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SERIES WITH NONNEGATIVE TERMS
TWO COMPARISON TESTS AND THE INTEGRAL TEST

In this section and the next we consider series of the form Y., a, where each ay is
nonnegative Such series are often easier to handle then others One fact is easy to prove The
sequence {S,,} of partial sums is a monotone increasing sequence since S,.; = S, + an41
anda,,; = 0 forevery nThenif {S,} is bounded, itis convergent by Theorem 14 .2.2,
and we have the following theorem:

Theorem 1 An infinite series of nonnegative terms is convergent if and only if its sequence of
partial sums is bounded

EXAMPLE 1 Show that Y7, 1/k? is convergent .

Solution We group the terms as follows:

2 terms 4 terms 8terms
21—1+1+1+1+1+1+1+1+ +1+
Lik? 1202232 4526278 152

2 terms 4 terms 8terms

1 1.1 1 1 1 1 1
<l++5+—S+S5+S+—> o+t o+

22 022 42 742 0 42 42 0 g2 82
—1+2+4+8+ —1+1+1+1+
N 22 42 g2 N 2 4 8
=1
=) =2

Thus the sequence of partial sums is bounded by 2 and is therefore convergent

With Theorem 1 the convergence or divergence of nonnegative terms depends on whether or not
its partial sums are bounded. There are several tests that can be used to determine whether or not
the sequence of partial sums of a series is bounded We will deal with these one at a time

Theorem 2 Comparison Test Let).;-; a;, be aseries witha, > 0 forevery k

(i) If there exists a convergent series Y-, by and a number N such that a; < by, for every
k > N. then} -, a; converges

(i) If there exists a convergent series Y.z-, ¢, and a number N such that a;, > ¢, > 0 for
every k > N . then).;_, a, converges
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Proof. In either case the sum of the first N terms is finite, so we need only consider the series
since if this is convergent or divergent, then the addition of a finite number of terms does not
affect the convergence or divergence

(1) Xr=n+1bx Isanonnegative series (sinceb, > a, =0 for k > N )andis convergent
Thus the partial sums T, = Y p_y+1 b are bounded IfS, =Y} ni1ar. thenS, <T,.
and so the partial sums of ;7 ., a, bounded, implying that };°_ ., ax iS convergent

(i) Let U, = Yr-n+1Ck By Theorem 1 these partial sums are unbounded since
Yr=n+1 Ck diverges, Since in this case S,, = U, . the partial sums of ;- ., ax are also
unbounded , and the series Y.;_ 1 ax diverges

REMARK. One fact mentioned in the proof of (i) is important enough to state again: if for some
positive integerN . Y- 41 Qx  COnverges, then).;”_; a; also converges If Y37 .1 axdiverges,
then Y7, a; diverges That is the addition of a finite number of terms does not affect
convergence or divergence

EXAMPLE 2 Determine whether %, 1/v/k converges or diverges

. . 1
Solution Since N

comparison test Y5, 1/vk diverges

> %for k = 1. and since Z,‘f:l% diverges, we see that by the

EXAMPLE 3 Determine whether )., 1/k! converges or diverges

Solution. Ifk > 4.k! > 2k to see this note that 4! = 24 and 2* = 16 Then 5! =5
24 and 2° = 216 andsince 5 > 2.5! > 25 .and so on Then since Z,‘f:lzik converges, we see
that).;~, 1/k! converges in fact, as we will show in Section 14.9, it converges to e — 1That is,

_ 1 1 1
e—1+1+i+§+ﬂ+--- (D

Theorem 3 The Integral Test Let f be a function that is continuous, positive, and decreasing for
all x =1 Then the series

Y fU)=f (D +fQR)+fB)+ -+ f(n) + - (2)
Converges if [ f(x)dx converges, and diverges if [ f(x)dx » w0 asn - oo

Proof The idea behind this proof is fairly easy. Take a look at Figure 1. Com paring areas, we
immediately see that
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f@Q+fR++f(n) < f fdx <f W+fRD+-+f(n-1)
1

If lim flnf(x)dx finite, then the partial sums[ f (2) + f (3) + :--+ f(n)] bounded and the
n—>oo
series converges . On the other hand if lim flnf(x)dx = oo, then partial sums [f (1) +
n—-oo

f(2)+ -+ f(n—1)] are unbounded and the series diverges

EXAMPLE 4 Consider the series Y-, 1/k® with a > 0We have already seen that this series
diverges for a = 1(the harmonic series) and converges fora = 2 (Example 1). Now let

1
f(x) =a Then for a+1

jlnf(x)dx=jlnxiadx= e fln= ! (nl=% —1)

1—a 1—a
This last expression converges toﬁ if a>1 anddiverges ifa<1Fora=1

flnf(x)dxzflnidxz Inxflnzlnn.

Which diverges (This is another proof that the harmonic series diverges) Hence

o)

Z 1/ka {diverges ifa <1.

convergesif a>1
k=1

EXAMPLE 5 Determine whether}Yy,(In k)/k? converges or diverges

Solution. We easily see, using L' Hospital's rule, that

1
lim 2 = Jim —X = 21im X = 2im —= = 0
row g xow 1 ‘xme x| xoeax
2vx
So that fork sufficiently large , Ink < vk Thus
Ink _ VE o1
e T
k2SR 3
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ButZ,‘f:lisconverges by the result of Example 4 , and therefor by the comparison
k2

test Y5, (In k)/k? also converges

NOTE The intergyral test can also be used directly here since fln T—f dx . can be integrated
by parts withu = In x

EXAMPLE 6 Determine whether Y;°_; 1/[k In (k 4+ 5)] converges or diverges

Solution First, we note that 1/[k In (k +5)] > 1/[k In (k + 5)In (k + 5)] Also,

n dx n
o =Inin (x+5) [} = Inln (n+5) - Inln 6,

Which diverges, so that).;”_, 1/[k In (k + 5)] also diverges
We now give another test that is an extension of the comparison test
PROBLEMS

In problems 1-33, determine the convergence or divergence of the given series

o _1 ) o 1 . yo 1
1 Yimiian 2" Lk=105Gs) 3 Xk=45s0
. - 1 : i 1 ; ilnk
kzl\/kz + 2k kzl\/k3 +1 o] k3
7 i 1 8 i 4 9 ik —k
K2 + 1 Kk Ink ¢
k=2 k=2 k=0
10-Zk2e"‘ 11 - 2—3 12 - Z
— kzsk(lnk) £ k2\In'k
13 i 1 14 i ! 15 i !
. ' . .
k=—2(Bk —1)2+1 k=1“k2+3 S kvink
165: ! 17i(k)k 18 i(k)%
k=150+\/ﬁ k=2k+1 k=1k+1

oo 1 00 © 1
19'2— ZO'ZSin— 21'2
Likin Ink ok e (k +2)y/In(k + 1)

IS
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0o l oo oo
22 Z e 2. SNk 24 2 hk
k2 1+ k2 sec
k=1 k=1
25 i ! 26 i ke 27 i 1
k(Ink)(InIn k) 50k cosh?k
k=10 k=1 k=1
28 it 1k 29 i e 30 i vk
an 50k 3k2 + 2k + 20
k=1 k=1 k=1
312 (k + 1) - i 1 i3 kS + 2kt + 3k +7
k3+k?+3 ] (k+1Din(k+1) k—1k6 + 3k* + 2k? + 1

THE RATIO AND ROOT TESTS

In this section we discuss two more tests that can be used to determine whether an infinite series
converges or diverges. The first of these, the ratio test, is useful in a wide variety of applications

Theorem 1 The Ratio Test Let ).;°; a; be a series with a;, > 0 for every k, and suppose that

a
lim —2 =, (1)

n—oo an

(DIf L<1.).,a, converges

DIf L>1 2 a, diverges

k=1
1)

(ii)If L=1 Z a, may converge or diverge and the ratio test is inconclusive;
k=1

Some other test must be used

Proof

(i) Pick € > 0 suchthat L+ € < 1 By the definition of the limitin (1), there is a
number N >0 suchthat ifn > N we have

Sl 14 €

an
Then a,4q < ap(L+€). anir < apyq (L+HE) < a, (L+€)2

And an. < a, (L+E)* 2)
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Foreach k > 1 and each n = N In particular, for k = N we use (2) to obtain

ax = A-nyan < ay L+HE)N

Then Sp = Yhen Qe < Xhoy ay (L+E)*N = (L‘j—’EV)N n_y (LteE)*

Butsince L+€ < 1.X%., (L+€)* =1/[1— (L+€)] (since this last sum is the sum of a
geometric series )Thus

ay . 1
Sn = L+e)N  1-(L+€)

And so the partial sums of }.;°_ a, are bounded , implying that };”_; a; converges
Thus Y5, a, = X¥-1a + Xr-ya, also converges

(ii) If 1 <L < oo pick suchthat L—> 1 Then for n > N. the same proof as before (with
the inequalities reversed) shows that

ay = ay (L+e)<V

Andthat S, =Y% ya, > (Lj—’EV)N n_y (L—e)k

Butsince L— € > YR_y (L+€)* diverges, so that the partial sums are unbounded
and Y7y a, diverges The proof in the case L = oo is suggested in problem 33

(iii) To illustrate (iii), we show that L = 1 can occur for converging or diverging series

(a) The harmonic series Y.z, 1/k diverges But

1
a n
lim —*2 Jim AEL iy =1
n—oo a, n—oo l noon+1
n
b) The series Y%, 1/k? converges Here
k=1 g
1
a 1)2 n \2
lim —*% = lim (n+):( )=1
noo @, noo 1 n+1
n2

REMARK. The ratio test is very useful But inthose cases whereL = 1.we must try
another test, to determine whether the series converges or diverges
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EXAMPLE 1 We have used the comparison test to show that converges Using the ratio test, we
find that

1
a | n!
lim ntl - lim M = lim = lim =0<1
n-co  a, n-oeo 1 noo(n+ 1) noon+1
n!

So that the series converges

EXAMPLE 2 Determine whether the seriesY. s ,(100)* /k! converges or diverges

Solution Here

(100)n+1
lim e lim ntDr im 100 _
n-c @, T nse (100)" T aseon+1
n!

So that the series diverges

EXAMPLE 3 Determine whether the series Y5, k* /k! converges or diverges

Solution
)
lim an+1:nl—>r§o (n+1)! — i (n+1)n+1
n-ooo Qpn n™ nooo (n+1)nn

nr
n

R AN 1
=11m( > =11m<1+;> =e>1.

n—oo n n—oo

So that the series diverges
EXAMPLE 4 Determine whether the series Y.;-,(k + 1) /[k(k + 2)] converges or diverges

Solution Here

n+2
a
lim 24—y (RE D@3
n—oo an n—oo n+ 1
nn+2)

Thus the ratio test fails. However lim [(k + 1)/k(k + 2)/(1/k) = 1 so that Y;°-,((k +
n—->oo
1)/k(k +2))/(1/k)] diverges by the limit comparison test
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1
Theorem 2 The Root Test Let).;”; a, be aseries with a;, > 0 and suppose thatlim (a,)» =
n—>00
R

(DIf R<1.)Xy-,a, converges

(i)If R > 1.2 a, diverges
k=1

o

(DIf R= 1.2 a, the series either convergesor diverges .and no conclusions
k=1

Can be drawn from this test
EXAMPLE 5 Determine whether Y5, 1/(In k)* converges or diverges

Solution Note first that we start at k = 2 since 1/(In1)?! is not defined

1

l [ ! ]" — Jim —— =0
noses (Inn)*l nowInn
So that the series converges

Kk
34k+5

EXAMPLE 6 Determine whether the series Y.z ( ) converges or diverges

1
Solution lim(n™/3**5)n = lim(n/3**%) = 0. since lim 3**5 = 3* = 81

n—-oo n—oo n-oo

Thus the series diverges

EXAMPLE 7 Determine whether the series Z,‘f:l(% + %)" converges or diverges

1
1

Solution : lim [(% + Z)n]; = lim (1 + 1) =<1

n—oo n—ooo \2 n

So that series converges

PROBLEMS

In problems 1- 25, determine whether the given series converges or diverges
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1 " 2" N 3 o 0 1
Zﬁ Zk_ ZF ST
k=1 k=1 k=1
4 Y r >1 5 N k! 6 i k*
ZF r Z Kk 2k)!
k=1 k=1 k=1
= ek = ek - k%
W 8 ) 9 ) Tor
k=1 k=1 k=1
10 3t +k 11 i k 12 4
k! + 2 (In k)* 3
k=1 k=1 k=1
13 i (1 + 1)k 14 Y VEInk 15 3
k k3+1 kk
k=2 k=1 k=1
had qmk+b k 65k
16-2 o a>1.breal 17-ZW a>1.breal 18- Z(k+1)'
k=1 k=1
. ikzk! 20 = (2Kk)! . §:<k!>"
) ) 21 - i
(2k)! k2k! kk
k=1 k=1 k=1
- i K\ " )3 i ek ” = (In k)*
k! (In k)k k2
k=1 k=2 k=1
2 .
> Z<3k+2)
k=1
26. Show that}: converges for every real number x
k= 0

27. Show that if a,» — 1. then };;°-; a;, may converge or diverge [ Hint: Consider ), 1/k and

Y1/k?]
28. Prove that:—,i -0 ask > x

29.Let a;

but .7~ a; converges

= 3/k?ifevenand a; =

1/k? is odd Show that lim (a,, /a,) does not exist,
n—-oo
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30. Construct a series of positive terms for which lim (a,4; /a,) doesnot exist but for
n—->oo

which Y-, a; diverges

31. Prove thatif a, > 0 and lim (a,;; /a,) = . then},;”_; a, diverges [ Hint : Show that
n—->0oo

for N sufficiently large.a, = 2*"a, ]

10



