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Sources of Magnetic Fields

9.1 Biot-Savart Law

Currents which arise due to the motion of charges are the source of magnefic fields.
When charges move in a conducting wire and produce a current 7, the magnetic field at
any poimnt P due to the cwrent can be calculated by adding up the magnetic field

contributions, dB . from small segments of the wire d5 . (Figure 9.1.1).
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Figure 9.1.1 Magnetic field dB at point P due to a current-carrying element 745 .



These segments can be thought of as a vector quantity having a magnifude of the length
of the segment and pointing in the direction of the current flow. The mfinitesimal current
source can then be written as /s

Let 7 denote as the distance form the current source to the field point P, and 1 the
correspondmg unif vector. The Biot-Savart law gives an expression for the magnetic field

contribution. B . from the current source. Id's.

Uy Idsxr

dB =
T 0




where 1,15 a constant called the permeability of free space:
Uy =47x107T-m/A (9.12)

Notice that the expression 15 remarkably simular to the Coulomb’s law for the electric
field due to a charge element dg:

gE=_t 9 9.13)
Are, 1°

Addmg up these contributions to find the magnetic field at the pomt P requires
mtegrating over the current source.



al 9.14)

The integral is a vector integral, which means that the expression for Bis really three

mtegrals, one for each component of B. The vector nature of this mtegral appears m the
cross product /dsxr . Understanding how to evaluate this cross product and then

perform the mtegral will be the key to learning how to use the Biot-Savart law.



Example 9.1: Magnetic Field due to a Finite Straight Wire

A thin, straight wire carrymng a current / 1s placed along the x-axis, as shown m Figure

9.1.3. Evaluate the magnetic field at pomt P. Note that we have assumed that the leads to
the ends of the wire make canceling contributions fo the net magnetic field at the point P.
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Figure 9.1.3 A thin straight wire carrying a current /.



Solution:

This 15 a typical example involving the use of the Biot-Savart law. We solve the problem
using the methodology summarized in Section 9.10.

(1) Source point (coordinates denoted with a prime)

Consider a differential element 45 =dx'i carrving current / m the x-direction. The

location of this source is represented by r'=x"i.

(2) Field pomt (coordinates denoted with a subscript “P”)

Since the field pomt P 15 located at (x,v)=(0.a). the position vector describing P 15

Ip =0 .



(3) Relative position vector

The vector r =1, —T"' 15 a “relative” position vector which pomts from the source point

to the field pomnt. In this case. r=aj—x'"i. and the magnituder 51 |= \r!::r] +x" is the
distance from between the source and P. The corresponding unit vector 1s given by

_aj—x'i
B 2
'\/”E 3+

I' = =sin & j—cos i

~ | =

(4) The cross product ds xr
The cross product 1s given by

dsxr= (dx‘i):f {—ca5§i+5int’5’i) z(dx'sinﬁ}l;*.



(5) Write down the contribution to the magnetic field due to Id s

The expression 1s

dB =

td dsxr I dx sind -
ar 7’ 4r r’

which shows that the magnetic field at P will point in the +k direction, or out of the page.

(6) Simplify and carry out the integration



The variables € x and r are not mdependent of each other. In order to complete the
mtegration. let us rewrite the variables x and 7 i terms of & From Figure 9.1.3. we have

r=a/sinf@=acsch

x=acotd = dx=—acsc’ 846

Upon substituting the above expressions, the differential contribution to the magnetic
field 15 obtamed as

| (~acsc’ 8d6)sinf .

; smédo
4z (acscd) dra

dB =



Integrating over all angles subtended from -6, to &, (a negative sign 1s needed for 4 in

order to take nto consideration the portion of the length extended in the negafive x axis
from the origm). we obtain

(I 6 | [l
B:—JlrL “sinBdl = Hy
Ama~-4 Adra

(cosf, +cost) (9.1.5)

The first term mvolving &, accounts for the contribution from the portion along the +x

axis. while the second term nvolving & contans the contribution from the portion along
the —x axis. The two terms add!



Let’s exanune the following cases:

(1) In the symmetric case where &, =—¢ . the field point P 1s located along the

perpendicular bisector. If the length of the rod is 2Z . then cosf, =L /+/ I’ +a’ and the
magnetic field 1s

B =

[ cos 6, = L L

2ra 27xa 12+ 42

(11) The infimite length linut L — =~

(9.1.6)

This limit 1s obtained by choosing (&,.6,)=(0.0). The magnetic field at a distance a
away becomes

P Ly d

(9.1.7)
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Example 9.2: Magnetic Field due to a Circular Current Loop

A circular loop of radius R in the xv plane carries a steady current 7, as shown in Figure
9.1.6.

(a) What 1s the magnetic field at a point P on the axis of the loop, at a distance = from the
center?

(b) If we place a magnetic dipole u= ,u;,l:: at P. find the magnetic force experienced by
the dipole. Is the force attractive or repulsive? What happens 1f the direction of the dipole
1s reversed, 1.e.. p=—u k

Figure 9.1.6 Magnetic field due to a circular loop carrying a steady current.



Solution:

(a) This 15 another example that mvolves the application of the Biot-Savart law. Agam
let’s find the magnetic field by applying the same methodology used mn Example 9.1.

(1) Source point

In Cartesizan coordinates. the differenfial cwrent element located  at
r'=R(cos¢'i+sin¢@'j) can be written as Ids =I(dr"/ d¢"d¢'=IRdp'(-sin@'i+cos@'j).

(2) Field point

Smce the field pomt P 1s on the axis of the loop at a distance - from the center. 1ts
position vector 1s given by r, =zk.



(3) Relative position vector I =15 —1''
The relative position vector 1s given by
I'=r —F':—Rmsgﬁ‘i—ﬂsinﬁﬁ’j+:ﬁ (9.1.8)

P

and 1ts magnitude

~

I*=|F|=\/{—REDS¢‘)E +(—Rsing') +z2 =R+ (9.1.9)

1s the distance between the differential current element and P. Thus, the corresponding
unit vector from /4 s to P can be written as




(4) Sumplifying the cross product

The cross product @ s = (r; —r") can be simplified as

dsx(rp—r")=Rd¢' -—5i11¢'i+c05¢':i' x[—Rcusgﬁ'i—Rsingﬁ'i+:l::]
i (~ ) (9.1.10)

= Rdgﬁ'[:cns;ﬁ’i+:siu¢'j+Rﬁ]
(5) Writing down 4B

Using the Biot-Savart law. the contribution of the current element to the magnetic field at
P1s

ol dsxr I dsSxt I dsx(T, -1

GTB 3 — =113
4 7 4T r 47 |1

i . . (9.1.11)
IR Zcos@'i+zIzsme'j+ RK

_ do'
Ax (R*+2%)*° ?




(6) Carrying out the integration

Using the result obtamed above. the magnetic field at P 1s

B dg'

_ MyIR |-2fr :c::rsgﬁ'i +z siu{fﬂj +RK

47 Yo (R*+:z%)"

The x and the y components of B can be readily shown to be zero:

- P z 27
= {”IR'E — | cosg'dg'= ’E?IR‘E S7sing'’ T =0
4r(R-+z7)y - -0 47(R°+z7) 0
z o 2x z 27
= ‘Iiﬂfﬂ'q oy | sing'dp'=— ““SIR‘E __cos¢'| =0
Y oAx(R+z)y 0 Ax(R-+z7)"" 0

(9.1.12)

(9.1.13)

(9.1.14)



On the other hand. the - component 1s

4

g -t EIR_"-' _
- Ax (R +z7)

2x ¥, : .
L, do'= My 2mIR° IR (9.1.15)

Az (RP+:27 2R+

Thus. we see that along the symmetric axis, B, 1s the only non-vanishing component of
the magnetic field. The conclusion can also be reached by using the symmetry arguments.

The behavior of B, /B, where B, = 1,/ /2R 1s the magnetic field strength at —=0. as a
function of =/ R 1s shown in Figure 9.1.7:
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Figure 9.1.7 The ratio of the magnetic field. B_/ B, . as a function of =/ R



(b) If we place a magnetic dipole n =z k at the point P, as discussed in Chapter 8. due
to the non-uniformuty of the magnetic field. the dipole will experience a force given by

_ _ - (dB.\ -
F; =V(ii-B)=V(1,B)=p,| —= |k (9.1.16)

Upon differentiating Eq. (9.1.15) and substituting into Eq. (9.1.16). we obtain

_ 3 IR s -
F = LMl g (9.1.17)
:(R'-I-:')"

Thus, the dipole 1s attracted toward the current-carrying ring. On the other hand. if the
direction of the dipole 1s reversed. p=—y k. the resulting force will be repulsive.






