~ Cauchy sequences:

A sequence (a,) is called a Cauchy sequence if V€= (0 there exist a
positive integer k = k(€) such that |a, — a,,| <€ Vn,m > k.

Proposition (2-11):-

Every convergence sequence in R or () is a Cauchy sequence.

Proof: Let {a,,) be a convergence sequence, that convergence to a

i.e a, —
vV €>0,3k =k(€)suchthat |a, — ay| < S- vn>k.
la, —am | =la, —ayg+ ag — an) .
< |an — ag| + lam — ag|
< S-i—%ze vn>k,Vvm>k.
S lay —ap] <E  Vam > k.

&mclrk I 2'12 l:"‘

The converse of Proposition (2-11) is not true in general in the field
of rational number.

We need the foilowing lemma:

Lemma (2-13):-
For any real number r, there exists a sequence of rational number
converge tor.

Proof: Letr € R r—1<r+1

By the density of rational numbers 37, € Q such that
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: . - o 1
r—-1<n <r+1 = r-—z <r+§

And by the density of rational numbers

1 1
Ir, €Qsuchthat r—- <1, <71+

Continue in this way we get a sequence of rational numbers <7, >

1 1
r—— <1 <r+- VneEN ..(¥)
n n
; 1
Claim: 1, »r from (¥) | —r1|< -

(Arch) VE>0, 3k =k(€) suchthat , <€
It — 7l <—1r: <%<E vn>k (Yn>k - %< %)
4 |, — 7| KE
T 7
Remark (2.12) :-
The converge of proposition (2.11) in general is not true in Q
Proof; letr =V2 ¢ Q

. by lemma (2.13),3 a sequence of rational numbers

<1, > such that: rn—n/i. | >

* 1, V2 = by proposition (2.11) <1, > is a Cauchy sequence, in K
W WD \wR)

but < 7, > is not converges in Q (s

HW:

(1) <=> , R—{0)
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(2) For any real number there exists a sequence of irrational
numbers converge to 1.

Theorem (2.14):- (The nested intervals theorem)

Let < I,, > be a sequence of closed intervals such that 1, & Iy V.
Then N, I, # @.

Moreover if < |I,| > converges to zero, then N, 1, consists of only
one point.

Proof: Let < I, > = [ay, by], [az, "o, vy [y, byls o
Let 51 — [(lh ETRLY) Ay, ...}

S, = {by,by s e, by o)

cvam Ly CSh=20fnsm = aq Say, b = Dy

f n>m = @y <y <bp <bp —+—t e
oly Sy -4 ' (S

“ oy < by

= Each element in S, is an upper bound of S,
=~ S, is bounded above

=~ by completeness of real numbers 5, has a least upper bound say
Y

y = sup(5y)

na, <y VneNand y <b, VneN (y=Lub(S,))
gy <.y £ by vV n

LyeEnyl, >0, 1, #0

Af < || > — 0

Suppose, there exists another point z, such that

z€N,I, and y#z
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0<cd=|y—2z| ‘

v < |l >— 0 = 3 keZ" suchthat|l,| <d
0<d=|y—z| < | <d C!

Yy = 2.

Remark (2.15):

In general theorem (2.14) is not true if the interval is not closed.
As the following example show:

Example: 1= (0, 1) vn

nnlnzm? 5 04:

N

ifn I, ={y} o~ . ) ”

Vy>0,3k€z* st 0<i<y (72

' 921—(01)
Ley k= tk

ﬂn]n :@

Completeness of real numbers
Every Cauchy sequence in R is converging in R.
Proposition (2.17):

Every Cauchy sequence is a bounded sequence.

Proof: let < a,, > be a Cauchy sequence, i.e V€> 0,3k = k(€)
suchthat |a, —a,| <€ Vnm >k

In particulartake m =k + 1

'anl_lak+1| < Iwn“ak+1| <e<l vn>k
“lagl <lagel +1 Vn>k
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' Take M = max {|lag1l + 1 1a4], 1l .., |ag]}
|a,n| <M Vn.

Proposition (2.18):

Let < a,, > and < b, > be two convergence sequences such that
a, — 3¢ and b, — by, then:

1) a, £ b, = ap £ by:

2)ap - b, = ag " by

3)ic-a, > C*dy VCER

)2 520 b %0 Vn, by#0.

Proof: (4) = a, = a,

~VE>DO, Bkl—kl()suchthat la, — agl < Elb°l Vn >k
% brs-2 by
% Elkz-kz( )suchtha |, — byl < EMZib"l vn >k,

v < a, >isconverge, » AM;st |a,| <M, Vn
< b, >isconverge, ~ AM,st |b,| <M, Vn

boﬂn—anbn+anbn _aobn
bn bg

ba® bl T

& lan| |bn“b0] + |bn| |an“ao|
3 |bn|lb0| Ibnllbol
M, € |bo|M, +E |bo|
M, 2M;|by| = 2|by|

vn >k

E+E
2 7
€

Vn >k =max {ky,k;}.
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