Let (X, d) be a metric space and, S € X, S is called an open set if for
each xo € S thereexists r > 0, (r € R),, such that:

Br_.(xo) cs
Examples:
1) Every ballin any metric space is an open set. i

B.(x0) ={x €X : d(x,xy) < 1}

Proof: let y € B,(x,)

0<d(y,x9) =dy <T
Take € =r —dy > 0 ,toproof B.(y) € B,.(xp)

Let z € B.(y) =7> Z € B.(x,)
d(z,y) <€ given,toprove d(z,x9) <71 ?
d(z,xp) < d(z,y) +d(y,xp)
<e+d,;
=r—d,+d,
=¥
' In particular every open iqterval in Ris an open set, (a, ), (—x, a)

are open sets.

b lb—al >0
Vb+a,3d=|b—al 1) >
(b—€, b+¢€) € (a,») .
[a, b) is not an open set.
3(a—€,a+¢€) ¢ [ab) A




2) H1={(X,}’)ER2=xER,y_>_0] / /
is not open subsetin RZ. .\ wiadnd ; ; / ; ;/5;;

(x,0)

Since the ball with center (x, 0) is not contain in H;.

sz.—{(x,y)ERz:xER,y>O)

< open subset in R? - / ﬁ//// d// / §

|l e o - -

since the ball with center (x, y) is contain in H. )
N

3) The set of rational (irrational) number is not open set.
Since any interval in Q with center % € Q, doesn’t contain rational

only (by density of irrational).

Also any interval in Q’, doesn’t contain irrational only because of
the density of rational number) not open.

Proposition(4.8):

Let (X, d) be a metric space, and T be a collection of all open subset of

X, then T satisfies the following:

1) X,0 €T.
2) The union of any number of open sets is open. (i.e The union of

any element of T is againin T.

3) The intersection of a finite number of element of T is again in T.

Proof:2) Let {T,} be any number of open setsinT.

Toprove U, T, € T (i.eisopeninT).
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et xEUnTn, “IKEN st xerT,
o Tk is Open ’ % 3 r > 0 ] S' t Br(x) g Tk
e Br(x) c Uy Tn

wUp Ty is open

3) Let Ty, T3, -+, Ty, be a finite number of open sets in .

Teprove Ni_; T; isopeninT.

LethﬂriLl Ti e XET,: Vi=12:--,n.

+ T;isopen , V i=12,-n

A €ER, st B‘l(x) CT,, 3, ER, s.t Bt;(x) cT,,
mif)

Take r :‘{Tl,'rz, R ,Tn}

o BT(JC) ; n?=1 Ti

. n -
. Nj—, T; is open

Remark(4.9):

The intersection of infinite number of open sets needn’t be open. As
the following example shows:

Example:

VneN, let An':(:nl' %)QR . n, A, = {0}
[

> Lot xE ﬂA“

< ——>——
i gl o ' : SCRE .
| f3xx0, x>0 = IKkEN st <X, --x&(—;,;).
| 10
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]fax¢0.x<0 3 D~ = JteN st -:-<—x =
-1 g 1
=>x, xfE(t,t) = X € Ny 4,

«» Ny Ay is only zero.

Note:
{0}is notopen, since.'V e >0, B.(0)= (—¢e€) & {0}

> AY ~ "
] \ | T
—€ 0 €

Remark:

If (X, d) is a metric space, then we can define a topological space
from this metric space by taking T = the set of all open subsets of X
and by proposition (4.8) we easily seen that (X, T) is a topological
space

But if (X, T) is a topological space, then in general we couldn't get a
metric space from this topological space as the following example
shows:-

Example:
Let X = {a, b, c,.d, e,f,..,z} and T ={X, 0}

(X, T) is a topological space

But we cannot define a distance between the elements of X.

Proposijtion(4.12):-
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