Let (X, d) be a metric space, then

1) Foranyx,y,z € X, we have .
ld(x, 2) —d(z,y)] < d(x,y)

2) Forany Xy, Xp,:,x, € X,L_v;e have
d(xy, Xn) < d(xy,%3) + d(xz,x3) + -+ + d(Xp—1, Xn)
Proof(1):
d(x,z) =d(x,y) +d(y,z) - (1)
d(z,y) <d(z,x) +dxy) - (2)
From (1) we get: d(x,z) — d(y, z) < d(x,y)
From (2) we get: —d(x,y) < d(z, x) — d(z, y)

2 d(x,z) —d(z,y) <d(x,y)

Proof(2):

By induction on the elément of X.

n=23

X1, X2, X3 € X, then -

d(xy,%3) < d(xy, %) + d(xz, X3) = (3)
Suppose the resultis trueforanyk =n—1<n

i.e

d(xy,%p_1) < d(x1;xz) +d(x2,x3) + -+ d(Xp_2,Xp_1)




To prove is true for any n

d(x],x,,) < d(xy,xy-1) + d(xp_1,x,) by (3)

< d(xy,x2) +d(xy, x3) + -« + d () Xp—1) + d(Xn—1,%n)

gg;i_CJ’—’inciples of topology:

!)Qﬁ[liti_(l!l[_&..“‘ X;

Let (X,d) be ametricspace,and x, € X ,r € R,r > 0, then:

Br(xo) ={x € X :d(x,x,) <1}

Is called a ball of radius r and center x,,.

Dr(xp) ={x € X :d(x,xy) <7}

15 called a disk of radius r and center x,,.

Examples:
1) (R,d) is ametric space.
B (xo) = {x ER : |x — x| <7}

={xX€ER:xy—1r<x<x5+7}

{

=(Xp—7T,%Xp+T7) < {
xO—r
Dr(%) ={x ER:|x —xo| <7)
=[xo—71, xo +7]

2) (R?,d) isa metric space




Y (vo) ={ X € R IR S, : i
By (xo) {-\ ERT (= x)2 4 (y = yp)% < -r]; d is a usual
distance xp = (0,0)
A
s 2 RE . (o . &8 , ' i
= {X € R®: (x ~x,)? + (¥ = y0)? < r?)

( R",d) is ametric space; d is a usual distance

B.(xp) = {x = (X1, Xz, °+, X;,) € R?

: ‘\/(xl = X0)? + (Xz — %)% + -+ + (X — %)% < r]

3) (R% 4d) is a metric space
Where d:R* X R? - R defined by d(x,y) = |x; — ¥, | + |2z — 2|
x=0,%2),  y=0uy)

Bi(0) ={(x,y) ER*: |x - 0| + |y — 0] < 1)

B1(0,0) = { (x,¥) € R* : |x| + |y| < 1}

We have the following cases:

x,y>0 x-}-y:]_-
x<0,y>10 —-x+y=1
x>0,y<0 x—y=1
x<0,y<0 -x-y=1
Definition(4.7):




