Let (X,d) be ametric space and § € X, then S is open iff S is a union

of balls

proof:- =)let S be an open set .
Then VX €5, 37x > Osuchthat B, (x) c §
- Uges B(¥) =S R

&) S =View Bi areballs

. every ballisan openset= § = u;.,, B; is open (by proposition

(4.8)).

pefinition (4.13):-

Let (X, d) be a metric space (topological space) and E € X, then E
isclosed in X if X — E' isopeninX.

Examples:-

1-[a,b] € R , [a,b] is closed

Since R — [a,b] = (—o0,a) U (b, ®) is open. «—Ff +——>

The union of open set in a metﬁc space is open. ‘ b X — D, (%)

In general any disk is a closed set.

" D.(x) = {x €EX:d(x,x) <1}

&~ D) = {x € X:d(x,xo) > r} is an open set
2- Every finite subset E of a metric space (X, d) is a closed set.
Proof:-let E = {x;,x5,-, xn} €X
TP X—Eis Opeh;
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Let aEX—E’ - a x! ’ Vl:: 1’2,...“n |
.30<di , Vi=12..n / ]’

Take 7 = min{d, ydy e, d,} = B.(a)Z F /

= Br(a)nE = = B@CX-F = X-F is open :
 E is closed.

3:-H={(xY)ER*:x€R, y>)

is closed not open subset in R?.

‘T closed not open ‘T

" . IV
77/‘@/7% |

Since the ball with center (x, 0) is not contain in H,.

H,

"

Hy={(x,y) ER*:x€R, y>0)

is open not closed subset in R? H,
open not closed /Tl

QS S 1/, VL
TN o

Since the ball with center (x, y) is contain in H,. v

4 Q@ < R isnot closed R — Q = Q' is not open
“ Qis not closed

5-Z (Integers number) is closed
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7S closed

6 X, 9 are closed sets

y—-X = @.is open = X is closed, X — @ = X isopen, -~ @ is closed. -

TN

Let (X, d) be a metric space (topological space) and let T be the
collection of all closed subsets of X. Then T satisfies the followings:

1) X, €T (e, X and @ are closed )

2) The union of finite numbers of elements in T is an elementis T
(i.e, the union of finite numbers of closed set is again a closed set)

3) The intersection of finite or infinite numbers of elements of T is an

elementinT
(ie, the intersection of finite or infinite numbers of closed set is

closed)

Proof: (H.w)

Remark:
let X #¢ and y,SX Va€A then

X_'UaEA Yo =Ng (X — Ve)
X ~Naep Yo = Uq (X L ya.') i

Definition (4.15):

Let (X, d) be a metric spaceand @ # SC Xand p € X, we say.
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