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THE CHAIN RULE

In this section we derive the chain rule for function s of two and three variables Let us recall
the chain rule for the composition of two functions ofone variable :

Lety = f(u)and u = g (x)and assme that fand g are differentiable. Then

dy dydu

¥ T = P (g0)g D)

If z =f (X, y) is a function of two variables, then there are two versions of the chain rule

Theorem 1 CHAIN RULE Let z =f (X, y) be differentiable and suppose that x =x (t) and y=
y(t). Assume further thatdx/dt anddy/dt exist and are continuous Then z can be written as a
function of the parameter t, and

dz_azdx+azdy_ dx+dy(2)
dt  oxdt aydt_fxdt dt

We can also write this result using our gradient If g(t) =x (t) I +y(t)j, then g'(t)= (dx/dt)i +
(dy/dt)j,and (2)can be written as

d
Ef(x(t),y(t)) =9 ®)=[flg®N]'=Vf -g'(®) (3)

Theorem 2 CHAIN RULE Let z =f (X, y) be differentiable and suppose that x and y are
function of the two variables r and s That is , x=x(r, s) and y =(r, S)

Suppose further that dx/ dr ,0x/ ds ,dy/ dr and dy/ ds  all exist and are continuous . Then
z can be written as a function of r and s, and

dz 0z0dx O0zdy
= )
dr 0xdr Jdyor
62_026x+6zay .
ds 0dxds 0Jyads ®)

We will leave the proofs of these theorems until the end this section .

EXAMPLE 1: Let z = f(x,y) = xy?.Letx = cost and y = sint Calculate dz/dt
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Solution.

dz_azdx 8Zdy 0 4 2 "
dt  oJxdt ay a7 “(=sint) + 2xy(cost)
= (sin? t)(—sint) + 2(cos t (sint) (cost)

= 2sint cos?t — sin3t

We can calculate this result another way . Since z = xy? we have z = (cost)(sin?t) Then

d_i = (cost) 2(sint (cost) + (sin?t)(—sint)

= 2 sint cos?t — sin3t

EXAMPLE 2 Let z=f(xy) =sinxy? Suppose that x = Eandy = e"% Calculatedz/
dr and 0z/ ds

Solution
0z 0zdx 0z0y 5 o 1 2 res
Fre &6r ayor = (y“ cosxy )§+ (2xy cosxy“)e
eZ(r—s) COS[(E)eZ(r—s)] 2
— S 2(r s) 2(r-s)
. + — . {cos[S ]}e
And

62_626X+626y + , a
ds ~ 0xds = dyds (v* cos xy ) (2xy cos xy?)(—e"™*)
—1re2(=9) cos[(2)e2 (9]

2r
— S e2(r—s) 2(r-s)
32 +— . {cos[S ]}e

The chain rules given in Theorem 1 and Theorem 2 can easily be extended to functions of three
or more variables .

Theorem 1' Letw=f (X, y, z) be a differentiable function If x = x(t) ,y =y (t),z = z (t),
and ifdx/dt, dy/dt, and dz/dtexist and are continuous, then

dw dwdx L dw dy dw dz ©
dt  ox dt dy dt dz dt
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Theorem 2' Letw =f(X,y,z) beadifferentiable function and let x=x (r, s), y=y (r, s), and
z=z (r, s) Then if all indicated partial derivatives exist and are continuous, we have

ow Jdwdx dwdy OJwoz
—=——+t—=+ ——(7)
dx Oxor OJdyodr 0zor

And

ow 6W6x+away+ 6W62(8)
ds  0xds 0dyds 0z0s

Theorem 3' Letw =f(X,y,z) beadifferentiable functionand let x=x(r, s, t), y=y (r, ),
and z=z (r, s, t) Then if all indicated partial derivatives exist and are continuous, we have

6W_6W6x+away+awaz
dx 0dxdr dyor 09zor
6W_6W6x+away+awaz(9)
ds O0xds Odyds 0z0s
6W_6W6x+away+awaz
at o9x ot dydt 0z ot

PROBLEMS

In problems 1-11, use the chain rule to calculate dz/dt Check your answer by first writing z or w
as a function of t and then differentiating.

1. z=xy,x=¢e'y=¢e? 2.z =x%+y?%x=cost,y =sint
x=t3y =1t 4.z = e*siny,x = [ty =t

1 6.z = sinh(x — 2y),x = 2t4,y =t? + 1

5. z= tan~ X,x= coth,y=sin5t
X

7.w= x?+y?%z%x =costy=sint,z=t
8B.w=xy—yz+zx,x #e\,y= e, z=¢

X+
9.w = Zy,x=t,y=t2,z=t3
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10.w = sin(x + 2y + 3z),x = tant,y = sect,z =t°

11. w=In(2x — 3y + 4z),x = e,y = Int,z =cosht

In problems 12-26, use the chain rule to calculate Check the indicated partial derivatives.
12.z=xy;x=r+s;y =r—s;0z/ 0r and 0z/ 0s

cos(r+s);y=sin(r—s); 0z 0z
13.z= x> +y%x= (r+s)y (r=s) and —

or Js
14 oy _eS 0z daz_
.Z—X,X—e,y— r an p
15 7 = si y _r _s_az 0z
.z-sz,X—S,y—r,aran s
eXty r 0z 0z
16.z=ex_y; x=Inrs;y=1In S—;aandg

17.z =x%y3;,x =r—s?%y=2s+r; dz/0r and dz/ ds

18. w=x+y+z;x=r5;y=r+s;z=r—s; dw/dr and dw/ ds

19 Xy B _taw ow ow
.w—Z,x—r,y—s,z— 'ar'(')san ot
20w=Tx=r+s,y=t-rz=s-2, Pang 2
W= X =Tds,y = LZ=Ss ,ar,asan it
21 si s’r r’s r—s aWa daW
.W = sinxyz;x = = Zz=r—s; — and—
Yz 'y ’ " or ds

1 ow JO0w daw
r+tor " as ¢ ot

22.w =sinh(x+2y +32);x=r+sy=s—tz=

23w = xv? + 2__t_rs_l_awaw ow
WEXY A YEX =LY =08 s o 9s o0 e

24.w=In(x+2y+3z);x=rt3+s;y=t—s%z=e"5;0w/dr ,0w/dsand dw/ ot

= ow ow ow
25.w=ez;x=r’+t5,y=s?—t4,z=r*+s%— ,—and —
Y Jr 0s ot
r+ st
>|<26'u=Xy-|_Wz_ZSJXZt"'r_q,Y:qz+52—t+r,z=qrz , W

_r—s_au du du dau
" t+q’'dr’0s’at an aq
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18.7 TANGENT PLANES, NORMAL LINES, AND GRADIENTS

Let z=f(x, y) be a function of two variables . As we have seen, the graph of fis a surface in
More general, the graph of the equation F(x , y, z) =0 is a surface in The surface F(x , y, z) =0 is
called differentiable at appoint if all exist and are continuous at In a differentiable curve has a
unique tangent line at each point . In a differentiable surface in has a unique tangent plane at
each point at which are not all zero . We will formally define what we mean by a tangent plane
to a surface after a bit, although it should be easy enough to visualize (see Figure 1). We note
here that not every surface has a tangent plane at every point . For example, the cone has no
tangent plane at the origin (see Figure 2) .

z tangent plane

HN

(Xo,Y0,20)

figure 1

figure 2

Assume that the surface S given by F (X, vy, z)=0 is differentiable . Let C be any curve lying
on S. Thatis, C can be given parametrically by g (t)=x(t)I + y(t) j+ z(t) k.(Recall from
Definition , the definition of a curve, F(X, Y, z) can be written as a function of t, and from of
the chain rule [equation (18. 6. 3)] we have

F'(t) = VF.g'(t)
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But since F (x(t), y(t),z (t))=0 for all t since (x(t), y(t),z (t))ison S we see that F'(t)=0 for all
t. But g '(t) is tangent to the curve number t. Thus (1) implies the following :

The gradient of F at a point xy = ( xg,¥0,Zo) onSis orthogonal to tangent vector at x, to

any curve C remaining on S and passing through x,

This statement is illustrated in Figure 3

surface Vi(xo)

f(x,y,2)=0

Xo=(X0,Y0,20) ,

FIGURE 3
Thus is we think of all the vectors tangent to a surface at a point x, as constituting a plane, then

VF (x,) is normal vector to that plane . This motivates the following definition.

Definition 1 TANGENT PLANE AND NORMALLINE Let F be differentiable at x, =

(X0,Y¥0,Zo) and letthe surface S be defined by F(x,y, z)=0
(i) The tangent plane to S at( Xy, o, Zg)is the plane passing though the point

(X0, Yo, Zo)With normal vector VF (x,)
(ii)The normal line to S at x, is the line passing though x, having the same
direction VF (x)

EXAMPLE 1 Find the equation of the tangent plane and symmetric equations of the normal
- - - 2 2 -
line to the ellipsoid x2 + (y:) + (%) = 3 atthe point (1, 2, 3).

2 2
xz+(y:)+(%)—3=0wehave501ution . Since F(x, y,z) =
AP L S

i j 5, K= xi 2]

F=—
v 0x dy
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Then VF (1,2,3) = 2i+]j +§ k, and the equation of the tangent plane is

2
2(x—1)+(y—2)+§ (z—3) =0,
Or

2
2x+y+§z=6

The normal line is given by

x—1
2

3
=y—2= E(Z—3)

The situation is even simpler if we can write the surface in the form z=f(x , y).

That is , the surface is the graph of function of two variables. Then F(x, y, z )=

And the normal vector N to the tangent plane is

N = f (x0,¥0)i + fy (x0,¥0) j — k (2)

REMARK . One interesting consequence of this fact is that if z = f(x, y)and
if Vi(xy,y,) = 0, then the tangent plane to the surface at (xq, yo, f{(Xo, Vo)), N = (0f/ 0x)i +
(0f/ dy)j — k = —k. is parallel to the xy-plane (i.e.,it is horizontal ). This occurs because at
Thus the z-axis is normal to the tangent plane.

EXAMPLE 2 Find the tangent plan and normal line to the surface z =x3y® at the point (2, 1,
8)

Solution N=(5-)i+ (g—;)] — k= 3x%y% + 5x3y%4 — k = 12i + 40j —k Then the tangent
plane is given by

12(x—2)+40(y—1)—(z—8) =0,

Or

12x + 40y —z = 56

Symmetric equations of the normal line are
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x—2 y—1 z-8

12 40 -1

We can write the equation of the tangent plane to a surface =z f(x ,y ) so that it looks like the
equation of the tangent line to a curve in This will further illustrate the connection between the
derivative of a function of one variable and the gradient .Recall from Section 17. 5 that if p is
appoint on a plane and N is normal vector, then if Q denotes any other point on the plane, the
equation of the plane can be written

PQ. N=0. (3)

In this case, since z =f (x ,y ), apOint on the surface takes the form (x,y, z)=(x ,y, f(X, y)).
Thensince N = fi + fj — k, the equation of the tangent plane at (xo,y, f(xo,y0)) becomes ,
using (3),

0=1[x,y,2) — X0, ¥0,Z0o)] - ( fe+f, —1 )
=X—X0,V-Yo0,Z— Zg) . ( fX+fy‘—1)
= (x=x0) fx + (y-yolfy, = (2= zy) (4)
We can rewrite (4) as
z=f(Xo,y0) + (Xx—%) fx+ (y-yofy, (5)

Denote  (xq,Vo) byx, and (x,y )by Then (5)can be written as

z=f(xo) + (x —x0) . Vf(xp). (6)

Recall the if y=1f(x) is differentiable at x, then the equation of the tangent line to the
curve at the point (xo f(x,)) is given by

Y=I00) gy,
X — X
Or
y = k) + (x — x)F (ko). 7

This similarity between (6) and (7) illustrates quite vividly the important of the gradient
vector of a function of several variables asthe generalization of the derivative of a function
of one variable .
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PROBLEMS

In Problems 1-16 find the equation of the tangent plane and symmetric equations of the
normal line to given surface at the given point .

1.x2+y?+22=1;(1,0,0) 2.x2+y%?+2z%2=1;(0,1,0)
3.x2+y2+22=1;(0,0,1) 4.x2+y?*+2z2=1;(1,1,1)
x2 y2 72 x2 y2 72
5.a—2+b—2+c—2 =3;(a,b,c) 6a—2+§+c—2 =3;(—a,b,—c)
1 1 1 1 1 d—2
7.x2+y2+722=6;(4,1,9) 8.ax+ by+cz =d; (; B . )
9.xyz =4;(1,2,2) 10.xy2 +yz? +zx* =1;(1,1,1)
11.4x% + y? 4+ 522 = 15;(3,1,-2) 12. xe¥ —ye® =1;(1,0,0)
T T
13.sinxy — 2 cosyz = 0; (7 ,1,5) 14.x2 +y? +4x+ 2y +8z2=7;(2,-3,-1)
X+y
15.e¥% =5:(1,1,In5) 16. -— =1 (1,1,3)

In Problems 7-24, write the equation of the tangent plane in the form (6) and find the
symmetric equations of the normal line to given surface

17 .z=xy?%(1,1,1) 18.z = In(x — 2y); (3,1,0)
in (2 +5)(1T1T 1) 20 ¥V (5,43)
— X = — 2= H ) T
19.z = sin v); 3'20" X—y
21.7 = tan—lf;(—z,z,—g) 22.7 = sinhxy?; (0,3, 0)
T T . T n
23.z=sec(X_Y)i(§wgw2) 24.72 = e*cosy + eycosx;(E,O,eZ)

* 25. Find the two points of intersection of the surface z = x? + y? and the line

x—3 y+1 z+2
1 -1 =2



