “Fourier transform” expansively. First, it is retained not only for
the operator .Z : L;(RN) — CcR” acting by the rule & f := f but also for its
modifications (cf. 10.11.13). Second, the Fourier transform .# is identified with
each operator Fyf := fo 8, where 8 is an automorphism (= isomorphism with
itself) of RY. Among the most popular are the functions: §(z):= (z):= —z,
8(z) = 2(x):= 27z and 6(z):= _z.(z):= ~27z (z € RY). In other words, the
Fourier transform is usually defined by one the following formulas:

Foft) = | fla)e @D dg,
/

Fanf(t) = [ f(2)em Y da,
/

F_axf(t) = /f(z)e_z"i(”t) dz.
RN

Since the character groups of isomorphic groups are also isomorphic, there are
grounds to using the same notation f for generally distinct functions % f, Z.f,
and Fia.f. The choice of the symbol ~ for F, (F_;x) dictates the denota-
tion ¥ for F_ox (Farx) (cf. 10.11.12).

10.11.5. EXAMPLES.
(1) Let f: R — R be the characteristic function of the interval [-1, 1].
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Clearly, f(t) = 2¢"1sint. Observe that if kx > £y, > 0 then

[}

[ (e / Fore=> [ ifol

[to,+o0) [km,+o00) n=k [nw, (n+1)1r]

oo

2sint|
=Y / mrne = Z( +1) = oo

n=k [nm,(n41)x]

Thus, f ¢ Li(R).
(2) For f € Li(RY) the function f is continuous, with the inequality
{Ifllc < If]lx holding.

4 The continuity of f follows from the Lebesque Dominated Convergence
Theorem; and the boundedness of f , from the obvious estimate

i) < / F@lde = |fls (¢ €RM). >

RN

(8) I f € Ly(RY), then |f(t)| — 0 as [t| = 4oo (= the Riemann—
Lebesque Lemma).

4 The claim is obvious for compactly-supported step functions. It suffices
to refer to 5.5.9 (6) and the containment F € B(L1(RY), lo(RM)). >
(4) Let f € Li(RN), ¢ > 0, and fo(z) := f(ez) (z € RN). Then
fe®)=e"Nf(*/e) (t € RY).
afet) = [ flex)er(z)dz =N [ flex)eye(ez)dez = NF(}/e) b
RN RN
(5) F(f*) = (Fof)', of = eof, and & f = 7,f for all f € Li(RY)
and z € RV,

4 We will only check the first equality. Since a*b = (ab*)* for a, b € C;
on using the properties of conjugation and integration, given ¢t € R, infer that

F()0) / (@) ’(“’dz‘( [ s ey )
= ( / F(z)ei= da:) = (Zf)(t). b
RN
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(6) I f, g € Ly(RY) then
fro=Fa [ fo =/f§.
RN RN

4 The first equality is straightforward from 10.11.1. The second, the multipli-
cation formula, follows on applying the Fubini Theorem:

/ Fo= [ [ f@eta)degte)

RN RN

( / g(t)et(z)dt) fayde = [ 13.0
A

RN

g

RN

(7)) If f, f and g belong to Li(RYN) then (fg)A = f7xg.
4 Given z € R”, observe that

(Fo) (@) = / o) F(Hea(z)dt = / / (B)F(W)eev)ex(z) dydt

= [ [ 1w R(: +y) dtdy

RN RN

- / f)a(e +y)dy = / fy — 2)3(w) dy = f* g(2). o
RN RN

(8) Iffe 2RY) and a € (Z4)N then

F(0%f) =il*lte Zf, 0%(Ff) =% Z(2%f);
F2x(0°f) = (2m0) 2t For f,  O*(Fanf) = (2m1)1* Fpr(2® f)
(these equalities take the rather common liberty of designating &® := t®:= (-)*
yeRN >y - . yfY)

4 It suffices (cf. 10.11.4) to examine only the first row. Since 8%¢; = ilotee,.
therefore,

F(OF)1) = (e x9*£)(0)
= (0%eu * £)(0) = it (es % £)(0) = il ().
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By analogy, on differentiating under the integral sign, infer that

0 0 ) .
N0 = 5 [ 10 da = [ fa)iare = do = S(i1 1)), o
RN RN

(9) I fn(z):=exp (—1/2|z|?) for z € RV, then fn = (27r)N/2fN‘

4a It is clear that

. N
=11

/eiuu e_‘/2}1|: dzy (t € RN)
k=13

Consequently, the matter reduces to the case N = 1. Now, given y € R, observe
that

ﬁ(y) = /6_1/”’:26@ dr = v/e‘llz(t—iy)’—‘/zy2 dr
R R

= fiy) [0 da,
R

To calculate the integral A that we are interested in, consider (concurrently ori-
ented) straight lines A; and A; parallel to the real axis R in the complex plane
Cr ~ R2. Applying the Cauchy Integral Theorem to the holomorphic function
f(z):=exp (- ’2/2) (z € C) and a rectangular with vertices on A; and A, and
properly passing to the limit, conclude that fh f(z)dz = fAz f(z)dz. Whence
it follows that

A= /6_1/’(’"")2 dz = /‘3_1/”2 de = V2r. >
R R

10.11.6. DEFINITION. The Schwartz space is the set of tempered (or rapidly
decreasing) functions, cf. 10.11.17 (2),

FRY):= {f € Co(RY): (V&, 8 € (Z1)") |z] = +00 => 2%0° f(z) — 0}

with the multinorm {ps g : «, B € (Z+)N}, where py s(f):= [|2%0” f||co-
This space is treated as a subspace of the space of all functions from R¥ to C.
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10.11.7. The following statements are valid:
(1) F(RY) is a Fréchet space;
(2) the operators of multiplication by a polynomial and differentiation
are continuous endomorphisms of & (RN);
(3) the topology #(RY) may equivalently be given by the multinorm
{pn : n € N}, where

pa(H)i= Y 1QA+]- P fle (f € SRY))

lal<n

(as usual, |z| stands for the Euclidean norm of a vector z in RN);
(4) 2(RY) is dense in S (RY); furthermore, the identical embedding
of 2(RN) into #(RN) is continuous and #(RN) c 2'(RV);
(5) FRN) c Li(RV).

<4 We will check (4), because the other claims are easier.

Take f € #(R") and let 1 be a truncator in 2(R") such that B C {¢ = 1}.
Given z € RM and ¢ > 0, put ¢¢(z) := 9(fz), and f¢ = ¢f. Evidently,
fe € 2(RN). Let ¢ > 0 and a, B € (Z4)N. It is an easy matter to show
that sup{[|07(¥e — Dlloo: 7 < B, v € (Z4+)N} < +o0 for 0 < £ < 1. Considering
that 2*0° f(z) — 0 as |z| — +oo, find r > 1 satisfying |z*0P ((v¢(z)—1)f(z))| < €
whenever |z| > r. Moreover, f¢(z) — f(z) = (¥(éz) — 1)f(z) = 0 for |z| < €71,
Therefore,

Pap(fe = f)= sup |2%0°((we(z) — 1)f(2))|

lz]>€-1

< sup [z%0%((ve(x) — Df ()] <e

lz|>r

for & < r=!. Thus, pag(fe — f) = 0as £ — 0; ie, fe — f in F(RN). The
required continuity of the identical embedding raises no doubt. ©
10.11.8. The Fourier transform is a continuous endomorphism of #(R™N).

a Given f € 2(RY), from 10.11.5 (8), 10.11.5 (2) and the Holder inequality
obtain

16 Flloo = 0% £) lloo < 197 fll1 < K10 llco-

Thus, R R
1t207 Flloo = [1t%(2? £) lloo < K'I10%(2” )l oo-

Whence it is easily seen that f € S(RY) and the restriction of Z to 2(Q) with
@ € R" is continuous. It remains to refer to 10.10.7 (4) and 10.11.7 (4). »
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10.11.9. Theorem. The repeated Fourier transform in the space &(R™) is
proportional to the reflection.

aLet f € #(RN) and g(z) := fn(z) = exp(—'/2|z}?). From 10.11.8 and
10.11.7 derive that f, f, g € Li(R™) and so, by 10.11.5 (7), (fg)A = f7xg. Put
ge(z):= g(ez) for £ € RN and € > 0. Then for the same z, in view of 10.11.5 (4)
find

[ setfwea i = / fly—=)i (1) dy = / ey — 2)4(y) dy.

]RN
Using 10.11.5 (9) and the Lebesque Dominated Convergence Theorem as € — 0,
infer that

50) [ Ftyeita)dt = f(-) [away
RN RN
=@r) *f(z) / e~ 12121 gz = (2m)N f(~2).
RN

Finally, £2f = 27)Nf7 >
10.11.10. Corollary. #2, is the reflection and (F2x)"! = F_2x.
4 Given f € #(RY) and t € RY, deduce that

f(=t) = (QW)N/ei(”’t)f(m)dz = /62"i(z’t)f(27r$)d:c

RN RV

= (Far(F2r F)N1).
Since Fonf = F_2xf, the proof is complete. >

10.11.11. Corollary. #(R") is a convolution algebra (= an a]gebra with
convolution as multiplication).

a For f, g € S(RY) the product fg is an element of #(R") and so f§ €
F(RY). From 10.11.5 (6) infer that For(f * g) € F(RV) and, consequently,
by 10.11.10, f * g = F_an(Fax(f * 9)) € F(RV). >

10.11.12. Inversion Theorem. The Fourier transform §:= %, is a topo-
logical automorphism of the Schwartz space #(R™), with convolution carried into
pointwise multiplication. The inverse transform §~! equals F_,, with pointwise
multiplication carried into convolution. Moreover, the Parseval identity holds:

[1a=[Far (. ges®M)
RN RN
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aIn view of 10.11.10 and 10.11.5 (5), only the sought identity needs examining.
Moreover, given f and g, from 10.11.5 (7) and 10.11.7 (4), obtain (fg)(0) =
(f *9)(0). Using 10.11.5 (5), conclude that

/ fo* = @@ He")(0) = (B £)™*34")(0)
RN
- / §/(39") dz = / 85(g") da = / 5f(q)". >
]RN ]RN ]RN

10.11.13. REMARK. In view of 10.11.9, the theorem on the repeated Fourier
transform, the following mutually inverse operators

T = — - 26D dg-
51() = gy | ) o
RN
T ) = — ~i(z,0)
57 f0) = Gy [ A0 at

RN

are considered alongside §. In this case, an analog of 10.11.12 is valid on condition
that convolution is redefined as f*g:= (27r)“N/2f xg (f, g € Li(RY)). The
merits of § and §  are connected with some simplification of 10.11.5 (8). In the
case of §, a similar goal is achieved by introducing the differential operator D% :=
(2m3)~1¢10* with a € (Z4)VN.

10.11.14. Plancherel Theorem. The Fourier transform in the Schwartz
space #(RY) is uniquely extendible to an isometric automorphism of L (RM).

< Immediate from 10.11.12 and 4.5.10 since .#(R") is dense in Ly(R™). >

10.11.15. REMARK. The extension, guaranteed by 10.11.14, retains the pre-
vious name and notation. Rarely (in search of emphasizing distinctions and sub-
tleties) one speaks of the Fourier-Plancherel transform or the La-Fourier trans-
form. It that event it stands to reason to specify the understanding of the integral
formulas for §f and F~!f with f € Ly(RM) which are treated as the results
of appropriate passage to the limit in Ly(RY).

10.11.16. DEFINITION. Let v € S'(RV) := #(R"). Such a distribution
u is referred to as a tempered distribution (variants: a distribution of slow growth,
a slowly increasing distribution, etc.). The space #'(RY) of tempered distributions
is furnished with the weak topology o(.#'(R"), #(R")) and is sometimes called
the Schwartz space (as well as #(RN)).
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10.11.17. EXAMPLES.
(1) L,(RM)c ' (RV) for 1 < p < +oo0.
aLet f € L,(RN), v € #(RN), p < 400 and }/p +1/, = 1. Using Hélder
inequality, for suitable positive K, K’ and K" successively infer that

I/p 1/}’
#llyr < (/l¢|’) + / |1+ |2P)V (1 + [2*) "N ep(o)|” de
B R

N\B
/e

; dz .
< K'[$lloo + N1 +1 - 1)V 9lloo / ENEDLG < K'"pi(9).
RV\B
Once again using the Holder inequality, observe that

lus(D) = 1P| O = /ﬂb SN lle 1l < Kpa(3)-

RN

The case p = +oo raises no doubts. >
(2) F(RY) is dense in &'(RN).
4 Follows from 10.11.7 (4), 10.11.17 (1), 10.11.7 (5), and 10.10.9 (4). >
(3) Let u € #(RN) be a tempered Radon measure; i.e.,

d|ul(z)

A+ Jzp) <+
RN

for some n € N. Evidently, p is a tempered distribution.

(4) If u € S'(RN), f € SRY) and a € (Z4)N then fu € S'(RV)
and 8%u € &'(RV) in virtue of 10.11.7 (2). By a similar argument, putting
Deu(f):= (=1)l*luD®f for f € #(RVN), infer that D%u € &'(R") and D%u =
(2mi) 1192y,

(5) Every compactly-supported distribution is tempered.

4 In accordance with 10.10.5 (7) such u in 2'(RY) may be identified with
a member of &'(RY). Since the topology of #(R") is stronger than that induced
by the identical embedding in Coo(RY), conclude that u € #'(RV). »

(6) Let u € ' (RY). If f € S#(RYN) then u convolutes with f and
ux f € #(RY). In may be shown that u also convolutes with every distribution v,
a member of &'(RV), and u *v € &'(RN).
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(7) Take u € 2'(RN) and z € RY. Let 7pu:= (7—z)'u = uoT_, be
the corresponding translation of u. A distribution u is periodic (with period ) if
7:u = u. Every periodic distribution is tempered. Periodicity is preserved under
differentiation and convolution.

(8) If up, € ' (RY) (u € N) and for every f € #(R") there is a sum
u(f):= 2% un(f), then u € #'(RV) and 8%u = 302 | 8%un (cf. 10.10.10).

10.11.18. Theorem. Each tempered distribution is the sum of derivatives
of tempered measures.

a Let u € #'(RY). On account of 10.11.7 (3) and 5.3.7, for some n € N
and K > 0, observe that

AI<SE Y @+ Procfll,, (f € LRY)).

le|<n

From 3.5.3 and 3.5.7, for some p, € M(RY), obtain

u(f) = / b (L+]- PYO%F)  (f € #(RY)).

le|<n

Let vg:= (—1)/*l(1 +| - |*)"q. Then v, is tempered and u = Llaj<n O%Va. b
10.11.19. DEFINITION. For u € &'(R¥), the distribution Fu acting as

(fI8u) = (§flu) (f € Z(RY))

is the Fourier transform or, amply, the Fourier-Schwartz transform of u.

10.11.20. Theorem. The Fourier-Schwartz transform § is a unique exten-
sion of the Fourier transform in &(R¥) to a topological automorphism of &'(R™N).
The inverse §~! of § is a unique continuous extension of the inverse Fourier trans-
form in #(RN).

4 The Fourier-Schwartz transform in .%'(R") is the dual of the Fourier trans-
form in S(RY). It remains only to appeal to 10.11.7 (5), 10.11.12, 10.11.17 (2),
and 4.5.10. >

Exercises

10.1. Give examples of linear topological spaces and locally convex spaces as well as
constructions leading to them.

10.2. Prove that a Hausdorff topological vector space is finite-dimensional if and only
if it 1s locally compact.

10.3. Characterize weakly continuous sublinear functionals.

10.4. Prove that the weak topology of a locally convex space is normable or metrizable
if and only if the space is finite-dimensional.
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10.5. Describe weak convergence in classical Banach spaces.

10.6. Prove that a normed space is finite-dimensional if and only if its unit sphere;
comprising all norm-one vectors, is weakly closed.

10.7. Assume that an operator T carries each weakly convergent net into a norm con-
vergent net. Prove that T has finite rank.

10.8. Let X and Y be Banach spaces and let T' be a linear operator from X to Y.
Prove that T is bounded if and only if T is weakly continuous (i.e., continuous as a mapping
from (X, (X, X')) to (Y, o(Y, Y'))).

10.9. Let || -]Jl1 and || - ||2 be two norms making X into a Banach space. Assume further
that (X, ||-|l1) N (X, ||-]l2)" separates the points of X. Prove that these norms are equivalent.

10.10. Let S act from Y’ to X’. When does S serve as the dual of some operator from
XtoY?

10.11. What is the Mackey topology (X, X#)?
10.12. Let (X¢)¢ez be a family of locally convex spaces, and let X := HEG” X¢ be
the product of the family. Validate the presentations:

o(x, x) = [[otXe, 05 7(x, X'y = [ 7(Xe, X
§E€E 3=

10.13. Let X and Y be Banach spaces and let T be a element of B(X, Y) satisfying
im T =Y. Demonstrate that Y is reflexive provided so is X.

10.14. Show that the spaces (X')” and (X")' coincide.
10.15. Prove that the space cg has no infinite-dimensional reflexive subspaces.

10.16. Let p be a continuous sublinear functional on Y, and let T' € £ (X, Y) be
a continuous linear operator. Establish the following inclusion of the sets of extreme points:
ext T'(8p) C T'(ext 8p).

10.17. Let p be a continuous seminorm on X and let & be a subspace of X. Prove
that f € ext (2°° N &p) if and only if the next equality holds:

X=d ZX+{p-f<1}-{p-f <1}

10.18. Prove that the absolutely convex hull of a totally bounded subset of a locally
convex space is also totally bounded.

10.19. Establish that barreledness is preserved under passage to the inductive limit.

What happens with other linear topological properties?



Chapter 11
Banach Algebras

11.1. The Canonical Operator Representation

11.1.1. DEFINITION. An element e of an algebra A is called a unity element
if e #0 and ea = ae = a for all a € A. Such an element is obviously unique and
is also referred to as the unity or the identsty or the unit of A. An algebra A is
unital provided that A has unity.

11.1.2. REMARK. Without further specification, we only consider unital al-
gebras over a basic field F. Moreover, for simplicity, it is assumed that F:= C,
unless stated otherwise. In studying a representation of unital algebras, we nat-
urally presume that it preserves unity. In other words, given some algebras A;
and A;, by a representation of A; in A; we henceforth mean a morphism, a mul-
tiplicative linear operator, from A; to Az which sends the unity element of A
to the unity element of A,.

For an algebra A without unity, the process of unitization or adjunction
of unity is in order. Namely, the vector space &, := A X C is transformed into an al-
gebra by putting (a, A)(b, p):= (ab+ pa+ b, Au), where a, b€ A and A\, u € C.
In the normed case, it is also taken for granted that ||(a, \)||lw, := |la]la + |\l

11.1.3. DEFINITION. An element a, in A is a right inverse of a if aa, = e.
An element a; of A is a left inverse of a if qja = e.

11.1.4. If an element has left and right inverses then the latter coincide.

d4ar = (q1a)ar = aiaary) = are = q; o

11.1.5. DEFINITION. An element a of an algebra A is called invertible, in
writing a € Inv (A4), if a has a left and right inverse. Denote a™!:= a, = a;. The

element a™! is the inverse of a. A subalgebra (with unity) B of an algebra A is
called pure or full or inverse-closed in A if Inv(B) = Inv (4) N B.

11.1.6. Theorem. Let A be a Banach algebra. Given a € A, put Ly : z +—
az (z € A). Then the mapping ’

Ly:=L:a— L, (a€A)
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is a faithful operator representation. Moreover, L(A) is a pure closed subalgebra
of B(A) and L : A — L(A) is a topological isomorphism.

4 Clearly,
L(ab) : z — Lep(z) = abz = a(bz) = Lo(Lpz) = (La)(Lb)z

for z, a, b € A;ie., L is a representation (because the linearity of L is obvious).
If La = 0 then 0 = La(e) = ae = q, so that L is a faithful representation. To prove
the closure property of the range L(A), consider the algebra A, coinciding with A
as a vector space and equipped with the reversed multiplication ab:= ba (a, b € A).

Let R:= L4, i.e. Ry:= Ra:x — zafor a € A. Check that L(A) is in fact
the centralizer of the range R(A), i.e. the closed subalgebra

Z(im R):={T € B(A): TR, = R.T (a € A)}.

Indeed, if T € L(A), i.e. T = L, for some a € A, then L,Ry(z) = azb =
Ry(Lo(z)) = RpLa(z) for all b € A. Hence, T € Z(R(A)). If, in turn, T €
Z(R(A)) then, putting a:= Te, find

Loz = az = (Te)z = R,(Te) = (R, T)e = (TR;)e = T(Rye) = Ta

for all z € A. Consequently, T = L, € L(A). Thus, L(A4) is a Banach subalgebra
of B(A).

For T = L, there is a T7! in B(A). Put b:= T !e and obsecrve that ab =
Lab=Tb =TT 'e = e. Moreover, ab= ¢ = aba = a = T(ba) = L,ba = aba =
a = Lye = Te. Whence ba = e, because T is a monomorphism. Thus, L(A4) is
a subalgebra of A.

By the definition of a Banach algebra, the norm is submultiplicative, providing

L} = sup{l|La]i : {lafj <1} = sup{flab]| : Ylall <1, ||bl] <1} < 1.

Using the Banach Isomorphism Theorem, conclude that L is a topological isomor-
phism (i.e., L™! is a continuous operator from L(A) onto A). >

11.1.7. DEFINITION. The representation L4, constructed in 11.1.6, is the
canonical operator representation of A.

11.1.8. REMARK. The presence of the canonical operator representation al-
lows us to confine the subsequent exposition to studying Banach algebras with
norm-one unity.

For such an algebra A the canonical operator representation L4 implements
an isometric embedding of A into the endomorphism algebra B(A) or, in short, an
isometric representation of A in B(A). In this case, L4 implements an isometric
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isomorphism between the algebras A and L(A). The same natural terminology is
used for studying representations of arbitrary Banach algebras. Observe immedi-
ately that the canonical operator representation of A, in particular, justifies the
use of the symbol ) in place of Ae for A € C, where e is the unity of A (cf. 5.6.5).
In other words, henceforth the isometric representation A — Ae is considered as
the identification of C with the subalgebra Ce of A.

11.2. The Spectrum of an Element of an Algebra

11.2.1. DEFINITION. Let A be a Banach algebra and a € A. A scalar A in C
is a resolvent value of a, in writing A € res(a)), if (A—a) € Inv(A). The resolvent
R(a, X) of aat Mis R(a, A):= = :=(A—a)~!. The set Sp(a):= C\res (a) is the
spectrum of a, with a point of Sp(a) a spectral value of a. When it is necessary,
more detailed designations like Spa(a) are in order.

11.2.2. For a € A the equalities hold:

Spa(a) = Spr(ay(La) = Sp(La);
LR(a, A\) = R(L,, A) (X €res(a) =res(Ly)). <>

11.2.3. Gelfand—Mazur Theorem. The field of complex numbers is up to
isometric isomorphism the sole Banach division algebra (or skew field); i.e., each
complex Banach algebra with norm-one unity and invertible nonzero elements has
an isometric representation on C.

4 Consider ¥ : A — Xe, with e the unity of A and A € C. It is clear that
U represents C in A. Take a € A. By virtue of 11.2.2 and 8.1.11, Sp(a) # @.
Consequently, there is A € C such that the element (A — @) is not invertible; i.e.,
a = )e by hypothesis. Hence, ¥ is an epimorphism. Moreover, |[¥(A)|| = ||Ae|| =
[Alllell = |A| so that ¥ is an isometry. >

11.2.4. Shilov Theorem. Let A be a Banach algebra and let B be a closed
(unital) subalgebra of A. Then

Spe(b) D Spa(b), 9Spa(b) D 9Sps(d)

for allb € B.
aIfb:= X — b € Inv(B) then surely b € Inv(A). Whence resp(h) C resa(b);

ie.,

Spp(b) = C\ resp(b) D C\ resa(b) = Spa(b).

If A\ € 9Spp(b) then 5_ € O0Inv(B). Therefore, there is a sequence (b,),
bp € Inv (B), convergent to b. Putting t:= suanNHb;1 ”, deduce that

62" = 8[| = b2 (1 = babr))l| = (1827 (ben = )b || < #2]B = b
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In other words, if ¢ < +o0o then there is a limit a:= limb;;! in B. Multiplication
is jointly continuous, and so ab = ba = 1; i.e., b € Inv(B). Since Inv (B) is open
by the Banach Inversion Stability Theorem and 11.1.6, arrive at a contradiction
to the containment b € 8Inv (B).

Therefore, it may be assumed (on dropping to a subsequence, if need be) that

“6;1“ — +400. Put a,:= Hb,ﬂ”-lb;l. Then
[Ban| = [|(® = ba)an + buan]|

<[5~ bl Hhanll + [J65 [ 305" || 0.

Whence it follows that b is not invertible. Indeed, in the opposite case for a:= 5
it would hold that

1=|an| = ”azan“ <\al| HZa,.“ — 0.

Finally, conclude that A — b does not belong to Inv (A4); i.e., A € Spa(b). Since
A is a boundary point of a larger set Spp(b); undoubtedly, A € dSpa(b). >

< Spa(b) = 0Sps(b) C 0Spp(d) C Spa(b) C Spa(b) C Spa(d) >

11.2.6. REMARK. The Shilov Theorem is often referred to as the Unremov-
able Spectral Boundary Theorem and verbalized as follows: “A boundary spectral
value is unremovable.”

11.3. The Holomorphic Functional Calculus in Algebras

11.3.1. DEFINITION. Let a be an element of a Banach algebra A, and let
h € s#(Sp(a)) be a germ of a holomorphic function on the spectrum of a. Put

Rah:= —1-f—}—l£—zldz.

2 z—a

The element #Z,h of A is the Riesz—Dunford integral of h. If, in particular, f €
H(Sp(a)) is a function holomorphic in a neighborhood about the spectrum of a,
then f(a):= Zaf.

11.3.2. Gelfand—Dunford Theorem. The Riesz—Dunford integral %, rep-
resents the algebra of germs of holomorphic functions on the spectrum of an ele-

ment a of a Banach algebra A in A. Moreover, if f(z):= 5 2 ;cp2™ (in a neigh-
borhood of Sp(a)) then f(a):= Y 22  cna™.
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From 11.2.3, 8.2.1, and 11.2.2 obtain

(LZ,h)(b) = Log,4b = (Zah)b

- }{ M()R(a, 2)dzb= 5 j{ h(z)R(a, 7)bdz

- f{ A()R(La, 2)bdz = 5 j{ h(2)R(La, 2)dzb

= %L, h(b)

for all b € A. In particular,im L includes the range of Z,(#(Sp(a))). Therefore,
the already-proven commutativity of the diagram

2 (Sp(a))
L., A
B(A) —E 4

implies that the following diagram also commutes:

2 (Sp(a))
Ry, Ra
L4y Ly

It remains to appeal to 11.1.6 and the Gelfand-Dunford Theorem in an operator
setting. >

11.3.3. REMARK. All that we have established enables us to use in the sequel
the rules of the holomorphic functional calculus which were exposed in 8.2 for the
endomorphism algebra B(X), with X a Banach space.
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11.4. Ideals of Commutative Algebras

11.4.1. DEFINITION. Let A be a commutative algebra. A subspace J of A is
an ideal of A, in writing J < A, provided that AJ C J.

11.4.2. The set J(A) of all ideals of A, ordered by inclusion, is a complete
lattice. Moreover,

sup j(a) € = SUPLa(a) 6, infya) & =infra(a) &,

for every subset & of J(A); i.e., J(A) is embedded into the complete lattice Lat (A)
of all subspaces of A with preservation of suprema and infima of arbitrary subsets.

4 Clearly, 0 is the least ideal, whereas A is the greatest ideal. Furthermore,
the intersection of ideals and the sum of finitely many ideals are ideals. It remains
to refer to 2.1.5 and 2.1.6. >

11.4.3. Let Jo < A. Assume further that ¢ : A — A/Jo is the coset mapping
of A onto the quotient algebra A:= A/Jy. Then

JAA= o(J)a4d; Tad=e(T)<A

4 Since by definition @b:= ¢(p~1(@)p1(d)) for @, b € 4, the operator ¢ is
multiplicative: ¢(ab) = ¢(a)p(b) for a, b € A. Whence successively derive

p(J) C Ap(T) = o(A)p(J) C p(AT) C o(J);
p7I(J) CApH(J) C o7 (@(A)]) = ¢TH(AT) CoI(J]). >

11.4.4. Let J < A and J # 0. The following conditions are equivalent:
(1) A#J;
(2) 1¢J;
(3) no element of J has a left inverse. <>
11.4.5. DEFINITION. An ideal J of A is called proper if J is other than A.
A maximal element of the set of proper ideals (ordered by inclusion) is a mazimal

ideal.

11.4.6. A commutative algebra is a division algebra if and only if it has no
proper ideals other than zero. <>

11.4.7. Let J be a proper ideal of A. Then (J is maximal) < (A/J is a field).

4 =: Let J < A/J. Then, by 11.4.3, ¢~1(J) < A. Since, beyond a doubt,
J C ¢~ 1(J); therefore, either J = ¢~(J) and 0 = (J) = (¢~ }(J)) = J, or
A= Y(J)and T = ¢(p~1(J)) = p(A) = A/J in virtue of 1.1.6. Consequently,
A/J has no proper ideals other than zero. It remains to refer to 11.4.6.

<:Let Jo < Aand Jo C J. Then, by 11.4.3, ¢(Jo) < A/J. In virtue of 11.4.6,
either p(Jy) = 0 or (Jo) = A/J. In the first case, Jo C o op(Jo) C e 1(0) =J
and J = Jo. In the second case, ¢(Jo) = p(A);i.e.,, A = Jo+J C Jo+Jo = Jo C A.
Thus, J is a maximal ideal. >
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11.4.8. Krull Theorem. Each proper ideal is included in some maximal
ideal.

4 Let Jo be a proper ideal of an algebra A. Assume further that & is the set
comprising all proper ideals J of A such that Jo C J. In virtue of 11.4.2 each
chain & in & has a least upper bound: sup& = U{J : J € &}. By 11.44
the ideal sup 5 is proper. Thus, & is inductive and the claim follows from the
Kuratowski-Zorn Lemma.

11.5. Ideals of the Algebra C(Q, C)
11.5.1. Minimal Ideal Theorem. Let J be an ideal of the algebra C(Q, C)

of complex continuous functions on a compactum (). Assume further that

Qo:=n{f10): feJ};
Joi={f €C(@, C): int £71(0) > Qo).

Then Jo < C(Q, C) and Jy C J.

aLet @Qp:=cl(Q\ £71(0)) for a function f, a member of Jo. By hypothesis,
Q1 N Qo = . To prove the containment f € J it is necessary (and, certainly,
sufficient) to find u € J satisfying u(¢) = 1 for all ¢ € @;. Indeed, in that event
uf = f.

With this in mind, observe first that for ¢ € @, there is a function f; in J such
that fq(q) # 0. Putting g4:= fy fy, where as usual 7 : =+ f(z)* is the conjugate
of fq, observe that g; > 0 and, moreover, g,(¢) > 0. It is also clear that g, € J for
g € Q1. The family (Ug)geq,, with Uy:= {z € Q1 : g4(z) > 0}, is an open cover
of Q. Using a standard compactness argument, choose a finite subset {q1,... ,qn}
of @y such that Q1 C Uy, U...UU,,. Put g:= g4 + ... + gq.. Undoubtedly,
g € J and g(q) > 0 for ¢ € Q1. Let ho(q):= g(¢q)™?! for ¢ € Q1. By the Tietze—
Urysohn Theorem, there is a function & in C(Q, R) satisfying h|Q1 = hg. Finally,
let w:= hg. This u is a sought function.

We have thus demonstrated that Jo C J. Moreover, Jj is an ideal of C(Q, C)
for obvious reasons. >

11.5.2. For every closed ideal J of the algebra C(Q, C) there is a unique
compact subset Qo of @ such that

J=J(Qo):={f €C(Q, C): g€ Qo= f(g) =0}.

< Uniqueness follows from the Urysohn Theorem. Define Qg as in 11.5.1.
Then, surely, J C J(Qo). Take f € J(Qo) and, given n € N, put

Un:= {|f|§1/2n}7 Vo= {|f|21/n}
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Once again using the Urysohn Theorem, find h, € C(Q, R) satisfying 0 < h, <1
with h"|U =0 and h,,]v = 1. Consider f,,:= fh,. Since

int £71(0) Dint Uy D Qo,

therefore, from 11.5.1 derive f, € J. It suffices to observe that f, — f by con-
struction. >

11.5.3. Maximal Ideal Theorem. A maximal ideal of C(Q, C) has the
form
J(9):=J({q}) ={f € C(Q, C): f(g) =0},
with ¢ a point of Q.

< Follows from 11.5.2, because the closure of an ideal is also an ideal. >

11.6. The Gelfand Transform

11.6.1. Let A be a commutative Banach algebra, and let J be a closed ideal
of A other than A. Then the quotient algebra A/J, endowed with the quotient
norm, is a Banach algebra. If p : A — A/J is the coset mapping then ¢(1) is the
unity of A/J, the operator ¢ is multiplicative and ||¢]| = 1.

< Given a, b € A, from 5.1.10 (5) derive

lo(@)p(B)|ays = inf{[|d't']|a: @(a’) = p(a), ©(b') = @(b)}
< inf{|la’[|al|t']|a : @(a') = @(a), ¢(b') = (b))}
= [le(@)l|asslle(®)llays-

In other words, the norm of A/J is submultiplicative. Consequently, ||¢(1)|| > 1.
Furthermore,

ke (Dllazs = int{llalla: ¢(a) = (1)} < [1lla = 1

ie., |l¢(1)]] = 1. Whence, in particular, the equality ||¢|| = 1 follows. The
remaining claims are evident. >

11.6.2. REMARK. The message of 11.6.1 remains valid for a noncommutative
Banach algebra A under the additional assumption that J is a bilateral ideal of A;
i.e., J is a subspace of A satisfying the condition AJA C J.

11.6.3. Let x : A — C be a nonzero multiplicative linear functional on A.
Then Y is continuous and ||x|| = x(1) = 1 (in particular, x is a representation of A

in C).



11.6. The Gelfand Transform 221

< Since x # 0; therefore, 0 # x(a) = x(al) = x(a)x(1) for some a in A.
Consequently, x(1) = 1. If now a in A and A in C are such that |A| > ||a||, then
A—a € Inv (4) (cf. 5.6.15). So, 1 = x(1)x(A—a)x((A—a)~!). Whence x(A—a) # 0;
i.e, x(a) # A Thus, [x(a)| < ||| and |[x|| < 1. Since ||x|| = lIxII 11} = [x(1)} = 1,
conclude that ||x|| = 1. >

11.6.4. DEFINITION. A nonzero multiplicative linear functional on an alge-
bra A is a character of A. The set of all characters of A is denoted by X(A),
furnished with the topology of pointwise convergence (induced in X(A) by the
weak topology o(A’, A)) and called the character space of A.

11.6.5. The character space is a compactum.

< It is beyond a doubt that X(A) is a Hausdorff space. By virtue of 11.6.3,
X(A) is a 0(A’, A)-closed subset of the ball B4s. The latter is g(A4’, A)-compact
by the Alaoglu-Bourbaki Theorem. It remains to refer to 9.4.9.

11.6.6. Ideal and Character Theorem. Each maximal ideal of a commu-
tative Banach algebra A is the kernel of a character of A. Moreover, the mapping
x — ker x from the character space X(A) onto the set M(A) of all maximal ideals
of A is one-to-one.

a Let x € X(A) be a character of A. Clearly, ker x < A. From 2.3.11
it follows that the monoquotient ¥ :.4/ker x — C of x is a monomorphism.
In view of 11.6.1, X(1) = x(1) = 1; i.e,, X is an isomorphism of A/ker x and C.
Consequently, A/ ker x is a field. Using 11.4.7, infer that ker y is a maximal ideal;
i.e., ker x € M(A). Now, let m € M(A) be some maximal ideal of A. It is clear that
m Cclm,clm A, and 1 ¢ cl m (because 1 € Inv(A), and the last set is open
by the Banach Inversion Stability Theorem and 11.1.6). Therefore, the ideal m is
closed. Consider the quotient algebra A/m and the coset mapping ¢ : A — A/m.
In view of 11.4.7 and 11.6.1, A/m is a Banach field. By the Gelfand-Mazur
Theorem, there is an isometric representation ¢ : A/m — C. Put y:= v o¢p. Itis
evident that x € X(A) and ker x = x71(0) = ¢ }(»71(0)) = p~}(0) = m.

To complete the proof, it suffices to show that the mapping x + ker y is
one-to-one. Indeed, let ker x; = ker x for x1, x2 € X(A). By 2.3.11 x; = Ay for
some A € C. Furthermore, by 11.6.3, 1 = x1(1) = Ax2(1) = A. Finally, x; = x2. >

11.6.7. REMARK. Theorem 11.6.6 makes it natural to furnish M(A) with the
inverse image topology translated from X(A) to M(A) by the mapping x — ker .
In this regard, M(A) is referred to as the compact mazimal ideal space of A.
In other words, the character space and the maximal ideal space are often identified
along the lines of 11.6.6.

11.6.8. DEFINITION. Let A be a commutative Banach algebra and let X(A)
be the character space of A. Given a € A and x € X(A), put a(x):= x(a). The
resulting function @ : x — a(x), defined on X(A), is the Gelfand transform of a.
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The mapping a + @, with a € A is the Gelfand transform of A, denoted by ¥4
(or ).

11.6.9. Gelfand Transform Theorem. The Gelfand transform %, : a — a
is a representation of a commutative Banach algebra A in the algebra C(X(A), C).
Moreover,

Sp(a) = Sp(a) = a(X(4)),
[all = r(a),
with a € A and r(a) standing for the spectral radius of a.

a4 The implications a € A = @ € C(X(4), C), T=1anda, b€ A =
ab = @b follow from definitions and 11.6.3. The linearity of ¥4 raises no doubts.
Consequently, the mapping ¥4 is a representation.

To begin with, take A € Sp(a). Then A — a is not invertible, and so the ideal
Ja—a := A(A — a) is proper in virtue of 11.4.4. By the Krull Theorem, there is
a maximal ideal m of A satisfying the condition m O Jx_,. By Theorem 11.6.6,
m = ker x for a suitable character x. In particular, x(A—a) = 0; i.e., A = Ax(1) =
x(A) = x(a) =@(x). Consequently, A € Sp(a).

If, in turn, A € Sp(@) then (A — @) is not invertible in C(X(A4), C); i.e., there
is a character x € X(A4) such that A = @(x). In other words, x(A — @) = 0. Thus,
the assumption A — a € Inv (A) leads to the following contradiction:

1=x(1) =x(A =)' (A=) =x((A - a) ™ )x(A —a) =0.
Hence, A € Sp(a). Finally, Sp(a) = Sp(a).
Using the Beurling—Gelfand formula (cf. 11.3.3 and 8.1.12), infer that
r(a) =sup{|A|: A € Sp(a)} = sup{|A|: A € Sp(a)}
=sup{|A|: A €@a(X(4))} =sup{la(x)|: x € X(4)} = lal|,
what was required. >

11.6.10. The Gelfand transform of a commutative Banach algebra A is an iso-
metric embedding if and only if ||a?| = ||a|? for all a € A.

4 =: The mapping ¢t — t2, viewed as acting on R4, and the inverse of the
mapping on R, are both increasing. Therefore, from 10.6.9 obtain

lla®]l = l@®llcxcay,c) = sup [@*(x)l = sup |x(a?)|
x€X(A) X€EX(A)

= sup [|x(a)x(a)= sup [x(a)]?
XEX(A) xXEX(A)

2
= ( sup Ix(a)l) = |[al|® = [lal|*.
XEX(A)
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«: By the Gelfand formula, r(a) = lim ||a”||'/=. In particular, observe that
”azn | = lla]|?”; i.e., r(a) = ||a||. By 10.6.9, r(a) = ||d||, completing the proof. >

11.6.11. REMARK. It is interesting sometimes to grasp situations in which
the Gelfand transform of A is faithful but possibly not isometric. The kernel
of the Gelfand transform %4 is the intersection of all maximal ideals, called the
radical of A. Therefore, the condition for ¥4 to be a faithful representation of A
in C(X(A), C) reads: “A is semisimple” or, which is the same, “The radical of A

1s trivial.”

11.6.12. Theorem. For an element a of a commutative Banach algebra A
the following diagram of representations commutes:

2€(Sp(a)) = #(Sp(a))
A, Ra

g,
A A

C(X(4),C)

Moreover, f(a) = foa = f(a) for f € H(Sp(a)).
a Take x € X(A). Given z € res(a), observe that

(2t-9) =122 (5) -~ o

In other words,

—
—

Rla, D00 = 7500 = 7=505 = 725

(x) = R(a, 2)(x).

Therefore, appealing to the properties of the Bochner integral (cf. 5.5.9 (6)) and
given f € H(Sp(a)), infer that

f@)=GaoRtf =Ya (% ff(Z)R(a, z)dz)
— 557 $ 1R, )iz = 5 § f()RTa, 2))ds

=L }{ f(2)R(@, z)dz = Zu(f) = f(@).

2me
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Furthermore, given x € X(A4) and using the Cauchy Integral Formula, derive the
following chain of equalities

fod(x) = f(@a(x)) = f(x(a))
:%r; zf(—;za)dz:%r?fx<;ﬁ:%) dz
- Ly ( § @d) = F@(0 = f@)0)- »

11.6.13. REMARK. The theory of the Gelfand transform may be naturally
generalized to the case of a commutative Banach algebra A without unity. Re-
tain Definitions 11.6.4 and 11.6.8 verbatim. A character x in X(A) generates
some character x. in X(&) by the rule xe(a, A):= x(a) + A (a € 4, A € C).
The set x(&%) \ {xe : x € x(A)} is a singleton consisting of the sole element
Xoo(@, A):i= A (a € A, A € C). The space x(A) is locally compact (cf. 9.4.19),
because the mapping x € x(4) — xe € x(&) \ {Xoo} is a homeomorphism.
Moreover, ker xoo = A X 0. Consequently, the Gelfand transform of a commu-
tative Banach algebra without unity represents it in the algebra of continuous
complex functions defined on a locally compact space and vanishing at infinity.
Given the group algebra (L;(R™N), #), observe that by 10.11.1 and 10.11.3 the
Fourier transform coincides with the Gelfand transform, which in turn entails the
Riemann-Lebesque Lemma as well as the multiplication formula 10.11.5 (6).

11.7. The Spectrum of an Element of a C*-Algebra

11.7.1. DEFINITION. An element a of an involutive algebra A is called her-
mitian if a* = a. An element a of A is called normal if a*a = aa*. Finally,
an element a is called unitary if aa* = a*a =1 (i.e. @, a* € Inv(4) with a™! = a*
and a*~! = a).

11.7.2. Hermitian elements of an involutive algebra A compose a real sub-
space of A. Moreover, for every a in A there are unique hermitian elements
x, y € A such that a = z + ty. Namely,

1 1
T = —2—(a+a*), y= Z(a —a*).

Moreover, a* = ¢ —1y.

4 Only the claim of uniqueness needs examining. If a = z; + 2y; then, using
the properties of involution (cf. 6.4.13), proceed as follows: o* = z} + (y1)* =
z} —ty] =1 —iy1. Thus,zy =z andy; = y. >
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11.7.3. The unity of A is a hermitian element of A.

A =1"1=1" 1" =(1* 1) =1" =1»

11.7.4.a € Inv(A) & a* € Inv(A4). Moreover, involution and inversion
commute.

< For a € Inv(A) by definition aa™! = a"'a = 1. Consequently, a~1*a* =
a*a™'* = 1*. Using 11.7.3, infer that ¢* € Inv(4) and a*~! = a~1*. Repeating
this argument for a:= a*, complete the proof. »

11.7.5. Sp(a*) = Sp(a)*. @

11.7.6. The spectrum of a unitary element of a C*-algebra is a subset of the
unit circle.

4 By Definition 6.4.13, ||a?|| = ||la*a]| < ||la*||||a]| for an arbitrary a. In other
words, ||la]| < ||a*||. Therefore, from a = a** infer that ||a|| = ||a*||. If now a is
a unitary element, a* = a™!; then ||a||? = |la*a|| = ||a™!a]} = 1. Consequently,
lla]] = |la*]| = |la™!|| = 1. Whence it follows that Sp(e) and Sp(a™!) both lie
within the unit disk. Furthermore, Sp(a™') = Sp(a)~!.

11.7.7. The spectrum of a hermitian element of a C*-algebra is real.

< Take a in A arbitrarily. From the Gelfand-Dunford Theorem in an algebraic
setting derive

n=0 n=0

If now h = h* is a hermitian element of A then, applying the holomorphic
functional calculus to a:= exp(th), deduce that

a* = exp(1h)" = exp((ih)") = exp(—ih*) = exp(—ih) = a'.

Consequently, a is a unitary element of A, and by 11.7.6 the spectrum Sp(a) of A is
a subset of the unit circle T. If A € Sp(h) then by the Spectral Mapping Theorem
(also cf. 11.3.3) exp(iA) € Sp(a) C T. Thus, 1 = |exp(i))] = |exp(iRe A—Im \)| =
exp(—Im A). Finally, ImA =0;ie, A €R. b

11.7.8. DEFINITION. Let A be a C*-algebra. A subalgebra B of A is called
a C*-subalgebra of A if b € B = b* € B. In this event, B is considered with the
norm induced from A.

11.7.9. Theorem. Every closed C*-subalgebra of a C*-algebra is pure.

< Let B be a closed (unital) C*-subalgebra of a C*-algebra A and b € B.

If b € Inv(B) then it is easy that b € Inv(A). Let now b € Inv(4). From 11.7.4
derive b* € Inv (A). Consequently, b*b € Inv (A) and the element (b*b)~1b* is a left
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inverse of b. By virtue of 11.1.4, it means that 5~! = (6*b)~!4*. Consequently,
to complete the proof it suffices to show only that (6*b)~! belongs to B. Since b*b
is hermitian in B, the inclusion holds: Spp(b*b) C R (cf. 11.7.7). Using 11.2.5,
infer that Sp4(b*b) = Spp(b*b). Since 0 ¢ Spa(b*b); therefore, b*b € Inv(B).
Finally, b € Inv (B). >

11.7.10. Corollary. Let b be an element of a C*-algebra A and let B be
some closed C*-subalgebra of A with b € B. Then

Sps(b) = Spa(b). <

11.7.11. REMARK. In view of 11.7.10, Theorem 11.7.9 is often referred to as
the Spectral Purity Theorem for a C*-algebra. It asserts that the concept of the
spectrum of an element a of a C*-algebra is absolute, i.e. independent of the choice
of a C*-subalgebra containing a.

11.8. The Commutative Gelfand—Naimark Theorem

11.8.1. The Banach algebra C(Q, C) with the natural involution f — f*,
where f*(q):= f(q)* for ¢ € Q, is a C*-algebra.

a [l fll = sup{|f(a)* f()| : q € Q} =sup{|f(g)*: ¢ € Q}
= (sup [F(Q))’= If]I* v

11.8.2. Stone—Weierstrass Theorem. Every unital C*-subalgebra of the
C*-algebra C(Q, C), which separates the points of @, is dense in C(Q, C).

a4 Let A be such a subalgebra. Since f € A = f* € A; therefore, f € A =
Re f € A and so the set Re4:= {Re f: f € A} is a real subalgebra of C(Q, R).
It is beyond a doubt that Re A contains constant functions and separates the
points of (). By the Stone-Weierstrass Theorem for C(Q, R), the subalgebra
Re A is dense in C(Q, R). It remains to refer to 11.7.2. >

11.8.3. DEFINITION. A representation of a *-algebra agreeing with involu-
tion * is a *-representation. In other words, if (A4, *) and (B, *) are involutive
algebras and R : A — B is a multiplicative linear operator, then R is called
a *-representation of A in B whenever the following diagram commutes:

A%B
* ] 1 *
A%B
If R is also an isomorphism then R is a *-isomorphism of A and B. In the

presence of norms in the algebras, the naturally understood terms “isometric
x-representation” and “isometric *-isomorphism” are in common parlance.
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11.8.4. Commutative Gelfand—Naimark Theorem. The Gelfand trans-
form of a commutative C*-algebra A implements an isometric x-isomorphism of A
and C(X(4), C).

41 Given a € A, observe that

la*| = li(a*)*a*||'/> = [la*aa*al /* = ||a"a]| = |a]*.
In virtue of 11.6.10 the Gelfand transform %4 is thus an isometry of A and a closed
subalgebra A of C(X(A), C). Undoubtedly, A separates the points of X(A) and
contains constant functions. R

By virtue of 11.6.9 and 11.7.7, h(X(A)) = Sp(h) C R for every hermitian
element h = h* of A. Now, take an arbitrary element a of A. Using 11.7.2, write
a = z + 1y, where = and y are hermitian elements. The containments x(z) € R

and x(y) € R hold for every character x, a member of X(A).
With this in mind, successively infer that

Ya(a)*(x) =a*(x) =a(x)" = x(a)" = x(z +iy)"
= (x(z) +x(¥))" = x(=) = ix(y) = x(= — iy) = x(a")
=a*(x) = 9a(a")(x) (x € X(4)).

Consequently, the Gelfand transform @4 is a *-representation and, in particular,
A is a C*-subalgebra of C(X(A), C). It remains to appeal to 11.8.2 and conclude
that A = C(X(4), C).»

11.8.5. Assume that R : A — B is a *-representation of a C*-algebra A
in a C*-algebra B. Then |Ra|| < ||a|| for a € A.

< Since R(1) = 1; therefore, R(Inv(A)) C Inv(B). Hence, Spa(R(a)) C
Spa(a) for a € A. Whence it follows from the Beurling-Gelfand formula that the
inequality r 4(a) > rp(9(a)) holds for the spectral radii. If a is a hermitian element
of A then f(a) is a hermitian element of B, because R(a)* = R(a*) = R(a). If now
Ay is the least closed C*-subalgebra containing a and By is an analogous subalgebra

containing R(a), then Ay and By are commutative C*-algebras. Therefore, from
Theorems 11.8.4 and 11.6.9 obtain

[R(a)ll = [R(a)ll B, = [|¥B,(R(a))ll = B,(R(a))
=rB(R(a)) < raa) =rag(a) = [|9a,(a)]l = |all.
Given a € A, it is easy to observe that a*a is a hermitian element. Thus,
IR(a)lI* = [9%(a)*R(a)l| = |B(a*a)|| < [la*a]| = [la]>. &

11.8.6. Spectral Theorem. Let a be a normal element of a C*-algebra A,
with Sp(a) the spectrum of a. There is a unique isometric *-representation R,

of C(Sp(a), C) in A such that a = Re(Isp(q))-
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a4 Let B be the least closed C*-subalgebra of A containing a. It is clear
that the algebra B is commutative by the normality of a (this algebra presents
the closure of the algebra of all polynomials in a and a*). Moreover, by 11.7.10,
Sp(a) = Spa(a) = Spp(a). The Gelfand transform @ := ¥g(a) of a acts from
X(B) onto Sp(a) by 11.6.9 and is evidently one-to-one. Since X(B) and Sp(a) are
compact sets; on using 9.4.11, conclude that @ is a homeomorphism. Whence it is

(]
immediate that the mapping R : f — foad implements an isometric *-isomorphism
between C(Sp(a), C) and C(X(B), C).
Using Theorem 11.3.2 and the connection between the Gelfand transform and
the Riesz—Dunford integral which is revealed in 11.6.12, for the identity mapping
observe that

a=Ralc=1Icod=Ic|,xp) 8= Icls, (4 ©@ = Isp(a) 0@ = R(Isp(a))-

Now, put
Ra:=Y5" o R.

Clearly, R, is an isometric embedding and a *-representation. Moreover,

Ra(Isp(a) = 95" 0 R(Isp(a)) =95 (@) = a.

Uniqueness for such a representation R, is guaranteed by 11.8.5 and the Stone-
Weierstrass Theorem implies that the C*-algebra C(Sp(a), C) is its least closed
(unital) C*-subalgebra containing Isy(4). >

11.8.7. DEFINITION. The representation R, : C(Sp(a), C) — A of 11.8.6
is the continuous functional calculus (for a normal element a of A). The element
Ra(f) with f € C(Sp(a), C) is usually denoted by f(a).

11.8.8. REMARK. Let f be a holomorphic function in a neighborhood about
the spectrum of a normal element a of some C*-algebra A; i.e., f € H(Sp(a)).
Then the element f(a) of A was defined by the holomorphic functional calculus.
Retain the symbol f for the restriction of f to the set Sp(a). Then, using the
continuous functional calculus, define the element R,(f) := R, ( f |Sp (a)) of A.
This element, as mentioned in 11.8.7, is also denoted by f(a). The use of the
designation is by far not incidental (and sound in virtue of 11.6.12 and 11.8.6).
Indeed, it would be weird to deliberately denote by different symbols one and the
same element. This circumstance may be expressed in visual form.

Namely, let -|Sp(a) stand for the mapping sending a germ h, a member

of s£(Sp(a)), to its restriction to Sp(a); i.e., let hISp(a) at a point z stand for

the value of h at z (cf. 8.1.21). It is clear that - |Sp(a) : ##(Sp(a)) — C(Sp(a), C).
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The above connection between the continuous and holomorphic functional calcu-
luses for a normal element a of the C'*-algebra A may be expressed as follows: The
next diagram commutes

#(Sp(a)) 2@ (sp(a),C)

Ha
Ao

11.9. Operator ~-Representations of a C*-Algebra

11.9.1. DEFINITION. Let A be a (unital) Banach algebra. An element s
in A’ is a state of A, in writing s € S(A), if ||s]| = s(1) = 1. For a € A, the set
N(a):={s(a) : s € S(A)} is the numeric range of a.

11.9.2. The numeric range of a positive function, a member of C(Q, C), lies
in R+.

<4 Let a > 0 and ||s|| = s(1) = 1. We-Lave to prove that s(a) > 0. Take z € C
and £ > 0 such that the disk B.(z):= z+¢€D includes a(Q). Then |la—z|| < ¢ and,
consequently, |s(a—z)| < e. Hence, [s(a)—z| = |s(a)—s(2)| < ¢; i.e., s(a) € Be(z).

Observe that

N{B.(z) : Be(z) D a(Q)} =clco(a(Q)) C Ry.

Thus, s(a) € Ry. >
11.9.3. Lemma. Let a be a hermitian element of a C*-algebra. Then
(1) Sp(a) C N(a);
(2) Sp(a) C R+ i =4 N(a) C R+.

4 Let B be the least closed C*-subalgebra, of the algebra 4 under study, which
contains a. It is evident that B is a commutative algebra. By virtue of 11.6.9,
the Gelfand transform a:= ¥g(a) provides a(X(B)) = Spg(a). In view of 11.7.10,
Sps(a) = Sp(a). In other words, for A € Sp(a) there is a character y of B
satisfying the condition x(a) = A. By 11.6.3, |x|| = x(1) = 1. Using 7.5.11, find
a norm-preserving extension s of x onto A. Then s is a state of A and s(a) = A.
Finally, Sp(a) C N(a) (in particular, if N(a) C Ry then Sp(a) C Ry). Now, let s
stand for an arbitrary state of A. It is clear that the restriction s}B is a state of B.
It is an easy matter to show that @ maps X(B) onto Sp(a) in a one-to-one fashion.
Consequently, B may be treated as the algebra C(Sp(a), C). From 11.9.2 derive
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s(a) = 3|B(a) > 0 for @ > 0. Thus, Sp(a) C Ry = N(a) C R4, which ends the
proof. >

11.9.4. DEFINITION. An element a of a C*-algebra A is called positive if a
is hermitian and Sp(a) C R4. The set of all positive elements of A is denoted

by A+.

11.9.5. In each C*-algebra A the set A} is an ordering cone.

< It is clear that N(a+b) C N(a)+N(b) and N(aa) = aN(a) fora, b € A and
a € R;. Hence, 11.9.3 ensures the inclusion a1 A+ + as Ay C Ay for a3, € Ry.
Thus, A4 is a cone. If a € Ay N(—A4) then Sp(a) = 0. Since a is a hermitian
element, from Theorem 11.8.6 deduce that ||a|| = 0. >

11.9.6. To every hermitian element a of a C*-algebra A there correspond
some elements a4 and a_ of Ay such that

a=ay—a_; aya_=a_ay =0.

4 Everything is immediate from the continuous functional calculus. &

11.9.7. Kaplanski—-Fukamija Lemma. An element a of a C*-algebra A is
positive if and only if a = b*b for some b in A.

a4 =>: Let a € Ay; e, a = a* and Sp(a) C Ry. Then (cf. 11.8.6) there is
a square root b:= y/a. Moreover, b = b* and b*b = a.

<: If a = b*b then a is hermitian. Therefore, in view of 11.9.6, it may be

assumed that b*b = u — v, where uv = vu = 0 with v > 0 and v > 0 (in the
ordered vector space (Ar, A4)). Straightforward calculation yields the equalities

(bv)*bv = v*b* by = vb*bv = v(u — v)v = (vu — v = =03,

Since v > 0, it follows that v® > 0; ie., (bv)*dv < 0. By Theorem 5.6.22,
Sp((bv)*bv) and Sp(bv(bv)*) may differ only by zero. Therefore, bv(bv)* < 0.

In virtue of 11.7.2, bv = a; + ta; for suitable hermitian elements a; and as.
It is evident that a?, a2 € Ay and (bv)* = a; — ia;. Using 11.9.5 twice, arrive
at the estimates

0 > (bv)*bv + bv(bv)* = 2 (a? +a3) > 0.

By 11.9.5, a; = a; = 0; i.e., bv = 0. Hence, —v*® = (bv)*bv = 0. The second
appeal to 11.9.5 shows v =0. Finally,a =b'b=u—-v=u >0;ie,a € A;. >

11.9.8. Every state s of a C*-algebra A is hermitian; i.e.,

s(a*) = s(a)" (a € A).
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<4 By Lemmas 11.9.7 and 11.9.3, s(a*a) > 0 for all ¢ € A. Putting a:=a +1
and a:= a + %, successively infer that

0<s((a+1)(a+1)) =s(a*at+a+a*+1)= s(a) +s(a”) € R;
0<s((a+)*(a+1)) =s(a*a—ta+1ia* +1)=>i(—s(a) + s(a”)) € R.

In other words,
Ims(a)+ Ims(a*) =0; Re(-s(a)) + Res(a”)=0.
Whence it follows that
s(a*) = Res(a*) + iIm s(a*) = Res(a) — iIm s(a) = s(a)*. >

11.9.9. Let s be a state of a C*-algebra A. Given a, b € A, denote (a, b)y:=
s(b*a). Then (-, -), is a semi-inner product on A.

< From 11.9.8 derive
(a, b)s = s(b%a) = s((a*b)*) = s(a*b)* = (b, a).

Hence, (-, -)s is a hermitian form. Since a*a > 0 for @ € A in virtue of 11.9.7,
(a, a)s = s(a*a) > 0 by 11.9.3. Consequently, (-, -)s is a positive-definite hermi-
tian form. b

11.9.10. GNS-Construction Theorem. To every state s of an arbitrary
C*-algebra A there correspond a Hilbert space (Hs, (-, -)s), an element z, in H,
and a x-representation R, : A — B(H,) such that s(a) = (Rs(a)zs,zs)s for all
a € A and the set {Rs(a)r, : a € A} is dense in H,.

< In virtue of 11.9.9, putting (a, b)s := s(b*a) for a, b € A, obtain a pre-
Hilbert space (A4, (-, +)s). Let ps(a):= y/(a, a)s stand for the seminorm of the
space. Assume that ¢, : A — A/ker p, is the coset mapping of A onto the
Hausdorff pre-Hilbert space A/ker ps associated with A. Assume further that
ts : A/ker p, - H, is an embedding (for instance, by the double prime map-
ping) of A/ ker ps onto a dense subspace of the Hilbert space H, associated with
(A, (-, -)s) (cf. 6.1.10 (4)). The inner product in H, retains the previous notation
(-, *)s- Therefore, in particular,

(tspsa, tspsh)s = (a, b)s = s(b"a) (a, b€ A).

Given a € A, consider (the image under the canonical operator representation)
Lg : b+ ab (b € A). Demonstrate first that there are unique bounded operators
L, and R,(a) making the following diagram commutative:
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A5 A/ ker p,—H,
L, l l L. lms(a)
A2 Al ker p,—H,

A sought operator L, is a solution to the equation Xp, = ¢,L,. Using
2.3.8, observe next that the necessary and sufficient condition for solvability of the
equation in linear operators consists in invariance of the subspace ker p, under L,.
Thus, examine the inclusion L,(ker p,) C ker p,. To this end, take an element b
of ker py, i.e. ps(b) = 0. By definition and the Cauchy-Bunyakovskii-Schwarz
inequality, deduce that

0 < (Lgb, Lgb)s = (ab, ab)s = s((ab)*ab)
= s(b*a"ab) = (a*ab, b)s < ps(b)ps(a*ab) = 0;

i.e., Lqb € ker p,. Uniqueness for L, is provided by 2.3.9, since ¢, is an epimor-
phism. Observe also that ¢, is an open mapping (cf. 5.1.3). Whence the continuity
of L, is immediate. Therefore, in virtue of 5.3.8 the correspondence ¢50 L, 0 (1s)71
may be considered as a bounded linear operator from ¢,(A/ ker p,) to the Banach
space H,. By 4.5.10 such an operator extends uniquely to an operator H,(a)
in B(H,).

Demonstrate now that R, : a — R,(a) is a sought representation. By 11.1.6,
L.y = L, Ly for a, b € A. Consequently,

‘PsLab = SosLa.Lb = faSOsLb = fa.—-[—/b‘P.s-

Since f_ab _is a unique solution to the equation X¢, = p4Lgp, infer the equality
L,y = L,Ly, which guarantees multiplicativity for R,. The linearity of R, may
be verified likewise. Furthermore,

Lips = psL1 = psla = 05 = Lp/xer p, s = 1¢s;

ie., Rs(1) =1.

For simplicity, put %, := ts¢s. Then, on account taken of the definition
of the inner product on H, (cf. 6.1.10 (4)) and the involution in B(H,) (cf. 6.4.14
and 6.4.5), given elements a, b, and y in A, infer that

(ms(a*)"ﬁsx’ ¢sy)s = (’l/J,La-:IJ, ¢sy)s
= (Lo+z, y)s = (a*z, y)s = s(y*a"z) = s((ay)*z) = (z, ay),
= (75’ Lay)s = (d"sxa wsLay)s = (¢s$a ms(“)‘bs?l)s = (ms(a)*%bsﬂc, 2/Jay)s~
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Now, since im ¢, is dense in H, it follows that R,(a*) = R,(a)* for all a in A;
i.e., R, is a *-representation.

Let z5:= ¢,1. Then
R,(a)zs = Ro(@)hsl = $oLal = pya (a € A).
Consequently, the set {{Rs(a)zs : a € A} is dense in H,. Furthermore,
(Rs(a)zy, x4)s = (Ysa, ¥sl)s = (a, 1), = s(1%a) = s(a). o

11.9.11. REMARK. The construction, presented in the proof of 11.9.10, is
called the GNS-construction or, in expanded form, the Gelfand-Naimark-Segal
construction, which is reflected in the name of 11.9.10.

11.9.12. Gelfand—Naimark Theorem. Each C*-algebra has an isometric
x-representation in the endomorphism algebra of a suitable Hilbert space.

4 Let A be a C*-algebra. We have to find a Hilbert space H and an isometric
*-representation R of A in the C*-algebra B(H) of bounded endomorphisms of H.
For this purpose, consider the Hilbert sum H of the family of Hilbert spaces
(Hs)ses(a) which exists in virtue of the GNS-Construction Theorem; i.e.,

H= & H,=(h:= (hs)SES(A) € H H, : Z ”h"”%{’ < oo
s€ES(A) s€ES(A) S€S(A)

Observe that the inner product of h := (hs)ses(4) and g := (gs)ses(a) is
calculated by the rule (cf. 6.1.10 (5) and 6.1.9):

(h, 9)= Z (hs, gs)s-

SES(A)

Assume further that R, is a *-representation of A on the space H, correspond-
ing to s in S(A). Since in view of 11.8.5 there is an estimate |R,(a)||p(x,) < |4l
for a € A; therefore, given h € H, infer that

Y I1R@balil, < D0 IR(@Gea,Ihslli, < llall* D> kol

SES(A) s€S(A) sE€S(A)

Whence it follows that the expression R(a)h : s — R,(a)h, defines an el-
ement R(a)h of H. The resulting operator R(a) : h — R(a)h is a member
of B(H). Moreover, the mapping R : a — R(a) (a € A) is a sought isometric
*-representation of A.
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Indeed, from the definition of R and the properties of R, for s € S(A),
it follows easily that 2R is a *-representation of A in B(H). Check for instance
that PR agrees with involution. To this end, take a € A and h, g € H. Then

(m(a‘*)h, g) = Z (ms(a*)ha, gs)s

s€S(A)
= Y (R(@)'hs, g2)s= Y. (hay Ra(a)ga)s
s€ES(A) s€S(A)
= (h, R(a)g) = (R(a)"h, ¢).

Since h and ¢ in H are arbitrary, conclude that R(a*) = R(a)*.

It remains to establish only that the x-representation fR is an isometry, i.e. the
equalities ||R(a)|| = ||a|| for all @ € A. First, assume a positive. From the Spectral
Theorem and the Weierstrass Theorem it follows that ||a|| € Sp(a). In virtue
of 11.9.3 (1) there is a state s € S(A) such that s(a) = ||a||. Using the properties
of the vector , corresponding to the x-representation R, (cf. 11.9.10) and applying
the Cauchy-Bunyakovskii-Schwarz inequality, infer that

lall = s(a) = (Rs(a)zs,25)s < |Rs(a)esl|n, lI2s]| 1,
< Ru(@)Banllzallt, = 1R(@)l|pear,) (255 25)s
= ||Rs(a)ll B, Rs(1)zs, 75)s = [|Rs(a)llB(r,)5(1) = |Rs(a)l| B(n1,)-

From the estimates ||R(a)|| > ||R,(a)||s(x,) and ||a|| > ||R(a)||, the former
obvious and the latter indicated in 11.8.5, derive

llall = [|%(a)ll 2 [1Rs(a)llBea,) = lall-
Finally, take a € A. By the Kaplanski-Fukamija Lemma, a*a is positive. So,
[1%%(a)l1? = [19%(a)*R(a)]| = [R(a")R(a)]| = [R(a*a)|| = ||la*al| = |lal>.

No further explanation is needed. &
Exercises

11.1. Give examples of Banach algebras and non-Banach algebras.

11.2. Let A be a Banach algebra. Take x € A# such that x(1) = 1 and x(Inv (4)) C
Inv (C). Prove that x is multiplicative and continuous.

11.3. Let the spectrum Sp(a) of an element a of a Banach algebra A lie in an open
set U. Prove that there is a number € > 0 such that Sp(a +b) C U for all b € A satisfying
lIBl] < e.
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11.4. Describe the maximal ideal spaces of the algebras C(Q, C) and C(1)([0, 1], C)
with pointwise multiplication, and of the algebra of two-way infinite summable sequences I1 (Z)

with multiplication
o0

(a*b)(n):= Z @p_kbg.

k=—o00

11.5. Show that a member T of the endomorphism algebra B(X) of a Banach space X
has a left inverse if and only if T' is a monomorphism and the range of T is complemented in X.

11.6. Show that a member T of the endomorphism algebra B(X) of a Banach space X
has a right inverse if and only if T is an epimorphism and the kernel of T is complemented in X.

11.7. Assume that a Banach algebra A has an element with disconnected spectrum
(having a proper clopen part). Prove that A has a nontrivial idempotent.

11.8. Let A be a unital commutative Banach algebra and let E' be some set of maximal
ideals of A. Such a set E is a boundary of A if ||a]|cc = sup |a(E)| for all a € A. Prove that the
intersection of all closed boundaries of A is also a boundary of A. This is the Shilov boundary
of A.

11.9. Let A and B be unital commutative Banach algebras, with B C A and 15 = 14.
Prove that each maximal ideal of the Shilov boundary of B lies in some maximal ideal of A.

11.10. Let A and B be unital C*-algebras and let T be a morphism from A to B.
Assume further that a is a normal element of A and f is a continuous function on Spa(a).
Demonstrate that Spg(Ta) C Spa(a) and T f(a) = f(Ta).

11.11. Let f € A’, with A a commutative C*-algebra. Show that f is a positive form
(ie., f(a*a) > 0 for a € A) if and only if ||f]| = f(1).

11.12. Describe extreme rays of the set of positive forms on a commutative C*-algebra.

11.13. Prove that the algebras C(Q1, C) and C(Q2, C), with @1 and Q2 compact, are
isomorphic if and only if Q1 and Q2 are homeomorphic.

11.14. Let a normal element a of a C*-algebra has real spectrum. Prove that a is
hermitian.

11.15. Using the continuous functional calculus, develop a spectral theory for normal
operators in a Hilbert space. Describe compact normal operators.

11.16. Let T be an algebraic morphism between C*-algebras, and ||T|| < 1. Then
T(a*) = (Ta)* for all a.

11.17. Let T be a normal operator in a Hilbert space H. Show that there are a hermitian
operator S in H and a continuous function f : Sp(S) — C such that T = f(S). Is an analogous
assertion valid in C*-algebras?

11.18. Let A and B be C*-algebras and let p be a *-monomorphism from A to B. Prove
that p is an isometric embedding of A into B.

11.19. Let a and b be hermitian elements of a C*-algebra A. Assume that ab = ba and,
moreover, a < b. Prove that f(a) < f(b) for (suitable restrictions of) every increasing continuous

scalar function f over R.
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ZFr(X, Y), 85.1, 137
F(X), 1.3.6, 7

Y4, 11.6.8, 222
H#(K), 8.1.14, 124

X (X), 8.3.3, 132

X (X, Y),6.6.1,95
£(X), 228,13
Z(X,Y),223,13
Z.(X, Y), 3.2.6(3), 23
Zro, 5.5.9(5), 70
(), 10.9.3, 188

A (p), 10.8.11, 183
Ap(f), 5.5.9(4), 69
Ao, 5.5.9(5), 70
P(X), 1.2.3(4), 4
Zr, 8.2.1, 126

R,h, 11.3.1, 216

S (RV), 10.11.6, 206
F'(RM), 10.11.16, 209
7(X), 9.1.2, 146

%,, 5.2.2, 60

Yoy, 5.2.4, 60

Ux, 4.1.5, 40; 5.2.4, 60
1.%2,,7.6.8,116

Fu, 10.11.19, 211

M, 5.3.9, 64

m ~ N, 5.3.1, 62

m >~ N, 5.3.1, 62
Mx, 5.1.6, 57

Mm,, 10.2.7, 172

Mo T, 5.1.10(3), 58
Nr, 5.1.10 (3), 58

R,, 11.8.7, 228
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Cl(r), 4.1.15, 42; 9.1.4, 146
Im f, 5.5.9 (4), 69

Inv (4), 11.1.5, 213
Inv(X, Y), 5.6.12, 76
Ap, 8.1.2(4), 120

Lat (X), 2.1.5, 12
LCT(X), 10.2.3, 172
M(4), 11.6.6, 221
Op(r), 4.1.11, 41; 9.1.4, 146
Re, 2.1.2, 10

Re f, 5.5.9 (4), 69
Sp(a), 11.2.1, 215
Spa(a), 11.2.1, 215
Sp(T), 5.6.13, 76

Ty, 9.3.2, 151

T,, 9.3.5, 152

T;, 9.3.9, 153

T31,, 9.3.15, 155

Ty, 9.3.11, 153
T(X), 9.1.7, 147
Tr(Q), 10.10.2, 194
VT (X), 10.1.5, 170
X(4), 11.6.4, 221
5,10.9.4(1), 188
6(-1,10.10.5 (4), 196
64, 10.9.4(1), 188

©*, 10.9.4(3), 189
1+, 10.8.13, 184

p—, 10.8.13, 184

lul, 10.8.13, 184; 10.9.4(3), 189

llell, 10.9.5, 191

par, 10.9.4 (4), 190

H1 ® H2, 10.9.4 (6), 190
p1 X g, 10.9.4(6), 190
p* f,10.9.4(7), 191
p* v, 10.9.4(7), 190
n(U), 10.5.1, 177; 10.5.7, 178
7~Y(V), 10.5.1, 177
7' (vr(U)), 10.5.5, 178
2m, 10.11.4, 203

o', 8.2.9, 130

o(T), 5.6.13, 76
o(X, Y), 10.3.5, 174
(X, Y), 10.4.4, 176
Tof, 10.9.4 (1), 189
Ton, 5.2.8, 61

sy, 8.2.10, 130

abs pol, 10.5.7, 178
cl U, 4.1.13, 41
co(U), 3.1.14, 22

codim X, 2.2.9(5), 14

coim T, 2.3.1, 15
coker T, 2.3.1, 15
core U, 3.4.11, 28
diam U, 4.5.3, 47
dim X, 2.2.9(5), 14
dom f, 3.4.2, 27
dom F,1.1.2,1
epi f, 3.4.2, 26

ext V, 3.6.1, 31

fil #,1.3.3,6

fr U, 4.1.13, 41

im F, 1.1.2, 1
infU,1.29,5

int U, 4.1.13, 41
ker T, 2.3.1, 15
lin(U), 3.1.14, 22
pol, 10.5.7, 178
rank T, 8.5.7(2), 139
res(a), 11.2.1, 215
res(T), 5.6.13, 76
seg, 3.6.1, 31
supU, 1.2.9, 5
supp (f), 9.6.4, 165

supp (i), 10.8.11, 183; 10.9.4 (5), 190

supp (u), 10.10.5(6), 196

3, 11.6.8, 222

ap, 10.8.15, 185
o7f,10.9.4 (1), 189
(a, b)s, 11.9.9, 231

¢, 3.3.1(2), 25; 5.5.9(3), 68
(&, F),5.59(3), 68



258

Notation Index

co, 5.5.9(3), 68

co(£), 5.5.9, 68

co(€, F),5.5.9(3), 68
8%u, 10.10.5 (4), 196
d(p), 3.5.2 (1), 29
18](p), 3.7.8, 34

aU, 4.1.13, 41

d.(f), 3.5.1, 29

d,, 5.2.1, 60

dz, 10.9.9, 192

e, 10.9.4 (1), 188; 11.1.1, 213
£, 10.11.3, 203

f(a), 11.3.1, 216

{f < 8,38.1,35

{f = t},38.1,35

{f < t},38.1,35
£(T), 8.2.1, 126
£710.10.5(9), 197
fu, 10.9.4(3), 190
£*,10.9.4(3), 189

fu, 10.10.5 (7), 196

fa = £, 10.10.7(3), 198
fa=0,10.0.8, 192

3, 10.11.2, 203

a(F), 8.2.6, 128

(h), 6.3.5, 88

I, I,(&), 5.5.9 (4), 70
loo, loo(&), 5.5.9 (2), 68
m, 5.5.9(2), 68

p > ¢, 533,63

e, 5.5.9(5), 70

ps, 3.8.6, 37

pr, 5.1.3, 56

PX/Xo» 5:1.10(5), 58
r(T), 5.6.6, 74

s, Ex.1.19, 9

£, 10.11.5 (8), 205
ug, 10.10.5 (1), 195
u*, 10.10.5 (5), 196

u * f,10.10.5(9), 197

u1 ® ug, 10.10.5(8), 196
u1 X ug, 10.10.5(8), 196
(=], 10.3.1, 173

z', 6.4.1, 90
z",5.1.10(8), 59

z*, 10.11.5 (8), 205

T4, 3.2.12, 24
r_,3.2.12,24

|z|, 3.2.12, 24

Iz, 5.5.9(4), 70

lzll.., 5.5.9 (2), 68

~(z), 10.11.4, 203

~x,, 2.1.4(6), 11

T =) ,cpTe, 5.5.9(7), 73
z — z',6.4.1,90

T \% T2, I3 A g, 1212, 5
(fL‘l, IL‘2), 1212, 5
(z|f), 5.1.11, 60

r <, y,1.22,3

' ® y, 5.5.6, 68

z 1 y, 625,85

|y), 10.3.1, 173

Il 5.5.9(6), 71

I -1, 5.1.9, 57

| - |ln,@, 10.10.2(2), 194
| - llow, 55.9(5), 70

I - llx, 5.1.9, 57

|- 1X]|,5.1.9, 57

|-}, 10.3.1, 173

1, 5.3.10, 64; 10.8.4(6), 182
2%, 1.2.3(4), 4

*, 6.4.13, 92

€, 10.9.1, 187

fé., 5.5.9 (6), 72

(-1-), 10.3.1, 173
(-1,10.3.1, 173

~,1.22 4

ZEEE Xe, 2.1.4(5), 11
ers Xe, 214 (4), 11
fh(z)R(z)dz, 8.1.20, 125
=, 11.6.8, 222
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Absolute Bipolar Theorem, 10.5.9, 178 algebraic complement, 2.1.7, 12

absolute concept, 9.4.7, 157 algebraic dual, 2.2.4, 13

absolute polar, 10.5.7, 178 algebraic isomorphism, 2.2.5, 13

absolutely continuous measure, algebraic subdifferential, 7.5.8, 113
10.9.4 (3), 190 algebraically complementary subspace,

absolutely convex set, 3.1.2 (6), 20 2.1.7, 12

absolutely fundamental family algebraically interior point, 3.4.11, 28
of vectors, 5.5.9 (7), 73 algebraically isomorphic spaces,

absorbing set, 3.4.9, 28 2.2.6, 13

addition in a vector space, 2.1.3, 10 algebraically reflexive space, Ex. 2.8, 19

adherence of a filterbase, 9.4.1, 155 ambient space, 2.1.4 (3), 11

adherent point, 4.1.13, 41 annihilator, 7.6.8, 116

adherent point of a filterbase, antidiscrete topology, 9.1.8 (3), 147
9.4.1, 155 antisymmetric relation, 1.2.1, 3

adjoint diagram, 6.4.8, 92 antitone mapping, 1.2.3, 4

adjoint of an operator, 6.4.5, 91 approximate inverse, 8.5.9, 139

adjunction of unity, 11.1.2, 213 approximately invertible operator,

affine hull, 3.1.14, 22 8.5.9, 139

affine mapping, 3.1.7, 21 approximation property, 8.3.10, 133

affine operator, 3.4.8 (4), 28 approximation property in Hilbert

affine variety, 3.1.2 (5), 20 space, 6.6.10, 98

agreement condition, 10.9.4 (4), 190 arc, 4.8.2, 54

Akilov Criterion, 10.5.3, 178 Arens multinorm, 8.3.8, 133

Alaoglu-Bourbaki Theorem, 10.6.7, 180 ascent, Ex. 8.10, 144

Alexandroff compactification, Ascoli-Arzela Theorem, 4.6.10, 50
9.4.22, 159 assignment operator, ix

algebra, 5.6.2, 73 associate seminorm, 6.1.7, 81

algebra of bounded operators, 5.6.5, 74 associated Hausdorff pre-Hilbert

algebra of germs of holomorphic space, 6.1.10 (4), 83
functions, 8.1.18, 125 associated Hilbert space,

algebraic basis, 2.2.9 (5), 14 6.1.10 (4), 83
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associated multinormed space,
10.2.7, 172

associated topology, 9.1.12, 148

associativity of least upper bounds,
3.2.10, 24

asymmetric balanced Hahn-Banach
formula, 3.7.10, 34

asymmetric Hahn-Banach formula,
3.5.5, 30

Atkinson Theorem, 8.5.18, 141

Automatic Continuity Principle,
7.5.5, 112

automorphism, 10.11.4, 203

Baire Category Theorem, 4.7.6, 52

Baire space, 4.7.2, 52

Balanced Hahn-Banach Theorem,
3.7.13, 35

Balanced Hahn-Banach Theorem
in a topological setting,
7.5.10, 113

balanced set, 3.1.2(7), 20

balanced subdifferential, 3.7.8, 34

Balanced Subdifferential Lemma,
3.79, 34

ball, 9.6.14, 166

Banach algebra, 5.6.3, 74

Banach Closed Graph Theorem,
7.4.7, 108

Banach Homomorphism Theorem,
7.4.4, 108

Banach Inversion Stability Theorem,
5.6.12, 76

Banach Isomorphism Theorem,
7.4.5, 108

Banach range, 7.4.18, 111

Banach space, 5.5.1, 66

Banach’s Fundamental Principle,
7.1.5, 101

Banach’s Fundamental Principle for
a Correspondence, 7.3.7, 107

Banach-Steinhaus Theorem, 7.2.9, 104

barrel, 10.10.9 (1), 199

barreled normed space, 7.1.8, 102
barreled space, 10.10.9 (1), 199
base for a filter, 1.3.3, 6
basic field, 2.1.2, 10
Bessel inequality, 6.3.7, 88
best approximation, 6.2.3, 84
Beurling—Gelfand formula,
8.1.12(2), 124
bilateral ideal, 8.3.3, 132; 11.6.2, 220
bilinear form, 6.1.2, 80
bipolar, 10.5.5, 178
Bipolar Theorem, 10.5.8, 178
Birkhoff Theorem, 9.2.2, 148
Bochner integral, 5.5.9 (6), 72
bornological space, 10.10.9 (3), 199
boundary of an algebra, Ex. 11.8, 234
boundary of a set, 4.1.13, 41
boundary point, 4.1.13, 41
bounded above, 1.2.19, 6
bounded below, 3.2.9, 23
bounded endomorphism algebra,
5.6.5, 74
Bounded Index Stability Theorem,
8.5.21, 142
bounded operator, 5.1.10 (7), 59
bounded Radon measure,
10.9.4 (2), 189
bounded set, 5.4.3, 66
boundedly order complete lattice,
3.2.8, 23
Bourbaki Criterion, 4.4.7, 46; 9.4.4, 156
bracketing of vector spaces, 10.3.1, 173
bra-functional, 10.3.1, 173
bra-mapping, 10.3.1, 173
bra-topology, 10.3.5, 174
B-stable, 10.1.8, 171
bump function, 9.6.19, 167

Calkin algebra, 8.3.5, 132

Calkin Theorem, 8.3.4, 132
canonical embedding, 5.1.10 (8), 59
canonical exact sequence,

2.3.5(6), 16
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canonical operator representation,
11.1.7, 214

canonical projection, 1.2.3 (4), 4

Cantor Criterion, 4.5.6, 47

Cantor Theorem, 4.4.9, 46

cap, 3.6.3 (4), 32

Cauchy-Bunyakovskii-Schwarz
inequality, 6.1.5, 80

Cauchy filter, 4.5.2, 47

Cauchy net, 4.5.2, 47

Cauchy—Wiener Integral Theorem,
8.1.7, 122

centralizer, 11.1.6, 214

chain, 1.2.19, 6

character group, 10.11.2, 203

character of a group algebra,
10.11.1 (1), 201

character of an algebra, 11.6.4, 221

character space of an algebra,
11.6.4, 221

characteristic function, 5.5.9 (6), 72

charge, 10.9.4 (3), 190

Chebyshév metric, 4.6.8, 50

classical Banach space, 5.5.9 (5), 71

clopen part of a spectrum, 8.2.9, 130

closed ball, 4.1.3, 40

closed convex hull, 10.6.5, 179

closed correspondence, 7.3.8, 107

closed cylinder, 4.1.3, 40

closed-graph correspondence, 7.3.9, 107

closed halfspace, Ex. 3.3, 39

closed linear span, 10.5.6, 178

closed set, 9.1.4, 146

closed set in a metric space, 4.1.11, 41

closure of a set, 4.1.13, 41

closure operator, Ex. 1.11, 8

coarser cover, 9.6.1, 164

coarser filter, 1.3.6, 7

coarser pretopology, 9.1.2, 146

codimension, 2.2.9 (5), 14

codomain, 1.1.2, 1

cofinite set, Ex. 1.19, 9

coimage of an operator, 2.3.1, 15

coincidence of the algebraic and
topological subdifferentials,
7.5.8, 113

coinitial set, 3.3.2, 25

cokernel of an operator, 2.3.1, 15

comeager set, 4.7.4, 52

commutative diagram, 2.3.3, 15

Commutative Gelfand—Naimark
Theorem, 11.8.4, 227

compact convergence, 7.2.10, 105

Compact Index Stability Theorem,
8.5.20, 142

compact-open topology, 8.3.8, 133

compact operator, 6.6.1, 95

compact set, 9.4.2, 155

compact set in a metric space, 4.4.1, 46

compact space, 9.4.7, 157

compact topology, 9.4.7, 157

compactly-supported distribution,
10.10.5 (6), 196

compactly-supported function,
9.6.4, 165

compactum, 9.4.17, 158

compatible topology, 10.4.1, 175

complementary projection, 2.2.9 (4), 14

complementary subspace, 7.4.9, 109

Complementation Principle, 7.4.10, 109

complemented subspace, 7.4.9, 108

complement of an orthoprojection,
6.2.10, 85

complement of a projection,
2.2.9(4), 14

complete lattice, 1.2.13, 5

complete metric space, 4.5.5, 47

complete set, 4.5.14, 49

completely regular space, 9.3.15, 155

completion, 4.5.13, 49

complex conjugate, 2.1.4(2), 10

complex distribution, 10.10.5 (5), 196

complex plane, 8.1.3, 121

complex vector space, 2.1.3, 10
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complexification, 8.4.8, 136

complexifier, 3.7.4, 34

composite correspondence, 1.1.4, 2

Composite Function Theorem,
8.2.8, 129

composition, 1.1.4, 2

Composition Spectrum Theorem,
5.6.22, 78

cone, 3.1.2 (4), 20

conical hull, 3.1.14, 22

conical segment, 3.1.2(9), 20

conical slice, 3.1.2(9), 20

conjugate distribution, 10.10.5 (5), 196

conjugate exponent, 5.5.9 (4), 69

conjugate-linear functional, 2.2.4, 13

conjugate measure, 10.9.4 (3), 189

connected elementary compactum,
4.8.5, 54

connected set, 4.8.4, 54

constant function, 5.3.10, 64;
10.8.4 (6), 182

Continuous Extension Principle,
7.5.11, 113

continuous function at a point, 4.2.2,
43; 9.2.5, 149

Continuous Function Recovery
Lemma, 9.3.12, 153

continuous functional calculus,
11.8.7, 228

continuous mapping of a metric
space, 4.2.2, 43

continuous mapping of a topological
space, 9.2.4, 149

continuous partition of unity, 9.6.6, 166

contour integral, 8.1.20, 125

conventional summation, 5.5.9 (4), 70

convergent filterbase, 4.1.16, 42

convergent net, 4.1.17, 42

convergent sequence space, 3.3.1(2), 25

convex combination, 3.1.14, 22

convex correspondence, 3.1.7, 21

convex function, 3.4.4, 27

convex hull, 3.1.14, 22
convex set, 3.1.2(8), 20
convolution algebra, 10.9.4 (7), 190
convolution of a measure and
a function, 10.9.4 (7), 191
convolution of distributions,
10.10.5 (9), 197
convolution of functions, 9.6.17, 167
convolution of measures,
10.9.4 (7), 190
convolutive distributions,
10.10.5(9), 197
coordinate projection, 2.2.9 (3), 13
coordinatewise operation,
2.1.4(4), 11
core, 3.4.11, 28
correspondence, 1.1.1, 1
correspondence in two arguments,
1.1.3(6), 2
correspondence onto, 1.1.3 (3), 2
coset, 1.2.3(4), 4
coset mapping, 1.2.3 (4), 4
countable convex combination,
7.1.3, 101
Countable Partition Theorem,
9.6.20, 167
countable sequence, 1.2.16, 6
countably normable space, 5.4.1, 64
cover of a set, 9.6.1, 164
C*-algebra, 6.4.13, 92
C*-subalgebra, 11.7.8, 225

Davis-Figiel-Szankowski
Counterexample, 8.3.14, 134

de Branges Lemma, 10.8.16, 185

decomplexification, 6.1.10 (2), 83

decomposition reduces an operator,
2.2.9(4), 14

decreasing mapping, 1.2.3, 4

Dedekind complete vector lattice,
3.2.8, 23

deficiency, 8.5.1, 137

definor, ix
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delta-function, 10.9.4 (1), 188

delta-like sequence, 9.6.15, 166

é-like sequence, 9.6.15, 166

§-sequence, 9.6.15, 166

dense set, 4.5.10, 48

denseness, 4.5.10, 48

density of a measure, 10.9.4 (3), 190

derivative in the distribution sense,
10.10.5 (4), 196

derivative of a distribution, 10.10.5 (4),
196

descent, Ex. 8.10, 144

diagonal, 1.1.3(3), 2

diagram prime, 7.6.5, 115

Diagram Prime Principle, 7.6.7, 115

diagram star, 6.4.8, 92

Diagram Star Principle, 6.4.9, 92

diameter, 4.5.3, 47

Diedonné Lemma, 9.4.18, 158

dimension, 2.2.9 (5), 14

Dini Theorem, 7.2.10, 105

Dirac measure, 10.9.4 (1), 188

direct polar, 7.6.8, 116; 10.5.1, 177

direct sum decomposition, 2.1.7, 12

direct sum of vector spaces,
2.1.4(5), 11

directed set, 1.2.15, 6

direction, 1.2.15, 6

directional derivative, 3.4.12, 28

discrete element, 3.3.6, 26

Discrete Krein-Rutman Theorem,
3.3.8, 26

discrete topology, 9.1.8 (4), 147

disjoint measures, 10.9.4 (3), 190

disjoint sets, 4.1.10, 41

distance, 4.1.1, 40

distribution, 10.10.4, 195

distribution applies to a function,
10.10.5 (7), 196

Distribution Localization Principle,
10.10.12, 200

distribution of finite order, 10.10.5 (3),
195

distribution size at most m,
10.10.5(3), 195

distribution of slow growth,
10.11.16, 209

distributions admitting convolution,
10.10.5 (9), 197

distributions convolute, 10.10.5 (9), 197

division algebra, 11.2.3, 215

domain, 1.1.2, 1

Dominated Extension Theorem,
3.54, 30

Double Prime Lemma, 7.6.6, 115

double prime mapping, 5.1.10 (8), 59

double sharp, Ex. 2.7, 19

downward-filtered set, 1.2.15, 6

dual diagram, 7.6.5, 115

dual group, 10.11.2, 203

dual norm of a functional, 5.1.10 (8),
59

dual of a locally convex space,
10.2.11, 173

dual of an operator, 7.6.2, 114

duality bracket, 10.3.3, 174

duality pair, 10.3.3, 174

dualization, 10.3.3, 174

Dualization Theorem, 10.3.9, 175

Dunford-Hille Theorem, 8.1.3, 121

Dunford Theorem, 8.2.7 (2), 129

Dvoretzky—Rogers Theorem,
5.5.9(7), 73

dyadic-rational point, 9.3.13, 154

effective domain of definition, 3.4.2, 27
Eidelheit Separation Theorem,

3.8.14, 39
eigenvalue, 6.6.3 (4), 95
eigenvector, 6.6.3, 95
element of a set, 1.1.3 (4), 2
elementary compactum, 4.8.5, 54
endomorphism, 2.2.1, 12; 8.2.1, 126
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endomorphism algebra, 2.2.8, 13;
5.6.5, 74

endomorphism space, 2.2.8, 13

Enflo counterexample, 8.3.12, 134

entourage, 4.1.5, 40

envelope, Ex. 1.11, 8

epigraph, 3.4.2, 26

epimorphism, 2.3.1, 15

e-net, 8.3.2, 132

e-perpendicular, 8.4.1, 134

e-Perpendicular Lemma, 8.4.1, 134

Equicontinuity Principle, 7.2.4, 103

equicontinuous set, 4.2.8, 44

equivalence, 1.2.2, 3

equivalence class, 1.2.3(4), 4

equivalent multinorms, 5.3.1, 62

equivalent seminorms, 5.3.3, 63

estimate for the diameter of a spherical
layer, 6.2.1, 84

Euler identity, 8.5.17, 141

evaluation mapping, 10.3.4 (3), 174

everywhere-defined operator, 2.2.1, 12

everywhere dense set, 4.7.3 (3), 52

exact sequence, 2.3.4, 15

exact sequence at a term, 2.3.4, 15

exclave, 8.2.9, 130

expanding mapping, Ex. 4.14, 55

extended function, 3.4.2, 26

extended real axis, 3.8.1, 35

extended reals, 3.8.1, 35

extension of an operator, 2.3.6, 16

exterior of a set, 4.1.13, 41

exterior point, 4.1.13, 41

Extreme and Discrete Lemma, 3.6.4, 32

extreme point, 3.6.1, 31

extreme set, 3.6.1, 31

face, 3.6.1, 31

factor set, 1.2.3 (4), 4

faithful representation, 8.2.2, 126
family, 1.1.3 (4), 2

filter, 1.3.3, 6

filterbase, 1.3.1, 6

finer cover, 9.6.1, 164

finer filter, 1.3.6, 7

finer multinorm, 5.3.1, 62

finer pretopology, 9.1.2, 146

finer seminorm, 5.3.3, 63

finest multinorm, 5.1.10 (2), 58

finite complement filter, 5.5.9 (3), 68

finite descent, Ex. 8.10, 144

finite-rank operator, 6.6.8, 97;
8.3.6, 132

finite-valued function, 5.5.9 (6), 72

first category set, 4.7.1, 52

first element, 1.2.6, 5

fixed point, Ex. 1.11, 8

flat, 3.1.2 (5), 20

formal duality, 2.3.15, 18

Fourier coefficient family, 6.3.15, 89

Fourier-Plancherel transform,
10.11.15, 209

Fourier-Schwartz transform,
10.11.19, 211

Fourier series, 6.3.16, 89

Fourier transform of a distribution,
10.11.19, 211

Fourier transform of a function,
10.11.3, 203

Fourier transform relative to a basis,
6.3.15, 89

Fréchet space, 5.5.2, 66

Fredholm Alternative, 8.5.6, 138

Fredholm index, 8.5.1, 137

Fredholm operator, 8.5.1, 137

Fredholm Theorem, 8.5.8, 139

frontier of a set, 4.1.13, 41

from A into/to B, 1.1.1, 1

Fubini Theorem for distributions,
10.10.5 (8), 197

Fubini Theorem for measures,
10.9.4 (6), 190

full subalgebra, 11.1.5, 213

fully norming set, 8.1.1, 120

Function Comparison Lemma, 3.8.3, 36
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function of class C(™), 10.9.9, 192
function of compact support, 9.6.4, 165
Function Recovery Lemma, 3.8.2, 35
functor, 10.9.4 (4), 190
fundamental net, 4.5.2, 47
fundamental sequence, 4.5.2, 47
fundamentally summable family

of vectors, 5.5.9 (7), 73

gauge, 3.8.6, 37
gauge function, 3.8.6, 37
Gauge Theorem, 3.8.7, 37
I'-correspondence, 3.1.6, 21
I-hull, 3.1.11, 21
I-set, 3.1.1, 20
Gelfand-Dunford Theorem in
an operator setting, 8.2.3, 127
Gelfand—Dunford Theorem
in an algebraic setting, 11.3.2, 216
Gelfand formula, 5.6.8, 74
Gelfand—Mazur Theorem, 11.2.3, 215
Gelfand-Naimark—Segal construction,
11.9.11, 232
Gelfand Theorem, 7.2.2, 103
Gelfand transform of an algebra,
11.6.8, 222
Gelfand transform of an element,
11.6.8, 221
Gelfand Transform Theorem,
11.6.9, 222
general form of a compact operator
in Hilbert space, 6.6.9, 97
general form of a linear functional
in Hilbert space, 6.4.2, 90
general form of a weakly continuous
functional, 10.3.10, 175
general position, Ex. 3.10, 39
generalized derivative in the Sobolev
sense, 10.10.5 (4), 196
Generalized Dini Theorem, 10.8.6, 183
generalized function, 10.10.4, 195
Generalized Riesz—Schauder Theorem,
8.4.10, 137

generalized sequence, 1.2.16, 6

Generalized Weierstrass Theorem,
10.9.9, 192

germ, 8.1.14, 124

GNS-construction, 11.9.11, 232

GNS-Construction Theorem,
11.9.10, 231

gradient mapping, 6.4.2, 90

Gram-Schmidt orthogonalization
process, 6.3.14, 89

graph norm, 7.4.17, 111

Graph Norm Principle, 7.4.17, 111

greatest element, 1.2.6, 5

greatest lower bound, 1.2.9, 5

Grothendieck Criterion, 8.3.11, 133

Grothendieck Theorem, 8.3.9, 133

ground field, 2.1.3, 10

ground ring, 2.1.1, 10

group algebra, 10.9.4 (7), 191

group character, 10.11.1, 202

Haar integral, 10.9.4 (1), 189
Hahn-Banach Theorem, 3.5.3, 29
Hahn-Banach Theorem in analytical
form, 3.5.4, 30
Hahn-Banach Theorem in geometric
form, 3.8.12, 38
Hahn-Banach Theorem
in subdifferential form, 3.5.4, 30
Hamel basis, 2.2.9 (5), 14
Hausdorff Completion Theorem,
4.5.12, 48
Hausdorff Criterion, 4.6.7, 50
Hausdorff metric, Ex. 4.8, 55
Hausdorff multinorm, 5.1.8, 57
Hausdorff multinormed space, 5.1.8, 57
Hausdorff space, 9.3.5, 152
Hausdorff Theorem, 7.6.12, 117
Hausdorff topology, 9.3.5, 152
H-closed space, Ex. 9.10, 168
Heaviside function, 10.10.5 (4), 196
Hellinger-Toeplitz Theorem, 6.5.3, 93
hermitian element, 11.7.1, 224
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hermitian form, 6.1.1, 80
hermitian operator, 6.5.1, 93
hermitian state, 11.9.8, 230
Hilbert basis, 6.3.8, 88
Hilbert cube, 9.2.17 (2), 151
Hilbert dimension, 6.3.13, 89
Hilbert identity, 5.6.19, 78
Hilbert isomorphy, 6.3.17, 90
Hilbert-Schmidt norm, Ex. 8.9, 144
Hilbert—Schmidt operator,

Ex. 8.9, 144
Hilbert-Schmidt Theorem, 6.6.7, 96
Hilbert space, 6.1.7, 81
Hilbert-space isomorphism, 6.3.17, 90
Hilbert sum, 6.1.10 (5), 84
Hoélder inequality, 5.5.9 (4), 69
holey disk, 4.8.5, 54
holomorphic function, 8.1.4, 122
Holomorphy Theorem, 8.1.5, 122
homeomorphism, 9.2.4, 149
homomorphism, 7.4.1, 107
Hormander transform, Ex. 3.19, 39
hyperplane, 3.8.9, 38
hypersubspace, 3.8.9, 38

ideal, 11.4.1, 217

Ideal and Character Theorem,
11.6.6, 221

ideal correspondence, 7.3.3, 106

Ideal Correspondence Lemma,
7.3.4, 106

Ideal Correspondence Principle,
7.3.5, 106

Ideal Hahn-Banach Theorem,
7.5.9, 113

ideally convex function, 7.5.4, 112

ideally convex set, 7.1.3, 101

idempotent operator, 2.2.9 (4), 14

identical embedding, 1.1.3 (3), 2

identity, 10.9.4, 188

identity element, 11.1.1, 213

identity mapping, 1.1.3 (3), 2

identity relation, 1.1.3 (3), 1

image, 1.1.2, 1
image of a filterbase, 1.3.5(1), 7
image of a set, 1.1.3 (5), 2
image of a topology, 9.2.12, 150
image topology, 9.2.12, 150
Image Topology Theorem,
9.2.11, 150
imaginary part of a function,
5.5.9 (4), 69
increasing mapping, 1.2.3 (5), 4
independent measure, 10.9.4 (3), 190
index, 8.5.1, 137
indicator function, 3.4.8 (2), 27
indiscrete topology, 9.1.8 (3), 147
induced relation, 1.2.3 (1), 4
induced topology, 9.2.17 (1), 151
inductive limit topology, 10.9.6, 191
inductive set, 1.2.19, 6
infimum, 1.2.9, 5
infinite-rank operator, 6.6.8, 97
infinite set, 5.5.9 (3), 68
inner product, 6.1.4, 80
integrable function, 5.5.9 (4), 69
integral, 5.5.9 (4), 68
integral with respect to a measure,
10.9.3, 188
interior of a set, 4.1.13, 41
interior point, 4.1.13, 41
intersection of topologies, 9.1.14, 148
interval, 3.2.15, 24
Interval Addition Lemma, 3.2.15, 24
invariant subspace, 2.2.9 (4), 14
inverse-closed subalgebra, 11.1.5, 213
inverse image of a multinorm,
5.1.10 (3), 58
inverse image of a preorder, 1.2.3 (3), 4
inverse image of a seminorm, 5.1.4, 57
inverse image of a set, 1.1.3 (5), 2
inverse image of a topology, 9.2.9, 150
inverse image of a uniformity,
9.5.5(3), 160
inverse image topology, 9.2.9, 150
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Inverse Image Topology Theorem,
9.2.8, 149

inverse of a correspondence, 1.1.3 (1), 1

inverse of an element in an algebra,
11.1.5, 213

Inversion Theorem, 10.11.12, 208

invertible element, 11.1.5, 213

invertible operator, 5.6.10, 75

involution, 6.4.13, 92

involutive algebra, 6.4.13, 92

irreducible representation, 8.2.2, 127

irreflexive space, 5.1.10 (8), 59

isolated part of a spectrum, 8.2.9, 130

isolated point, 8.4.7, 136

isometric embedding, 4.5.11, 48

isometric isomorphism of algebras,
11.1.8, 215

isometric mapping, 4.5.11, 48

isometric representation, 11.1.8, 214

isometric *-isomorphism, 11.8.3, 226

isometric *-representation, 11.8.3, 226

isometry into, 4.5.11, 48

isometry onto, 4.5.11, 48

isomorphism, 2.2.5, 13

isotone mapping, 1.2.3, 4

James Theorem, 10.7.5, 181
Jensen inequality, 3.4.5, 27

join, 1.2.12, 5

Jordan arc, 4.8.2, 54

Jordan Curve Theorem, 4.8.3, 54
juxtaposition, 2.2.8, 13

Kakutani Criterion, 10.7.1, 180

Kakutani Lemma, 10.8.7, 183

Kakutani Theorem, 7.4.11 (3), 109

Kantorovich space, 3.2.8, 23

Kantorovich Theorem, 3.3.4, 25

Kaplanski-Fukamija Lemma,
11.9.7, 230

Kato Criterion, 7.4.19, 111

kernel of an operator, 2.3.1, 15

ket-mapping, 10.3.1, 173

ket-topology, 10.3.5, 174
Kolmogorov Normability Criterion,
5.4.5, 66
Krein-Milman Theorem, 10.6.5, 179
Krein—-Milman Theorem
in subdifferential form, 3.6.5, 33
Krein-Rutman Theorem, 3.3.5, 26
Krull Theorem, 11.4.8, 219
Kuratowski-Zorn Lemma, 1.2.20, 6
K-space, 3.2.8, 23
K-ultrametric, 9.5.13, 162

last element, 1.2.6, 5

lattice, 1.2.12, 5

lear trap map, 3.7.4, 34

least element, 1.2.6, 5

Lebesque measure, 10.9.4 (1), 189

Lebesque set, 3.8.1, 35

Lefschetz Lemma, 9.6.3, 165

left approximate inverse, 8.5.9, 139

left Haar measure, 10.9.4 (1), 189

left inverse of an element in an algebra,
11.1.3, 213

lemma on continuity of a convex
function, 7.5.1, 112

lemma on the numeric range
of a hermitian element, 11.9.3, 229

level set, 3.8.1, 35

Levy Projection Theorem, 6.2.2, 84

limit of a filterbase, 4.1.16, 42

Lindenstrauss space, 5.5.9 (5), 71

Lindenstrauss—Tzafriri Theorem,
7.4.11(3), 110

linear change of a variable under the
subdifferential sign, 3.5.4, 30

linear combination, 2.3.12, 17

linear correspondence, 2.2.1, 12;
3.1.7, 21

linear functional, 2.2.4, 13

linear operator, 2.2.1, 12

linear representation, 8.2.2, 126

linear set, 2.1.4 (3), 11

linear space, 2.1.4 (3), 11
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linear span, 3.1.14, 22

linear topological space, 10.1.3, 169

linear topology, 10.1.3, 169

linearly independent set, 2.2.9 (5), 14

linearly-ordered set, 1.2.19, 6

Lions Theorem of Supports,
10.10.5(9), 197

Liouville Theorem, 8.1.10, 123

local data, 10.9.11, 193

locally compact group, 10.9.4 (1), 188

locally compact space, 9.4.20, 159

locally compact topology, 9.4.20, 159

locally convex space, 10.2.9, 172

locally convex topology, 10.2.1, 171

locally finite cover, 9.6.2, 164

locally integrable function, 9.6.17, 167

locally Lipschitz function, 7.5.6, 112

loop, 4.8.2, 54

lower bound, 1.2.4, 5

lower limit, 4.3.5, 45

lower right Dini derivative, 4.7.7, 53

lower semicontinuous, 4.3.3, 44

L2-Fourier transform, 10.11.15, 209

Mackey—Arens Theorem, 10.4.5, 176

Mackey Theorem, 10.4.6, 176

Mackey topology, 10.4.4, 176

mapping, 1.1.3 (3), 1

massive subspace, 3.3.2, 25

matrix form, 2.2.9 (4), 14

maximal element, 1.2.10, 5

maximal ideal, 11.4.5, 218

maximal ideal space, 11.6.7, 221

Maximal Ideal Theorem, 11.5.3, 220

Mazur Theorem, 10.4.9, 177

meager set, 4.7.1, 52

measure, 10.9.3, 188

Measure Localization Principle,
10.9.10, 192

measure space, 5.5.9 (4), 69

meet, 1.2.12, 5

member of a set, 1.1.3 (4), 2

metric, 4.1.1, 40

metric space, 4.1.1, 40

metric topology, 4.1.9, 41

metric uniformity, 4.1.5, 40

Metrizability Criterion, 5.4.2, 64

metrizable multinormed space,
5.4.1, 64

minimal element, 1.2.10, 5

Minimal Ideal Theorem, 11.5.1, 219

Minkowski—-Ascoli-Mazur Theorem,
3.8.12, 38

Minkowski functional, 3.8.6, 37

Minkowski inequality, 5.5.9 (4), 69

minorizing set, 3.3.2, 25

mirror, 10.2.7, 172

module, 2.1.1, 10

modulus of a scalar, 5.1.10 (4), 58

modulus of a vector, 3.2.12, 24

mollifier, 9.6.14, 166

mollifying kernel, 9.6.14, 166

monomorphism, 2.3.1, 15

monoquotient, 2.3.11, 17

Montel space, 10.10.9 (2), 199

Moore subnet, 1.3.5(2), 7

morphism, 8.2.2, 126; 11.1.2, 213

morphism representing an algebra,
8.2.2, 126

Motzkin formula, 3.1.13 (5), 22

multimetric, 9.5.9, 161

multimetric space, 9.5.9, 161

multimetric uniformity, 9.5.9, 161

multimetrizable topological space,
9.5.10, 161

multimetrizable uniform space,
9.5.10, 161

multinorm, 5.1.6, 57

Multinorm Comparison Theorem,
5.3.2, 62

multinorm summable family of vectors,
5.5.9(7), 73

multinormed space, 5.1.6, 57

multiplication formula, 10.11.5, 205
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multiplication of a germ by a complex
number, 8.1.16, 125
multiplicative linear operator,
8.2.2, 126

natural order, 3.2.6 (1), 23

negative part, 3.2.12, 24

neighborhood about a point,
9.1.1(2), 146

neighborhood about a point in a metric
space, 4.1.9, 41

neighborhood filter, 4.1.10, 41

neighborhood filter of a set, 9.3.7, 152

neighborhood of a set, 8.1.13 (2),
124; 9.3.7, 152

Nested Ball Theorem, 4.5.7, 47

nested sequence, 4.5.7, 47

net, 1.2.16, 6

net having a subnet, 1.3.5(2), 7

net lacking a subnet, 1.3.5(2), 7

Neumann series, 5.6.9, 75

Neumann Series Expansion Theorem,
5.6.9, 75

neutral element, 2.1.4 (3), 11;
10.9.4, 188

Nikol skii Criterion, 8.5.22, 143

Noether Criterion, 8.5.14, 140

nonarchimedean element,
5.5.9 (5), 70

nonconvex cone, 3.1.2 (4), 20

Nonempty Subdifferential Theorem,
3.5.8, 31

non-everywhere-defined operator,
2.2.1, 12

nonmeager set, 4.7.1, 52

nonpointed cone, 3.1.2(4), 20

nonreflexive space, 5.1.10 (8), 59

norm, 5.1.9, 57

norm convergence, 5.5.9 (7), 73

normable multinormed space, 5.4.1, 64

normal element, 11.7.1, 224

normal operator, Ex. 8.17, 145

normal space, 9.3.11, 153

normalized element, 6.3.5, 88

normally solvable operator, 7.6.9, 116

normative inequality, 5.1.10 (7), 59

normed algebra, 5.6.3, 74

normed dual, 5.1.10 (8), 59

normed space, 5.1.9, 57

normed space of bounded elements,
5.5.9 (5), 70

norming set, 8.1.1, 120

norm-one element, 5.5.6, 68

nowhere dense set, 4.7.1, 52

nullity, 8.5.1, 137

numeric family, 1.1.3 (4), 2

numeric function, 9.6.4, 165

numeric range, 11.9.1, 229

numeric set, 1.1.3 (4), 2

one-point compactification, 9.4.22, 159

one-to-one correspondence, 1.1.3 (3), 2

open ball, 4.1.3, 40

open ball of RV, 9.6.16, 166

open correspondence, 7.3.12, 107

Open Correspondence Principle,
7.3.13, 107

open cylinder, 4.1.3, 40

open halfspace, Ex. 3.3, 39

Open Mapping Theorem, 7.4.6, 108

open segment, 3.6.1, 31

open set, 9.1.4, 146

open set in a metric space, 4.1.11, 41

openness at a point, 7.3.6, 107

operator, 2.2.1, 12

operator ideal, 8.3.3, 132

operator norm, 5.1.10 (7), 58

operator representation, 8.2.2, 126

order, 1.2.2, 3

order by inclusion, 1.3.1, 6

order compatible with vector structure,
3.2.1, 22

order ideal, 10.8.11, 183

order of a distribution, 10.10.5 (3), 195

ordered set, 1.2.2, 3

ordered vector space, 3.2.1, 22
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ordering, 1.2.2, 3

ordering cone, 3.2.4, 23

oriented envelope, 4.8.8, 54

orthocomplement, 6.2.5, 85

orthogonal complement, 6.2.5, 85

orthogonal family, 6.3.1, 87

orthogonal orthoprojections, 6.2.12, 86

orthogonal set, 6.3.1, 87

orthogonal vectors, 6.2.5, 85

orthonormal family, 6.3.6, 88

orthonormal set, 6.3.6, 88

orthonormalized family, 6.3.6, 88

orthoprojection, 6.2.7, 85

Orthoprojection Summation Theorem,
6.3.3, 87

Orthoprojection Theorem, 6.2.10, 85

Osgood Theorem, 4.7.5, 52

pair-dual space, 10.3.3, 174
pairing, 10.3.3, 174
pairwise orthogonality of finitely many
orthoprojections, 6.2.14, 86
paracompact space, 9.6.9, 166
Parallelogram Law, 6.1.8, 81
Parseval identity, 6.3.16, 89;
10.11.12, 208
part of an operator, 2.2.9 (4), 14
partial correspondence, 1.1.3 (6), 2
partial operator, 2.2.1, 12
partial order, 1.2.2, 3
partial sum, 5.5.9 (7), 73
partition of unity, 9.6.6, 165
partition of unity subordinate
to a cover, 9.6.7, 166
patch, 10.9.11, 193
perforated disk, 4.8.5, 54
periodic distribution, 10.11.17 (7), 211
Pettis Theorem, 10.7.4, 181
Phillips Theorem, 7.4.13, 110
Plancherel Theorem, 10.11.14, 209
point finite cover, 9.6.2, 164
point in a metric space, 4.1.1, 40
point in a space, 2.1.4 (3), 11

point in a vector space, 2.1.3, 10

pointwise convergence, 9.5.5 (6), 161

pointwise operation, 2.1.4 (4), 11

polar, 7.6.8, 116; 10.5.1, 177

Polar Lemma, 7.6.11, 116

polarization identity, 6.1.3, 80

Pontryagin—van Kampen Duality
Theorem, 10.11.2, 203

poset, 1.2.2, 3

positive cone, 3.2.5, 23

positive definite inner product,
6.1.4, 80

positive distribution, 10.10.5(2), 195

positive element of a C*-algebra,
11.9.4, 230

positive form on a C*-algebra,
Ex. 11.11, 235

positive hermitian form, 6.1.4, 80

positive matrix, Ex. 3.13, 39

positive operator, 3.2.6 (3), 23

positive part, 3.2.12, 24

positive semidefinite hermitian
form, 6.1.4, 80

positively homogeneous functional,
3.4.7(2), 27

powerset, 1.2.3 (4), 4

precompact set, Ex. 9.16, 168

pre-Hilbert space, 6.1.7, 81

preimage of a multinorm,
5.1.10 (3), 58

preimage of a seminorm, 5.1.4, 57

preimage of a set, 1.1.3 (5), 2

preintegral, 5.5.9 (4), 68

preneighborhood, 9.1.1(2), 146

preorder, 1.2.2, 3

preordered set, 1.2.2, 4

preordered vector space, 3.2.1, 22

presheaf, 10.9.4 (4), 190

pretopological space, 9.1.1(2), 146

pretopology, 9.1.1, 146

primary Banach space, Ex. 7.17, 119

prime mapping, 6.4.1, 90



Subject Index

271

Prime Theorem, 10.2.13, 173
Principal Theorem of the Holomorphic
Functional Calculus, 8.2.4, 128
product, 4.3.2, 44
product of a distribution and
a function, 10.10.5(7), 196
product of germs, 8.1.16, 125
product of sets, 1.1.1, 1; 2.1.4 (4), 11
product of topologies, 9.2.17 (2), 151
product of vector spaces, 2.1.4 (4), 11
product topology, 4.3.2, 44;
9.2.17(2), 151
projection onto X; along X,
2.29(4), 14
projection to a set, 6.2.3, 84
proper ideal, 11.4.5, 218
pseudometric, 9.5.7, 161
p-sum, 5.5.9 (6), 71
p-summable family, 5.5.9 (4), 70
punctured compactum, 9.4.21, 159
pure subalgebra, 11.1.5, 213
Pythagoras Lemma, 6.2.8, 85
Pythagoras Theorem, 6.3.2, 87

quasinilpotent, Ex. 8.18, 145

quotient mapping, 1.2.3 (4), 4

quotient multinorm, 5.3.11, 64

quotient of a mapping, 1.2.3(4), 4

quotient of a seminormed space,
5.1.10(5), 58

quotient seminorm, 5.1.10 (5), 58

quotient set, 1.2.3 (4), 4

quotient space of a multinormed
space, 5.3.11, 64

quotient vector space, 2.1.4 (6), 12

radical, 11.6.11, 223

Radon F-measure, 10.9.3, 188

Radon-Nikodym Theorem, 10.9.4 (3),
190

range of a correspondence, 1.1.2, 1

rank, 8.5.7 (2), 139

rare set, 4.7.1, 52

Rayleigh Theorem, 6.5.2, 93
real axis, 2.1.2, 10
real carrier, 3.7.1, 33
real C-measure, 10.9.4 (3), 189
real distribution, 10.10.5 (5), 196
real hyperplane, 3.8.9, 38
real measure, 10.9.4, 189
real part map, 3.7.2, 33
real part of a function, 5.5.9 (4), 69
real part of a number, 2.1.2, 10
real subspace, 3.1.2 (3), 20
real vector space, 2.1.3, 10
realification, 3.7.1, 33
realification of a pre-Hilbert space,
6.1.10(2), 83
realifier, 3.7.2, 33
reducible representation, 8.2.2, 127
refinement, 9.6.1, 164
reflection of a function, 10.10.5, 197
reflexive relation, 1.2.1, 3
reflexive space, 5.1.10 (8), 59
regular distribution, 10.10.5 (1), 195
regular operator, 3.2.6 (3), 23
regular space, 9.3.9, 153
regular value of an operator, 5.6.13, 76
relation, 1.1.3(2), 1
relative topology, 9.2.17 (1), 151
relatively compact set, 4.4.4, 46
removable singularity, 8.2.5 (2), 128
representation, 8.2.2, 126
representation space, 8.2.2, 126
reproducing cone, Ex. 7.12, 119
residual set, 4.7.4, 52
resolvent of an element of an algebra,
11.2.1, 215
resolvent of an operator, 5.6.13, 76
resolvent set of an operator, 5.6.13, 76
resolvent value of an element
of an algebra, 11.2.1, 215
resolvent value of an operator,
5.6.13, 76
restriction, 1.1.3 (5), 2
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restriction of a distribution,
10.10.5 (6), 196
restriction of a measure,
10.9.4 (4), 190
restriction operator, 10.9.4 (4), 190
reversal, 1.2.5, 5
reverse order, 1.2.3 (2), 4
reverse polar, 7.6.8, 116; 10.5.1, 177
reversed multiplication, 11.1.6, 214
Riemann function, 4.7.7, 53
Riemann-Lebesque Lemma,
10.11.5(3), 204
Riemann Theorem on Series,
5.5.9(7), 73
Riesz Criterion, 8.4.2, 134
Riesz Decomposition Property,
3.2.16, 24
Riesz—Dunford integral, 8.2.1, 126
Riesz—Dunford Integral Decomposition
Theorem, 8.2.13, 131
Riesz—Dunford integral in an algebraic
setting, 11.3.1, 216
Riesz-Fisher Completeness Theorem,
5.5.9 (4), 70
Riesz—Fisher Isomorphism Theorem,
6.3.16, 89
Riesz idempotent, 8.2.11, 130
Riesz—Kantorovich Theorem, 3.2.17, 24
Riesz operator, Ex. 8.15, 145
Riesz Prime Theorem, 6.4.1, 90
Riesz projection, 8.2.11, 130
Riesz—Schauder operator,
Ex. 8.11, 144
Riesz-Schauder Theorem, 8.4.8, 136
Riesz space, 3.2.7, 23
Riesz Theorem, 5.3.5, 63
right approximate inverse, 8.5.9, 139
right Haar measure, 10.9.4 (1), 189
right inverse of an element
in an algebra, 11.1.3, 213
R-measure, 10.9.4 (3), 189
rough draft, 4.8.8, 54

row-by-column rule, 2.2.9 (4), 14

salient cone, 3.2.4, 23
Sard Theorem, 7.4.12, 110
scalar, 2.1.3, 10
scalar field, 2.1.3, 10
scalar multiplication, 2.1.3, 10
scalar product, 6.1.4, 80
scalar-valued function, 9.6.4, 165
Schauder Theorem, 8.4.6, 135
Schwartz space of distributions,
10.11.16, 209
Schwartz space of functions,
10.11.6, 206
Schwartz Theorem, 10.10.10, 199
second dual, 5.1.10 (8), 59
selfadjoint operator, 6.5.1, 93
semi-extended real axis, 3.4.1, 26
semi-Fredholm operator,
Ex. 8.13, 145
semi-inner product, 6.1.4, 80
semimetric, 9.5.7, 161
semimetric space, 9.5.7, 161
seminorm, 3.7.6, 34
seminorm associated with a positive
element, 5.5.9 (5), 70
seminormable space, 5.4.6, 66
seminormed space, 5.1.5, 57
semisimple algebra, 11.6.11, 223
separable space, 6.3.14, 89
separated multinorm, 5.1.8, 57
separated multinormed space, 5.1.8, 57
separated topological space, 9.3.2, 151
separated topology, 9.3.2, 151
separating hyperplane, 3.8.13, 39
Separation Theorem, 3.8.11, 38
Sequence Prime Principle, 7.6.13, 117
sequence space, 3.3.1(2), 25
Sequence Star Principle, 6.4.12, 92
series sum, 5.5.9 (7), 73
sesquilinear form, 6.1.2, 80
set absorbing another set, 3.4.9, 28
set in a space, 2.1.4(3), 11
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set lacking a distribution,
10.10.5 (6), 196

set lacking a functional, 10.8.13, 184

set lacking a measure, 10.9.4 (5), 190

set of arrival, 1.1.1, 1

set of departure, 1.1.1, 1

set of second category, 4.7.1, 52

set supporting a measure,
10.9.4 (5), 190

set that separates the points of another

set, 10.8.9, 183
void of a distribution,
10.10.5 (6), 196

set void of a functional, 10.8.13, 184

set void of a measure, 10.9.4 (5), 190

setting in duality, 10.3.3, 174

setting primes, 7.6.5, 115

sheaf, 10.9.11, 193

shift, 10.9.4 (1), 189

Shilov boundary, Ex. 11.8, 234

Shilov Theorem, 11.2.4, 215

short sequence, 2.3.5, 16

o-compact, 10.9.8, 192

signed measure, 10.9.4 (3), 190

simple convergence, 9.5.5 (6), 161

simple function, 5.5.9 (6), 72

simple Jordan loop, 4.8.2, 54

single-valued correspondence,
1.1.3(3), 1

Singularity Condensation Principle,
7.2.12, 105

Singularity Fixation Principle,
7.2.11, 105

skew field, 11.2.3, 215

slowly increasing distribution,
10.11.16, 209

smooth function, 9.6.13, 166

smoothing process, 9.6.18, 167

Snowflake Lemma, 2.3.16, 18

space countable at infinity, 10.9.8, 192

-+

se

space of bounded elements,

5.5.9 (5), 70

space of bounded functions,
5.5.9 (2), 68

space of bounded operators,
5.1.10(7), 59

space of compactly-supported
distributions, 10.10.5 (9), 197

space of convergent sequences,
5.5.9(3), 68

space of distributions of order at most
m, 10.10.8, 199

space of essentially bounded functions,
5.5.9 (5), 70

space of finite-order distributions,
10.10.8, 199

space of functions vanishing at infinity,
5.5.9 (3), 68

space of X-valued p-summable
functions, 5.5.9 (6), 72

space of p-summable functions,
5.5.9 (4), 69

space of p-summable sequences,
5.5.9 (4), 70

space of tempered distributions,
10.11.16, 209

space of vanishing sequences,
5.5.9(3), 68

Spectral Decomposition Lemma,
6.6.6, 96

Spectral Decomposition Theorem,
8.2.12, 130

Spectral Endpoint Theorem, 6.5.5, 94

Spectral Mapping Theorem, 8.2.5, 128

Spectral Purity Theorem,
11.7.11, 226

spectral radius of an operator, 5.6.6, 74

Spectral Theorem, 11.8.6, 227

spectral value of an element
of an algebra, 11.2.1, 215

spectral value of an operator, 5.6.13, 76

spectrum, 10.2.7, 172

spectrum of an element of an algebra,
11.2.1, 215
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spectrum of an operator, 5.6.13, 76

spherical layer, 6.2.1, 84

*-algebra, 6.4.13, 92

x-isomorphism, 11.8.3, 226

*-linear functional, 2.2.4, 13

*-representation, 11.8.3, 226

star-shaped set, 3.1.2(7), 20

state, 11.9.1, 229

Steklov condition, 6.3.10, 88

Steklov Theorem, 6.3.11, 88

step function, 5.5.9 (6), 72

Stone Theorem, 10.8.10, 183

Stone-Weierstrass Theorem for
c(Q, C), 11.8.2, 226

Stone-Weierstrass Theorem for
C(Q, R), 10.8.17, 186

Strict Separation Theorem, 10.4.8, 177

strict subnet, 1.3.5(2), 7

strictly positive real, 4.1.3, 40

strong order-unit, 5.5.9 (5), 70

strong uniformity, 9.5.5 (6), 161

stronger multinorm, 5.3.1, 62

stronger pretopology, 9.1.2, 146

stronger seminorm, 5.3.3, 63

strongly holomorphic function,
8.1.5, 122

structure of a subdifferential,
10.6.3, 179

subadditive functional, 3.4.7 (4), 27

subcover, 9.6.1, 164

subdifferential, 3.5.1, 29

sublattice, 10.8.2, 181

sublinear functional, 3.4.6, 27

submultiplicative norm, 5.6.1, 73

subnet, 1.3.5(2), 7

subnet in a broad sense, 1.3.5(2), 7

subrepresentation, 8.2.2, 126

subspace of a metric space, 4.5.14, 49

subspace of a topological space,
9.2.17 (1), 151

subspace of an ordered vector space,

3.2.6 (2), 23

subspace topology, 9.2.17 (1), 151

Sukhomlinov-Bohnenblust—Sobczyk
Theorem, 3.7.12, 35

sum of a family in the sense of L,,
5.5.9 (6), 71

sum of germs, 8.1.16, 125

summable family of vectors,
5.5.9(7), 73

summable function, 5.5.9 (4), 69

superset, 1.3.3, 6

sup-norm, 10.8.1, 181

support function, 10.6.4, 179

support of a distribution,
10.10.5 (6), 196

support of a functional, 10.8.12, 184

support of a measure, 10.9.4 (5), 190

supporting function, 10.6.4, 179

supremum, 1.2.9, 5

symmetric Hahn-Banach formula,
Ex. 3.10, 39

symmetric relation, 1.2.1, 3

symmetric set, 3.1.2 (7), 20

system with integration, 5.5.9 (4), 68

Szankowski Counterexample,
8.3.13, 134

tail filter, 1.3.5(2), 7

7-dual of a locally convex space,
10.2.11, 173

Taylor Series Expansion Theorem,
8.1.9, 123

tempered distribution, 10.11.16, 209

tempered function, 5.1.10 (6), 58;
10.11.6, 206

tempered Radon measure, 10.11.17 (3),
210

test function, 10.10.1, 194

test function space, 10.10.1, 194

theorem on Hilbert isomorphy,
6.3.17, 90

theorem on the equation AZ = B,
2.3.13, 17



Subject Index

275

theorem on the equation ZA = B,
2.3.8, 16

theorem on the general form
of a distribution, 10.10.14, 201

theorem on the inverse image
of a vector topology, 10.1.6, 171

theorem on the repeated Fourier
transform, 10.11.13, 209

theorem on the structure of a locally
convex topology, 10.2.2, 171

theorem on the structure of a vector
topology, 10.1.4, 170

theorem on topologizing by a family
of mappings, 9.2.16, 151

there is a unique z, 2.3.9, 17

Tietze-Urysohn Theorem,
10.8.20, 186

topological isomorphism, 9.2.4, 149

topological mapping, 9.2.4, 149

Topological Separation Theorem,
7.5.12, 114

topological space, 9.1.7, 147

topological structure of a convex
set, 7.1.1, 100

topological subdifferential, 7.5.8, 113

topological vector space, 10.1.1, 169

topologically complemented subspace,
7.4.9, 108

topology, 9.1.7, 147

topology compatible with duality,
10.4.1, 175

topology compatible with vector
structure, 10.1.1, 169

topology given by open sets,
9.1.12, 148

topology of a multinormed space,
5.2.8, 61

topology of a uniform space, 9.5.3, 160

topology of the distribution space,
10.10.6, 198

topology of the test function space,
10.10.6, 198

total operator, 2.2.1, 12

total set of functionals, 7.4.11 (2), 109

totally bounded, 4.6.3, 49

transitive relation, 1.2.1, 3

translation, 10.9.4 (1), 189

translation of a distribution,
10.11.17(7), 211

transpose of an operator, 7.6.2, 114

trivial topology, 9.1.8 (3), 147

truncator, 9.6.19 (1), 167

truncator direction, 10.10.2 (5), 194

truncator set, 10.10.2, 194

twin of a Hilbert space, 6.1.10 (3), 83

twin of a vector space, 2.1.4 (2), 10

Two Norm Principle, 7.4.16, 111

two-sided ideal, 8.3.3, 132; 11.6.2, 220

Tychonoff cube, 9.2.17 (2), 151

Tychonoff product, 9.2.17 (2), 151

Tychonoff space, 9.3.15, 155

Tychonoff Theorem, 9.4.8, 157

Tychonoff topology, 9.2.17 (2), 151

Tychonoff uniformity, 9.5.5 (4), 160

T, -space, 9.3.2, 151

T;-topology, 9.3.2, 151

T,-space, 9.3.5, 152

Ta-space, 9.3.9, 153

T31,,-space, 9.3.15, 155

T4-space, 9.3.11, 153

ultrafilter, 1.3.9, 7

ultrametric inequality, 9.5.14, 162

ultranet, 9.4.4, 156

unconditionally summable family
of vectors, 5.5.9 (7), 73

unconditionally summable sequence,
5.5.9(7), 73

underlying set, 2.1.3, 10

Uniform Boundedness Principle,
7.2.5, 103

uniform convergence, 7.2.10, 105;
9.5.5 (6), 161

uniform space, 9.5.1, 159

uniformity, 9.5.1, 159
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uniformity of a multinormed space,
5.2.4, 60

uniformity of a seminormed space,
5.2.2, 60

uniformity of a topological vector
space, 10.1.10, 171

uniformity of the empty set, 9.5.1, 159

uniformizable space, 9.5.4, 160

uniformly continuous mapping,
4.2.5, 44

unit, 10.9.4, 188

unit ball, 5.2.11, 61

unit circle, 8.1.3, 121

unit disk, 8.1.3, 121

unit element, 11.1.1, 213

unit sphere, Ex. 10.6, 212

unit vector, 6.3.5, 88

unital algebra, 11.1.1, 213

unitary element, 11.7.1, 224

unitary operator, 6.3.17, 90

unitization, 11.1.2, 213

unity, 11.1.1, 213

unity of a group, 10.9.4 (1), 188

unity of an algebra, 11.1.1, 213

unordered sum, 5.5.9 (7), 73

unorderly summable sequence,
5.5.9(7), 73

Unremovable Spectral Boundary
Theorem, 11.2.6, 216

upper bound, 1.2.4, 4

upper envelope, 3.4.8(3), 28

upper right Dini derivative, 4.7.7, 53

upward-filtered set, 1.2.15, 6

Urysohn Great Lemma, 9.3.13, 154

Urysohn Little Lemma, 9.3.10, 153

Urysohn Theorem, 9.3.14, 155

2-Ultrametric Lemma, 9.5.15, 162

vague topology, 10.9.5, 191

value of a germ at a point, 8.1.21, 126

van der Waerden function, 4.7.7, 53

vector, 2.1.3, 10

vector addition, 2.1.3, 10

vector field, 5.5.9 (6), 71

vector lattice, 3.2.7, 23

vector space, 2.1.3, 10

vector sublattice, 10.8.4 (4), 182

vector topology, 10.1.1, 169

Volterra operator, Ex. 5.12, 79

von Neumann—-Jordan Theorem,
6.1.9, 81

V-net, 4.6.2, 49

V-small, 4.5.3, 47

weak derivative, 10.10.5 (4), 196
weak multinorm, 5.1.10 (4), 58
weak topology, 10.3.5, 174
weak* topology, 10.3.11, 175
weak uniformity, 9.5.5 (6), 161
weaker pretopology, 9.1.2, 146
weakly holomorphic function, 8.1.5, 122
weakly operator holomorphic function,
8.1.5, 122
Weierstrass function, 4.7.7, 53
Weierstrass Theorem, 4.4.5, 46;
9.4.5, 157
Well-Posedness Principle, 7.4.6, 108
Wendel Theorem, 10.9.4 (7), 191
Weyl Criterion, 6.5.4, 93

X-valued function, 5.5.9 (6), 71
Young inequality, 5.5.9 (4), 69

zero of a vector space, 2.1.4 (3), 11
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