Definition (4.21):

Let (X, d) be a metric space and (x,) be a sequence in X , we say
that (x,,) is a convergence sequence if there exists x, € X such that
Ve > 0,3 k = k(e) satisfise:

d(xn»x0)<6 Vn>k
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11 with center x
eany ba o and radius € contain most of the terms of
the Sequence

proposition (4.22):

If (x) 1S @ convergence Sequence In X that conv

erges to x,, then x,
is unique. ’

proof: SUPPOse there exists another [imit point y, for (x.,)
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0<d=d(xg,¥yp) take € = 14
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uch that Bl (xo) N Bl o) =0

“ Xn = %o and X, - y,, then each of balls B1,(xo) and B d(yo)

contain most of the ter
m of the sequence but 81 (xo) N B%d ()’o) =@

a contradiction.

o le - yO

. Definition (4.23):

Let (X, d) be a metric space and (x,) be a sequence in X , We say
that (x,,) is a Cauchy sequence if Ve > 0,3 k = k(€) such that:

d(x,,x,) < € Vnanm>k

Proposition (4.24):

Every convergence sequence in a metric space X is a Cauchy
Sequence.
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Leté> D+ ¥ % = %o, then 3k = k() Such that d(x,, x.)

d (X ¥m) < d(xy, x) + d(Xm, x,)
3 €
<E+E Vn>k,vms>g

<€ Vam>k

Remark (4.25):

The converse of proposition (4.24) in general is not true.
Proof:let X =R — {0} | d(x,y) = |x — y] Vx,y€ R —{0}
3 ()in R—{0) |
250 ¢R-{0) b
(%) Is not a convergence sequence

By proposition (4.24)isa Cauchy sequence but not convergesin R —

{0}.

Definition (4.26):

A metric space (X, d) is called a complete metric space if every
Cauchy sequence in X is a convergence sequence in X.

Theorem (4.27 ):

R¥ is called a completé metric space Vk > 1.
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Proof: k = 2 let {(xn, ) be a Cauchy sequence in R2.

ve>0 ,3 Kk =k1(-§~) such that

A

d((xn Yn), (tms Ym)) = Vv Oy — Xm)? + (U — ym)? < ';" yn,m >k,

2 7
=G =)+ G —ym)? <= Vam>ig

s (= %m)® <5 Vnmsk, - ()
And (Vn — Ym)? <f£ V nm>k, - (2)
|Xn — Zinl <§ V n,m >k, - (3)
And DY —Yml <> Vam>k, e (4)

= {xn) is a Cauchy sequence in R and (y,, ) is a Cauchy sequence in R.
R is complete -
S Xp 2 X9 ERandy, >y, €ER

€

3 k, = kz(-;) such that |x, — xg| < E V neme> k,
3 ky = k3(§—) such that |y, — YVl < % V new > k.
Claim: (Xn, ¥n) — (X0, Y0) € R%:

(d((xn: yn); (xo, yO)))ZHT—‘ (X5 — xo)z 4= (P = y0)2

= 6—2- vn > k = max{kq, ky}

H.W: In R3



