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L Chapter (2)

The sequences of real numbers

<
=

Definition(2.1) :-

Let /: N — R be afunction, then f(n) = a,, Vn € Z,iscalled a
sequence of real numbers which will be denoted by {a,,) or {a, }.

(an) = Ay, Ay, .- Ny 7 S

s iRy T 21 1 1
Example:- () =1, -, -, -, .., ~, .
(_1_)_ 1 1 1 1
AR
(C1)")y=-1,1,-1,.. ,(-1)",..
(81 = 3.9 81, = 3%
(1)_ 1 1 1 1
2 - 2: 2: EJ"'] Er
( n ) = 1 2 3 n
n+1"" 2" 37 4’7" n+l’

Converging sequences:

Definition{2.2) :-

Let (a,) be a sequence of real numbers, we say that (a,,) is converging

sequence if there exists a real number a, satisfies forall €> 0,

(0 < € < 1) there exist a positive integer k — k(€) (depend on €) such

that |a, —ay,| <€ Vn>k.
i_.g if a, — dp, then limn—)ou a, = Qop-

Otherwise the sequence is divergence.
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Aoposition (2-3):-

Ifthe sequence (a,) is convergence sequence, then the limit point is
unique.

Proof: Suppose thata,, - ag and a, = bg and ag # by, then
0<d-= 'ao—bol.
¥ ap 7 4

. d
v €> 0, in particular take e= 5;- ,3 ky (E) such that

mn—mﬂ<§ vn > k.
ap = by
d
V $>0,3 k(%) suchthat la, —bol <2 vn >k,

0<d=lag—bgl =lag—a, +a, — byl
< lan — agl + la, — byl

<%+%=d€! (d <d) , Vn>k=max{kyk,}

Examples:-
1 . : 1
1) Is{ ~ ) converge to 0 i.e hmn_m; =0
1 1 1 1 1
(;{)'_1; 5'5';""’;""

Let €2 0, to find k(€) such that:
H—;—~O’<€ vn>k.
1 1. +
Prooft: '—l =-—,since nez .
n n
By Archimedean V €>0, 3ke Zt s.t % <€
—2les  Wnsk
n k

1 —{y_1_1
ln 0|_|n|_n<k<e vn>k.
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|i—0‘<€ Nk

2) Is (a,) = (3) convergeto3,lim, ,,3 =3
f[fN>R, f(m)=a,=3,, 3)=333,..
v €¢>0 3k=0, |3-3|=0<€e Vn>0.

3) Let (a,) be define by:
a, = {—2 n > 107
n n <107
(a,) = 1,2,3,4,5,...,107,-2,-2, ...
This sequence convergence to (—2).
v €0, 3k=107 , |a,—(-2)|<€ vVn>10".

4) Let{a,) = ((—1)™) be a divergence sequence.

H=1)"} ==1,L~=1; L=

Ifag = —1,thenforalle >0, (—1-€,—1+€) contain all odd terms

but doesn't contain any even term and since the even terms are infinite,

then a, » —1.

Ifa, = 1,thenforalle> 0, (1—€,1+€) contain all even terms but

doesn't contain any odd term and since the odd terms are infinite, then

a, » 1.

Ifa, +#1 or ap # —1

0=d;=lag~1| » 0<d,=la;— (—D]I.

If we choose € < min {d;, d,},then any openinterval (a,—€,

a,+€) doesn't contain any term of the sequence and hence a, + Qo -
~ {(=1)™) is a divergence sequence.

H.W: Which of the following sequence convergence or divergence.

1. (&).
3 <2in).
3. (3M).
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Aounaea sequences:

Montzm -

/
A sequence (ay) of real numbers is said o be 4 bounded sequence, if

there exists a real number M sych that la, | <M wvn

i_e""MSa-nSM.

Examples:-

| 1, .
1) a,= {;) is bounded sequence since ~1 <0<21<1.
n ;

2) a, = {3 )isbounded sequence since —3 <3 <3.

n> 107

—2
3) <an):{n n < 107

(ay) = 12,34 5, o, 107, — 2, -8, —3, ..

This sequence is bounded since —107 < a,, < 107.

4) (ap)= ((—1)") =-1,1,—-1,1, ... is bounded sequence since
—1<a,<1.

5) (2")=12,4,8, 16,...,2", ... is not bounded sequence since

0 < 2" < ?.(bounded below but not bounded above).

Proposition (2-5):-
Every convergence sequence is a bounded sequence.

Proof: Let (a,,) be a convergence sequence, that convergence to ag
l.e a, — qg
V €>0,3k=k(e)suchthat |a, —a,| <e<1 Vn>k.
lan| —lapl < lap —agl <1 Vvn>k
= layl —lagl <1 vn>k
colagl S lagl 1 vn>k.

lasllagl, oy lagl, — lagsal,  lagsal, .-
<lag| + 1.




———

y. ; W
Jﬂke M ={lailla,l,.. o lay|
I(Inl _M vn klz e, Ia0|+1}.

Examgle:'
(2" = 2,4,8, 16, ... 27,
theorem is divergence,

Remark(2.6):-

The converse of proposition (2.5)is not true in general, as the
following example shows.

- 1S not bounded sequence and by this

Example:-

% b s
( (—=1)™) is bounded sequence which is a divergence sequence.

Monotonic sequences:

Definition(2.7) :-

Let (a,,) be a sequence, we say that {(a,) is a non- decreasing
sequence, if a, <dn4+; Vn

{a,) is anincreasing sequence, if a, < dp41 V7N

(a,) is a non-increasing sequence, if @, = au+1 YN

And (a,,) is a decreasing sequence, if @ > dnyq VN

And we say that { a,) is a monotonic sequence, if { a,) satisfies one of

the above conditions.

Examples:-
1 1 1 1 : .

1) (=)=1,=,=,>,.., —, .. isdecreasing sequence.
n 2 37 4 n

) (—)=1:,2,32 |, = is an increasing sequence.
n+1 37477 ner T

3) (3)= 3,3, 3,...,3,...is a non- increasing sequence and a non-

decreasing sequence.
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IS N0t monotonic Ssequence.

‘<(,,,1)n) =-11,-1, 1, ...

mesjtion [2-&1:-

gvery bounded monotonic sequence is Convergence sequence
proof: Let (ay) be a sequence in R, ** (a,) is bounded sequence
~ AM,suchthat |a,|<M wvn
S =1{a, :n €N} bounded (above and below ).

(1) Suppose (ap) is a non- decreasing sequence,

Since S is bounded above, then by completeness of real number §
has a least upper bound say y.

P = Sup(S) = lub(S) a, <y vneN.
Claim: a, —y

€ e
y— 3 <y & y- > is not an upper bound.

3k € Z* suchthat q; > y~——§—
[~ €

y——5<ak5an<y+5

la,n—y|<§ vn>k .

(2) Suppose (a,) is a non- increasing sequence,
i,e 3 M ,suchthat |a,|<M Vn.

Since S is bounded below, where S = {a,, : n € N } € R, then by
completeness of real number § has greatest lower bound, say a,.

Ao =inf(S) = g.L.b(S)  a, > a, Vn€EN.




Méan" ap (Vv €>0,dke Z* suchthat la, —a,| <€

/S vn> k).
Lo = lnf(S) = g'l'b(S) an <_: 0'.0 VTL E N (1)

a,+ € s not alower bound ( since ay < ay+ €)

~ 3k € Z¥ suchthat ap < ag+€ ..(2).

Since (ay) is not increasing sequence, then a, < ay ... (3)
From (1), (2),(3) ap—€<aq, < a, < apt+E€

G— €< i, € a(,}e vn>k
:>|an—a§|<€ vn>k.

~ {ap) is converges.

Examples:-

1
1) (%)= 1,%,5,

13
}"'!n,

1
4

5:{% :nEN}.

This sequence is decreasing and bounded (below, above).
a, = g.1.b(5) ={0} .

2) Converges # monotonic.

< 107
LEt s = {—n1 s 102}'

— 1) 2; 3r 4'} 5r nm 102) "_“1: _1-' _1’ weet

It is converges but not monotonic sequence.




