Lecture no.14 by Hussein J. AbdulHussein
Advanced Calculus I Al Muthanna University, College of Science

THE TRIPLE INTEGRAL

In this section we discuss the idea behind the triple integral of a function of three
variables f (x,y,z) over a region S in R3. This is really asimple extension of the double
integral . For that reason we will omit a number of technical details,We start with a
parallelepiped ™ which R3, can be written as

n={(xy,z):a; <x<a,,b; <y<b,c <z<c,} (D
We construct regular partitions of the three intervals [a;,a,], [by,b,] and [c4, ¢, ]:

a; =Xo <Xq < <Xy =ay

b; =yo<y1 < <¥m=Dby

€L =29 <2z < <Zy=0Cy,

To obtain nmp "boxes" The volume of typical box B is given by
AV = Ax Ay Az, (2)

Where Ax = x; — Xj_1 ,Ay = yj — yj-1,and Az = zy — 7., . We then form the sum

m P
D iy Ay, ©)

where (xi*,yj* ,zk*)is in Bijjk

We now define

Au = /Ax? + Ay? + Az?

Geometrically , Au is the length of a diagonal of a rectangular solid with sides having
lengths Ax, Ay and Az respectively . We see that asAu — 0, Ax, Ay and Az approach 0, and
the volume of each box tends to zero . We then take the limit asAu — 0.

Definition 1 THE TRIPLE INTEGRAL Letw =f(x,y,z) and let the parallelepiped m be
given by (1) . Suppose that

lim
Au—-0
i=1j

p
2 f(xi",y;"  z") Ax Ay Az

n m
=1 k=1
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Exists and is in dependent of the way in which the points (x;*,y;" ,zx") are chosen .Then
the triple integral of fover , written [ff_f(x,y,2z)dV, is defined by

=]

p
Dty ) 8 4)

k=1

1Tty 2)aV = Jim >

m
i=1 j=1

As with double integrals , we can write triple integrals as iterated (or repeated)integrals . If  is
defined by (1) , we have

az rby rc2
fffﬁ f(x,y,z)dV = f f f f(x,y,z)dz dy dx (5
ag b1 Cq
EXAMPLE 1 Evaluate [ff  xycosyzdV, where is the parallelepiped
T
{xy2:0<x<10<y<10<2< 2—}
Solution :fff  xy cosyz dV = fol fol J& xy cosyzdz dy dx

1,1 1 i 1,1 1T
=f f {xy .—sinyz| 2 } dydxzf f x sin(=y)dydx
0o Jo y 0 0o Jo 2

12 2

12 ™ |1 x“1 1
=JO{—;XCOSZ—Y|0}dXL ;de=?|0=g

THE TRIPLE INTEGRAL OVER AMORE GENERAL REGION

We now define the triple integral over a more general region S.We assume that S is bounded
. Then we can enclose Sina parallelepiped T and define a new function F by

_( fxy,2) if(x,y,z)isin S
Flxy,z) = { 0, (x,y,z)is inm but not S
We then define : [ff f(x,y,2)dV = [[[_F(xy,z)dV (6)

REMARK 1. If fis continuous over S ,we will discuss Below , then [ff_ f(x,y,z)dV will

exist. The proof of this fact is beyond the scope of this text but can be found in any advanced
calculus text .



Lecture no.14 by Hussein J. AbdulHussein
Advanced Calculus I Al Muthanna University, College of Science

REMARK 2. Iff > 0on S, then the triple integral [ff_f(x,y,z)dV represents the "volume" in

for — dimensional space R*. of the region bounded above by f and below by S .We carries
over to four (and more ) dimensions ,ow let S take the form

S= {(X! Y Z): a4 =X= a2, 81 (X) < y = 82 (X)'hl (X, Y) <z< hZ (X, Y)} (7)

What does such asolid look like ? We first note that the equations z = h, (x,y) and z =

h, (x,y) are the equations of surfaces in R3. The equationsy = g; (x) and y =g, (x) are
equations of cylinders in R® , and the equations are equations of planes in R3..We assume
that g, ,g,,h; andh, are continuous . If f is continuous, then[ff . f(x,y,z)dV will exist

(x) rhz (xy)
and [ff_ f(x,y,2)dV = f:lz gglz(x); hlz(x)’(;’) f(x,y,z)dzdydx (8)

EXAMPLE 2 Evaluatefff 2x*y?zdV, where$S is the region
{(xy,2:0<x<1,x*<y<xx-y<z<x+y}h
inn- 1 X Xty
Solution:  [ff 2x3y*zdV = [ [, fx_y 2x3 y? z dz dy dx

1 ,X
X+y
= 2x3 y? | } dydx

2

1 X
=f fx3 v [(x+y)? — (x — y)* ]dydx
0 Jx2

X 1
=j J 4X4y3dydx=f {x*y* |Xz}dx
0 Jx? 0 X

1 1 1 4
— 8 __ 12d - -
fo(x XX =g -3 =117

Many of the applications we saw for the double integral can be extended to the triple integral .
We present three of them below

| VOLUME

Let the region S be defined by (7) Then, since AV = AxAyAz represents the volume of a
"box" in S, when we add up the volumes of these boxes and take a limit , we obtain the total
volume of S. That is, volume of S = [ff_dV (9)

EXAMPLE 3 Calculate the volume of the region of Example 2 .
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1 rX rx+y -1 rX
sz f f dzdydxzf f {Z|Xty}dydx
0 Jx2Jx-y 0 x2 s X7
1 X 1 % 1
=f f Zydydxzf {y2| 2}dx=f (x? — x*)dx
0 Jx2 0 X 0

2

EXAMPLE 4 Find the volume of the tetrahedron formed by the planes x =0,y =0,z =

0,and x+(§)+(5) =1

4

Solution : We see that z ranges from 0 to the plane This last plane intersects the plane in
a line whose equation (obtained by setting z = 0) is given by so that y ranges from Oto 1
Finally , this line intersects the x — axis at the point (1,0, 0) so that x ranges from 0 to 1,
and we have

1 2(1-%) 4(1—x—%) 1 2(1-x) y
V=f f f dz dy dx=] j 4(1 —x—=)dydx
o Jo 0 o Jo 2

1 y2 2(1 — 1 , ,
:4f0{y(1—x)—z)| ( 0 X)}dx=4f0[2(1—x) — (1 —x)%dx

4 1 4
— 2131t ==
=—30=-%%;=3
REMARK . Itwas not necessary to integrate inthe order z,theny, then x, We could have
written , for example ,

y Z
0<x<1l—=—-—
=x= 2 4

The intersection of this plane with the yz_ plane is the line0 = 1 — (%) — G) ,orz = 4[1 —

G)] The intersection of this line with the occurs at the point (0, 2, 0) Thus

2 4D 5
V=f f J dx dz dy
0 Jo 0

:fozf(l_%)@—%—Z)dzdy=f02{[(1_%)z_§]
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[1—(Y/)

:foz{4(1—y/2)2 }dy —Zf ﬂ‘ﬁ

4 2
— 21— 314 =~
= -3 -y/2)°;
We could also in any of four other orders (xyz , yzx, yxz, and zxy ) to obtain the same result
Il. DENSITY AND MASS

Let the function p(x,y,z) denote the density (in kilograms per cubic meter , say )of a solid S in
Then for a " box" of sides Ax,Ay,and Az, the approximate mass of the box will be equal to

p= (xi*,yj*, zk*)AX Ay Az = p(xi*,yj*,zk*)AV ifAx, Ay ,and Az small . We then obtain
total mass of S = u(S) = [ff, p(x,y,2z)dV (10)

EXAMPLE 5 The density of the solid of Example 2 is given by p(x,y,z) = x + 2y +
47 kg/m3 Calculate the total mass of the solid .

Solution

1 rX Xty 1 ,X X + y
u(s) = f f f (x+ 2y + 4z)dzdydx = f f {[(x + 2y)z + 2z?] |x _ }dydx
0 JxZJx-y 0 Jx2 y

fol f:(10xy+4y)dy dx = f {5xy+—)| }

2

1 4 4 119 4
= ]0 (5x3 — 5x° + §x3 — §X6)dX = Jo (?X?’ — 5x° —§X6)dX

_19. 5 4 47
“12 6 21 848

1. FIRST MOMENTS AND CENTER OF MASS

INR3  we use the symbol My, to denote the first moment with respect to the yz- plane similarly
M,, denotes the first moment with respect to the xz- plane, and M,, . donates the first
moment with respect to the xy — plane Since the distance from appoint

(x,Yy, z) to the yz — plane is x, and so on , we may use familiar reasoning to obtain

= [ff, xp(xp,y, 2)dV (11)
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My, = Jff ; yo(xp,y,2)d (12)
Myy = JIf  zp(xp,y,2)d (13)

The center of mass of S is then given by

.= (2 2, s

Where p denotes mass of S. If p(xp,y,z) is constant, thenasin R® and R? the center of
mass is called the centroid

EXAMPLE 6 : Find the center of mass of the solid in Example 5.

Solution : We have already found that p = 47/64 We next calculate the moments .

1 X rx+y
My, = f f j X(x — 2y + 4z)dz dy dx
0 Jx2Jx-y

1 ,Xx
_ 2 XY
—f f{((x + 2xy)z + 2xz |X_y}dx
0 Jx2

1 ,Xx 1 4Xy3 X
= j (10x2%y + 4xy?)dydx = f {(5x%y? + —| z}dx
0 Jx? 0 3 KX

1
=f (5)(4—5><6+fx4—éx7)dx=1—E+i—1=Z
0 3 3 7 15 6 70

1 X rX+y
My, = f f f y(x + 2y + 4z)dzdydx
0 Jx

2 Jx-y

Lrx X+
— ]0 LZ {[(xy + 2y?)z + 2yzz]|X N §} dydx

tx 2 3 110 3 4 | X
=f f210xy + 4y )dydxzf {(?xy +y )|X2}dx
0 Yx 0

_j1(104 10 5, S)d _2. 5 1 1_6l
— ), T T T )T 3T 1275797 180

1 rX rpx+y
My, = f f f z(x + 2y + 4z)dzdydx
0 Jx2Jx-y

1 ,X ZZ 423 x+y
—fo LZ{[X-F ZY)?-FT] |X_y} deZ
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1 ,x
4
= f [(x + 2y)(2xy) + 3 (6x?y + 2y3)]dydx
0 /x2
X

1
8
=f (10x%y + 4x% + = y3) dy dx

x2

f{(SXZy + = 3% +§y)| }dx

1 4 4 2 2
:fo (5X4—5X6+§X4—§X7+§X4—§X8)dx
j7 o 2 gyl 5 1 2 84
(7x* — 5x X XX = o= 5= 8727 = 1890
Thus
27 61 841
) _z)=(Myz My, Mxy)= 70 180 1890
Y TRNTRRT 47 *TAT 'TAT
84 B84 84
—(162 427 1682) (0.689,0.606,0.795 )
—\235°705 2115/ "
PROBLEMS

In problems 1-7 evaluate the repeated triple integral .

1 ry rX 2 rz pytz
I.J J j y dzdxdy 2. f f J 2xzdx dy dz
0o J0 YO 0 JY—zJdy-z
a, rby rcy g g y/ X
3. f f f dy dxdz 4.f f f sin(—) dx dz dy
a; by Joy o Jo Jo z

2 rl4y ,yz 1 V1-x2 ,x
5.[ f f 6xyz dx dz dy 6. f f f yz dz dy dx
1 J1-y Jo 0o Jo 0
Vi—xZ J1-x2-Y?

J j z dz dy dx
Vi-x? 1x2y
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8. Change the order of integration in problem 1 and writ the integral in the form
(a) f?? f?? f??y dx dydz;(b) f?? f?? f??y dy dz dx [Hint : Sketch the region in Problem 1 from the
given limits and then find the new limits directly from the figure. ]

9. Write the integral of Problem 6 in the form
(a) f?? f?? f?? yz dx dy dz; (b) f?? f?? f?? yz dy dz dx
10. Write the integral of problem 7 in the from f?? f?? f??zzdx dz dy
In problems 11-18, find the volume of the given solid
11. The tetrahedron with vertices at the points (0, 0,0), (1, 0,0), (0, 1,0) and (0, 0,1).
12 . The tetrahedron with vertices at the points (0, 0,0), (a, 0,0), (0, b,0) and (0, 0,c)
13. The solid in the first octant bounded by the cylinder x* + z2? = 9, the plane
X +y =4,and the three coordinate planes
14. The solid bounded by planesx — 2y + 4z = 4,—-2x+3y—z=6,x=0andy =0
15 .The solid bounded above by the sphere x? + y? + z? = 16, and below by the plane z =2

16. The solid in the first octant bounded by the cylinder z = 5 — x2 and the planes z =
y and z = 2y that lies in the half spacey = 0

2
17. The solid bounded by the ellipsoid(**/,) + (7 /i) + (/) = 1

18. The solid bounded by the elliptic cylinder 9x? + y? = 9 and the planes

z=0andx+y+9z=9
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THE TRIPLE INTEGRAL IN CYLINDRICAL AND SPHERICAL COORDINATES

In this section we show how triple integrals can be written by using cylindrical and spherical
coordinates .

I. CYLINDRICAL COORDINATES

Recall the cylindrical coordinates of a point inR? are (r,0,z) where rand 6 are the polar
coordinates of the projection of the point onto the xy- plane and z isthe usual z- coordinates ,
In order to calculate an integral of a region given in cylindrical coordinates we go through a
procedure very similar to the one we used to write double integrals in polar coordinates

Consider the " cylindrical parallelepiped” given by
T[C = {(r,G,Z):I‘l S r S I‘2;91 S e S 92;Z1 S yA S Zz}

This solid is sketched in Figure 1. If we partition the z- axis for z in [z, ,z,] , we obtain "slices
"For affixed z the area of the face of a slice of m. is, given by

02 rro
A = j j rdr d@ (D
91 rq

The volume of a slice is, by (1), given by

02 12
Vi = AiAZ = {] ] rdr de}AZ
91 rq

Then adding these volumes and taking the limit as before , we obtain

Zy 62 ry
volume of T, = f f f rdrd6 dz (2)
z1 Y01 Jrq

In general , let region S be given in cylindrical coordinates by
S={(,60,2):0,<6<6,,0 <g(0) <r<g,(0),h;(r,0) < z<h,(r,0)}, (3)

And let f be a function of r, and z Then the triple integral of f over Sis given by

0 (8) hz(r,0)
I, f= felz f::(e) hlz(:e) f(r,0,z)r dz dr d6 (4)

EXAMPLE 1 Find the mass of a solid bounded by the cylinder r = sin 6, the planesz = 0,6 =
0,=0= g and the cone z = r, if the density is given by p (1,6,z) = 4r

Solution . We first note that the solid may be written as
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013
S={(r,9,z):0SGSg,OSrSsinG,OSZSr}.

Then

g sin®, ,r
u= f f f (4r)rdz dr d6
0 Jo 0

g sin 0, r g sin 0,
= f f {4r2z,} drde = f f 413 drd®
0 0 0 0

/3 . m/3 /3 1 — cos 26
_ f fre Sme} do = f sin*0de = f S
0 0 0 0 2
T
_1[?1 ) 29_|_1+cos49
=7 i ( cos >

sin4GE 1 V3 3

LI 20 +
—4(2 sin

W 9/3

8 64

Let Sbe aregion in R3 Sincex =rcosx =rcos0. y=rsin0. and z=z, we have

fffsf(x.y.z)dV = fffsf (rcos@. rsinf .z)rdzdrdo (5
Given in rectangular Given in cylindrical
Coordinates coordinates

REMARK. A gain, do not forget the extra r when you convert to cylindrical coordinates.

EXAMPLE 2  Find the mass of the solid bounded by paraboloid z = x? + y? and the
plane z = 4 if the density at any point is proportional to the distance from the point to the z-
axis

Solution: The density is given byp(x.y.z) = a/x? + y? . where a is a constant of
proportionality. Thus since the solid may be written as

s={@xyn:-2<sx<2.-Ja-x2<y<Va-x2x?+y?<z<4}

10
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We have

4 2
w=Jff ayx2+y2dv = ff\/%fuyza\/xz%-yzdzdydx

We write this expression in cylindrical , using the fact that a /x? + y? = ar We note that the
largest value of ris 2, since at the "top" of the solid r? = x? + y? = 4 Then

= fom foz f;(ar)r dz dr do = fozn foz ar?(4 — x*)dr do
B fZ" 4r® r?_ - 46 = 6421.[‘2“(19 _ 128
=a] g =Plgdd=g ) do=-gm
Il. SPHERICAL COORDINATES

Recall that a point p in R3 can be written in the spherical coordinates (p.6.¢@)wherep =0,
0 <60 < 2m0 < ¢ < mHere is distance between the point and the origin, 6 is the same as in

cylindrical coordinates ,and ¢ is the angle betweenOP and the positive z- axis Consider the
"parallelepiped”

T ={(p.0.0):p; <Pp=<p.0, <0090, <P = @y} (6)

To approximate the volume of my we partition the intervals[ p;.p,].[01.0,] and [@1.@,]This
partition gives us a number of "spherical boxes ", one , The length of an arc of a circle is given

by
L=r0. (7)

Where r is the radius of the circle and 0 is the angle that "cuts off" ,the one side of the spherical
box Apis. Since p = p;the equation of a sphere, we find, from (7), that the length of a second side
is p; sin @ AB, approximately, by

Vi = (8p) (pid@) (pi sin ¢y AB).
And using a familiar argument, we have
volume of Tty = fffﬂs pZsing dpddde = feelz f(;plz fpplz p?sin dp do d (8)
If fisa function of the variables p.® and ¢ . we have
Wy, £= Il f(p.8.¢0)p? sin dp dep d6 9
More generally, let the region S be defined in spherical coordinates by

S={(p.0.90):0; <0 =<0,.81(0) < <g,(08).h;(6.¢) <p =< hy(6.90)} (10)

11
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02 g82(0) hy(8.9)
fffsfzf .f f(p.B.¢)p?sing dp de d6 (11)
0 g1(8) “hy(6.)

Recall that to convert from rectangular to spherical coordinates, we have that formulas
X = psingcos0. y =psin@sinB. Z =pCcos®

Thus to convert from a triple integral in rectangular coordinates to a triple integral in spherical
coordinates, we have

fffsf(x.y.z)dV=fffsf(psingocose psingsin@. pcosep) p?singdpde do

Given in rectangular coordinates Given in spherical coordinates

EXAMPLE 3 Calculate the volume enclosed by the sphere x? + y? + z2 = a2

Solution. In rectangular coordinates, since

S={(x. yz):—a<x<a.—Ja?—x2<y<a?—x2—,[a2—x2—y2<z
< /az_xz_yz}

We can write the volume as

Vaz—x2 \/az_xz_yz
V= Jme —dzdy dx

_\/az_xz_

This expression is very tedious to calculate. So instead, we note that the region enclosed by a
sphere can be represented in spherical coordinates as

S={(p.0.9):0<p<a0<0<2m0<¢<m}

Thus

2T T L3

2T T ra

V:f f f p?sin @ dp de d6 =f —sin¢ d¢ db
o Jo Jo o Jo 3

a3 2m T a3 21 a3

?Jo {—cos<p|0}d6 =3 . dB?

EXAMPLE 4 Find the mass of the sphere in Example 3 if its density at a proportional to the
distance from the point to the origin

Solution. We have density = a\/a? + x? + y2 = ap Thus

12
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_ (%™ (T2 2 o _aat p2moemo,
w=J Jy Jyap(p?singdpde do == [ [ 'sing dpdd

aa*
= T(4T[) = T[a a

EXAMPLE 5 Find the centroid of the "ice-cream- cone —shaped" region below the sphere x* +
y? + z? = z and above the cone z? = x? + y?

Solution. The region is sketched in Figure 5. Since x? + y? + z? = p? andz = p cose. the
sphere{(x.y.z): x? + y% + z2 =z} can be written in spherical coordinates as

Since x? + y? = p? sin%¢ cos 20 + p? sin?¢ sin 20p? sin?¢ the equation of the cone is
p? cos % = p2sin?¢p. or cos?@ = sin?q.
And since the equation is
==
=73

Thus, assuming that the density of the region is the constant k, we have

n 2
2m 7 rcos?e
= f f j kp? sin ¢ dp d¢ d8
0o Jo

2T 2T cos
_k ] ] sinpf = |C°S‘p}d do = k j j @ ingdep do

2T

cos q)

1 2n3
=—k —do = mk
O}de - J 4de mk/8

Since x = p sin @ cosO . we have
2m 7 ~COSQ
My, = k] j ] (psin ¢ cos @)p? sin ¢ dp dep d6
o Jo Jo

21 /4 rCOS®
= kf cos@d@f f p?sin?¢p dpde =0
0 o Jo

Since fom cos0dd = 0

(an unsurprising result because of symmetry ) Similarly , since y = psin @ sin 6.

13
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21 g cos@
My, =kf f f (psin @ sin @)p? sinp dpdep dd =0
o Jo Jo

(again because of symmetry ) Finally, sincez = pcos .

2T % cos®
Myy = kJ. J. .f (p cos @)p? sin@ dp de d6
o Jo Jo

k (2™ /4 k (2™ cos®
_= 5, i _= _ @ |r/4
—4[0 fo cos (psm(pd(pde—lhl; { 3 | O}de

L7 2“d9_7nk
24 8, 96

PROBLEMS
Solve problems 1-11 by using cylindrical coordinates

1. Find the volume of the region inside both the sphere x? + y? + z2 = 4 and the
cylinder(x—1)2+y2 =1

2. Find the centroid of the region of problem 1

3. Suppose the density of the region of problem 1 is proportional to the square of the distance to
the xy-plane and is measured in kilograms per cubic meter. Find the center of mass of the region

4 .Find the volume of the solid bounded above by the paraboloidz = 4 — x? — y? and below by
the xy- plane

5. Find the center of mass of the solid of Problem 4 if the density is proportional to the distance
to the xy- plane

6. Find the volume of the solid bounded by the plane z = y and the paraboloid z = x? + y?
7. Find the centroid of the region of Problem 6.

8. Find the volume of the solid bounded by the two cones z? = x? + y? and z? = 16 x% +
16y? between z = 0 and z = 2

9. Find the center of mass of the solid in problem 8 if the density at any point is proportional to
the distance to the z- axis

14



