[ Proposition (4,16);

Let (X, d) be ametric space and ¢ # § € X, then S is closed iff §
contains all its cluster points (e § =~ §) "

Proof: ~»)suppose the result is not true i.e 9 a cluster point p for §
© suchthat p ¢S (peX - 8) .

w Sis closed, then X — Sis open, hence (X -~ S)NS =@ Cl(pisa
cluster point for §).

e)let 1(5) € S,T.PSis closed i.e X — S is open.

let x€EX ~S |, x¢85 i.ex¢l(S) ,x isnotacluster point.
dopenset U, ; xe€lUyandU,nNS=¢ , ~ U, CX~—S.

In particular 3aball B(x) € X - § - X — 8§ isopen

- §is closed.

Example:

o 1 :
L — {1 ,—,—,—,---,~,°-'] is not closed.
algbig n

|
S I

X =S isnotopen, 3 0#x€X -5, danyball B(x) £ X — S

DgX—$§

Let (X, d) be a metric spaceand @ # S < X and p € X, define.

d(p,S) = inf{d(p,s):s € S}

18




N - 1Wullad o>. Al_Mouldial
is called the distant between, the point p anq the tS
se

Remark (4.18): ’

IfS € X', (X,d) be a metric space and p € S, then d(p, S) = 0

d(p,S) = inf {d(p,s):s € 5}

fp €3, theninf {d(p,p).} = inf{0: positive number} = o .

The converse of remark (4.18) is not true in

general as the following
example show:

Example:
Let S=(a,b), X=R.
: Pp=a
€ }

d(a,S) = inf {d(a,s):a < s < b}

=inf{p-p+ep—p+2, )
=inf {¢, -} =0

Proposition (4.19):

Let (X, d) be a metric space and @ # S C X, p € X, then d(§,p) = 0 -
iff p € S or p is a cluster point of S.

Proof: =) d(S,p) = 0 suppose thatp € S T.P pis a cluster point for
S. : ;

If p is not a cluster point for S.

Jaball B.(p)suchthatB.(p) NS =0
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. d(s p)>T1T ,» SE hY C!(sinced(S,p) = 0)
. pisacluster point for S.
o) pE S by remark (4.18) d(S,p) = 0.
if pis a cluster point for S, then for any openset U, p € U
U - (p}N)S =0
- n particular 3 a ball Be(p) ; B(p)nS+0
3s+p €ES , s€BA(p), d(s,p) <€

d(S.p) =inf {d(s,p) <e€,+,+,--}

=0

1l v
Let (X, d) be a metric spaceand @ # S € X, then
S={x€X:d(5,x)=0}d(S,p)=0.
Proof: § = S U I(S) by proposition (4.19) (d(S,x) = 0iffx € X or x is

a cluster point for §).




