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The metric spaces:

An order pair (X, d) is called a metric space if X is a non-empty set and

d is a function
d:XxXX-R

Satisfies:
1) d(x,y)=0 ‘Vx,yEX
2) dx,y)=0 iff x=y vx,yeX
" 3) d(x,y) =d(y,x) Vx,y € X
4) d(x,y) <d(x,z) +d(z,y) Vx,y,z €EX

d is called the distance function, and the elements of X are called the
element of the space.

Examples(4.2):
1) (R, d); R the set of real numbers and d:R X R —» R

is defined by d(x,y) = |x — y| Vx,y €ER
L dCx,y)=|x-yl>0 vVx,yeR
2. dxy) =lx-yl=0iff x-y=0 iff x=y Vx,y€R

3. dxy)=lx—yl=l-0 - =(-D)(y-x)| = |y —x| =
d(y,x) Vx,y ER

4 dx,y)=|x—y|= x—z+z-y| < |x -2z + |z — y|
<d(x,z) +d(z,y) Vx,y,z €ER

“ (R, d) is a metric space.




) IfX= R™ such that

Rt ={x= (X1, X2,°*,Xp): X; €ER}.

Ifx=(x1:x2:”'rxn)ERn ’ J/:(}’:l:)’z»'".J’n) ERn-

pefined:  d:R™ X R™ > R by:

d6,y) =0 =712+ 0 = 9202 + - + (tn — )2 =
YIS Gi—y)2 = llx—yll vx,y € R™

1. \/E?—_—l(xi . yi)z >0

2.d(x,y) = I (i —¥)? =0 iff n L —y)?=0

iff i—y)*=0 iff xi=y; Vi=12,--,n iff x=y
3.d(x,y) = VEL (6 — )% = JEL, (i — x)? = d(3,%)

To prove (4) we need the following:
Lemma (4.3): The Cauchy - Schwarz inequality
For each real numbers a4, a,, -+, a,, by, by, -+, b,, we have:

layby + ayby + -+ + apby| <

Jai +ai+ - +af - Jybi +bZ+ -+ b2

Lemma (4.4):

For each real numbers a,, a,, -+, Gy, by, bo, -+, b, we have:

@@y + b)) + (ay + by)? + -+ + (ay + bp)?| <

Ja§+a§+---+a§i + be+l)§+'---+h,21
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roof

+b1)2 + (a +by)? + -+ (@, +b,)* = (ag +a3+ -+ a?) +

(2 2(a1by + azb, + -+ a,by,) + (bZ + b3 + -+ b3)

gy lemma (4.3)

'- 2
< (af+a§+---+a%)+2\/a]2+a§+...+a721 . \/;%"Fb%’}""l'bn

+(b? + b3 + -+ bf)

i \/@1 +b1)% + (a; + by)? + - + (a, + by)?

sJ@+@+m+ﬁ+Jﬁ+£+m+ﬁ

4.d(x,y) = \/E?=1(xi — ¥i)?

Let z = (24,25, ,2p)

= \/E?zl(xi —Zi+Zp—W)c = '\/Z?=1(xi ~z;)? + \/Z?_—_l(‘zi — ¥i)?
[By lemma (4.4)]

~dx,y) <d(x,z) +d(z,y).

3) Let X is a non-empty set define:

d:XxX >R
By:
0 if x=y
d(x,y) =11 :
(x.3) !5 if x;ty}

) dx,y)>0 wxyex
2 dy)=0 iff x=y vrxyex
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3) d(x,y) = d(y,x) V x,yex

1 1
-= - or =
3 3 0 0 &

4) d(x,y) =d(x,2) +d(z,y) Vx,y,z € X

4) If X =R? such that

R? = {x = (x1,x2): %4, x, € i)

. Defined d:R* X R? - R py:

d(x,y) = |x, =1l + |x; — y,]
x = (x4, %), Yy = (3’1:3’2)

1) d(x:Y):|x1_}’1|+lx2—J’zl20
2) dxy) =lx; =yl + ]2, —y,| = 0 iff
X1 =»11=0 and |x,-y,|=0 Ciff
X1=% and x,=y,
3) d(xy) = lx; — y1] + |xy — y,|
:Iyl—x1|+|y2—x2|=d(y,x)
4) dx,y) = lx; —y | + lx; = y,|

let z = (2, 2,)
=t =z + 2y — | + In, =2z + 25 — ¥,
Sl = 21| + |z — | + Ix, — Zz| + |2, — v,
<d(x,z) +d(z,y)
HW:If X = R?. Defined d:R?x R? - R by:
d(x,y) = |x, = y1| + |x2 — y2|
X = (x1,%3), - y=0wuY2)

Is (X, d) a metric space?



