'Countable sets 10 e
Q is countable set

proposition (2.19):
R is not countable set.

proof: Let S = {a,, ay, )@y, ..} R be acountable set (S # R) .?

Let I, be a closed interval in R suchthat | I;| <1land a; € I, .

1
Let I, be a closed interval in R such that | I,] < s and a, ¢ I, and

I‘:}L)-

1 ,
Let I, beaclosed intervalin R suchthat | I,,] < - and a, ¢ I, and

l by I3, Iy, | I,] — O
ii‘ - 0 by nested theorem

n
Nyl ={y} yE€ER

YE€L, Vnandy #a, Vn, . y¢&S, . SR
Corollary (2.20):

The set of irrational number is uncountable set.
(The union of two countable set is countable)

Proof: If not, thenR = QU Q' = countable C!

“ Q" is not countable.
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Chapter (3) g
The infinite series ¢
pefinition(3.1):
Let < a, > be asequence of real numbers the sum Y., a; is called
an infinite series

w0
W |
Z‘ﬂ" = ﬂl + ﬂz + (13 R o an 4 o
=1

< §,, > is called the sequence of partial sum

If < S, > convergesto S, then we saythat ).;2; a; isa converges
series, in this case we write )72, a; = Sandif < §,, > is a divergence
sequence, then we say that )};7, a; is a divergence series.

some Types of Series

1) Geometric series:
A series in the form

o

A
Z ar"! =a+ar+ari+ard+-+ar"t+ -

n=ji

- 7is called the base of the series.




s ghee T ‘ n-1
ar™! =a+ar+ar?+ar’+--+ar’™

!

S

i=1

1-1)5 = 1-r)(a+ar+ar?+-+ar™1)
—q—ar”

= a(l S Tn)

a(1-r") _ a ar™

= — Ir] <1
(1-7) (T=r] (=7

”:T?E 1) ;th.en Sn =
1™ >0 when [r|<1 ie (-1<r<1)

a
Sn_—’ o when |r| <1

When |r| > 1,then < r™ > is not bounded, hence < S, > is not
bounded.

~ Sy is a divergence sequence, hence the series is divergence.
When T'=="1, then Fpri P =F2 6 = g+a+@ 3 e
Sp =< na > not bounded sequence, hence not converges sequence.

“ Ym=1ar™ ! is divergence whenr = 1.

When r =-1
o ©
Zar““l = Z a(=1)"?
n=1 n=1
=a-ata—-a+a+--+a(-1)"1 4 ...
S» = 0 when n is even L& Sppm = [ mEZ ] S“:‘ii\ .
§

2m+1 =a when nis odd
| Samas — Sesil=la] < &7

~< S, > isnota Cauchy se

quence, hence < S, >isa divergence
Séquence, i.e Dy arm-1

Isa divergence series when r =.1,
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sxamples(3.2) ln
s (D) = 2 (-DOE

n=1 2/ \4

-1
1.

Y 0O
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YAl
- -< 1
1<4<

. 1 -1 _— ___ 3
2. Zrl=1(§)(—0‘1)n T 1-(-0.1)

2) Harmonic series:

: L
s of the form Y.;=1 — is a divergence series.
n

1 1

let §; =1
s 1+1
Jp = 5
5 1+1~}~l
ol Tl
n
S. __1+1+1+ | l-_. ""’1}
.0 2 3 no Z;I\
k=1
1 1
5211"‘511:[1‘}"—-*-——-}—..._*.___}__
21 31 n n+1+
1
e 1 1 R SR R
1+ 37 +n]
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et Lo b dee L
e Lok 2n.2n . 2n 2n 02
3 1
S2n —Snl 2 5 > €= 7

~ < S, > isnota Cauchy sequence, < §, > isnota converges
sequence, hence < S, > is a divergence sequence.

B . .
~ Y-, - isadivergence series (has no sum).
n .

3) The Alternating series:

s of the form Y =,(—=1)"*1 a,, , where < a,, > is a decreasing
sequence and a, = 0 , a, >0 Vn,thealternating seriesis a
converges series.

To show that:
Whenniseven,n=2m , me Z*

Let < §,, > be the sequence of partial sums

Som = @y — Ay + a3 — a4+ -+ A1 — Ao |
= (a1202) + (ag=@0) + -+ (Ggmog = Gg) 07 T2
= (a7 — azm) — (az — az) * -+ (Azm-2 — Aam—1)
Som S @1 — Q< a; Ym et
“|S2m| € a; Vm soitisbounded also S,,, is increasing
-~ < Sy > Isaconvergence sequence.
fnisodd, n=2m+1 , meZzZ*
Som+1 = @1 — @z + A3 — Ay + -+ Apmoq — Ao + Aoy
= (@, —az) + (a3 — a4) + - + (Azm-1 — A2pm) + Cznsq
= (g = g — (O — @g) = — (@5~ Azm—1) t+ Aamar
Somy1 < a3 Vm
“1S3m+1l < a; ¥V m soitisbounded by a.
< S2m+1 > is abounded monotonic sequence
“< Sam+1 > iSaconverges sequence.
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Qa.!!!——< Siis and < S,m4q > hasthe same limit point. -

S Som] = l@zm1 .
a, » Owhenn - o (given) - Gymsr — O

Som =20 = |Same1— Soil ey w=by

52m+1
I !
a
~a—b=0 =Nl o =B

. < Som >and < Sppmyq > have the same limit point.

Example:

e 1)"1+1 Alternating series is a converges series.
11

=1,-

AT decreasmg sequence ; — 0whenn — oo and

1
n
1 . . .
- >0 = Alternating series = converges series.
n

1\4

gh 1

"ﬂ Vk wehave D = = el
1
2-(3

0o 1 _ 1
Let Xn= n(n+1)  1- (2)

S—Z : 1+1+1 +__ﬂ._1
UL+ 276 2 am T D

1 | 1 1
N
n—1 % n 1R |

_ 1
n+1
RO
n+1
(?I+_1) — 1 converges sequence,
o0 1 -1
=k n(n+1) i
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 pepisition (33)5
Let ¥, a, and Y., b, be two convergence series, if ¥, a, =S and
Y. b, =T.Then ¥, an + Xn by = ¥n(a, + by) is a convergence series

and Snan +2nbn =S +T. -

Proof:let < S, > and < T,, > be sequences of partial sum of
Y., an and X, b, respectively.

Y.an=Sand Ynb, =T
5.9 28 and T, =»T
Let V,, be a sequence of partial sum of Y, a, + Y., b
Vo= Xi=1 @i + Xi-, b;
—a1+a2+ +an+b1+b2+ -+b, 2S+T

™

Tl =2 S + T Mo \ — Lamgrer DTS < ’-1. ’

<

Y Ynlnt Yaby, =S+7T

Corollary (3.4):

If ¥:n @y, is a convergence series and >.n by is a divergence series,
then ), a, + ¥, b, is a divergence series.

Proof: suppose the result is not true;i.e Y, a,, + 2nb,isa
convergence series.

2 X Lo is a convergence series, then — ), a,, is a convergence
series; let( Sn) be sequence of partial sum of ¥, a, ,thensS, — S .
let{ T,,) be sequence of partial sum of Cynay,then T, - T

Sn=Yia = ay+ay+ - +a,
h=cX¥liai = clay+a,++ay) = ¢S,
Sn S, €Sy S SYE e o

4 In"—g)

e Y ey IS R convergence series.

29




¥ (Zn ap+ 2abp)+ (= Xna))<= Y. b, convergence series by (3.3)
| Cl. i 4
B Y @n + 2n by is a divergence series.

" H.W: Give an example of two divergence series such that the sum of
" them is convergence.

- some Kinds of Test:
- 1-The Convergence Test:

Proposition (3.5):

If Xnan is aconvergence series, then the sequence < @, >is
converge to zero.

Proof: let < S,, > be sequence of partial sum of Yon Ay,

v YnQn iSaconvergence series, then < S, > is a convergence
sequence and hence < S,, > is a Cauchy sequence.

e VE>O0 Ik€Z" k=k(€) st ]S, —S,|<€ Vvnm>k.

In particularput m=n + 1

|Sn —Sml = I—an+1| = |aps1l = a1 — 0l <€ Vn>k
< ap > converge to zero.

b
A

* \% <Q"> '—j'ﬁ < "% S L~ BN \& \_g\i\htzvé.(
Example:

< n s & t 1
sy IS converge to

0 n
n=1 2n+1

Is a diverges series, since not converge to zero.

Remark: |
In general the converse of proposition (3.5) is not true.
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